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BÄCKLUND TRANSFORMATION AND WEIERSTRASS

ELLIPTIC FUNCTION SOLUTIONS OF THE GENERALIZED

(2+1)-DIMENSIONAL COUPLED DAVEY-STEWARTSON

EQUATION IN SHALLOW WATER WAVES

Jiangying Huo1,2,3 and Taogetusang Bao1,2,3†

Abstract This paper investigates the generalized (2+1)-dimensional coupled Davey-
Stewartson (DS) equation, which describes the motions of long and short waves in shal-
low waters and has extensive applications in plasma physics. First, we study the Weierstrass
elliptic function solutions using the auxiliary function method. Then, the bilinear Bäcklund
transformation (BT) and Bell polynomial Bäcklund transformation are constructed using
Bell polynomial method. Moreover, explicit 1-soliton, explicit 2-soliton, and explicit 3-soliton
solutions are obtained from the derived bilinear form. Finally, the physical behaviors of the
solutions are illustrated through three-dimensional plots, density plots, and two-dimensional
planar graphs.
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1. Introduction

Nonlinear evolution equations (NLEEs) are widely applied in the natural sciences. Solitons have
been discovered in various fields such as fluid dynamics, plasma physics, nonlinear optics, astron-
omy and condensed matter physics. These fields can be addressed using mathematical models.
In nonlinear optics, optical soliton communication has the advantages of large information ca-
pacity, reduced dispersion, long transmission distance, low loss, and strong confidentiality. The
nonlinear Schrödinger equation (NLSE) [8, 41,44,48,52]

i
∂u

∂t
+

∂2u

∂x2
+ 2|u|2u = 0, (1.1)

is widely to describe the propagation of light pulses in nonlinear media. Here, u = u(x, t) is a
complex function. In the mid-20th century, A. Davey and K. Stewartson first proposed the DS
equation [14]

iEt + δExx + Eyy = a|E|2E + bENx, (1.2a)
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Nxx + cNyy = (|E|2)x. (1.2b)

This equation is commonly adopted to describe quasi-monochromatic wave packets in water
of finite depth. Here, δ, a, b, c are four undetermined parameters, E = E(x, y, t) is a complex
function, and N = N(x, y, t) is a real function. The Eq. (1.2) describes the evolution of
single-frequency wave packets, particularly in the context of finite-depth water waves. When
|δ| = |a| = 1, Eq. (1.2) reduces to a high-dimensional, fully integrable generalization of the
NLSE. Subsequently, Fokas [16] extended the nonlocal NLSE to (2+1)-dimensional version and
proposed a new (2+1)-dimensional DS equation

ı̇Et + Exx − Eyy − 2(|E|2 +N)E = 0, (1.3a)

Nxx +Nyy + 2(|E|2)xx = 0, (1.3b)

where E = E(x, y, t) is a complex function, and N = N(x, y, t) is a real function. In Refs. [38,46],
dark solitons and rogue wave solutions of Eq. (1.3), expressed in Gram determinant form, were
constructed via the KP hierarchical approximation method and the Hirota bilinear method. For
Eq. (1.3), solitary wave solutions were derived in Refs. [15, 37] using the G′/G method and the
ansatz method. Meanwhile, exact solutions to the Fokas system and Eq. (1.3) were obtained
in Refs. [3, 4] through the generalized auxiliary equation mapping method. The Hirota bilinear
method was employed in Ref. [6] to construct line soliton and periodic soliton solutions of Eq.
(1.3), while operator-like fixed-line solutions of Eq. (1.3) were established in Ref. [47] using the
double exponential function method.

In this paper, we will use the Bell polynomial method to study the Bäcklund transformation
and exact solutions for the generalized (2+1)-dimensional coupled DS equation

iEt = β1Exx + β2Eyy + (δ|E|2 − β3N)E, (1.4a)

α1Nxx − α2Nyy = δ(|E|2)xx, δ = ±1, (1.4b)

where βi, (i = 1, 2, 3) and αj , (j = 1, 2) are arbitrary constants. Here, E = E(x, y, t) is a
complex function representing the amplitude of the water wave, while N = N(x, y, t) is a
real function corresponding to the speed of wave propagation. When α1 = β2 = 1, the Eq.
(1.4) can be reduced to the (2+1)-dimensional DSI equation, whereas for α1 = β2 = −1, it
can be reduced to the (2+1)-dimensional DSII equation. The (2+1)-dimensional DS equation
[7,9,17,23,27–29,31,51] is widely used to describe the coupled dynamics of long and short waves
in water of finite depth. It is also commonly applied in contexts where surface tension effects
are significant. For these reasons, a systematic study of this equation is of considerable physical
and mathematical interest.

The rest of this paper is organized as follows. In Section 2, Weierstrass elliptic function
solutions of Eq. (1.4) are constructed via the traveling wave transformation method and the
auxiliary equation method. In Section 3, the bilinear form of Eq. (1.4) is derived using the
P -polynomial and Y-polynomial, followed by the presentation of its BT. In Section 4, soliton
solutions are obtained based on the bilinear form derived in Section 3. In Section 5, the main
results of this work are summarized and conclusions are provided.

