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BACKLUND TRANSFORMATION AND WEIERSTRASS
ELLIPTIC FUNCTION SOLUTIONS OF THE GENERALIZED
(24+1)-DIMENSIONAL COUPLED DAVEY-STEWARTSON
EQUATION IN SHALLOW WATER WAVES

3 1,2,3"

Jiangying Huo!?®* and Taogetusang Bao

Abstract This paper investigates the generalized (2+1)-dimensional coupled Davey-
Stewartson (DS) equation, which describes the motions of long and short waves in shal-
low waters and has extensive applications in plasma physics. First, we study the Weierstrass
elliptic function solutions using the auxiliary function method. Then, the bilinear Backlund
transformation (BT) and Bell polynomial Bécklund transformation are constructed using
Bell polynomial method. Moreover, explicit 1-soliton, explicit 2-soliton, and explicit 3-soliton
solutions are obtained from the derived bilinear form. Finally, the physical behaviors of the
solutions are illustrated through three-dimensional plots, density plots, and two-dimensional
planar graphs.
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1. Introduction

Nonlinear evolution equations (NLEESs) are widely applied in the natural sciences. Solitons have
been discovered in various fields such as fluid dynamics, plasma physics, nonlinear optics, astron-
omy and condensed matter physics. These fields can be addressed using mathematical models.
In nonlinear optics, optical soliton communication has the advantages of large information ca-
pacity, reduced dispersion, long transmission distance, low loss, and strong confidentiality. The
nonlinear Schrédinger equation (NLSE) [8,41,44,48,52]

Ou  0%u

— 4+ — 2y = 1.1
18t+8$2+2lu\u 0, (1.1)

is widely to describe the propagation of light pulses in nonlinear media. Here, u = u(z,t) is a
complex function. In the mid-20th century, A. Davey and K. Stewartson first proposed the DS
equation [14]

iE; + 0Fyy + Eyy = a|E[*E + bEN,, (1.2a)
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Nyz + eNyy = (|E[)z (1.2b)

This equation is commonly adopted to describe quasi-monochromatic wave packets in water
of finite depth. Here, J,a,b, c are four undetermined parameters, £ = FE(z,y,t) is a complex
function, and N = N(z,y,t) is a real function. The Eq. (1.2) describes the evolution of
single-frequency wave packets, particularly in the context of finite-depth water waves. When
|0] = |a] = 1, Eq. (1.2) reduces to a high-dimensional, fully integrable generalization of the
NLSE. Subsequently, Fokas [16] extended the nonlocal NLSE to (2+41)-dimensional version and
proposed a new (2+1)-dimensional DS equation

iB; + Eyy — By — 2(|E* + N)E =0, (1.3a)
Nxx+Nyy+2(|E’2)xoc :0’ (1.3b)

where E = E(x,y,t) is a complex function, and N = N(x,y,t) is a real function. In Refs. [38,46],
dark solitons and rogue wave solutions of Eq. (1.3), expressed in Gram determinant form, were
constructed via the KP hierarchical approximation method and the Hirota bilinear method. For
Eq. (1.3), solitary wave solutions were derived in Refs. [15,37] using the G’/G method and the
ansatz method. Meanwhile, exact solutions to the Fokas system and Eq. (1.3) were obtained
in Refs. [3,4] through the generalized auxiliary equation mapping method. The Hirota bilinear
method was employed in Ref. [6] to construct line soliton and periodic soliton solutions of Eq.
(1.3), while operator-like fixed-line solutions of Eq. (1.3) were established in Ref. [47] using the
double exponential function method.

