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STABILITY OF 3D MHD EQUATIONS WITH ANISOTROPIC
DISSIPATION NEAR A HORIZONTAL BACKGROUND
MAGNETIC FIELD

Yuning Wang' and Limei Li®

Abstract Both physical experiments and mathematical theories indicate that the back-
ground magnetic field can stabilize the conducting fluid. Existing results (e.g., [7,20]) show
that in the 3D case, either a background magnetic field in a single direction or a magnetic
field that satisfies the Diophantine condition can provide a stabilizing mechanism for the
fluid. In this paper, we examine a setting that lies between these two cases, specifically a
horizontal background magnetic field By = (n1,n2,0), n1,ny # 0. We investigate the 3D
incompressible magnetohydrodynamics (MHD) equations with anisotropic dissipation: Frac-
tional viscosity in the velocity field in the xi-direction and fractional magnetic diffusion in
the xo-direction. Since dissipation acts only in one direction and is fractional, establishing
global stability in H3(T?3) is nontrivial. We analyze the stabilizing effect of the horizontal
magnetic field, combining both the velocity field and the weak dissipation mechanism of the
magnetic field, and derive exponential decay in the horizontal directions, which is crucial for
the stability proof.

Keywords 3D MHD equations, anisotropic dissipation, horizontal background magnetic
field, stability.
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1. Introduction

It is well known that the incompressible Euler equations can exhibit rapid growth in time (see,
e.g., [14,32]). Even when dissipation acts in one direction, as in the system

OV —vd2V +V -VV + VP =0,
V-V =0,

the global well-posedness for small initial data remains highly nontrivial, primarily because
dissipation acting in only one direction is too weak to control all the nonlinear terms. In fact, the
system can be stable when dissipation is present in both directions or when it is fully Laplacian.
In the fully Laplacian case, as demonstrated by Schonbek [21-23], the Navier—Stokes equations
are asymptotically stable and exhibit explicit time decay rates. When dissipation is restricted to
horizontal directions, due to its important physical relevance and special mathematical structure,
the global well-posedness problem for small initial data has also attracted significant attention
(see, e.g., [5,6,11,12]). Moreover, the two-dimensional case is relatively easier than the three-
dimensional one; for instance, Dong et al. [8] established stability in H?(T x R). It is worth
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noting that although periodic domains do not introduce additional dissipation, they enhance
its efficiency through the discrete structure of the spectrum: On the torus the Laplacian has
a spectral gap on the mean-zero subspace, in contrast to the whole space, where the spectrum
is continuous down to zero. This spectral gap underlies the strong Poincaré-type inequalities
and forces the nonzero modes to decay exponentially rather than algebraically, which will be
discussed in detail later.

Both physical experiments and mathematical analysis show that a background magnetic field
can stabilize conducting fluids (see, e.g., [1,2]). This paper focuses on the three-dimensional
MHD system with anisotropic fractional dissipation:

OV +V-VV 40022V +VP—B-VB=0, z€Q=T>% >0,
OB+V -VB+ud’ B—B-VV =0,
V.-V=V-B=0,

where T denotes the 1D periodic box, «, 5 € (0,1]. Here V = (V1, V5, V3) denotes the velocity
field, B = (B, B2, B3) the magnetic field, P the total pressure and v, u denote the velocity
viscosity and the magnetic diffusivity, respectively. The fractional derivative operator 9 is
defined via the Fourier transform

@(k17k2,k3) = |ki’nf(k17k27k3)v kl € Za (RS {1’2’3}

The stability problem and related issues on the anisotropic MHD system near a background
magnetic field have attracted considerable interest (see, e.g., [1-4,9,10, 15,16, 19,20, 28, 30, 31]).
In this paper, we consider perturbations of the steady-state solution (Uy, By) near a horizontal
background magnetic field, which is expected to have a stabilizing effect on (dau, 01b), i.e.,

def
Up=0, By=(n1,n2,0) = (np,0).