2. Weierstrass elliptic function solutions

Introducing the traveling wave transformation

E = E(ξ) = u(ξ)eiθ, N = N(ξ) = ν(ξ), ξ = x+ τy + λt, θ = kx+ ly + wt, (2.1)
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where u(ξ) and ν(ξ) are real functions, and τ, λ, k, l, w are any constants. Substituting the
traveling wave transformation (2.1) into Eq. (1.4), we can obtain

(β1 + β2τ
2)uξξ + (2ikβ1 − iλ+ 2ı̇τ lβ2)uξ + (w − k2β1 − l2β2)u+ δu3 − β3uν = 0, (2.2a)

(α2τ
2 − α1)νξξ + 2δu2ξ + 2δuuξξ = 0. (2.2b)

It can be obtained by integrating both sides of Eq. (2.2b) twice with respect to ξ. We have

(α1 − α2τ
2)ν = δu2 + C, (2.3)

where C is the integration constant. Substituting Eq. (2.3) into Eq. (2.2a), we can obtain

(β1 + β2τ
2)uξξ + (w − k2β1 − l2β2)u+ δu3

− β3u
( δ

α1 − α2τ2
u2 +

C

α1 − α2τ2
)
+ (2kβ1 − λ+ 2τ lβ2)iuξ = 0.

(2.4)

We set the imaginary and real parts of the above expression to zero, respectively

(2kβ1 − λ+ 2τ lβ2)iuξ = 0, (2.5a)

(β1 + β2τ
2)uξξ + (w − k2β1 − l2β2)u+ δu3 − β3u

( δ

α1 − α2τ2
u2 +

C

α1 − α2τ2
)
= 0. (2.5b)

From Eq. (2.5a), we have

k =
λ− 2lτβ2

2β1
. (2.6)

Substituting (2.6) into Eq. (2.5b), we have

(β1 + β2τ
2)uξξ + [w − (λ− 2lτβ2)

2

4β1
− l2β2]u+ δu3 − β3u

( δ

α1 − α2τ2
u2 +

C

α1 − α2τ2
)
= 0.

(2.7)

The equilibrium constant m = 1 can be obtained from Eq. (2.7). Therefore, the truncation
series can be solved as

u(ξ) = a0 + a1F (ξ). (2.8)

We select the following auxiliary equation

(F ′(ξ))2 = c0 + c1F (ξ) + c2F
2(ξ), (2.9)

where c0, c1 and c2 are undetermined constants. The auxiliary Eq. (2.9) has the following form
of Weierstrass elliptic function solutions

F (ξ) =



− c1
2c2

+
℘′(ξ, g2, g3)

2c2[℘(ξ, g2, g3)− ℜ
12 ]

,

−
(2c0 + c1)(℘(ξ, g2, g3)− ℜ

12)− ℘′(ξ, g2, g3)

(c1 + 2c2)(℘(ξ, g2, g3)− ℜ
12) + ℘′(ξ, g2, g3)

,

1
2c0c1[℘(ξ, g2, g3)−

ℜ
12 ]−

1
2c0℘

′(ξ, g2, g3)

[℘(ξ, g2, g3)− c0c2
6 − c21

12 ]
2 − c20c

2
2

4

,

(2.10)
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with

g2 =
ℜ2

12
, g3 = − ℜ3

216
,ℜ = c21 − 4c0c2. (2.11)

Substituting formulas (2.8)-(2.11) into Eq. (2.7), and setting the coefficients with respect to
F j(ξ)(j = 0, 1, 2, 3, 4) to be zero. We can obtain a set of over-determined equations as

a0w + a30δ + a1c0c1β1 − a0l
2β2 + a1c0c1τ

2β2

−a0(λ− 2lτβ2)
2

4β1
+

a0Cβ3
−α1 + l2α2

+
a30δβ3

−α1 + l2α2
= 0,

a1(c
2
1 + 2c0c2)β1 −

a1(λ− 2lτβ2)
2

4β1
+ a1w + 3a20a1δ

+[−l2 + (c21 + 2c0c2)τ
2]a1β2 −

(C + 3a20δ)β3a1
α1 − l2α2

= 0,

3a1[c1c2β1 + c1c2τ
2β2 + a0a1δ(1 +

β3
−α1 + l2α2

)] = 0,

2a1c
2
2β1 + 2a1c

2
2τ

2β2 + a31δ(1 +
β3

−α1 + l2α2
) = 0.

(2.12)

Solving the system of algebraic equations, the following two sets of solutions are obtained:

Case 1.

c1 =
i
√
2δ(α1 − l2α2 − β3)a0

(α1 − l2α2)(β1 + τ2β2)
,

c2 =
(α1 − l2α2)[−4β1(w + a20δ − l2β2) + (λ− 2lτβ2)

2] + 4(C + a20δ)β1β3
8c0(α1 − l2α2)β1(β1 + τ2β2)

,

a1 =
i{(α1 − l2α2)[−4β1(w + a20δ − l2β2) + (λ− 2lτβ2)

2] + 4(C + a20δ)β1β3}
4
√
2c0

√
δβ1

√
(α1 − l2α2)(β1 + τ2β2)

√
α1 − l2α2 − β3

.

(2.13)

Case 2.

c1 = 0, c2 =
(α1 − l2α2)[−4β1(w − l2β2) + (λ− 2lτβ2)

2] + 4Cβ1β3
8c0(α1 − l2α2)β1(β1 + τ2β2)

,

a0 = 0, a1 =
i{(α1 − l2α2)[−4β1(w − l2β2) + (λ− 2lτβ2)

2] + 4Cβ1β3}
4
√

2c20δ(α1 − l2α2)β2
1(β1 + τ2β2)(α1 − l2α2 − β3)

.

(2.14)

From the above formula (2.13) and formula (2.11), we can obtain

g2 =
{α1[−4β1(w − l2β2) + (λ− 2lτβ2)

2]− l2α2[−4β1(w − l2β2) + (λ− 2lτβ2)
2] + 4Cβ1β3}2

48(α1 − l2α2)2β2
1(β1 + τ2β2)2

,

g3 =
{α1[−4β1(w − l2β2) + (λ− 2lτβ2)

2]− l2α2[−4β1(w − l2β2) + (λ− 2lτβ2)
2] + 4Cβ1β3}3

1728(α1 − l2α2)3β3
1(β1 + τ2β2)3

,

ℜ =
−α1[−4β1(w − l2β2) + (λ− 2lτβ2)

2] + l2α2[−4β1(w − l2β2) + (λ− 2lτβ2)
2]− 4Cβ1β3

2(α1 − l2α2)β1(β1 + τ2β2)
.

