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EXISTENCE OF SOLUTIONS FOR THE HAUSDORFF DERIVATIVE
FRACTIONAL THERMISTOR PROBLEM*
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Abstract In this work, we examine the existence of solutions for the fractional thermistor
problem involving the Hausdorff derivative. Our approach leads to a generalized thermistor
model formulated within the framework of Hausdorff fractional calculus. To establish the
existence of solutions, we employ the Schauder fixed-point theorem in conjunction with the
tube solution method, which extends the classical concepts of lower and upper solutions.
Finally, an illustrative example is presented to demonstrate the applicability of the obtained
results.
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1. Introduction

The study of thermistor problems has attracted significant attention due to their wide-ranging
applications in physics, engineering, and materials science, particularly in the modeling of
temperature-dependent electrical conductivity. Classical thermistor models are typically for-
mulated using standard differential operators; however, recent progress in fractional calculus
has opened new avenues for incorporating memory and non-local effects in heat and electrical
conduction processes. Among the emerging fractional approaches, the Hausdorff derivative has
gained notable interest for its ability to capture fractal and heterogeneous structures within
physical media, offering a more realistic description of anomalous diffusion and heat transfer
phenomena; (see [7,8,13]). A thermistor is a temperature-sensitive resistor whose electrical
resistance varies with changes in temperature. The term thermistor is derived from the words
thermal and resistor. Thermistors are generally classified into two categories: Negative tempera-
ture coefficient (NTC) and positive temperature coefficient (PTC) types. For NTC thermistors,
the resistance decreases as the temperature increases, exhibiting a nonlinear inverse relationship
between resistance and temperature. Owing to their sensitivity and reliability, thermistors are
widely used in various applications, including computers, digital thermostats, aviation systems,
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portable heating devices, automotive sensors, medical instrumentation, electrical appliances,
and chemical processing industries.

Research on thermistor problems, addressing issues such as existence, uniqueness, stability,
and multiplicity of solutions, can be found, for instance, in [14,24, 30].

In [5], the authors investigated a nonlocal conformable fractional thermistor problem using
the solution-tube method:

Msuls)
(/72 £(su(s))ds)

u(o1) = xgy,

u(”)(s) = s € [o1,09],

where A > 0, oo > 01 > 0 and u®) denotes the conformable fractional derivative of order v.
In [4], existence and uniqueness results were obtained for a fractional Riemann-Liouville
nonlocal thermistor problem formulated on arbitrary time scales.

'JTD21/ _ Af( ) 5, tET,
Yu(oy) = 0 forallVE(O,l),

T

here f :[0,00) — [0, 00) is Lipschitz continuous, ; D;” denotes the left Riemann-Liouville frac-

tional derivative of order 2v on T, and [UI’UQ}I" represents the left Riemann-Liouville fractional

integral operator of order v defined on T For more details on the Riemann-Liouville fractional
derivative on the time scale, see [10,22].

Bendouma et al. [8] discussed the existence of a solution for the following non-local V-
conformable fractional thermistor problem on a time scale

&) (1) = Af(t, 20 (1))
(f” f(s,zP(s Vs)

z(02) = oy,

5, forallteT,

where, 09 = maxT, X is a fixed positive real number, f : T x [0,00) — (0,00) is a contin-
uous function, x describes the temperature of the conductor, and :(:(Vw ) (t) denotes the nabla
conformable fractional derivative of x at ¢ of order w € (0, 1).

Here, we address the problem of establishing the existence of solutions for the Hausdorff
derivative fractional thermistor model given by

vf(tz(t)) R for all ¢t € [0, 09],
(f‘” ot ds) (1.1)

Dy (t) =

z(02) = Tgy.

Here, D;‘(t) denotes the generalized Hausdorff derivative of x at t associated with the parameter
A and the function p: [o1,09] = R; see [1,26,29,31]. This derivative is generalized by Benaissa
et al [6], where X\ is a quotient of odd positive integers, v is a fixed positive real number,
f :lo1,02] x [0,00) = (0,00) is a continuous function, and z describes the temperature of the
conductor.
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The Hausdorff derivative is a non-Newtonian extension of the derivative found in fractal ge-
ometry, which deals with the measurement of fractals in applied mathematics and mathematical
analysis. The study of anomalous diffusion, in which conventional methods neglect the fractal
character of the media, has led to the development of fractal derivatives.