Without loss of generality, we assume ni,ns > 0 in the rest of the paper. The perturbation
(u, b) around the steady state (U, By) with u = U — Uy, b = B — By is governed by

O +u-Vu+v03%u+Vp—b-Vb=mny-Vyb, 1€Q, t>0,
8tb+u-Vb+u322/Bb—b'Vu:nh'th,

V-u=V-b=0,

u(z,0) = up(z), b(z,0) = bo(x).

(1.1)

This paper aims to establish a small data global well-posedness result for system (1.1) in the
H? framework. Our main theorem is stated as follows:

Theorem 1.1. Assume that (ug,by) € H3(Q) with V -ug = V - by = 0 satisfies the mean-zero
condition on the vertical components

/UO3d1‘_ / bog dx = 0. (1.2)
Q Q

Then there exists g > 0 such that for any initial data, if

| (w0, bo)ll g3 < €0,
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then (1.1) admits a unique global solution (u,b) € L>(0,00; H3(Q2)), and there exists a positive
constant Cy such that, for any t > 0,

t
I B)(8) 120 + /0 (W5 u(r) 3 + ullOFb(r)II%) dr < Cocd. (13)

Furthermore, (Vpu, Vib) obeys the following exponential-in-time decay estimate
1(Vhu, Vib) ()| 2 < Cre™[[(Vhuo, Vibo)|| a2, (1.4)

where the constants C1,c1 > 0.

Remark 1.1. The condition (1.2) is preserved by the flow, i.e.,

/U3(t)d$:/uO3dZL‘:O, /bg(t)dl‘:/bogd.l?:(), Vit>0.
Q Q Q Q

In particular, Lemma 2.3 applies to (u,b)(t) throughout the proof of Theorem 1.1.

The key to the proof consists of two parts, which are the stabilizing effect of the background
magnetic field and the bootstrap. We introduce them separately.

1.1. Stabilizing effect of the background magnetic field

In this subsection, we compare the weak dissipation mechanisms introduced by different back-
ground magnetic fields. Let us first consider the 3D incompressible MHD system near a constant
background magnetic field w € R3. The perturbation system reads:

ou+u-Vu—Liu+Vp—>b-Vb=w- Vb,
Ob+u-Vb—Lob—b-Vu=w-Vu,
V-u=V:-b=0,

where L1, Lo represent the partial dissipation operators or the full Laplacian operator. We now

introduce dissipation via w-Vu. A natural approach is to take the inner product of the magnetic
equation with w - Vu:

d
<
T dt

+ C|/~L1ul%. + C||\/—L2b]|%. + nonlinear terms.

Consider the simplest case: w = (0,1,0). In this setting, let £; = 8? and Ly = Aj,. Then the
inequality (1.5) reduces to:

|w - V|2 / Véu - V¥(w - Vb)dz
T3

(1.5)

1
§H32u||2~ s < dt/ VE0hu - VEbdz + C||(Vib, d1u)||37s+1 + nonlinear terms.
R3

Using this dissipative mechanism, Lin et al. [19] achieved stability in H*(R3). In later work [20],
they optimized their stability result under the assumption that the initial data (ug, bg) satisfy
(w0, Do) || g3 + 31— 1| 0% (o, bO)HLilLézw3 < e. More recently, Lai et al. [16] further improved this

result in H3(IR?) without requiring the additional smallness condition Zi:o 1105 (o, bo) || L2, 1L,
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Furthermore, there are also abundant results in the 2D case, please refer to [10,15,17,18,28,30,
31].

Next, consider the case where each component of w is nonzero. Reviewing the dissipation
term, it is clear that the quantity ||w - Vu||%, on the left-hand side is insufficient to serve as a
conventional dissipative term. This is because we cannot directly control the nonlinear term in
the form |lw - Vul/% .. To make this term effective, additional conditions must be imposed. In
particular, when the domain is T? and the background magnetic field w satisfies a Diophantine

condition, one can establish the following Poincaré-type inequality:
[f s < Cllw -V £l grsr, (1.6)

for functions f satisfying the mean-zero condition:

fdx=0.
T3
Here, f stands for either the velocity field v or the magnetic field b. It is worth noting that the
spatial integrals of both the velocity and magnetic fields are conserved in time. That is,

/Tg ul(z, t) dx:/Tg u(z,0) da, /T b, 1) dx:/TS b(z,0) dx. (1.7)

Using (1.6), global well-posedness for small initial data was proved by Chen et al. [7] in the
case L1 =0, Lo =Aor L1 = A, L5 =0. The key lies in a weak dissipation mechanism. For
example, in the case £, =0, Lo = A, the following inequality holds:
1 2 d s s
SNw-Vulfs < > = | V-Vi(w- Vu)da
2 dt Js
0<s<r+3 (1.8)

+ C||b||3;-+5 + nonlinear terms.