(2.15)
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From formulas (2.8) to (2.13) and formula (2.15), the Weierstrass elliptic function solutions of
Eq. (1.4) can be obtained as

E1 = {− c1
2c2

+
℘′(ξ, g2, g3)

2c2[℘(ξ, g2, g3)− ℜ
12 ]

}eiθ. (2.16)
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Figure 1. The propagation characteristics of expression E1 when the parameters are β1 = β2 = α1 = α2 = C =
λ = 1, c0 = 0.5, l = 4, τ = 5, w = 3, β3 = 2, δ = −1.

E2 = {−
(2c0 + c1)(℘(ξ, g2, g3)− ℜ

12)− ℘′(ξ, g2, g3)

(c1 + 2c2)(℘(ξ, g2, g3)− ℜ
12) + ℘′(ξ, g2, g3)

}eiθ. (2.17)

(a)

-20 -10 0 10 20

-20

-10

0

10

20

x

y

(b)

-20 -10 10 20
x

100

200

300

400

500

|E2|

(c)

Figure 2. The propagation characteristics of expression E2 when the parameters are β1 = β2 = α1 = α2 = C =
λ = 1, c0 = 0.5, l = 4, τ = 5, w = 3, β3 = 2, δ = −1.

E3 = {
1
2c0c1[℘(ξ, g2, g3)−

ℜ
12 ]−

1
2c0℘

′(ξ, g2, g3)

[℘(ξ, g2, g3)− c0c2
6 − c21

12 ]
2 − c20c

2
2

4

}eiθ. (2.18)

Based on the three-dimensional plots in Figures 1, 2, and 3, it is evident that the waves
evolved by different Weierstrass elliptic function solutions for the same values are also signifi-
cantly different. Based on the features of the contour plots in the figures the amplitude as well
as the phase of the waves can be analyzed in depth for different values. In addition, it can be
clearly found that Figures 1, 2, and 3 show periodic variations in their x-direction. Based on
the density maps, the shape of the images can be analyzed as well as the amplitude for different
values of y.
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Figure 3. The propagation characteristics of expression |E3| when the parameters are β1 = β2 = α1 = α2 =
C = λ = 1, c0 = 0.5, l = 4, τ = 5, w = 3, β3 = 2, δ = −1.

From formula (2.14) and formula (2.11), we have

g2 =
{(α1 − l2α2)[−4β1(w − l2β2) + (λ− 2lτβ2)

2] + 4Cβ1β3}2

48(α1 − l2α2)2β2
1(β1 + τ2β2)2

,

g3 =
{(α1 − l2α2)[−4β1(w − l2β2) + (λ− 2lτβ2)

2] + 4Cβ1β3}2

48(α1 − l2α2)2β2
1(β1 + τ2β2)2

,

ℜ =
−4w + 4l2β2 +

(λ−2lτβ2)2

β1
+ 4Cβ3

α1−l2α2

2(β1 + τ2β2)
.

(2.19)

From formulas (2.8) to (2.10) and (2.19), the Weierstrass elliptic function solutions of Eq. (1.4)
can be obtained as

E4 = { ℘′(ξ, g2, g3)

2c2[℘(ξ, g2, g3)− ℜ
12 ]

}eiθ. (2.20)
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Figure 4. The propagation characteristics of expression E4 when the parameters are β1 = β2 = α1 = α2 = δ =
C = λ = c0 = 1, l = 4, τ = 5, w = 3, β3 = 2.

E5 = {−
(2c0 + c1)(℘(ξ, g2, g3)− ℜ

12)− ℘′(ξ, g2, g3)

(c1 + 2c2)(℘(ξ, g2, g3)− ℜ
12) + ℘′(ξ, g2, g3)

}eiθ, (2.21)

E6 = {
1
2c0c1[℘(ξ, g2, g3)−

ℜ
12 ]−

1
2c0℘

′(ξ, g2, g3)

[℘(ξ, g2, g3)− c0c2
6 − c21

12 ]
2 − c20c

2
2

4

}eiθ. (2.22)
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Figure 5. The propagation characteristics of expression E5 when the parameters are β1 = β2 = α1 = α2 = δ =
C = λ = c0 = 1, l = 4, τ = 5, w = 3, β3 = 2.
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Figure 6. The propagation characteristics of expression E6 when the parameters are β1 = β2 = α1 = α2 = δ =
C = λ = c0 = 1, l = 4, τ = 5, w = 3, β3 = 2.

Figures 4, 5, and 6 show the dynamical profiles of the Weierstrass elliptic function solutions
of Eq. (1.4). The solutions in Figures 5 and 6 are periodic steady waves propagating unidirec-
tionally at a constant speed. The wave formed in Figure 6 is a regular periodic wave, whose
amplitude and pulse width remain unchanged over time, and only undergo phase shifts with
time evolution.

In the previous section, Weierstrass elliptic function solutions of Eq. (1.4) were directly
constructed by using the homogeneous balance method and the auxiliary equation method. By
selecting appropriate functional forms, these methods efficiently yield explicit exact solutions.
However, in order to further investigate the integrability of the equation and derive a richer
variety of solution structures, the Bell polynomial method is employed in Section 3. Unlike
the approaches used in the previous section, the Bell polynomial method transforms the orig-
inal equation into a bilinear form through an appropriate dependent variable transformation.
This transformation not only facilitates the derivation of soliton solutions but also enables the
construction of Bäcklund transformation, thereby revealing the integrability properties of the
equation in a more systematic and rigorous manner.