Motivated by these developments, this work focuses on the existence of solutions for a frac-
tional thermistor problem governed by the Hausdorff derivative. By reformulating the thermistor
equation within the framework of Hausdorff fractional calculus, we extend the traditional ther-
mistor model to incorporate fractal temporal dynamics. This generalization enables a more
accurate representation of complex media where classical integer-order models fail to reflect the
underlying physical behavior; see [2—4].

To establish the existence of solutions to the proposed problem, we utilize a combination of
analytical tools. Specifically, we employ the Schauder fixed-point theorem in conjunction with
the tube solution technique, the latter serving as a generalized form of the classical lower and
upper solution methods. The tube solution approach provides a flexible and effective mechanism
for constructing a priori bounds and ensuring the existence of admissible solutions within a
prescribed function space.

The contribution of this work is twofold. First, we provide a rigorous mathematical frame-
work for analyzing thermistor models involving the Hausdorff fractional derivative. Second, we
demonstrate the applicability of the obtained theoretical results through a concrete example that
illustrates the behavior of the solution under the proposed model. The results presented herein
enrich the existing literature on fractional thermistor problems and highlight the potential of
Hausdorff calculus as a valuable tool in modeling complex thermal-electrical systems; see [21].
In fact, we introduce the notion of a solution-tube of (1.1); afterward, we will prove the existence
of a solution to problem (1.1) by using the method of solution-tubes and Schauder’s fixed point
theorem.

2. Auxiliary result

This section’s definitions and traits are all taken from the article [11] under the following situa-
tions T = R, see [11].

Definition 2.1. [11] Assume z,p : [o1,09] — R, t € [01,09], and A\, u > 0; we say that z is
D;‘( t)-differentiable if and only if the limit

Lemma 2.1. [11] Let z,p : [01,002] = R, t € [01,02], and X > 0, such that x is D;)\(t)_
differentiable at t € [o1, 03] .Then the following properties hold:

1. The operator D;‘(t) 18 not linear.

2. If p is continuous, then x is continuous.
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3. If p is increasing and D}’J\(t)m(t) <0, for allt € [01,09], then x is decreasing on [o1, 09).

Lemma 2.2. [11] Let z,y,p : [01,02) — R, t € [01,09], and A\,u > 0, such that x,y are
Dz’j\(t)—diﬂ’erentmble at t € [o1,09]|. Then the following properties hold:

1. For any constant v, the function vz : [o1,02] — R is D}’}(t)—diﬁerentmble at t, with
Dy (va) () = YDy ().
2. The product x,y : [o1,02] — R is D]’)\(t)—diﬂerentiable at t, with
Dy (@) (t) = v () Dy (1) + 2 () Dy (1)

3. If y(t) # 0, then % is D;‘(t)-diﬁerentiable at t with

D, <x> (t) = y)\(t)D;}(t)fU(t) - x’\(t)D;‘(t)y(t)‘
70\ y y2A(1)
Now we introduce the Z;‘(t) »,-integrations on [0, o2].

Lemma 2.3. [11] Let x,p : [01,02] = R, such that z is a regulated function and p is differ-
entiable on [01,09], \ is a quotient of odd positive integers and X > 0, we define the I;‘(t)
integrable function on [o1, 03] by

Lo = ( [ seds) = ([ 2 (5)p (5) ds)i .

Lemma 2.4. [11] Let z : [01,02] = R, such as x be a regulated function, and X be a quotient
of an odd positive integer. Then

;01

=

I;‘(t)m (D;‘(t)x) (t) = [x’\(t) - m’\(al)} Y forallte [01,09] .

If x(01) = 0, we have

I;‘(t)m (Dﬁ(t)x> (t) =x(t), forallte [o1,09].

Lemma 2.5. [11] Let z,p: [01,02) = R be such that © is a requlated function, p is differentiable
on [o1,09], X is a quotient of an odd positive integer, and A > 0, then

D;(t) (Iz/a\(t)mx) (t)==x(t), forallte oy, o0q].

