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ON CONTROLLABILITY, STABILITY AND SOLVABILITY OF HILFER
FRACTIONAL ¢g-DYNAMICAL DELAY EQUATIONS ON TIME SCALES

Jufang Wang?!, Zinuo Jia! and Changlong Yu®f

Abstract This article investigates a class of Hilfer-type fractional ¢-difference equations
with time delay on time scales. Using Krasnoselskii’s fixed point theorem and Banach con-
traction mapping principle, we obtain the existence and uniqueness of solutions for this
equation. Meanwhile, we discuss the Hyers-Ulam stability of the solution for the equation
by constructing a suitable perturbed equation, and obtain sufficient conditions of the con-
trollability for the equation through the utilization of a non-zero bounded linear operator
and a function that characterizes the control action. A numerical example is presented to
validate the main results.
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1. Introduction

Quantum calculus, also known as g-calculus, is an important branch of mathematical analysis
that establishes a class of calculus without the concept of limits. Jackson [17] first introduced
the concepts of ¢-derivative and g-integral in the early 20th. Subsequent advancements in
information technology have substantially expanded g-calculus applications, particularly in au-
tomatic control systems, power grid optimization and quantum-inspired mathematical physics
models [21,31,44]. In the 1960s, Al-Salam [38] and Agarwal [2] made groundbreaking contribu-
tions by extending these concepts to non-integer order operators. Fractional quantum calculus,
as a practical extension of integer-order quantum calculus, has stronger modeling capabilities, it
can describe more complex dynamic behaviors, and has a wider range of application, especially
in the applications of quantum mechanics and stochastic analysis [10,29].

In 1988, Hilger [13] first proposed the concept of time scales. His core aim was to unify differ-
ential equations in classical continuous analysis and difference equations in discrete analysis, and
to break the limitations of single system modeling. Compared with traditional mathematical
analysis tools, time scale theory has obvious advantages. It can realize unified analysis of con-
tinuous, discrete and hybrid dynamic systems through one set of theoretical framework avoiding
repeated research. It also has strong modeling flexibility, which can adapt to various time scales
such as non-uniform and piecewise ones, accurately fit the dynamic laws of actual systems, and
has good theoretical expansibility, with its research conclusions being more universal. With these
core advantages, time scale theory is now widely used in control science, biomathematics, quan-
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tum difference, economy and finance, electrical engineering, ecological environment and other
disciplinary fields. It provides new research ideas and efficient tools for modeling, analyzing and
solving various complex dynamic systems, and also lays a solid theoretical foundation for the
research on time-scale fractional quantum difference equations in this paper. Over the past few
decades, the solvability of fractional dynamical equations on time scales has been studied and
some meaningful results have been produced, see [14,16,22,24,32,33,39,41] and the references.

In recent years, a number of scholars have focused on the cross-integration of time-scale
theory and quantum calculus. By introducing the “quantum parameter” into time scales, a
unified description of quantum systems with continuous evolution and discrete mutations is
achieved, providing a universal mathematical tool for the study of hybrid quantum systems and
cross-scale quantum processes. In [7], the definitions and properties of fractional g-calculus on a
specific time scale Ty, ={t : t = tp¢", n a nonnegative integer} were established, which provided
some theoretical basis studies of subsequent problems. So far, the solvability of fractional g-
dynamical equations (¢-DEs) on time scales has been studied and some excellent results have
been obtained, see [1,4,11,25-28,45] and its references. However, the solvability of fractional
g-DEs on time scales has attracted extensive attention.

In 2021, Bakhtawar et al. [35] used Leray-Schauder and Banach fixed point theorems to
prove the existence and uniqueness results, controllability and stability for a new class of mixed
integral fractional delay dynamic systems with impulsive effects on time scales
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where T D represents the classical Caputo derivative of fractional order o on time scales T.
The regressive square matrix A(s) is piecewise continuous, and H : T — T is a bounded linear
operator. By assuming R as the real number, ¢ € L?(I,R) is a control map, T® := [, Sflr, the
pre-fixed numbers are ¢p = sg <1 <81 <2 < < Gp < Sy < Gup1 = Sf, and F : T x R* —
R, Fi,Fo : TOx TP x R® — R?, G : TO x R® x R® x R® — R™, A; : (5, 8] NT x R* — R",
i=1,...,m F:(s5,641 | NTXR* - R" i=0,...,m, G:(8,6+1] NT x R*" x R" x R" — R",
i=1,...,m, Zp : R» = R", &, : T x R® — R" are continuous mappings. In addition,
we define the right limit and the left limit of w(s) at ¢x as w(s;) = lim, ,o+ w(sx + 7) and
w(sg ) = lim, - w(se + 7).
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In 2022, Mouataz et al. [30] applied Krasnoselskii’s fixed point theorem and Banach con-
traction mapping principle to establish the existence, uniqueness and stability of solutions for
nonlinear neutral g-fractional difference equation

aCa (@(t) — g(t,x(1t))) = f(t,2(t), x(7t)), t € Tq,
a(t) = 0(t), tel,

where f : Tg x RXRXR = R, g: Ty xRxR — R and ,C¢ represents Caputo fractional
g-difference equation of order a € (0,1), T, = {ag~%i = 0,1,2,...}, 7 =¢? € Ty, d € Ny =
{0,1,2,...} and I, = {ra,q 'ra,q 27a,...,a}.

In 2023, Mahdi et al. [25] stated and proved the delta g-fractional Gronwall-type inequality

on time scales
{CDZ“OZ/(C) = 9(c, y(<)),
(<0) = Yo,
where 0 < a <1, ¢ >¢p, 5o € Ty, g: Ty x R — R" is continuous in y, and g(s,0) = 0.
In 2024, Ahmed et al. [3] considered the existence and uniqueness of solutions for boundary

value fractional-order differential equations of the g-Hilfer and ¢-Caputo types with separated
boundary conditions

HpaP(©Do2)(t) = f(t,2(1)), te0,T],

2(0) + A DY 2(0) =0, #(T) 4+ A CDI (1) =0,
0<a,8,g<1,0<B <1, A,  €R,T >0,

where CD2(~) and Dy » (+) respectively denote the Caputo and Hilfer fractional ¢-derivatives
of orders d, « and type ( such that v = a+ (1 —«) with y+6 > 1, and f: [0,7] xR - Ris a
continuous function.