3. Bilinear form and Bäklund transformation

3.1. Bilinear form

We introduce the following transformations

N = N(x, y, t) = σ2qxx, E = E(x, y, t) = σ1e
p, (3.1)



420 J. Huo & T. Bao

where σ1, σ2 are arbitrary constants, and q = q(x, y, t) is a real function. p = p(x, y, t) is a
complex function. Substituting the transformation (3.1) into Eq. (1.4), yields

iσ1pt = β1σ1(pxx + p2x) + β2σ1(pyy + p2y) + (δ|σ1ep|2 − β3σ2qxx)σ1, (3.2a)

α1σ2qxxxx − α2σ2qxxyy = δ(
∣∣σ1ep∣∣2)xx. (3.2b)

Integrating Eq. (3.2b) simultaneously and taking the integration constant to zero, yields

α1σ2qxx − α2σ2qyy = δ(|σ1ep|2). (3.3)

Substituting Eq. (3.3) into Eq. (3.2a), we have

ipt = β1(pxx + p2x) + β2(pyy + p2y) + σ2(α1qxx − α2qyy − β3qxx). (3.4)

Based on the Bell polynomial method and q=ℏ−p, the above formula is reduced to Y−polynomial
form and P−polynomial form

iY(ℏ, p)t = β1Yxx(ℏ, p) + β2Yyy(ℏ, p),
α1σ2Pxx(q)− α2σ2Pyy(q) = δ(|σ1ep|2).

(3.5)

The constraint conditions are

β1 = σ2(α1 − β3), β2 = −σ2α2. (3.6)

Introducing transformations as follows:

p = ln(
g

f
), ℏ = ln(gf), q = ℏ− p = 2 ln(f). (3.7)

Then Eq. (3.2) can be reduced to a bilinear form, which is

[σ2α2D
2
y + iDt − σ2(α1 − β3)D

2
x]g · f = 0,

(α1σ2D
2
x − α2σ2D

2
y)f · f = δσ2

1gg
∗,

(3.8)

where f = f(x, y, t) is a real function, and g = g(x, y, t) is a complex function. Here, g∗ denotes
the complex conjugate of g, and D is a bilinear operator defined as follows

Dm
x Dn

t f · g = (
∂

∂x
− ∂

∂x′
)m(

∂

∂t
− ∂

∂t′
)nf(x, t)g(x′, t′)

∣∣∣∣∣
x=x′,t=t′

.

3.2. Bäcklund transformation

Based on Eq. (3.5), we can construct the BT of Eq. (1.4). Because p, ℏ, q are solutions that
satisfy Eq. (3.5), it may be helpful to introduce a new variable relationship by making p̃, ℏ̃, q̃
also solutions that satisfy Eq. (3.5) simultaneously

p̃ = ln(
g̃

f̃
), ℏ′ = ln(g̃f̃), q̃ = ℏ̃− p̃ = 2 ln(f̃). (3.9)
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Consider the following mixed variable transformations

v1 = ln(
g̃

g
), v2 = ln(

f̃

f
), v3 = ln(

f̃

g
), v4 = ln(

g̃

f
), v5 = ln(

ℏ̃
ℏ
), v6 = ln(

f̃

ℏ
), v7 = ln(

ℏ̃
f
), (3.10a)

ω1 = ln(g̃g), ω2 = ln(ff̃), ω3 = ln(f̃g), ω4 = ln(g̃f), ω5 = ln(ℏ̃ℏ), w6 = ln(f̃ℏ), ω7 = ln(ℏ̃f),
(3.10b)

ω5 = ln(ℏ̃ℏ), w6 = ln(f̃ℏ), ω7 = ln(ℏ̃f), (3.10c)

p̃− p = v1 − v2 = ω4 − ω3, p̃+ p = v4 − v3 = ω1 − ω2, (3.10d)

ℏ̃− ℏ = v1 + v2 = v4 + v3, ℏ̃+ ℏ = ω4 + ω3 = ω1 + ω2, (3.10e)

p̃+ p̃∗ = v1 − v3 + v7 − v2, p+ p∗ = v2 − v3 + v7 − v5. (3.10f)

Substituting the above transformations of variable into Eq.(3.5), there is

α1σ2(ℏ̃− p̃)xx − α2σ2(ℏ̃− p̃)yy − δσ1e
p̃+p̃∗ − [α1σ2(ℏ− p)xx − α2σ2(ℏ− p)yy − δσ1e

p+p∗ ]

= α1σ2(v1 + v2)xx − α1σ2(v1 − v2)xx +
3δσ1
2

(ev2−v3+v7−v5 − ev1−v3+v7−v2)

− [α2σ2(v1 + v2)yy − α2σ2(v1 − v2)yy +
δσ1
2

(ev2−v3+v7−v5 − ev1−v3+v7−v2)]

− (v7 − v3)x +
3δσ1
2

(ev2−v5 − ev1−v2)− [−(v7 − v3)y +
δσ1
2

(ev2−v5 − ev1−v2)]

= 0.
(3.11)

The selection constraints are

v2,x = − 1

2α1σ2
ev7−v3 , v2,y = − 1

2α2σ2
ev7−v3 ,

v7,x =
3δσ1
2

ev2−v5 , v3,x =
3δσ1
2

ev1−v2 ,

v7,y =
δσ1
2

ev2−v5 , v3,y =
δσ1
2

ev1−v2 .