3. Main results

In this section, we establish an existence result for the problem (1.1).

Notation 3.1. Let p: [01,02] — R and A > 0, then
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C ([o1,02] ,R) is the Banach space of all continuous real-valued functions defined on |07, 02]
and has the norm

[2]loe = sup | (2)].

tE[O’1,02]
Space C;\(t) ([o1,02] ,R) is given by:
C;‘(t) ([o1,02],R) = {x is D;‘(t)—differentiable, with D];\(t)a: € C (lo1,09] ,R)} )

Space L;(t) ([o1,02] ,R) is given by:

02

Ly (o0 B = {as ool = Bs [ a0y (9] s < 0

The set @ is defined by:

1

~ 2 1
@:{)\:: 27;11 :n,nENandn/\nzl}.

Space C; ([o1,02] ,R) is given by:
Ci([o1,02] ,R) = {x € C([o1,02],R) : z is increasing on [o1,02]}.

nec (t)([al, o9] ,R) denotes
T () = {x € Cpy([01,02) ,R) : |x(t)| < n(t), for all t € [01,0—2}} .

The function fis given by:
Ft2) = V() ‘
(f@ f(s,x ds)

A solution to problem (1.1) will be a function x € C{;\(t)([gl’ o2] ,R) for which (1.1) is satisfied.
We introduce the notion of the solution tube for this problem as follows:

Definition 3.1. Let

€ Cy([o1, 2], R),

we say that (0,7) is a solution tube of (1.1), if

(i)

A f(tz) < y:)‘D;‘(t)n(t), for every t € 01, 02] and for every x € R such that |z| = n(t),

(13) f(¢,0) =0 and D;(t)n(t) =0 for all t € [01,02] such that n(t) =0,

(iii) [2g,] < nlo2).

Consider the following modified problem:

where

{D;‘(t)x(t) + A M) = f(t, 25 () + A @) (1), t € [o1,09], 51)
z(09) = Xy,
n(t) :
(1) = |x(t)|:v(t), if [z (¢) | > n(?),
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Lemma 3.1. Let z,p: [01,02] — R and k € R, such that x is D;/}(t) -differentiable at t € |07, 09]

and x (t) # 0, then we have

1. The function |z| is D;(t)—dijj”erentiable att and

A
Dole(t)] = L0 DY )

2. The function x + k is D;‘(t) -differentiable at t and

(a (t) + k)M

D;);\(t) (x(t)+ k) = ng(t)x(t).

x (t

Proof. Let z be D;(t)—diﬁerentiable at t € [01,02]. From Definition 2.1, we obtain

@) @) —ats) 1 aft
D;)‘(t) |z (t)| = | lim . lim |

1) 51 p(0) —pls) et 1—ad

A
Efé') DA (t).

Let k£ € R. By Definition 2.1, we have

((t) + k)" — (x(s) + k)

s—t P (t) —p (5)
i D0 =2 | (@0) + ) = ((s) + B
s—=t p (t) —p (S) Tt l‘>‘(t) _ $>‘(S)
- D} k)~ (ot k)
- Dp(t)x(t)- p_}?;:mx(t) s
A . (n+ k))‘_l
— Dp(t)x(t) . pﬁlér:r;(t) 77)\_1
o (1) + BN
B s o

We present the following maximum principle.

Lemma 3.2. Let
A€ Q,p e Cillor, 03] ,R),

and
w € Cppy([o1, 0], R),

satisfy

Dé(t)w(t) >0 on {t € [o1,09]:w(t) >0},

and w(oz) < 0. Then, w(t) <0, for allt € [0y, 02].