As is well known, in 1941, the mathematician Hyers [15] first proved that approximate solu-
tions to linear functional equations could converge to exact solutions in Banach spaces. In 1978,
Hyers and Rassias [36] extended this result to a more general case, known as Hyers-Ulam-Rassias
stability. They mainly studied whether the solutions remained close to the unperturbed solu-
tions when the systems and equations were subjected to perturbations, which was of significant
value in theoretical and practical applications. Currently, research results on the Hyers-Ulam
stability of fractional g-difference equations can be found in [6,8,43]. Similarly, mathematical
control theory can be viewed as an interdisciplinary branch of engineering and mathematics. As
a fundamental concept in mathematical control theory, it provides tools for determining whether
a differential equation system can reach a desired state through control inputs. The need for
control systems has already appeared in many phenomena, such as in the design of electrical
circuits and communication systems. Moreover, control theory [12,19,20,42] and Hyers-Ulam
stability [5,18,37] for delay differential equations have been investigated in some research papers.

To the best of our knowledge, there are few studies on the solvability of fractional g-difference
equations on time scales, especially the Hyers-Ulam stability and controllability of such problems.
Therefore, in this paper, we investigate the solvability, Hyers-Ulam stability and controllability
of the following boundary value problem for fractional ¢-DEs on time scales

HAGP (AN (@ (t) — g(t,x(r DD:fﬁwG%Mﬁ»,tﬁeTm
<>+ACA”51<> 2(1) + A2 AT (1) = 0, (1.1)
CATélmwmnzo,CAf“buwvwzm
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where Ag"ﬁ () and cAg(-) are the Hilfer and Caputo fractional g-derivative on time scales of
order «, ¢. Respectively, 0 < a,d < 1, the type 0 < 8 < 1 such that v = a4+ (1 — «) with
vy+d>1, f:TyxRxR —=Randg:T; xR — R are continuous functions, and Aj, Ay € R.
Moreover, we will add an non-zero bounded linear operator B and a control function u into
problem (1.1), which results in

HAGP (A3 (x(t) — g(t,a(r ))))=f(t,rc<t),:v(7t))+3u(t)7 t,7 €Ty,
2(0) + Ay CN+5 L2(0) =0, 2(1)+ XA (1) =0, (1.2)
A7 9(0,2(0)) = 0, caz“*lg(l,x(r)) =0,

where B : R — R is assumed to be a bounded linear operator and the control function u belongs
to L*(T,, R).

Here, the highlights of this paper are as follows:

Firstly, in [24], for the continuous time scale T = R, the A-derivative is defined by the forward
jump operator o(t) = inf{s € T : s > t}. At this time, o(¢) = ¢, the A-derivative reduces to the
classical continuous derivative. For the discrete time scale T = Z, the forward jump operator
satisfies o(t) = t + 1. Then the A-derivative simplifies to the forward difference, and the
corresponding A-integral also has a unified expression. This property of time scale calculus
has been widely used in control theory, signal processing, mathematical biology and quantum
calculus. It provides a powerful tool for describing both continuous and discrete phenomena.
Specifically, when T = R, the A-integral becomes the Riemann integral. It gives the measure
between the function curve and the coordinate axes. When T = Z, the A-integral reduces to
the summation operation, which corresponds to the sum of discrete values of the function. This
paper studies the fractional g-dynamical equation defined on the time scale T,. By introducing
the quantum parameter ¢, we get the forward jump operator o4(t) = gt. The corresponding
Ag-derivative is the difference of the function at ¢ and o4(t). The A -integral is the summation
on the scaling grid, which represents the total area of piecewise rectangles. As ¢ — 17, the
Ag-derivative and Ag-integral reduce to the classical derivative and integral, respectively. This
unifies continuous and discrete theories, and strengthens the universality of the theory.

Secondly, we study a class of delayed Hilfer-type fractional quantum dynamic equations
on time scales. We introduce the Hilfer A,-derivative of order o and type 8 on time scales.
When 3 = 0, this derivative becomes the Riemann-Liouville A,-derivative on time scales; when
B =1, it becomes the Caputo A,-derivative on time scales. This generalization expands the
application scope of such fractional quantum dynamic equations, and has a wider application
than reference [25]. Compared with the traditional Hilfer-type fractional quantum difference
equations in reference [3], we define the Hilfer g-derivative on the time scale T,. The A,
derivative on time scales can be used on any non-empty closed subset in the real number field R.
It can unify continuous, discrete and hybrid systems, and its modeling flexibility and application
are much better than the traditional g-derivative.

Thirdly, based on the time scale framework, this paper studies the Hyers-Ulam stability
of the solution for fractional quantum dynamical equations with time delay. Compared with
traditional quantum difference equations [3], we combine time scale theory, fractional operators
and time delay effects to establish a model that is more suitable for practical complex dynam-
ical systems. When the quantum parameter ¢ — 17, the model reduces to the corresponding
stability results of fractional differential equations with time delay on the continuous time scale;
when the time delay 7 — 0, it degenerates into the classical stability results of traditional quan-
tum difference equations. Therefore, the unified analysis of continuous, discrete and quantum
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dynamical systems is realized. In addition, by Hyers-Ulam stability theory, the boundedness of
errors under disturbances and approximate calculations is proved, which makes up for the lack of
robustness analysis in traditional models and greatly improves the universality and engineering
application value of the theory.

Finally, we investigate the controllability of fractional g-dynamical equations with time de-
lay on time scales. Compared with the traditional fractional calculus models on time scales in
reference [35], the quantum time scale T, adopted in this paper has a scaled non-uniform step
structure, which is more consistent with the real dynamics of quantum systems and discrete
scaling processes. After introducing the quantum parameter ¢, the model possesses a degenera-
tion property: When ¢ — 17, it can be reduced to the fractional controllability problem on the
classical continuous time scale. In addition, the model incorporates time delay simultaneously,
which can describe more general lag behaviors, breaks through the limitations of traditional
fractional models on time scales such as single structure, no time delay and single scale, and
further expands the application scope and practical application value of controllability theory.