(3.12)

Subject to the constraints, we further have

[σ2α2Yyy(p
′, ℏ′) + iYt(p

′, ℏ′)− σ2(α1 − β3)Yxx(p
′, ℏ′)]− [σ2α2Yyy(p, ℏ) + iYt(p, ℏ)

− σ2(α1 − β3)Yxx(p, ℏ)]
= σ2α2[(ω1 − ω2)yy + v21,y − v22,y] + i(v1,t − v2,t)− σ2(α1 − β3)[(ω1 − ω2)xx + v21,x − v22,x]

+ 2σ2α2[v3,yy + v3,y(v2 − v1)y]− σ2(α1 − β3)[v3,xx + v3,x(v2 − v1)x]

= −(v7 − v3)x +
3δσ1
2

(ev2−v5 − ev1 − v2)− [−(v7 − v3)y +
δσ1
2

(ev2−v5 − ev1 − v2)]

= 0. (3.13)

The Bell polynomial BT of Eq. (1.4) is

σ2α2Yyy(v1, ω1) + iYt(v1, ω1)− σ2(α1 − β3)Yxx(v1, ω1) = 0,

σ2α2Yyy(v2, ω2) + iYt(v2, ω2)− σ2(α1 − β3)Yxx(v2, ω2) = 0,

Y(v2,x) = − 1

2α1σ2
ev7−v3 ,Y(v2,y) = − 1

2α2σ2
ev7−v3 ,



422 J. Huo & T. Bao

Y(v7,x) =
3δσ1
2

ev2−v5 ,Y(v3,x) =
3δσ1
2

ev1−v2 ,

Y(v7,y) =
δσ1
2

ev2−v5 ,Y(v3,y) =
δσ1
2

ev1−v2 . (3.14)

According to the relationship between the Y−polynomial and the Hirota bilinear operator, the
bilinear BT can be obtained as

[σ2α2D
2
y + iDt − σ2(α1 − β3)D

2
x]f̃ · f = 0, Dxf̃ · g =

3σ1δ

2
g̃f,

[σ2α2D
2
y + iDt − σ2(α1 − β3)D

2
x]g̃ · g = 0, Dyf̃ · g =

δσ1
2

fg̃,

Dxf̃ · f = − 1

2α1σ2
ℏ̃g,Dyf̃ · f = − 1

2α2σ2
ℏ̃g,Dxℏ̃ · f =

3δσ1
2

f̃ℏ, Dyℏ̃ · f =
δσ1
2

f̃ℏ.

(3.15)

4. Soliton solutions

We expand f, g to the following form:

f = f(x, y, t) = 1 + ε2f2 + ε4f4 + ε6f6 + · · ·, (4.1)

g = g(x, y, t) = εg1 + ε3g3 + ε5g5 + · · ·, (4.2)

where ε is a small parameter. Substituting Eq. (4.1) and Eq. (4.2) into Eq. (3.8) and collecting
the coefficients of the same power of each order of εj , (j = 0, 1, 2, 3, · · ·) can be obtained

ε0 : (α1σ2D
2
x − α2σ2D

2
y)1 · 1 = 0,

ε1 : [σ2α2D
2
y + iDt − σ2(α1 − β3)D

2
x]g1 · 1 = 0,

ε2 : (α1σ2D
2
x − α2σ2D

2
y)(1 · f2 + f2 · 1)− δσ2

1g1 · g∗1 = 0,

ε3 : [σ2α2D
2
y + iDt − σ2(α1 − β3)D

2
x](g1 · f2 + g3 · 1 + 1 · g3 + f2 · g1) = 0,

· · · .

(4.3)

4.1. Explicit 1-soliton solution

In order to obtain the explicit 1-soliton solution of Eq. (1.4), the formulas (4.1) and (4.2) are
truncated as follows:

f = 1 + ε2f2, g = εg1. (4.4)

Suppose the functions f2 and g1 take the following exponential forms

f2 = χeΥ1+Υ∗
1 , g1 = µeΥ1 ,Υ1 = s1x+ l1y + d1t+ ξ1, (4.5)

where µ, χ are arbitrary constants, and s1, l1, d1, ξ1 are complex constants. Without loss of
generality, let ε = 1. Substituting expressions (4.4) and (4.5) into Eq. (4.3), the dispersion
relation is given by

d1 = i(−s21α1σ2 + l21α2σ2 + s21β3σ2), χ =
δµ2σ2

1

2σ2[−α2(l1 + l∗1)
2 + α1(s1 + s∗1)

2]
. (4.6)
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Simultaneous substitution of (4.4)-(4.6) into (3.1) yields the explicit single soliton solution of
Eq. (35) as

E1 =
σ1µe

Υ1

1 + χeΥ1+Υ∗
1
, N1 = 2σ2

{
ln[1 +

δµ2σ2
1

−2α2σ2(l1 + l∗1)
2 + 2α1σ2(s1 + s∗1)

2
e(Υ1+Υ∗

1)]
}
xx

, (4.7)

where µ, χ, ξ1, s1, l1, d1 satisfies expression (4.6).
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Figure 7. Profiles of the explicit 1-soliton solution given by expression (4.7), with parameters: σ1 = 0.1, σ2 =
0.2, µ = 0.2, α1 = 0.4, α2 = 1, δ = 1, s1 = 4 − i, l1 = 1 + i, β1 = 2 − i, β2 = 3 + 5i, β3 = −0.3, ξ1 = 3 + 2i.(a, d)t =
−10; (b, e)t = 0; (c, f)t = 10.