In this paper, we will use the Bell polynomial method to study the Backlund transformation
and exact solutions for the generalized (2+1)-dimensional coupled DS equation

1By = 1By + BaByy + (8| B — B3N)E, (1.4a)
o1 Ny — a2Nyy = 5(‘E’2)wa§75 = =1, (14b)
where 3;, (¢ = 1,2,3) and «;,(j = 1,2) are arbitrary constants. Here, £ = E(x,y,t) is a
complex function representing the amplitude of the water wave, while N = N(z,y,t) is a
real function corresponding to the speed of wave propagation. When a; = [ = 1, the Eq.
(1.4) can be reduced to the (2+1)-dimensional DSI equation, whereas for a; = [y = —1, it

can be reduced to the (2+1)-dimensional DSII equation. The (2+41)-dimensional DS equation
[7,9,17,23,27-29,31,51] is widely used to describe the coupled dynamics of long and short waves
in water of finite depth. It is also commonly applied in contexts where surface tension effects
are significant. For these reasons, a systematic study of this equation is of considerable physical
and mathematical interest.

The rest of this paper is organized as follows. In Section 2, Weierstrass elliptic function
solutions of Eq. (1.4) are constructed via the traveling wave transformation method and the
auxiliary equation method. In Section 3, the bilinear form of Eq. (1.4) is derived using the
P-polynomial and Y-polynomial, followed by the presentation of its BT. In Section 4, soliton
solutions are obtained based on the bilinear form derived in Section 3. In Section 5, the main
results of this work are summarized and conclusions are provided.

2. Weierstrass elliptic function solutions

Introducing the traveling wave transformation

E=FE¢) =u)e’ N=N(@¢)=v(€),6 =x+1y+ A, 0 = ka + ly + wt, (2.1)
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where u(¢) and v(§) are real functions, and 7, \, k,l,w are any constants. Substituting the

traveling wave transformation (2.1) into Eq. (1.4), we can obtain
(2.2a)

(B1 + Bam?)uge + (2ikBy — i\ + 2iT1Bo)ue + (w — k2 By — 1Ba)u + du® — Bauv = 0,
(2.2b)

(a27'2 — 061)1/55 + 2(5ug + 2(5uu5§ =0.
It can be obtained by integrating both sides of Eq. (2.2b) twice with respect to £. We have
(2.3)

(1 — ao7?)v = 0u? + C,

where C is the integration constant. Substituting Eq. (2.3) into Eq. (2.2a), we can obtain

(81 + 527'2)1155 + (w— k2,31 — l2ﬂ2)u + ou?
Bsu( i 2+ ¢ ) + (2kB1 — A + 271B2)iug = 0 (24)
— — iug = 0.
3u aq —a272u a1 —(X27_2 ! T2 u£
We set the imaginary and real parts of the above expression to zero, respectively
(2kB1 — A+ 271 fB2)iue = 0, (2.5a)
) C
2 124 g2 3 2 _
(B1 + Bam™)uge + (w — k“B1 — 1“B2)u + du ﬁ3u(a1 gt + o 04272) 0. (2.5b)
From Eq. (2.5a), we have
A —2l7 59
k= —°7-—"". 2.6
5 (2.6)
Substituting (2.6) into Eq. (2.5b), we have
A —2l732)? 5 C
( 75) — 1?Bo)u + 0ud — ﬁgu( 2u2 + 2) =0.
a1 — QT a1 — QT
(2.7)

(B1 + Bar?)uge + [w — 15

The equilibrium constant m = 1 can be obtained from Eq. (2.7). Therefore, the truncation
(2.8)

series can be solved as

u(§) = ap + a1 F(§).
We select the following auxiliary equation
(F'(€))* = co + 1 F(€) + caF2(€), (2.9)

where ¢g, ¢; and ¢z are undetermined constants. The auxiliary Eq. (2.9) has the following form

of Weierstrass elliptic function solutions
@,(€7 g2, 93)

2c2  263[p(&, g2, 93) — ]
P - (e + ) (96 g2,93) — 1) — @’(5,92,93), (2.10)
(c1 +2¢2)(p(€, 92, 93) — &) + ¢/ (€, 92, 93)
Leocr[p(€, 92, 93) — ] — 2cop' (€, 92, 93)
(06, 92,05) — 2 — P - B2
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with
R2 R3
92 12 » g3 216 (&) CoC2 ( )