The content of this paper is organized as follows. In Sect.2, we recall some necessary pre-
liminaries. By employing Krasnoselskii’s fixed point theorem and Banach contraction mapping
principle, the existence and uniqueness theorem of solutions to fractional ¢-DE (1.1) is estab-
lished in Sect.3. In Sect.4, we derive the Hyers-Ulam stability of the solution for fractional ¢-DE
(1.1). Further, in Sect.5, we study the controllability of solution for fractional ¢-DE (1.2). An
example is given to verify the validity of results in Sect.6.

2. Preliminaries

In this section, we introduce some basic notations, definitions, lemmas and a proposition about
fractional g-difference equations on time scales.
Let T, be a time scale for 0 < ¢ < 1

Ty ={q":r€Z4}U{0},

where Z denotes the set of positive integers. A time scale is, in general, a closed subset of the
real numbers.
For the function w : T, — R, the delta g-derivative of w(f) is defined as

w(¢d) — = (6)
(¢g—18 ~’

In addition to a higher order of delta g-derivatives is also presented by

Agw(0) = 0eT,\ {0}.

Agw() =w(0), Afw(0) = A(A]'w(9)) (m=1,2,3, ).

The delta g-integral of w(#) is defined as

9 00
(I0w)(6) = /0 B()Ags = (1—) 3 6¢'m(6),
[=0

and
ya)6) = | " () Ags = / ()5 JECE

where a,0 € T,.
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Definition 2.1. [25] The delta g-factorial function is as follows. If [ € N, then

-1
0=V =1, -9 =T][©O-d5).
7=0
If o is a non positive integer, then
o0 _ 84
_ g)(@) _ o 59
(0 S)q 0 ]];Io 1 2qj+a

Lemma 2.1. [25] Suppose k,w € R, we have

L (0 —8)5) = (0 — 5)(0 — q7s)),

2. (b — bs){¥) = b"(0 — )\,

K 1— q’i K—1
3. A0 — s)) = qu—s)g ),
K 1-— qﬁ Kk—1

4. 00— ) = — T, (0 —gs) Y.

Definition 2.2. [25] For |¢| < 1, the ¢-Gamma function is defined as
1— -«
Fy(a) = %, acC\{—n:neNp}.
1—q)
(1—a)q
Notice that the ¢-Gamma function satisfies
1—¢°

Iy(1+a) = [ofTy(o) Fg(a), Ty(1)=1, a>0.

l—¢q

Lemma 2.2. [28] If w(0) is defined and finite, then for 0 < a <1
Afw(0) = Aqlgzlw(H),

where 0 € [¢%,¢°] C T, with a,b € NU{0}, b < a.

Definition 2.3. [26] Let 6,0y € T, and 0 < ¢ < 1. Then for the function w : T, — R, the
Riemann-Liouville delta g-fractional derivatives is given by

g00@(0) = AF I 5w (),
for «v real value such that a > 0 and m = [o] + 1.
For 0 < 6y < 0, o € RT. Then
AG o IR, 0,7 (0) = @(0).

Definition 2.4. [26] Let 6,6y € T, and 0 < ¢ < 1. Then for the function w : Ty, — R, the
fractional delta g-integral of order o > 0 is given by

IR,.0,@(0) = w(9),
1
Ly(a)

%
13, 5, (6) = /9 (60— 45)0 Vao(s)A,s,
0

and for aq, ag > 0,
%1 o _ gaitasg
IAq,GUIAqﬁOw(H) - IAq,90 w(e)
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For example, if we let w(f) = (0 — 90)((1“ ), then we obtain the g-analogue of integral formula

for a power function

Dy(u+ 1)

IR 0,00 — 90)1(1“) = T,utatl)

(60— 00) T, 0< 6y <0,

where o € RT and p € (—1,00).

Definition 2.5. [28] For w : T, — R at 6,6y € T, the Caputo delta g-fractional derivatives of
order o > 0 is
“Dgg,(0) = I8 50 AT (0)
1

0
— . (m—a—1) Am
T,(m—a) /90 (0 —qs) A w(s)Ays,

where m = [a] + 1.

Lemma 2.3. [28] Let o > 0 and w is defined in suitable domains. Then

S (0= 00)5 5
o C « J— _ q
IAq qw(e) - w(@) ; Fq(l 4 1) Aqw(GO)a
and if 0 < a <1,

IR, “Agw(0) = w(f) — w(0o).

Definition 2.6. The Hilfer fractional delta g-derivative of order 0 < o < 1 and 0 < 8 < 1 for
function w(#) is defined by

TagPo(0) = (181708, (18,71 ) ) o).

Remark 2.1. The Hilfer fractional delta g-derivative can be viewed as a generalization of the
Riemann-Liouville and Caputo delta g-derivative:
(i) The operator Afj’ﬁ also can be rewritten as

TagPe(0) = (18, a0 18, ) wlo) = 18, Ay(0), y=a+ 8- ap.

q

(ii) Let 8 = 0, the Riemann-Liouville fractional delta g-derivative can be presented as

o _ HAx0
Ax = HAGO,

(7i7) Let B = 1, the Caputo fractional delta g-derivative can be presented as ‘A7 = H Ag“’l.
The following definition and lemmas are key tools in proving our results.

Definition 2.7. [30] A set D of sequences in [, is uniformly Cauchy if for every € > 0, there
exists an integer N*, such that |z(t) — z(s)| < € whenever t,s € N* for any x = {z(n)} in D.

Lemma 2.4. [30] (Arzela-Ascoli theorem) A bounded, uniformly Cauchy subset D of lo(Tq)
(all bounded real-valued sequences with domain Ty) is relatively compact.

Lemma 2.5. [30] (Banach fixed point theorem) Let (X, ||-||) be a Banach space and A : X — X
be a contraction mapping, i.e.
Az — Ayl| < Allz =y,

for all x,y € X, where 0 < A < 1. Then, A has a unique fixzed point in X .
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Lemma 2.6. [30] (Krasnoselskii’s fixed point theorem) Let D be a nonempty, closed, convez,
and bounded subset of a Banach space (X,||-]|). Suppose that Ay : D — X and Ay : D — X are
two operators such that

(i) Ay is a contraction,

(i) Az is continuous and Ag(D) resides in a compact subset of X,

(tit) for any x,y € D, A1x + Agy € D.
Then, the operator equation A1x + Asx = x has a solution x € D.