There has also been a large body of work on global well-posedness results for background
magnetic fields satisfying the Diophantine condition. These include studies in two, three, and
even n-dimensional cases, both compressible and incompressible settings, and have also been
extended to other models such as the magneto-micropolar fluid equations. We refer the reader
to [13,24-27,29] for more details. Notably, in the incompressible MHD system on T", Xie et
al. [25] established the optimal decay rate, consistent with the decay rate in the linearized case.

A natural next question is: What type of dissipation mechanism does a horizontal background
magnetic field provide? Our answer is that a horizontal background magnetic field behaves
similarly to the single-directional case. Specifically, when £, = 0% Ly = 8226 , it provides
dissipation mechanisms for both the velocity and magnetic fields. Precisely, from Lemmas 2.6
and 2.7 we obtain the following inequality:

—|01b]%,, + — L — — V2hdr — — b- d
7 1010152 + 7 102ull dt/gv Oyu- V2hdr — - Qv Ab- Viuda (w9)
<Ol (u, )l 23 (Ve Vab) 32 + C1 (0570, 01 ) |7

This inequality is effective for any positive horizontal background magnetic field (i.e., ny,ny > 0).
It is easy to see that the background magnetic field compensates for the lack of dissipation in
the horizontal directions for both the velocity and magnetic fields. Moreover, the terms on the
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right-hand side can be controlled by the existing dissipative terms. For more details, please
refer to Section 2. Finally, we present an interesting problem. When £; = 0, Lo = Ay, can
the horizontal background magnetic field also provide a stabilizing effect similar to (1.8)7 This
seems to be difficult because (1.7) is no longer a conserved quantity over time in the horizontal
direction.

1.2. Periodic domain and bootstrap argument

Numerous results have shown that periodic domains exhibit elegant properties. Although pe-
riodic domains do not directly introduce dissipation, dissipation in the periodic directions is
more effective compared to the whole space. For example, by decomposing v into zero mode
and nonzero modes, and combining it with the strong form Poincaré-type inequalities, some
nonlinear terms that are difficult to control can be managed. Additionally, nonzero modes can
exhibit exponential decay. For more details, we refer to [8,11, 18,30, 31].

Compared to the recent works [16,20], establishing small-data stability in H3(T?) is signifi-
cantly more challenging due to the presence of fractional dissipation acting in only one direction.
This dissipation is particularly weak, not only is it anisotropic, but it also has low regularity,
as the fractional orders satisfy 0 < «a,5 < 1. A natural strategy is to attempt to prove the
following a priori estimate:

E(t) S E(0)+ E(t)',  ¢5 >0, (1.10)
where the energy functional is defined as E(t) = Ey(t) + E2(t), with
t
Ev(0) = sup [ 0)(r) B + [ (2000l + 2050l
0<r<t 0
and

t
Ex(t) 2/0 182, 1) |72 d-

However, it turns out to be very difficult to obtain the estimate (1.10) by relying solely on
anisotropic inequalities, especially when the dissipation is of fractional order. Fortunately, when
the domain is periodic, inspired by [30,31], we adopt a different approach that replaces (1.10)
and allows us to derive the necessary a priori bounds more directly and efficiently, without the
use of anisotropic inequalities. Specifically, we observe that the following inequality holds:

Ey(t) < E1(0) + C sup ||(u,b)(7)||§13/0 [(Vhu, Vib)(7)|| 2 dr.

0<r<t

Under a smallness assumption on the initial data, we can show that (Vju, Vpb) decays expo-
nentially in time, i.e.