(3.2)

(3.3)
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Proof. Suppose the conclusion is false. Then, there exists tg € [01, 02| such that

w(tp) = max w(t) >0,

tefo,02)

as p € C([o1,02],R), then w is continuous on |07, 02]. Since w(oz) < 0 < w(tp), we must have
to < o2. Hence, there exists t; € (o, 02] such that w(t) > 0 for all ¢ € (¢o,t1]. By the positivity
assumption on D;)\(t)w and Lemma 2.4,

1

t1 BN 1
0< < D;‘(S)w(s)dps> = [w’\(tl) —wMto)| .
to

However, t( is a point of maximum, so w(t1) < w(tp), and therefore the last term is non-positive.
This contradiction proves that no such ¢y exists; hence w(t) < 0 on [o7, 09]. O

Lemma 3.3. Let A € Q, p € Ci([o1,09],R) and ¢ € L;(t) ([o1,02] ,R). The function x is a
solution to the problem

{D;/;\(t)x(t) +AxMt) = £(t),  forallt € [oq,09],

z(02) = Zoy,

if and only if it is written in the following form

(1) = (ngeMp(t)p(az)) N /

o1

ag

: \I/}’} (t,s)g(s)dp (s)) } . forallt e [o1,09], (3.4)

B (t, 5) = PP 1 g1 <5<t <oy,
(1_‘,1?()7\'2)7 Ul<t<8<02

Proof. By Lemma 2.2, we get
Dy (2()er®) = MDY (a(t)) + 2 (1) DY
= () (D;\(t) (z(t)) 4+ Az (t))
=¢(t) e,

Since,
Dlg\(t)ep(t) =AM forall t € [o1,09].

By the last two equalities and Lemma 2.2, we find
1
A

1
t X
() —aM o)) ) =I5 € (t)e”’(t)—< / § (S)ekp(s)dp(8)> :
) o1

Here,
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As z(03) = x4,, then

c= a;)‘ eMP(2) _ / ) £ (s) eAp(s)dp (s),
g1

which means

1
g2 x
z(t) = (ﬁﬁ“pmp(b)) —/ 20,6 (5) 2P PO gp (5 / £ (s PDdp (s )> :
g1

Splitting the last expression at s = t and using the definition of ‘I/I),‘ gives (3.4). Conversely, if x
is given by (3.4), then applying D]’)\( " and Lemma 2.5 to the integral term yields

D) pa(t) + Azt (1) = £(t),

and substituting t = o2 in (3.4) gives z(02) = z,,. Thus the integral representation is equivalent
to the boundary-value problem. O

Definition 3.2. We define the operators C([o1,02],R) — C([o1,02] ,R) by

az) /yts $)dp(s),

where

w e @,’I’] € C([O-DO-Q] 7R)a
y € C([o1,02] x [01,09] ,R),
and
m € C([o1,02] x R, R).
Lemma 3.4. Let
@ € Q,n € C([o1,09] , R),
y € C([o1,09] X [01,02] , R),
and
LS C([01702] X ]RaR)>
then the operators Py, Ey, I, and M, are continuous.

Proof. Let w € Q. if (xn),, is a sequence of C([o1,02],R) converging to z € C([o1,02],R),
then the sequence (x77),, converges towards %, which means that P is continuous.
Let n € C([o1,02] , R). By the definition of z*, we have

()= 4 e O O e O =0 (),

Zn(t), if |2 (2) | < n(2),
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consequently, E, is continuous.

Let
Yy < C([O’l,O'Q] X [0'1,0'2] ,]R)
We obtain
1L, () (1) — I (2) (8)] < / 0 (6 9)] 2 (5) — 2 (3)] dp (5)

<lp(o2) —p (o)l sup |y (t,s)||lzn — |,

t,s€[01,02

which means that I, (x,) has converged to I, (x) in C([o1, 02] ,R). Hence the continuity of I,,.
Let m € C([o1, 02] x R,R). since (z,,),, is converged, there exist ng € N and T > 0 such that

lznl < T, for all n > ng.