Lemma 2.7. [34] (Sadovskii’s fixed point theorem) Let 1 be a measures of noncompactness in
a real Banach space B. Assume that Q) is a nonempty, closed, bounded and convex subset of B,
a mapping T : Q@ — Q is continuous, and for any nonempty subset X C Q such that p(X) >0

W(T(X) < p(X).
Then T has at least one fized point in 2.

Next, we present an useful proposition regarding the measure of noncompactness, which will
be used in the subsequent proofs.

Proposition 2.1. [23] The Kuratowski’s measure p of non-compactness has the following prop-
erties:

(i) Monotone: If the bounded subsets Q1, Q2 of X, Q1 C Q2 implies u(Q1) < pu(Q2).

(73) Nonsingular: If p({a} U Q) = u(Q) for every a € X and every nonempty subset Q C X.

(731) Regular: If u(2) = 0 is equivalent to the relative compactness of 2.

(1v) Algebraic semi-additivity: pu(Q1 + Q2) = w(Q1) + uw(Q2), where Q1 + Q2 ={zx+y:x €
Q1,9 € Q2}.

(v) Semi-additivity: p(Q1 U Q2) = maz{u(Q1), 1(Q2)}-

(V) p(AQ) = [[A|(Q)-

(i) p(Q) = (@)

Finally, present the following assumptions to illustrate our main results.
(H1) There exist positive continuous functions L(-), Lg(+), Ji(-) > 0, (¢ = 1, 2), such that

|f(t>$az)| < Jl(t)7 |g(t,l’)’ < JQ(t)a
[tz 2) = f(ty,w)| < Lp(t)(lz — yll + ||z — wl]),
l9(t, @) — g(t, y)| < Lg(t)(llz — yl))-

(H2) We define the linear operator Wu : L*(T,,R) — R as

1 1
(a+6-1) 21
Wu i 5)/0 (1—gs) Bu(s)Ays (2.1)

possesses a bounded invertible operator W1, this operator admits values in L?(T,, R)\ker(W),
and there exists a positive constant provided that ||[W~!|| < Mw. Also, operator B : R — R

is a non-zero bounded linear operator and have a positive constant Mp such that ||B|| < Mp.
(ats—1)

Furthermore, H(s,t) = %, and its norm is bounded by || H (s, t)[| < Fq(;+6)'

Lemma 2.8. If B: R — R is a non-zero bounded linear operator and f01(1 —qs)(o‘+5_1)Aqs > 0,
then the operator W has a bounded inverse operator W1,
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Proof. Step 1. We show that operator W is bounded. By the boundedness of B and Hélder’s
inequality, we have
Wl < CHUHLQ('E(I,R)
holds for some constant C' > 0. Thus W is a bounded linear operator.
Step 2. For any y € R, define

Tj(a+6
u(s) = T yLg( 6)— )
B fo (1 — gs)lot 1)Aqs

Substituting u(s) into W, a direct calculation gives

1 1
Wu T (a1 9) /0 (1—gs) Bu(s) Ags =y,

hence W is surjective. Since LQ(']I'q,]R) and R are Banach spaces, and W is a bounded linear
surjective operator, by the Banach inverse operator theorem, W admits a bounded inverse
operator W1, 0

3. Results of existence and uniqueness

Now, we investigate the existence and uniqueness of solutions for the fractional ¢-DE (1.1). Let
B(T,,R) be a Banach space endowed by the norm

[ul = sup [u(?)] (3.1)
u€Ty
and
Q= {u€ B(Ty,R), |u] < o} (3.2)

is a non-empty bounded closed and convex subset of B(T,,R), where

2)M|Ty(y+0) +3 J3 Ji M[Ty(y+0) +1
0 =max +1 + M|,
ASNTA] o T hatsrna-w "~ Qa-y M
M[Tg(y +6) +1 MpMu
N
Q) NI+ r o)
2\ |Tq(y+6) +3 . 2L%
- OWLig ——F 1, 3.3
n = 1] MR A W e gy (3.3)
M |T 1) 1
Mu = Muw(|z1] + (1 = 1)o + 21 Q(VQT )1, (3.4)
1 ! (a45—1)
N=—""78+ 1-— arTo—=4 B A,s. .
(ot ) /0< 4s) u(s)Ags (3.5)

Lemma 3.1. Suppose that h : Ty, — R is a continuous function, and

Q=M—A)y(y+0)+1#0, (3.6)
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then, the nonlinear problem

HASP (AN (@(t) — g(t,2(1t)))) = h(t), t,7 €T,
2(0) + ASATT T (0) =0, x(1) + ASATTO T z(1) =0,
eATH19(0,2(0) = 0, AT lg(1, (7)) =0,

1s equivalent to the integral equation

o(t) = IO D=1 () 00, 2(0)) + M)~ 50(0,2(0) + gt 2(71)
+ rq(a1+5) /O - qs) " Vn(s) Ays,
where
M= rqmlm) /01(1 ~as) R, + 3 = /01(1 — 45) @D h(s) Ags.

Proof. Since
@ 1— 1-8)(1— 1—
HAq’B(') _ [52 Q)Aq [( . B)( 0‘)(') _ [ﬁ(q Q)Aq [1‘1’7(,)’

then, the first equation of (3.7) can be simplified as

Iﬁ(l‘“)AqI(Al;ﬁ)(l_a) (CAg(m(t) —g(t,z(7t)))) = h(t).

q

Taking IR to both sides of Eq. (3.9), we yield

1
Iy(a)

Cq

A
Fq(V)

A3 (a(t) — g(t, x(rt))) = / (t — g5) (@D h(s)Ags +
0

Also, taking ng to both sides of Eq. (3.10), we get

Ch

— el o,
Lg(y+0)

1 t
t)y=— [ (t—qs) @ Vn(s)A t, (Tt
o) =gy (€= 990 VhE) g+ gt (re) +
where C1,Cy € R are arbitrary constants.
Applying the operator CA;}H*l to both sides of Eq. (3.11), we have

1 t
AT a(t) = ) /0 (t = 45) @V h(s)Dgs + C1 + “AT g (t, 2(7t)).