[(Vatt, Vab) ()2 < €™ 2% [ (V, Vab) (0) -

This allows us to control Fj(t), thereby closing the bootstrap argument.
To establish the exponential decay in the horizontal directions, or equivalently in the course
of proving (1.9), the most difficult nonlinear term is

/a;agf-ggaghdx, f, g, h € {u,b},
Q
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where g3 denotes the vertical component of g; see the estimate of M3 in the proof of Lemma 2.6.
Since no dissipation acts in the z3-direction, this term carries the third-order vertical derivative
ag’h together with the factor g3, and cannot be closed by the available dissipation. Thanks to
the conservation of [, uszdx and [, b3 dz, which follows from (1.2), we may apply Lemma 2.3,

lgall 2 < [IVhgllm2,

so that the term is closed. Compared with related works on periodic domains that impose a
symmetry assumption on the initial data, the condition (1.2) is weaker and is preserved in time
merely by this conservation.

Throughout this paper, we use C' to denote various positive constants, which may differ
from line to line. For simplicity, we write f < g to indicate that there exists a constant C' > 0
such that f < Cg. For a vector field f = (f1, f2, f3), we denote its horizontal component by

fr = (f1, f2)-

2. Preliminaries

In this section, we present Poincaré-type inequalities on the periodic domain and several prior
estimates.
2.1. Poincaré-type inequalities

The following lemmas show that the oscillation part satisfies Poincaré-type inequalities, where
Lemma 2.1 and Lemma 2.2 can be found in [10]. And Lemma 2.3 shows that, for a divergence-
free field with vanishing mean, the vertical component is controlled by the horizontal gradient.

Lemma 2.1. Let f: Q — R satisfy

/f(xl,:cg,xg) d(Ei = 0, 1= 1,2,3.
T

Then for any n > 0, it holds that
1Al < 107 fl 2 -
Lemma 2.2. Let f,g: 2 — R, then it holds that

’/ Oy, fgdx
Q

Lemma 2.3. Let g = (g1,92,93) : Q — R? satisfy V-g =0 and

/ggdx:O.
Q

g3l s < IVRgsll g -

< |10x; fll 22 102:9]l 2 -

Then for any s > 0,

Proof. Expand g in Fourier series with frequencies k = (ki, ko, k3) € Z3. The divergence-free
condition V - g = 0 reads

kG () + koo (k) + ksgs(k) =0, ke Z%
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Choosing k = (0,0, k3) with ks # 0 gives k3g3(0,0, k3) = 0, and hence g3(0,0, k3) = 0. Together
with the mean-zero condition

70,0.0) = [ =0,
Q
we conclude that g3(k) = 0 whenever kj, def (k1, k2) = 0. Consequently, for any s > 0, we have

lgsllze = Y B> |@E)P < > |kl (&) |G3(R)* = [ Vagsll 5
[kn|>1 |kn|>1

where (k) = (1 + |k|?)'/2. This completes the proof. O

2.2. Energy estimates

In this subsection, Lemmas 2.4 and 2.5 provide direct energy estimates, Lemma 2.6 and Lemma
2.7 reveal the hidden dissipation of (Jau, 91b) induced by the background magnetic field.

Lemma 2.4. Let (u,b) € L°°(0,00; H?) be a solution to the system (1.1). Then the following
inequality holds
1d .
5 w07 + vlotulys + ullogbl3s < 1(Vaw, Vab)l 2l (. b) 3. (2.1)

Proof. It is easy to derive the following standard L? energy estimate:

1d
5 7| (@ DIIZ2 + v0Fulge + ul95b]F = 0. (22)
Next, applying the operator 93 for i = 1,2,3 to equation (1.1) and dotting with (93u, 93b) in
L?, we obtain

N | =
Q-‘Q,

i=1

3 3 3 4
; D @, 20) |72 + v > 0F0ulF. + Y 10705b]3. = > Hj,
i=1 i=1 j=1

due to the elimination

/(u-V@?u)'8;-Q’udx:/(u-V@?b)-@f’bda}:O,
Q Q

/(b - VORb) - DPudx + / (b-Vd3u) - 9bdx = 0.
Q Q

Hence we can set 5
15 Y [ (o 9u)—u-Voh] -
i=1 7%
3
H, & Z/ [02(b-Vb) — b- VO] - OPuda,
i=1 7%