By the uniform continuity of 7 on [o1,02] x [T, T], for € > 0, there exists § > 0 for 1,29 €
[—T.,T]. if |z1 — 22| <, we have

|7T (8,1‘1) -7 (57$2)’ < &,

on the other hand, we have x,, — z in C([o1,02],R). there exists n; € N for n > nj, we get
|xn, — z|| < d. what this implies is that we have

|7T (S,$n) -7 (S,$n)| < g,

which means that M, is continuous. O

Lemma 3.5. Let
ne C([Ul’UQ] 7]R)7

and
y € C([o1,02] X [01,02] ,R),

be given

1. The set n(C([o1,02],R)) is bounded in C([o1,02] ,R),
2. The set I, (C([o1,02],R)) is equicontinuous.

Proof. Let n € C([o1,02],R) be such that we have
1Ey (@)l = [l < lInll,
that is to say,

1 (C([o1, 09, R)) € B(0, [In]]),

hence
n(C([o1,02] ,R)),
is bounded in C([oq, 02, R).
Let t1,t5 € [0’1,0’2], then

02

1y () (1) = Iy (z) (2)] < / |y (t1,8) =y (t2, 8)| [ (s)] |dp (5)]

o1
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<|lzlllp(o2) =p (o) sup |y (t1,s) =y (t2,8)]-

s€lo1,02]

As t; — to, the RHS of the above inequality tends to zero; consequently, I, (C([o1,02],R)) is
equi-continuous. ]

Lemma 3.6. Let
fec ([01’02] X [07 OO) ) (O’ OO)) )

and
A S @7]9 S Ci([o-lvo-ﬂ 7R)a
n c C;\(t)([o'l, 02] ,R)
If (0,m) is a solution tube of (1.1), then there is at least one solution to problem (3.1).

Proof. We will convert problem (3.1) into a fixed-point problem. Let A : C([o1,02],R) —
C([Ul,dg] ,R) be

>l=

Az (t) = ( /U " ) (t, ) [f(s, 2*(s)) + A (z) (s)] dp (s) + q;ggemp(t)p(oz»)

1

We prove the existence of a fixed point of A by applying Schauder’s fixed-point theorem [18].
The operator A can be written in the following form

Ax (t) = P% [(I\p? o Mzo E,,) (x) + (Iw; oPyo En) (x) + wge’)‘(p(t)*p(‘”))} .

The proof proceeds in three steps:

Step 1. By Lemma 3.4, the maps Py, P1, E,, I)\\I,Z,}, I\I,ZA), and Mf are continuous since A is the
A

sum and composition of continuous maps; therefore, A is continuous.

Step 2. The set A(C([o1, 02],R)) is uniformly bounded. By Lemma 3.5, we have E;, (C([o1,02],
R)) is bounded in C([o1, 02],R), as P%, Iyy, My and Iy are continuous, we will deduce that

A(C([o1,02] ,R)) is bounded in C([o1, 02] , R).
Step 3. The set A(C([o1,02],R)) is equicontinuous. By Lemma 3.5, we have that

I\Iff; (EW(C([UD 02] 7R))) ’
and
I)\\Il? (EW(C([O-D 02] aR))) )

are equicontinuous.

Consequently, A(C([o1,02],R)) is equicontinuous.

By Steps 1 through 3, and owing to the Arzela—Ascoli theorem, we find that A is completely
continuous. Using Schauder’s fixed point theorem, we find that A has a fixed point, that is a
solution to (3.1). O

Theorem 3.1. Let
f € C ([01702] X [07 OO) ) (07 OO)) )

and

A€ @7 JAS Ci([01702] 7R)7
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ne C;\(t)([o-lv 02] aR)7

if (0,m) a solution tube of (1.1). Then, problem (1.1) has a solution x € 7;9>(\t) (n).

Proof. By Lemma 2.4, the operator A is compact. It has a fixed point by the Schauder fixed
point theorem. we show that each solution x of the problem verifies x € 7;))(‘t) (n); that is to say,
we demonstrate that

B:={t o0 |zt)] > n(t)} =0.

Assume, for contradiction, that B # () and let ¢t € B. On B we have z*(t) = n(t)z(t)/|z(t)|, so
|x*(t)| = n(t) and z*(¢) lie on the boundary of the tube. By Lemmas 2.1 and 3.1, we get

Do (200 = s (PODYlot0)] — o (0 D)

x A P DAt 13
- wi t()izl(ﬂ Do) - n”((?) |;((i;7\&)
A A
= B 07 O+ S 00
RO :rw Do)
() (t) ) ()
ez ( \x(t)!*) Dy
(@) () M) ) ) (@) ()
fitas(t))  Dpuyn(®)
( NOEETAGICSNO]
Since (0,7) is a solution to the problem (1.1), we have