Fgla—vy+1
Notice that z(0) + ASAT2(0) = 0 and A7 1¢(0, 2(0)) = 0, then
2(0) + A{ATT2(0) = Cy + C1 A1 + g(0,2(0)) = 0,
from Egs. (3.11) and (3.12), we obtain

Cq

"= DICED)

1 ' (a+0—1)
s [ a0 IR + (1, x() + O+

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)
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1 1
AT la(1) = ) /0 (1—g8) @ Dh(s)Ags + C1 + AT g(1, (7). (3.15)

Fgla—~v+1
From z(1) + ASA7 7 12(1) = 0 and A7 g(1,2(7)) = 0, we have

0y = 1O 0 ) — g(0,2(0)) + M),

Q
Ca = 2N g1, 0()) — 9(0.2(0)) + M] ~ 59(0.2(0).
Hence,

 MDg(y+6) — ot

x(t) 0 [9(1, (7)) — 9(0,2(0)) + M] — ég(O, z(0)) + g(t, z(rt))

X . (3.16)
VD) /0 (t — gs) T Vn(s)Ays,
the proof is completed. O
A mapping A on 2 is given by
_ye—1
Aa(ty = MO LED T 103 () — g(0,2(0) + M] — Zg(0,2(0))

@ @ (3.17)

1 t
- - (a+6-1)
T,( 5) /0 (t —qgs) h(s)Ags.

For convenience, we denote the operator A = Ay + Ao, that is

+ g(t,z(7t)) +

~ ATg(y+6) — ot
a Q

1 ! 5—1)
Agx(t) = W/O (t — qs) @D (s, x(s), x(75) Ays.

Ajz(t)

[9(1, (7)) — 9(0,2(0)) + M] — ;g(oa 2(0)) + g(t, z(t)),

Theorem 3.1. Let Q be defined by (3.2). Assume that (H1) holds, then there exists at least
one solution of fractional ¢-DE (1.1).

Proof. Consider the bounded closed interval Ty C R. By (H1), L¢(-), Ly(-), Ji(-) > 0,(i =1,2)
are positive continuous functions on T,. According to the Extreme Value Theorem, Ji (), Jo(t),
Ly(-) and Ly(-) attain their maximum values on Ty, denoted byJ; = max;er, Ji(t), (i = 1,2),
L} = maxier, Lf(t), and Ly = maxer, Ly(t). In what follows, we divide the proof into three
steps.

Step 1. We show that A; is contractive on 2. For any x,y € €, we have

_ 4y+o—1
L%mw—Awan:ﬁﬂ“”+2 g1 2() — g(L,y(r)) — 9(0, 2(0))

+9(0,y(0))] + g(t, z(7t) — g(t,y(7t))

_é@@mm»—mawmm|

<l|g(t, z(rt) — g(t,y(rt))| +

|awmwm»—mmmmﬂ
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'Al’rq(@ DH L1001, 2(r)) — g(1,y(r)]
1900, 2(0)) — g(0, y(0))]
2l +) +3
9]
<llz — ]l

+Dllz =yl

Since v1 < 1, so Aj is contractive on §2.

Step 2. We show that A, is relatively compact on T,. For any = € , take t1,t2 € T, with
0 <t <ty < 1. Let d(t1,t2) denote the time-scale distance between t; and t3 on T,. For any
g1 > 0, there exists 6; > 0 such that whenever d(t1,t2) < 61, we have

to
| Agr(ty) — Agr(ty)] = |Fq(a1+5) /0 (t2 — 45) @5V £ (5, 2(5), 2(75) Ags
1 f
e /0 (tr — g5) @D (5, 2(5), 2(rs)Ags]
1 b2
S WP / (ta — q5) @0V f(s,2(s), 2(75) Ags|
1 h
TS /O (t2 — gs)( @D — (1 — gs)leti=D)]

x f(s,x(s),x(T5)Ags|

J¥ t1 _ i
SW/O [(t2 — q3) @Y — (t; — gs)@F=D|As
—l—Jf/tz(t — qs) @A s
T (a+6) ), ° e
Ji
<1 (ty — )@+
_Fq(a+5+1)(2 1)
J—ik (a490) a+d a+d
+ Fq(a+(5+1)[(t2 t1) + 15 ty ]
Ji
= [2(ty — 1y)( @) gy gt
Fq(a+5+1)[(2 1) +2 1 ]
— 0.

By Lemma 2.4, As is relatively compact.
In order to show the continuity of Asg, let us consider any sequence {x, } which converges to

z, we have

[Aaalt) ~ Aga(t) = |y [0 a9 (o, a(e). (7))

— f(s,2(s),2(75))) Ags|

1 1 s
SW/(] (1—q5)( o 1)|f(5,a/:n(8),xn(7's))

= [(s,2(s),2(75))| Ags
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2L}

< — .
S CE v R

So, Asxy, — Asx as x, — .

Step 3. We prove that for any z,y € Q, Ajx + Asy € Q.

)\1Pq(’y + 5) — ¢yl
Q

~—émaxm»+g@xww>

+ Fq(;m/o (t — qs) @D £ (s, y(s), y(15)Ays|

< |)\1Fq(7 +9) — -1
Q

—9(0,0)) + M)] - é(g(O,x(O)) — 9(0,0)) + (g(t, z(rt)) — g(t,0))

| Ava(t) + Agy(t)] =|

[9(17x<7—)) - g(O,l‘(O)) + M]

l9(1, z(7)) — 9(1,0) — (9(0,2(0)

+ M/O (t— qs)(a—l—&—l)(f(s, y(s),y(rs) — f(s,0,0))Ays

" Aqu(’y +0) — tr+o-1
Q
1 ! 5—1)
+ W/ﬂ (t — gs)@F f(5,0,0)Ays]
q

2‘)\1“(](7—1—5)4-3 « QL}
+ DL |z|| +

Ja+d+1)
IAM|Ty(y+6)+1 21| Tg(y+6) +3
Q|

Q]
Ji

+—
T,(at6r1)
<mo+(1—-m)o

=a0.