4.2. Explicit 2-soliton solution

Similarly, for the explicit double soliton solution of the construction Eq. (1.4), the the solutions
(4.1) and (4.2) are truncated as follows:

f = 1 + ε2f2 + ε4f4, g = εg1 + ε3g3. (4.8)

Suppose

g1 = µ1e
Υ1 + µ2e

Υ1 , g3 = µ121e
Υ1+Υ2+Υ∗

1 + µ122e
Υ1+Υ2+Υ∗

2 ,

f2 = χ11e
γ1+γ∗

1 + χ12e
Υ1+Υ∗

2 + χ21e
Υ2+Υ∗

1 + χ22e
Υ2+Υ∗

2 ,

f4 = χ1212e
Υ1+Υ2+Υ∗

1+Υ∗
2 ,Υj = sjx+ ljy + djt+ ξj , (j = 1, 2),

(4.9)

where µ1, µ2, µ121, µ122, χ11, χ12, χ21, χ22, χ1212 are arbitrary constants. By substituting expres-
sion (4.8) and expression (4.9) into Eq. (4.3) at the same time gives the dispersion relation:

d1 = i(−s21α1σ2 + l21α2σ2 + s21β3σ2), d2 = i(−s22α1σ2 + l22α2σ2 + s22β3σ2),

χ11 =
δµ2

1σ
2
1

−2α2σ2(l1 + l∗1)
2 + 2α1σ2(s1 + s∗1)

2
, χ12 =

δµ1µ2σ
2
1

2σ2[−α2(l1 + l∗2)
2 + α1(s1 + s∗2)

2]
,
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χ21 =
δµ1µ2σ

2
1

2σ2[−α2(l2 + l∗1)
2 + α1(s2 + s∗1)

2]
, χ22 =

δµ1µ2σ
2
1

2σ2[−α2(l2 + l∗2)
2 + α1(s2 + s∗2)

2]
,

µ121 =
(d1 − d2)(µ2χ11 − µ1χ21) + (µ2χ11 + µ1χ21)d

∗
1 + iσ2α2Λ1 − iσ2(α1 − β3)Λ2

2[d1 + d2 + d∗1 − iσ2α2(l1 + l2 + l∗1)− iσ2α2(s1 + s2 + s∗1)
2]

,

µ122 =
(d1 − d2)(µ2χ12 − µ1χ22) + (µ2χ12 + µ1χ22)d

∗d1 + iσ2α2Λ3 − iσ2(α1 − β3)Λ4

2[d1 + d2 + d∗1 − iσ2α2(l1 + l2 + l∗1)
2 − iσ2α2(s1 + s2 + s∗1)

2]
,

χ1212 =
δ(µ1µ122 + µ121µ2)σ

2
1 + σ2(α2Λ5 − α1Λ6)

σ2[−α2(l1 + l2 + l∗1 + l∗2)
2 + iα1(s1 + s2 + s∗1 + s∗2)

2]
, (4.10)

where

Λ1 = (l1 − l2)
2(µ2χ11 + µ1χ21) + 2(l1 − l2)(µ2χ11 − µ1χ21)l

∗
1 + (µ2χ11 + µ1χ21)l

∗2
1 ,

Λ2 = (s1 − s2)
2(µ2χ11 + µ1χ21) + 2(s1 − s2)(µ2χ11 − µ1χ21)s

∗
1 + (µ2χ11 + µ1χ21)s

∗2
1 ,

Λ3 = (l1 − l2)
2(µ2χ12 + µ1χ22) + 2(l1 − l2)(µ2χ12 − µ1χ22)l

∗
1 + (µ2χ12 + µ1χ22)l

∗2
2 ,

Λ4 = (s1 − s2)
2(µ2χ12 + µ1χ22) + 2(s1 − s2)(µ2χ12 − µ1χ22)s

∗
1 + (µ2χ12 + µ1χ22)s

∗2
2 ,

Λ5 = (l1 − l2)
2(χ12χ21 + χ11χ22) + [−2(l1 − l2)(χ12χ21 − χ11χ22)

+ (χ12χ21 + µ11χ22)(l
∗
1 − l∗2)](l

∗
1 − l∗2),

Λ6 = (s1 − s2)
2(χ12χ21 + µ11χ22) + [−2(s1 − s2)(χ21χ12 − χ11χ22)

+ (χ12χ21 + χ11χ22)(s
∗
1 − s∗2)](s

∗
1 − s∗2).

Without loss of generality, let ε = 1. Substituting expressions (4.8)-(4.10) into Eq. (4.1), the
explicit 2-soliton solution of Eq. (4.1) can be obtained as

E2 =
σ1(µ1e

Υ1 + µ2e
Υ2 + µ121e

Υ1+Υ2+Υ∗
1 + µ122e

Υ1+Υ2+Υ∗
2)

1 + χ11eΥ1+Υ∗
1 + χ12eΥ1+Υ∗

2 + χ21eΥ2+Υ∗
1 + χ22eΥ2+Υ∗

2 + χ1212eΥ1+Υ2+Υ∗
1+Υ∗

2
,

N2 = 2σ2{ln(1 + χ11e
Υ1+Υ∗

1 + χ12e
Υ1+Υ∗

2 + χ21e
Υ2+Υ∗

1 + χ22e
Υ2+Υ∗

2 + χ1212e
Υ1+Υ2+Υ∗

1+Υ∗
2)}xx,
(4.11)

where χ11, χ12, χ21, χ22, χ1212,Υj , (j = 1, 2) satisfies expressions (4.10).