Substituting formulas (2.8)-(2.11) into Eq. (2.7), and setting the coefficients with respect to
Fi(¢)(j =0,1,2,3,4) to be zero. We can obtain a set of over-determined equations as

.
apgw + a%é + alcoclﬁl — CLQZ2B2 + a100c172ﬁ2

_ao()\ — 2[’7’52)2 + 006,83 a%éﬁg

46 —a1 4+ Pay  —a1+Pay

A\ — 2I7B2)?
al(c% + 26002)51 — 611(457—62) + aiw + 361(2)(115
1
Tt 32 (2.12)
HEB (& 4 200en) Yy - (C B0
a1 —1 a9
3ar[crcafr + crcam®Ba + apard(1 + _alf_gl%@)} =0,
B3

\2alc§ﬁ1 + 2alc§7'252 + ai’é(l + ot Bay =0.

Solving the system of algebraic equations, the following two sets of solutions are obtained:

Case 1.

B i\/26(a1 — Pag — B3)ag
C (a = Pag)(B1+7262)
(041 — l2a2)[—4ﬁl(w + a%é — ZQBQ) + ()\ — 2l7‘52>2] + 4(6 + a%d)ﬁlﬁg

C1

“@= 8co(an — 2ag)Bi(B1 + 7262) (2.13)
o = i{ (o — Pag)[—4B81(w + add — 1?B) + (A — 2I7B2)?] + 4(C + a%é)ﬁlﬁg)}'
4v2coV/6B1v/ (a1 — Pag)(B1 + 72B2) v/ a1 — Py — B
Case 2.
o= 0. — (041 — l2a2)[—451(w — ZQBQ) + ()\ — 2[Tﬁ2)2] + 466153
e 8co(on — 2ag)B1(B1 + 7262) ’ (2.14)
o= 0.1 — i{(al — l2a2)[—461 (’LU — l252) + ()\ — 2[7’,32)2] + 465153}' ’

40/2¢36 (a1 — Pag) BE(Br + 72B2) (1 — PPag — Bs)

From the above formula (2.13) and formula (2.11), we can obtain

~Aai[-4B81(w — 12B) + (A — 217 32)?] — Pao[—4B1(w — I82) + (A — 27 52)%] 4 4CB1 B3 }*
92= 48(a1 — Pa2)?B3 (61 + 1262)? ’
. {051[—4,61 (w — l2ﬁ2) + ()\ - 2lT,82)2] — l2042[—451 (w — l2ﬂ2) + ()\ - 2lT,82)2] + 4€ﬁ1,63}3
9= 1728(a; — P2ag)3B3(B1 + 7282)° ’
—a1[—4B1(w — I?B2) + (A — 217 52)?] + IPas[—4B1(w — 1?B2) + (A — 217 52)%] — 4C 155
2(a1 — 12az)p1(B1 + 7%P2) '

R =

(2.15)
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From formulas (2.8) to (2.13) and formula (2.15), the Weierstrass elliptic function solutions of
Eq. (1.4) can be obtained as

/
El _ {_C_l + £ (5792793) }619.

2.16
25 2ealplE. g2 g5) — Z] (2.16)
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Figure 1. The propagation characteristics of expression F1 when the parameters are 51 = fo = a1 = a2 = C =
A=1l,c0=05l=4,7=5w=3,p3=2,6 =—1.