2O\ O @) Ft e (1) — (@) () DAy n(t)
Dot ( n(t) > = (@) (1) 1 (¢)

for all t € B. Let

for all t € B, then 0 (t) > 0, for all ¢ € B, by Lemma 2.1, we get

A1
A _on () y =@
Dy (t) = 7|£L‘(t)’>‘_19 (t) Dy ) <0, for all t € B,

S0 D;‘(t)Q (t) <0onB:={t € [o1,09]:0(t) > 0}. Moreover, since (0,7) is a solution to problems
(1.1) and z(02) = Z4,, then O(o2) < 0, and as a consequence, Lemma 3.2 implies that B = (.
Thus, x € 7;;)(\15) (1), which proves the theorem. O

Theorem 3.2. Let o € CM ([o1, 03], [0,00)), such that

for allt € [o1, 03],

. {QA () F (t 0 (1) < D) yolt),
M (=0 (1) < DYy eld),
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2. f(t,0) =0 and D;‘(t)g(t) =0 for all t € [01,02] such that o(t) =0,
3. |xey| < 0(02).
Then there is at least one solution x to problem (1.1) verifying x € ’7;’?”(@).

Proof. Let us show that (0, ) is a tube solution to problem (1.1). If |z| = o (¢), then x = o (¢)
or x = —p(t), so

() f(to(®), ifz=o(t)
—o (1) f(t,—o(t)),if z = —0 (1)

conditions (2) and (3) are conditions (47) and (¢i7) of tube-solutions in Definition 3.1, respectively.
By Theorem 3.1, it is implied that problem (1.1) possesses at least one solution x € 7;)(‘t)(g).

o ()2 (t,w) = < (1) Do (t),

4. Illustrative example

To demonstrate the applicability of the obtained existence result, we consider the following
Hausdorff fractional thermistor problem:

A
Aremp O te [0,1], (4.1)

z(0) = 2(1),

where 0 < A < 1, A > 0 are real parameters, h(t) is a continuous function on [0, 1], and D;‘(t)
denotes the Hausdorff fractional derivative of order A. For illustrative purposes, we choose
h(t) =% + 1. (4.2)
Define the operator
T: (0,1, R) = C([0, 1], R),

by
(T.T)(t) = ac(O) +/0 (mi(s))z + h(S)) Sl_)‘. (43)

Let us consider the tube

T ={zeC([0,1]) : m(t) < z(t) < M(t)}, (4.4)
where we take
m(t) =0, M(t)=2+t. (4.5)
For every x € T, we have
mi(t))ﬁh(t)gfﬂt%rl)gAJrz (4.6)

which is bounded on [0, 1]. Hence, 7 maps T into itself. Moreover, T is continuous and compact
due to the Arzela—Ascoli theorem.
Thus, by Schauder’s fixed point theorem [17,25], the operator T has at least one fixed point
in 7', which corresponds to a solution of the Hausdorff fractional thermistor problem (4.1).
This example confirms that the hypotheses of the main existence theorem are satisfied for
a nontrivial choice of data and demonstrates the feasibility and effectiveness of the proposed
approach. ]
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5. Conclusion and perspectives

This article investigates the existence of solutions for a thermistor problem involving the Haus-
dorff fractional derivative. The proposed framework extends the classical thermistor equation
by replacing the standard derivative with the Hausdorff derivative. In the special case A = 1
and p (t) = t, the model reduces to the classical formulation. The existence analysis is based on
Schauder’s fixed-point theorem and the solution-tube method.

The results are consistent with several known existence theorems in the literature. They
may also be extended to the structurally differentiable nabla thermistor problem on time scales,

W ) - (D)

x  p(t)

5, forall [o1,00] C Ty,
(22 f(s,20(5)) Vs (5.1)

wr(o1) — va(oz) = p,

here xvz(” denotes the structural V-derivative on a time scale. For more details on this deriva-
tive, see [11].

Existence conditions for (5.1) can be obtained by adapting the methodology developed in this
work. In particular, Theorems 3.1 and 3.2 suggest corresponding extensions to this time-scale
setting; the detailed development will be considered in future work.
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