4.3. Explicit 3-soliton solution

By the same method, we truncate Eq. (4.2) to g
(j)
5 . To proceed, we take

g = µ1e
Υ1 + µ2e

Υ2 + µ3e
Υ3 ,Υj = bjt+ ajx, (j = 1, 2, 3), (4.12)

where Υj , sj , lj , dj , ξj are arbitrary constants. Substituting expression (4.12) into the bilinear
form (4.3) gives corresponding the numerator and denominator to the Explicit 3-soliton solution,
respectively

g = µ1e
Υ1 + µ2e

Υ2 + µ3e
Υ3 + µ121e

Υ1+Υ2+Υ∗
1 + µ122e

Υ1+Υ2+Υ∗
2

+ µ123e
Υ1+Υ2+Υ∗

3 + µ131e
Υ1+Υ1+Υ∗

1

+ µ132e
Υ1+Υ3+Υ∗

2 + µ133e
Υ1+Υ3+Υ∗

3 + µ231e
Υ3+Υ2+Υ∗

1 + µ232e
Υ3+Υ2+Υ∗

2 + µ233e
Υ3+Υ2+Υ∗

3

+ µ12312e
Υ1+Υ2+Υ3+Υ∗

2+Υ∗
1 + µ12313e

Υ1+Υ2+Υ3+Υ∗
3+Υ∗

1 + µ12323e
Υ1+Υ2+Υ3+Υ∗

2+Υ∗
3 ,
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Figure 8. Profiles of the explicit 2-soliton solution given by expression (4.11), with parameters: σ1 = 0.1, σ2 =
0.2, µ = 0.2, α1 = 0.4, α2 = 1, δ = 1, s1 = 4 − i, l1 = 1 + i, β1 = 2 − i, β2 = 3 + 5i, β3 = −0.3, ξ1 = 3 + 2i, ξ2 =
3− 2i.(a, d)t = −10; (b, e)t = 0; (c, f)t = 10.

f = 1 + χ11e
Υ1+Υ∗

1 + χ22e
Υ2+Υ∗

2 + χ12e
Υ1+Υ∗

2 + χ21e
Υ2+Υ∗

1 + χ13e
Υ1+Υ∗

3 + χ23e
Υ2+Υ∗

3χ31e
Υ3+Υ∗

1

+ χ32e
Υ3+Υ∗

2 + ϑ33e
θ3+θ∗3χ1212e

Υ1+Υ∗
1+Υ2+Υ∗

2 + χ1213e
θ1+θ∗1+θ2+θ∗3 + χ1223e

Υ1+Υ∗
2+Υ2+Υ∗

3

+ χ1312e
Υ1+Υ∗

1+Υ3+Υ∗
2 + χ1313e

Υ1+Υ∗
1+Υ3+Υ∗

3

+ χ1323e
θ1+θ∗3+θ3+θ∗2χ123123e

Υ1+Υ∗
1+Υ2+Υ3+Υ∗

2+Υ∗
3 . (4.13)

Because there are too many parameters in Eq. (4.13), we only list some of them here.

d1 = i(−s21α1σ2 + l21α2σ2 + s21β3σ2),

d2 = i(−s22α1σ2 + l22α2σ2 + s22β3σ2),

d3 = i(−s23α1σ2 + l23α2σ2 + s23β3σ2),

χ11 =
δµ2

1σ
2
1

2σ2[s21α1 − l21α2 − 2l1α2l∗1 − α2(l∗1)
2 + 2s1α1s∗1 + α1(s∗1)

2]
,

χ12 =
δµ1µ2σ

2
1

2σ2[s21α1 − l21α2 − 2l1α2l∗2 − α2(l∗2)
2 + 2s1α1s∗2 + α1(s∗2)

2]
,

χ13 =
δµ1µ3σ

2
1

2σ2[s21α1 − l21α2 − 2l1α2l∗3 − α2(l∗3)
2 + 2s1α1s∗3 + α1(s∗3)

2]
,

χ21 =
δµ1µ2σ

2
1

2σ2[s22α1 − l22α2 − 2l2α2l∗1 − α2(l∗1)
2 + 2s2α1s∗1 + α1(s∗1)

2]
,

χ22 =
δµ1µ2σ

2
1

2σ2[s22α1 − l22α2 − 2l2α2l∗2 − α2(l∗2)
2 + 2s2α1s∗2 + α1(s∗2)

2]
,

χ31 =
δµ1µ3σ

2
1

2σ2[s23α1 − l23α2 − 2l3α2l∗1 − α2(l∗1)
2 + 2s3α1s∗1 + α1(s∗1)

2]
.

(4.14)
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Therefore, the explicit 3-soliton solution of the equation is given by

E3 = σ1
g

f
,N3 = 2σ2(ln f)xx. (4.15)

Then the graph of the solution is shown in the following Figure 9.
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Figure 9. Profiles of the explicit 3-soliton solution given by expression (4.15), with parameters: σ1 = 0.1, σ2 =
0.2, µ = 0.2, α1 = 0.4, α2 = 1, δ = 1, s1 = 4 − i, l1 = 1 + i, β1 = 2 − i, β2 = 3 + 5i, β3 = −0.3, ξ1 = 3 + 2i, ξ2 =
3− 2i, ξ3 = 2.(a, d)t = −20; (b, e)t = −10; (c, f)t = 0.5.

This subsection constructs explicit soliton solutions of Eq. (1.4) using the small parameter
perturbation method. The analysis of Figure 7 shows that σ2 affects the degree of undulation
of the wave, with a gradual increase in amplitude when σ2 → +∞. β2 affects the motion of the
wave. When β2 increases and the wave moves in a positive direction, the fluctuation degree of the
wave at this time is almost unchanged. In fact, it is clear from the expression that there exists
a characteristic line of the soliton wave solution s1x+ l1y+i[−s21σ2(α1−β3)+ l21σ2α2]t+ ξ1 = 0.