[wLm—gwmﬂ—éaam+gmm

<( Iyl

| M+ ( +1)J;

According to Krasnoselskii’s fixed point theorem, we know that fractional ¢-DE (1.1) has at
least one fixed point. O

Theorem 3.2. Assume that (H1) holds, then there exists a unique solution of fractional q-DE

(1.1).
Proof. The operator A on 2 is defined as Eq. (3.17). To show that A maps Q into itself, we
get
My (y 4 6) — 7+t 1
[Az(t)| == 0 [9(1, (7)) — 9(0,2(0)) + M] — @9(0733(0))

+oltatrt) + o [ 0 s (), a(r) Al

< MLg(y+9) — $y+o-1
<| 0

[9(1, (7)) — 9(1,0) — (9(0, 2(0) — 9(0,0)) + M)]
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— L (9(0,2(0)) - 9(0,0)) + (g(t, 2(r)) - g(t,0)) — ~

24(0,0) + g(t,0
0 Qg( ) +9(t,0)
1 t
+ W/O (t—qs) PV (f(s,2(s), 2(rs) — £(5,0,0))Ags
My (y 4 6) — tr+o-1
+ 1t [9(1,0) — 9(0,0)
1 ! (a+6-1)
+ W/O (t—qs) f(5,0,0)As]
2)M[Tg(y +6) +3 Jp M|Ty(y +6) +1
<o+ +1)Jy+ M
L —e] 2t fararD o M
<vo+(1-m)o
=a0.
Next, we show that A is a contraction mapping. Let z,y € €, we have
t
[Aa(t) = Ay =I5 | (0= 09D 0060, 2(75)) = F0.0(0) 0 g

St [ (a5, 2(5), () — F (5,30, u79)) 1
“T,at0) /o qs s,x(s), z(Ts s,y(s),y(rs qS

<7illz =yl
<[z =yl

From Lemma 2.5, indicating that A is contractive on 2. We know that fractional ¢-DE (1.1)
has a unique solution. ]

4. Hyers-Ulam stability

We will study Hyers-Ulam stability for the solution of fractional ¢-DE (1.1), we give the necessary
definition and theorem as follows.

Definition 4.1. [8] We call that fractional ¢-DE (1.1) is Hyers-Ulam stable if for each € > 0,
each 0 € C(T,, R) satisfies the inequality

[TATP(CAY(B(1) — g(t,0(rt))) — F(t,0(t), 0(rt))| <&, tET,, (4.1)
there exists a solution z(t) of fractional ¢-DE (1.1) and 1 > 0 such that
2(t) — 3(8)] < . (42)

Theorem 4.1. If the assumption (H1) and the inequality (4.2) are satisfied, then fractional
q-DE (1.1) is Hyers-Ulam stable.

Proof. If z satisfies Eq. (4.2), then

AT (3 + 6) = #7491
Q

1

! F<a+6>/o (t =)D f(s,2(5), 2(rs) Ags)| < e.

[9(1, (7)) — 9(0,2(0)) + M] — l9(07 z(0)) + g(t, z(7t))

[o(t) = ( 0




Hilfer fractional g-dynamical equations on time scales 403

Hence,

4y +o-—1
||@<t>—<A1Fq(”+S o l9(1,5() - 9(0,5(0)) + M)~ 59(0,5(0)) + g(t,2(r1)

R T L )@= £(o 5(s) () A.s M, (y +8) — ¢+t o
Fq<a+6>/o<t 45) @) f(s,0(s), 5(5) Ags) + ( ) l9(1,5(r)
1

—g(1,2(7)) — 9(0,9(0)) + 9(0,2(0))] — 5(9(0’ 0(0)) = 9(0,2(0))) + g(t, o(7t)) — g(t, x(71))

+ M/O (t — qs) @tV (f(s,9(s), b(Ts)) — f(s,2(s),z(7s)))Ags)|]

+

*

2\ [Cg(y+6) +3 . / _
<e+ + 1)L+ ————|||[v — =«
<e+ [P R N OE et LR
=e+mllo—=|,
and
o - <
U—x £ = ne.
ST Ui
This completes the proof. ]

5. Controllability

In this section, we investigate the controllability of fractional ¢-DE (1.2). Firstly, we present the
concept of controllability and the integral equation that is equivalent to the problem discussed.

Definition 5.1. [40] We say that fractional ¢-DE (1.2) is controllable on Ty, for any given
initial state xg and any given final state x1, there exists a continuous function u € Lz(Tq,R)
such that the solution z of fractional ¢-DE (1.2) satisfies z(1) = z;.

Lemma 5.1. A function x € Q is a solution of fractional ¢-DE (1.2), if and only if, this function
s a solution of the following integral equation

_ 4y+o-1 X A
x(t) = AT (y +2 Y [g(1,2(7)) — g(0,2(0)) + M + N| — 59(0737(0)) + g(t, z(1t))
+ Fq(al+6)/0 (t— qs)(a+6—1)h(s)AqS + Fq(al_i_(j)/o (t — qs)(a+5_1)Bu(s)Aqs,
(5.1)
where ) 1
M= m /0 (1-— qs)(a+5—1)f(s,x(8),:U(Ts)Aqg
Ao 1 .
+ Pq(Oé—’)/—i-l)/O (1 — qs)( ’Y)f(s,:L’(S),x(Ts)Aqs,

N = 1 ' (a+671)B A

W/O (1—gs) u(s))Ags

Ao ' (a=)
+ IM/O (1 —gs) Bu(s)Ags.
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Proof. Let
Z(t> = f(tvx(t)7m(7—t)) + Bu(t),
so fractional ¢-DE (1.2) can be written by
AT (Cag(a(t) — g(t,z(1)))) = 2(1).
Using the same method as Lemma 3.1, we can obtain

o )\1Fq(7 +0) — tr+o-1

x(t) 0 l9(1,2(7)) — 9(0,2(0))] + g(t, z(7t)) — 229(0,95(0))
i L e,
L MT(y +22) — ¢! [rq(a1+ 5 /01(1 —g8) @D (5)Ays
+ Fq(ai\Qv—l—l) /0 (1= g9) @ 5(5)A g,

That is,
o >\1Fq('7 +0) — tr+o-1

(1) 0 l9(1,2(7)) — g(0,2(0)) + M + N]
~ 59(0.2(0)) + g(t.a(rt)
1 ! (a+é-1) (5:2)
+Pq(0‘+5)/0 (t—qs) f(s,x(s), z(Ts)Ags
L @D Bl A s
+Fq(a+5)/0(t Q)+ 1B()Aq
O

We apply Sadovskii’s fixed point theorem to prove the exact controllability of fractional ¢-DE
(1.2).