3
S S AR R TR
i=1

3
H, Z/ﬂ [03(b- Vu) — b- VoPu] - 8bde.
=1
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Note that Hy, Hs, H3, and Hy share a similar structure. Thus, it suffices to estimate the general
form

2 2
I:Z/8f’f-Vg-8f’hdx+3Z/8i2f~V8ig-8f’hdx
=179 =179
2
+3Z/&-f-V@?g-&f’hdx—l—/8§f-Vg-8§hdx
=179 f

+3/8§f'V83g.8§’hdJ:+3/83f-V8§g‘8§’hdx
Q Q

6

[oW)
-

€
= I],
j=1

J

where f, g, h € {u,b}, and each vector field is given by f = (f1, fa, f3), etc.

Now we estimate each I;. For I; and Iz, by the Sobolev embeddings H? < L>® and H' — L4,
we obtain

I SVl e | VRE|] 2 ||V
5 ”VgHm HV%me HV?LhHLQ

SV, Vib) || g2 (w, b)[[37s
and , ,
I S || Vah| 2 | VAE] 4 IV Vil s

<|IVih| . V3] 0 IV Vel
SNV, Vib) || g2 || (1, b) | 255

To estimate Iy, I5, we use divergence-free conditions V-f =V .-g =V -h = 0. For Iy, we
compute

I4—/8§f383g-8§’hdx+/8§fh~th~8§’hda:
Q Q

S 1958l 105V nf| 2 19058 12 + IV agll o (058  [|05h] 2

S 1(Vhu, Vb) || g2 1 (s b) s
Similarly, for Iy

15:/agfgagg-aghdz+/agfh-vhagg.aghdx
Q Q

< |03n|| 2 105V ikl 4 |03 14 + |03h]| 5 IV ROsgll L4 ||05En]| 0
SN(Vhw, Vi) |2 || (. b) |35

The estimate for I3 is similar to I;, and that for I is similar to I;. Collecting all the estimates,
we conclude that

Hj S (Vau, Vab) g2l (u, )3, 5 € {1,2,3,4}. (2.3)

The proof then follows directly from estimates (2.2) and (2.3). O

Lemma 2.5. Let (u,b) € L°°(0,00; H3) be a solution to the system (1.1). Then the following
inequality holds

1d

53 (Ve Vb)Y (02 + v IV n0Ful s + 1| V05b)

S s b) || s (Vs Vi) |32 -

2
i (2.4)
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Proof. Applying V}, to (1.1) and dotting with (Vju, V,b) in H2, we have

4
5 1T D + v V08l + I Vad5bI = 3 0y

where

— / V3V (u - Vu) - VAV udz,

7, % def / [V2vh(b Vb)) —b- Vv2vhb} . V2th dzx,

def

J3 = /V2Vh(u-Vb)-V2Vhbdx,

7 d_ef/ [V2Va(b- Vi) — b- VV2Vyu] - V2V,bda.

Similar to the proof of Lemma 2.4, we only need to estimate
K= /v2vhf-Vg : V2thd1:+2/vvhf-VVg V2V, hdx
+/vhf.vag-v2vhhdx+/v2f-vvhg-v2vhhdx

+2 / VE-VVV,g- - V2V,hdx

defZK

It is easy to see that each K contains at least two terms containing Vj, so it can be proved by
Hoélder’s and Young’s inequalities and embedding theory directly

K1 < Vel [[V2Vaf]| 2 || V2V ih] o S 1w, 0)ll s [(Vat, Vab) |72
Ky < 2||V?Vihl| o VYAl 1 [ V28] e S 11w 0) s (Vs Vab)[I72
Ky < |[Vifll oo [|V28) 12 |V2 VR 2 S 1 0) s | (Vaw, Vib) |2
Ky < | V2Vihl| o (V2] 4 1V VRl e S 1w ) s (Vo Vid) 12
K5 < 2|V oo [|V2Vag]| 12 [[V2Vah|| 2 S ()l s [(Vhu, Vab) (172 -
This completes the proof of Lemma 2.5. O