By {— (2c0 + c1)(9(&, 92, 93) — 15) — (£, 92, 93) Yelf (2.17)

(Cl + 262)(@(67 92793) - %) + p,(fa 92793)

Figure 2. The propagation characteristics of expression F2 when the parameters are 51 = fo = a1 = a2 =C =
A=1,¢=05,l=4,7=5w=3,8=2, = —1.

scocr[p(€, 92, 93) — ] — 3cop' (€, 92, 93)

By = {2 2 9
[p(€, g2, g3) — @22 — T]2 %2

Jelf. (2.18)

Based on the three-dimensional plots in Figures 1, 2, and 3, it is evident that the waves
evolved by different Weierstrass elliptic function solutions for the same values are also signifi-
cantly different. Based on the features of the contour plots in the figures the amplitude as well
as the phase of the waves can be analyzed in depth for different values. In addition, it can be
clearly found that Figures 1, 2, and 3 show periodic variations in their z-direction. Based on
the density maps, the shape of the images can be analyzed as well as the amplitude for different
values of y.
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Figure 3. The propagation characteristics of expression |Es| when the parameters are 81 = B2 = a1 = az =
C=X=1,c0=05,l=4,71=5,w=3,03=2,6 =—1.

From formula (2.14) and formula (2.11), we have

{(o1 — PPag)[—481(w — I?B2) + (X — 21732)] + 4Cp1 B3}°
48(o — 1Pag)?BE(B1 + 722)? ’
~ {laa = Pag)[4B1(w = PBa) + (A = 2I752)°] + 4C 1 B3} 51
95 = 18(a1 — Pan)2 BBy + 7262)? ! (2.19)
—dw + 4l2/32 + (A—2é71'52)2 + a;l?lﬁ?ixg
2(81 + 7252)

From formulas (2.8) to (2.10) and (2.19), the Weierstrass elliptic function solutions of Eq. (1.4)
can be obtained as

g2 =

_ ©' (&, 92,93) 0
o 202[@(6792,93)—%]} ’ (2.20)

4000,
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(c)

Figure 4. The propagation characteristics of expression E4 when the parameters are 1 = 2 = a1 = a2 =9 =
C=A=c=1l=4,7=5,w=3,03=2.

Es = {_ (200 + q)(p(f,gg,gg) - %) - p/(£7927g3> }eig (221)
(c142¢2)(9(&, 92, 93) — &)+ ¢/ (£, 92,93) "

o %Cocl [9(6;92793) - %] - %00@/(579%93)
Es={

2 2.2
[p(€, g2, g3) — @22 — A1z %2

}e. (2.22)
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Figure 5. The propagation characteristics of expression £5 when the parameters are 1 = 2 =1 = a2 = =
C=A=co=11l=4,7=5w=3,0 =2.
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Figure 6. The propagation characteristics of expression Es when the parameters are 1 = 2 = a1 =az =4 =
C=A=co=1I1l=4,7=5w=3,08 =2.

Figures 4, 5, and 6 show the dynamical profiles of the Weierstrass elliptic function solutions
of Eq. (1.4). The solutions in Figures 5 and 6 are periodic steady waves propagating unidirec-
tionally at a constant speed. The wave formed in Figure 6 is a regular periodic wave, whose
amplitude and pulse width remain unchanged over time, and only undergo phase shifts with
time evolution.

In the previous section, Weierstrass elliptic function solutions of Eq. (1.4) were directly
constructed by using the homogeneous balance method and the auxiliary equation method. By
selecting appropriate functional forms, these methods efficiently yield explicit exact solutions.
However, in order to further investigate the integrability of the equation and derive a richer
variety of solution structures, the Bell polynomial method is employed in Section 3. Unlike
the approaches used in the previous section, the Bell polynomial method transforms the orig-
inal equation into a bilinear form through an appropriate dependent variable transformation.
This transformation not only facilitates the derivation of soliton solutions but also enables the
construction of Backlund transformation, thereby revealing the integrability properties of the
equation in a more systematic and rigorous manner.