Theorem 5.1. Assume that (H1) and (H2) are satisfied, and defined the control function as
)\1Fq (’y + 6) —1

Q

1
- GO0 + 0 2(r) + o [0 )@ a0, a7 A1),

then fractional q-DE (1.2) is exactly controllable on ).

u(t) =W ar — ( l9(1,2(7)) = 9(0,2(0)) + M + N]

(5.3)

Proof. From Lemma 5.1 and Eq. (5.3), we have

AMTg(v+0) -1
Q
1 ! (a+0-1)
(0,2(0)) + g(1, (7)) + Fq(0<+5)/o (1-qt) f(tz(t), z(rt) Agt)]]|

MO (v +6) —1+Q
Q

lu(®)] = W™ a1 — ( [9(1,2(7)) — 9(0,2(0)) + M + N]

1

- 59
Q

< [WH e + |

g (1, z(7))]
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MDy(y+6) -1

10T+ N + L (0,2(0))

+ | g 5
1 1 i)
T Ty +9) /0 (1= gt) V| (2, 2(1), 2(7)| Agh)]
< Mulfar] + (1 =)o + PO D)
= Mu,
and
2(1) = >\1Fq(7$ ) 101, 2(r)) — (0, 2(0)) + 3T + N] — ;g(o,x(())) T g(La(r)
1 1
+ W/O (1- QS)(aﬂSfl)f(S,x(s)jx(Ts)AqS
1
+ F,;(al+5)/0 (1-— qS)(aH*l)Bu(s)Aqs
— Aqu(vc—; 6)+1 [9(1, (7)) — g(0,2(0)) + M + N] — ég(()?x(o)) T gL 2(7))
1 1
+ m /0 (1- QS)(aﬂifl)f(s, z(s), x(Ts)Ags

ML (y+6)+1
Q

1
- G0.0) + 00 a()Ags + o [0 @D (), () A1)
_Mly(r+0) +1

+WW s — ( [9(1, 2(7)) — 9(0,2(0)) + M + N]

lg(1L,2()) — 9(0,2(0)) + M + N] —

) S900.5(0)) + g(1.2(7)
4 I‘,I(al—i—é) /01(1 — g5)@H D (s, w(s), 2(75) Ags

oy = (IR 1 0(7) = 9(0.2(0) + 01 + ] + g(L,2(7)) = 359(0.5(0)
by L 0 0 (). a(rs) 2,00

=x.

Next, we Will present the main proof of controllability for fractional ¢-DE (1.2). We define
the operators A : Q — Q and A(t) = A(t) + A(t), where

~ MLy (y +9) — ¢+l 1
Ax(t) = 4 N +
=) Q Lyla+4

) / t(t — ¢5) D Bu(s)Ays, (5.4)
0

and A(t) is the same as Eq. (3.17).
Start the following steps to complete the proof.

Step 1. The operator A maps () into itself. For each ¢t € T, and z € (2, it follows from
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hypothesis (H2) and Eq. (5.4) that

~ AT, (y + 8) — tr+o-1 1 ! ato—
| Aa(t)| = |22l Q) N+r<a+5>/o<1—qt>< U Bu(t) At
q
M|T (v +06) +1 1 ' -
q
M [Ty(y+6) +1 MpMu
< N
= Ql NI o+ 1)
<o

— Y

which implies that A maps Q into itself.

Step 2. Let x,, be a sequence in € satisfying x,, — x as n — oo. Then, for each ¢t € T,, one has

Aqu(’y + 5) — ¢rto-l
Q

+9(0,2(0))] - 22(9(0, 2(0)) — 9(0,2(0)) + g(t, 2n(7t))

[Azn(t) — Az(@)] = ||

lg(L, 2n (7)) — g(1,2(7)) — 9(0, 24(0))

~ ot a(rt) + s [ =Y (s (o) )

~ f(s2(s),2(rs)Ags]
<)L 0 o ) — g1 2(r))]

- Q|
+ [l9(0, 2(0)) — 9(0, z(0))]))
+ |22Hg(0, 2n(0)) — 90, 2(0))|| + llg(t, zn(7t)) — g(t, (7)) ||

+ M/o (t — qs) @D f(s, 2 (5), Tn(75)

— f(s,2(s), 2(75)[| Ags

L4+ ————
Q JLg Ty(a+4+1)
=nllz = za|.

Il = x|l

We know that ||Az, — Az| — 0 as n — co. This means that A is continuous.

Step 3. Now we show that A(2) is bounded and equicontinuous. From step 3 of Theorem 3.1,
it is clear that A(£2) is bounded. It remains to show that A(£2) is equicontinuous. Indeed, we
have

MLy(y +9) — 377"
Q

[Ax(t2) — Azt =] lg(1, (7)) — 9(0,2(0)) + M]

— 59(0.5(0) + gltz, 2(rt2)
+ I“q(alm/o 2(152 —qs) @D (s x(s), (T5) Ays
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ML () -

[9(1, 2(7)) — 9(0,20)) + M]

Q

1

+ 69(0, z(0)) — g(t1, z(1t1))
L " (a+6-1)

_ F(a—|—5)/0 (tl - qS) f(S,fE(S),:L‘(Ts)AqS

q
2T s o )

S@Ht’y+5 1 _t'er(S 1” + |Q||Ht’y+5 1 t»2y+5 1”

+ lg(t2, x(1t2)) — g(t1, z(7t1))||

+ Fq(;é]i:r& /Otl((tz —qs) T — (1 — gs) @ V) Ays
Lyla+96) Jyy
< Wuﬂ”-l =537+ llg(ta, 2(rt2) — gt 2(rt))|
2(t1 — 12)(H) 11575 — 19

Ty(a+6+1) .