Lemma 2.6. Let (u,b) € L°°(0,00; H3) be a solution to the system (1.1). Then the following
inequality holds

d
"2 Josul3, /V282U-V2bdx
Q

Cdt

(2.5)
ni o
<Ol (u, b) [z | (Vity V)2 + leﬁlbllﬁz +C1(0 b, 01 w12,

Proof. Applying V? to the second equation of (1.1) and taking the inner product with V2dsu,
we obtain

na H02u||%,2 = /QV28tb - V20yudx +,u/QV28§Bb - V20yudx
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—nl/ V281U-V282ud:v+/ V2(u - Vb) - VOu dz
Q Q

- / V2(b-Vu) - V2dudx
Q

; 5

de

=N
Jj=1

For the linear terms Lo and L3, by applying Holder’s and Young’s inequalities directly, we have
19 2 2 na
Ly < "2 ||ogull}y, + C Haﬂ”m, Ly < "2)j0gull% + Cllorull..
For the term Li, by a direct computation, we get
d
L= / V2 - V?0udr — / V2 - V2020pu da
= d/ Vb - V20hu dx
dt Jq
—/ Vzb-V282<—Vﬁ%o‘u—Vp—u-Vu+b-Vb+nh~Vhb) de
Q
d 2 2 2a, ||2 2 ny 2
Q

—/V2826-V2(U-Vu—b-Vb) dz
Q

def d

(6% 2 n
dt/ V2 - V20yuda + C ||07%u|| 5o + C [|02b]|5 + Zl 101132 + L11 + Lia.
Q

Note that the terms Lq1, L12, L4, and L5 share the same structure. Similar to the proof of
Lemma 2.4, we only need to estimate

M:/V282f-v2(g-Vh) dz
Q
:/szagﬂv,%(g-Vh)da:—k/ﬂ@%@zf'&g(gh-th)d:c
+ / D20f - 02(g303h) dz
Q
def
= My + Ms + Ms;.

For M, by a direct application of Holder’s inequality, Young’s inequality, and Sobolev embed-
ding, we obtain

M, :/Vzagfv,%thderZ/ Viof - Vig - VV,hdz
Q Q

+/ Vidof -g-VVihdz
Q

< | Vh| o | V70| 2 | Vigll 2 + 2] VR0E]| 12 IVRg 1o [V VR4
+ gl 1 HVgaZfHB va%huw
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S [bll s [Vafl gz [Vigl gz + 1€l gs [Vagll g2 1Vah]] g2
+ I8l g 1VaEl| 2 [ Viah|
< 11w, bl | (Viw, Vab) I3

The estimate for My is similar to that for M;
My = / D20of - (aggh-vh)hdx+2/ D30of - (D3gy, - V,)03h dx
Q Q

+/ 030of - (g, - V3)05hdx

Q

< || Vib| oo [|030aF || 2 ||038]| 12 + 2 [|05028 | 12 1038l 14 |05V b 1
+ gl [|030eF | 2 || VO3 h]|

< gl gs V0| g2 Vb 12

<1, ) g | (i, Vi) |2

For M3, a more refined estimate is required
Ms = /Q D20of - D2g303h dx + 2 /Q D20of - D3g30h dx
+ /Q D20of - g305h dx
= /Q D30of - 03(V}, - gn)dshda — z/ﬂagagf. (V- gn)03hdx

+/ D30of - g305h dz
Q

< |19shl| oo (10502 12 105V gl 2 + 2 [|0502 ] 2 [V ngll e |05 o
+ [|0302| 2 lgs ] L~ (|03 ][ 2
< 100l g2 (| 0308 1 195V ngll 2 + [|030F | o 1 Vagll g (|05
+ Ha«%a?me 193] £r2 HathLQ
S 1 )l s 11V a, Vi) 2
where we have used Lemma 2.3 to bound ||g3||g2 < [|[V4g||g2. Therefore, combining the condi-
tions 0 < «, 8 < 1 with the estimates for the term M completes the proof. O