The propagation speed of the isolated wave on the x-axis is given by vx =
i[s21σ2(α1−β3)−l21σ2α2]

s1
and the shape of the image varies with time. The contour and density surfaces of the explicit
1-soliton wave solution (4.7) are shown in Figure 7. It’s clear that the soliton wave also moves in
the direction x → +∞ as time t goes on. Figure 8 shows the trajectory diagram of the explicit
2-soliton solution to Eq. (1.4). The Figure 8 illustrates the dynamic evolution of the solitary
waves on the (x, y) plane at times t = −10, t = 0, and t = 10. At time t = −10, the two solitary
waves do not intersect. At time t = 0, the two solitary waves intersect and almost merge into a
single wave. At time t = 10, the two solitary waves separate again. Figure 9 shows the motion
diagram for the explicit 3-soliton solution of Eq. (1.4), illustrating the dynamic evolution of the
solitary waves on the plane at t = −20, t = −10, and t = 0.5. As shown in the figure, as time
increases, the three solitary waves undergo a transition from an initial separate state, to a state
where two waves overlap, forming an “X” shape while the third remains separate, and finally to
a state where all three overlap.
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5. Conclusion

In this paper, the integrability of the generalized (2+1)-dimensional coupled DS equation is
investigated via the Bell polynomial method. Utilizing the intrinsic connection between the
Bell polynomial method and the Hirota bilinear method, the corresponding bilinear form of the
equation is derived. Explicit 1-soliton, explicit 2-soliton solution and explicit 3-soliton solution
are constructed using the Mathematica symbolic computation system, and contour plots of the
solutions are generated by selecting appropriate parameters.

Furthermore, the Weierstrass elliptic function solutions of Eq. (1.4) are explored through
the homogeneous balance method and auxiliary function method. These solutions differ from
those reported in previous studies: although they are also Weierstrass elliptic function solutions,
their mathematical expressions and propagation behavior are distinct. Notably, the derived
Weierstrass elliptic function solutions can degenerate into trigonometric and hyperbolic function
solutions, demonstrating that the Weierstrass elliptic function method offers a versatile approach
for finding exact solutions of nonlinear evolution equations (NLEEs). Specifically, the solutions
presented herein include the special cases of solutions (125) and (166) in Refs. [4, 37].

In addition, the Bell polynomial method is applied to derive the bilinear form of Eq. (1.4)
via suitable variable transformations and constraints. Based on this bilinear form and newly
introduced variable relations, the BT of Eq. (1.4) is constructed. Leveraging the commutation
relation and fundamental properties of Bell polynomials, a bilinear Bell polynomial BT consisting
of 4 equations with 5 arbitrary parameters is further obtained.

In summary, the Weierstrass elliptic function method, commutation relation, and Bell poly-
nomial method are powerful tools for investigating the integrability and exact solutions of the
generalized (2+1)-dimensional coupled DS equation. Notably, the Bell polynomial method not
only enables the derivation of exact solutions for the equation but also facilitates the construction
of its BT, making it a robust and favorable tool for the study of integrable NLEEs.

Acknowledgements

The authors deeply appreciate the anonymous reviewers for their helpful and constructive sug-
gestions, which can help improve this paper further. This work is supported by the Natural
Science Foundation of China (Grant No. 11361040), the Graduate Students Scientific Research
Innovation Fund Program of Inner Mongolia Normal University, China (Grant No. CXJJS20089)
and the Natural Science Foundation of Inner Mongolia Autonomous Region, China (Grant No.
2024MS01003), the Inner Mongolia Normal University basic research fund, China (Grant No.
2022JBZD011), the 2023 Graduate Research Innovation Fund of Inner Mongolia Normal Uni-
versity, China (Grant No. CXJJB23009), the First-Class Disciplines Project Inner Mongolia
Autonomous Region, China (Grant No. YLXKZX-NSD-0010), Program for Innovative Research
Team in Universities of Inner Mongolia Autonomous Region (Grant No. NMGIRT2414), Inner
Mongolia Normal University (Grant No. KJJYZX2026097).

References

[1] M. A. Abdou, New solitons and periodic wave solutions for nonlinear physical models,
Nonlinear Dynamics, 2008, 52(1–2), 129–136.

[2] M. A. Abdou and A. Elhanbaly, Construction of periodic and solitary wave solutions by the



428 J. Huo & T. Bao

extended Jacobi elliptic function expansion method, Communications in Nonlinear Science
and Numerical Simulation, 2007, 12, 1229–1241.

[3] A. El Achab, Constructing new wave solutions to the (2+1)-dimensional Davey-Stewartson
equation (DSE) which arises in fluid dynamics, Journal of Mechanical Science and Tech-
nology Advances, 2019, 1, 227–232.

[4] N. Ahmed, M. Rani, S. S. Dragomir and B. B. Mohsin, Optical soliton solutions of fokas sys-
tem and (2+1)-dimensional Davey-Stewartson system by surface spinning method, Physica
Scripta, 2024, 99, 035209.

[5] M. O. Al-Amr and S. El-Ganaini, New exact traveling wave solutions of the (4+1)-
dimensional fokas equation, Computers and Mathematics with Applications, 2017, 74(6),
1274–1287.

[6] T. Arai, Analysis of line and periodic soliton interaction using exact solutions of davey-
stewartson i equation, Journal of the Physical Society of Japan, 2016, 28, 57–62.

[7] E. T. Bell, Exponential polynomials, Annals of Mathematics, 1933, 35(2), 258–263.

[8] H. Brezis and T. Gallouet, Nonlinear Schrödinger evolution equations, Nonlinear Analysis,
1980, 4, 677–681.

[9] H. Buluta, Y. Pandir and S. T. Demiray, Exact solutions of nonlinear Schrödinger’s equa-
tion with dual power-law nonlinearity by extended trial equation method, Waves Random
Complex Media, 2014, 24(4), 439–451.

[10] A. R. Butt, Z. E. Huma, N. Raza and M. Inc, Complexitons, Bilinear forms and Bilin-
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bilinear formalism, Annals of the New York Academy of Sciences, 1981, 375, 54–67.

[41] E. Schrödinger, Quantisierung als eigenwertproblem. erste mitteilung, Annalen der Physik,
1926, 79, 361–376.
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