— 0,

the same as Theorem 3.1 in step 2. Hence, A(f2) is equicontinuous. As a consequence of
Lemma 3.2 and Arzela-Ascoli theorem, it follows that the operator A is relatively compact, the
operator A = A+ A is continuous and maps bounded sets into bounded sets. Also, it is relatively
compact with respect to the operator A which implies v(A(€2)) = 0. It follows from the inclusion
A(Q) € Q and the equality v(A(Q)) = 0 that

V(A(9)) < 0(A(Q)) + v(AQ)) < v(Q).

Since A(Q) C ) is a convex, closed and bounded set, that is, all conditions of Sadovskii fixed
point theorem are satisfied, we conclude that the operator A has a fixed point x € A(Q) that is a
solution of fractional ¢-DE (1.2) with x(1) = x;. Therefore, fractional ¢-DE (1.2) is controllable
on €. O

6. Applications

Consider the sequential fractional g-DE involving g-Hilfer and ¢-Caputo fractional derivatives

HAYAEAY (1) — gt w(r1))) = (1 (t),a(r), 7€ T,

3/4 3/4
2(0) + A Ay °w(0) =0, 2(1) + Ao Ay, x(1) =0, (6.1)
“Ay9(0,2(0) =0, Ay g(1,2(r) =0,

where a =3/4, B =1/4,v=13/16, 6 = 1/4, ¢ =3/4, \y = 11/13, \p = 7/11, and

@] |=(rt)]
lz(t)| +23  |z(rt)| + 20’

f(t,z(t), z(rt)) =2 +
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g(t,z(rt)) = t* + _=@t)]

By calculations, we have v +d — 1 = 1/16. These information can be used to find that
Ji=3,J5=2,L;=0.1 and L} = 0.05, so

|f (&, x(t), x(7t)) — f(E,21(2), 21 (7)) < (1/23 + 1/20)|x — 4],

lg(t, z(7t)) — g(t, 21(7t))| = (1/11)]z — 21],
thus the hypothesis (H1) is satisfied. Additionally, we have @ ~ 0.81310420, ~; ~ 0.55939441 +
0.4 = 0.95939441 < 1, and 72 &~ 0.55939441 < 1. Since fractional ¢-DE (6.1) satisfies Theorem
3.1, we conclude that the problem has at least one solution. In addition, it can be proven that

fractional ¢-DE (6.1) has a unique solution if 3 —~v2 = 0.4 < 1 by applying the result in Lemma
2.4.

_ 4y+o—-1
joy — (LB 20 5r)) - 000.500) + M) = ——E—g(0.5(0)
¢ o1
F(t o) + [ 3(6),073)) g + (PRI g(1,3(r)
~ 0(L (7)) ~ 90,5(0)) + 90, 2(0)] ~ 5k (9(0,5(0)) — 9(0.2(0)) + g(t, 7))
~gltlr) + [ (6,069, 275)) = F(5,2(6),2(r) )]
2[11/13|T54(17/16) + 3 01
se+ 0.81310420 +1)0-1+ P3/4(2)]H” =l

~ e 4 0.95939441|5 — x|

Since n = ﬁ ~ 24.6271509 > 0. By Definition 3.1, we know that fractional ¢-DE (6.1)
satisfies Hyers-Ulam stability.

Let 21 = 0.8,

=) = 0%153510312; o+ Ix(‘x)(!c)r‘ 11 Iac(‘(:)ﬁ)(o}r| M N va(’::)(lc)r’ll
- 0.813110420\x(’$(|+11 / H(L,5)BW 'p(z)Aqs
" /o1 s+ \$(|$)(|S—)k| 23 T |x(‘f§)T|Si’ 50508

or.é)fs(miz; o+ ]a:(|f)(]7—)k| T |x(‘§)(ol| gt MA N1 ‘x(’fﬁ’ll

B 0.813110420 |33(|x)(|03“ e /1 s+ \a:(|:)(|si| 23 " |x(|fs()7|5j—’ 207"
Hre OF§153(10‘)1;(L) s Ix(‘j)(l?t‘ 1 Iac(’(;c)(loj)t| T Ix(‘j)(l?t‘ 11
- 0.813110420 |:c(|§)(loi‘ T / R \:c(|:)(|si| 23" |:c(|:s()T|si| 2020

—0.8,
so0, (1) = z1 = 0.8, due to Lemma 3.2, we obtain that fractional ¢-DE (6.1) is controllable.
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7. Conclusion

In this paper, we study the existence and uniqueness, Hyers-Ulam stability, and controllability
of solutions for a class of Hilfer-type fractional ¢g-dynamical equations with time delay on time
scales. Firstly, we investigate the existence and uniqueness of solutions to Eq. (1.1) by using
Krasnoselskii’s fixed point theorem and Banach contraction mapping principle, and the obtained
results are more general than those of the classical quantum difference equations. Secondly, we
construct an appropriate perturbed equation to analyze the difference between the approximate
solution and the exact solution of the original equation, and prove that this difference can be
controlled by a constant linearly related to the perturbation amplitude, thus complete the proof
of the Hyers-Ulam stability of a solution to Eq. (1.1). Differing from the controllability analysis
of traditional fractional differential equations on time scales, we extend the controllability theory
to fractional quantum dynamic equations on time scales (Eq. (1.2)). By means of Kuratowski’s
measure of noncompactness and Sadovskii’s fixed point theorem, we discuss the controllability
of the solution to Eq. (1.2) and establish an analytical method for quantum evolution problems.
The results of this paper improve the theoretical framework of fractional g-dynamical equations
on time scales, provide important theoretical support for the dynamic analysis and stability
regulation of quantum systems, and can also be applied to practical problems such as signal delay
compensation in quantum communication, evolution process control in quantum computing,
and the modeling and optimization of multiscale hybrid systems. As the theory of quantum
dynamical equations on time scales is still in a stage of continuous development, our future
research will focus on exploring the solvability of fractional quantum dynamical equations defined
on various infinite time scales. These include infinite continuous time scales such as T = R
or T = [0,+00), infinite discrete time scales T = hZ = {hk|k € Z} and hybrid time scales
T = RU{tx }ken. The complexity of its mathematical treatment is significantly higher than that
of finite time scales, providing a flexible modeling tool for multiscale hybrid systems and fields
of theoretical physics.
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