Lemma 2.7. Let (u,b) € L°°(0,00; H?) be a solution to the system (1.1). Then the following
inequality holds

ni 2 d 2 2

—|oybl|4,, — — b- d

AT /Qv b Ve (2.6)
no @

<Ol (u, 0) |13 [1(Vu, Vib) 1372 + ZH@WII?{Q +CI(95 b, 01 u) |2,

Proof. Applying V? to the first equation of (1.1) and taking the inner product with V20;b,
we obtain

ny H@leip = /szatu -V20bdx + 1//QV28%O‘U -V20;bdx
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—n2/V2826-V261bdx+/ V3(u-Vu) - V20bdx
Q Q

- / V2(b-Vb) - V20,bdx
Q

5
def
=M.
j=1
For the linear terms Ny and N3, by applying Holder’s and Young’s inequalities directly, we have

N < e ”alb”H2 +C Ha UHHz , N3 < 7”6117” + 0”82b||125'(2

For the term Ni, by a direct computation, we get
d
N, = / VQU-Vzalbdx—/V2u-V2818tbdx
d 2 2
= — . V2o1bd
at /g;V u-V 1 X
— / Viu - V281(—,u8§6b —(u-Vb)+ (b-Vu) +nyp, - Vyu)de
Q
<4 [ 92 . v20hda+ C |2, + ClonulZs + "2 osl?
= at 0 1 2 2 18| fr2 4 2% Fr2
—/V281U-V2(U-Vb—b-Vu)dx
d
dof / V2 - V29bde + C Ha%bH +Cllovull + 22 "2 0ul% + Nit + Nis.

The remaining nonlinear part of the proof is similar to Lemma 2.6 and we omit it. O

3. Proof of Theorem 1.1

This section concerns the global well-posedness result stated in Theorem 1.1. Since the energy
estimates have been established, it remains to complete the bootstrap argument.
First, from Lemma 2.6 and Lemma 2.7, we have

a2 4 21w — L [ V200 V2de — L [ 9205 02
Lonblz + 2ol dt/ﬁvazuvz)dx dt/gvalb V2 de

< O, )5 | (Vae, Vid) 772 + C (050,01 ) 13-

(3.1)

Now, multiplying (2.4) by a positive constant A and adding it to (3.1), we obtain
d

A
A (Vo Vib) ()12 —/ V282u-v2bdz—/v281b-v2udm
at \ 2 w2, A
AVl + A Va5 + 20l % + L 00l
hv1 H2 IU/ h 2 H2 4 2 H?2 4 1 H2
< (A+1)C) (w, )| sl (Ve Vib) |22 + Cll (01w, 0y 7) |2,
Define
A 2 2 2 2
F(t) = 5 [(Vau, Vab) (0) G2 — v dou - V2bdx — v A1b - Viudz
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and
Av o Ap ng ni
D(t) = 5 IO ulls + L ITA05M + "2 10auls + 1001

By choosing A sufficiently large and dg > 0 sufficiently small, we can ensure that the following
inequalities hold

1(Vhu, Vib)(t)[[ 72 < F(t) < All(Viu, Vib) ()17,
6o F(t) < D(t).

Thus, we obtain

d
7O + 80 F () < Coll(u, b)l| s | (Ve Vib) 772

To start the bootstrap argument process, we make the ansatz

FEr (t) < 28(2).

By choosing gg > 0 small, it follows that

d do
— — < 0.
L F0)+ ZF(1) <0

Solving this differential inequality yields
F(t) < e 2%'F(0),
which implies ,
/O 1(Vhu, Vib)(7) || 2 dT < C|[(Viuo, Vibo) || 2
From Lemma 2.4, we have

1d

5 g1 (@O @5 + vlotulzs + 1l 35b]5s < CI(T s, Vib) |2 (s b) |5

Integrating in ¢, we obtain
El(t) < E; (0) + CEl(t)H(thO, vth)HH2.

By choosing ¢ > 0 sufficiently small, we can deduce a stronger bound for Ej(t). The bootstrap
argument then concludes that the stronger bound holds for all ¢ > 0. This completes the proof
of Theorem 1.1.
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