3. Bilinear form and Baklund transformation

3.1. Bilinear form

We introduce the following transformations

N:N(':anvt) :quzx,E:E(l’,y,t) :Ulep7 (31)
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where 01,09 are arbitrary constants, and ¢ = ¢(z,y,t) is a real function. p = p(x,y,t) is a
complex function. Substituting the transformation (3.1) into Eq. (1.4), yields

io1py = 5101(2?3595 +pg23) + 520'1(pyy + pz) + (6’01627‘2 - B3U2Q$x)017 (323)

A102qzzar — 20200y = 5(}0161"2)”- (3.2b)
Integrating Eq. (3.2b) simultaneously and taking the integration constant to zero, yields
102Gz — 202qQyy = 5(|01€p|2)- (3.3)
Substituting Eq. (3.3) into Eq. (3.2a), we have
ipt = B1(Pax + P2) + Ba(pyy + 1) + 02(010za — 20yy — B3Gaa)- (3.4)

Based on the Bell polynomial method and ¢g=h—p, the above formula is reduced to Y—polynomial
form and P—polynomial form

iV(h,p)e = B1YVex(h, p) + B2Yyy (R, p),

) (3.5)
@109 Pz (q) — a202Pyy(q) = 6(|o1e”|%).
The constraint conditions are
B1 = o2(a1 — B3), B2 = —0o20. (3.6)
Introducing transformations as follows:
p=In(p).h=In(gf).q = h—p=2Mn(f) (3.7)
Then Eq. (3.2) can be reduced to a bilinear form, which is
(0202 D} +1iD; — o9(ay — B3)D3lg - f =0, (3.8)

(a102D2 — a0 D}) f - f = boigg”,

where f = f(z,y,t) is a real function, and g = g(x,y,t) is a complex function. Here, g* denotes
the complex conjugate of g, and D is a bilinear operator defined as follows

. 0 0 ., 0 0 .,
DDy f-g= (% - @) (a - %) [z, t)g(a',t)

r=x’ t=t'

3.2. Backlund transformation

Based on Eq. (3.5), we can construct the BT of Eq. (1.4). Because p,h,q are solutions that
satisfy Eq. (3.5), it may be helpful to introduce a new variable relationship by making p, i, ¢
also solutions that satisfy Eq. (3.5) simultaneously

), K =In(gf),q=h—p=2In(f). (3.9)
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Consider the following mixed variable transformations

h

\

@
>

=

v = ln(g), vy = ln(:;:), vy = ln(;),m = ln(?),m = ln(£), vg = ln(ﬁ), vy = ln(?), (3.10a)
w1 =1In(gg),ws = ln(ff),w;:, = ln(fg),w4 =1In(gf),ws = ln(%h),wG = ln(]?h),cw = ln(ﬁf),
(3.10b)
ws = In(hh), ws = In(fh),wr; = In(hf), (3.10¢)
P—P=U1—U2=ws—w3,p+P=u4— U3 =w —wa, (3.10d)
%—h:vl—kvz:U4+v3,%—l—h:wzl—i—w3:wl—i—wQ, (3.10e)
PHp =v —v3+v7r— v, p+p* =9 — v3+ v7 — vs. (3.10f)

Substituting the above transformations of variable into Eq.(3.5), there is

0410'2(% —D)az — 0202(h —D)yy — SopeP P — 102 (R — p)ga — a202(h — p)yy — 501ep+p*]

30
= a102(v1 + V2)az — 102(V1 — V2)ax + 201 (e THeTITT — gt
)
— [a2oz(v1 + v2)yy — azo2(v1 — v2)yy + %(6”2_”3“7_”5 — T
30 )
— (v7 —v3)z + %(e”_“5 —e"7?) — [—(v7 —v3)y + %(e“?_“5 —e"17%2)]
=0.
(3.11)
The selection constraints are
1, 1
v — eV Wy, = — el
2@ 204102 T2y 20420’2 ’
300 . 300 _
'U7,x - 92 Love Udavf},w — Tlevl ’U2’ (312)
(501 _ 501 _
vry = 5 e vy = et

Subject to the constraints, we further have

[02a2yyy(p/a h,) + iyt(p/7 hl) - 0'2(051 - B3)yxx(p,7 h’/)] - [U2a2yyy(pa h) + lyt(p7 h)
- 02(a1 - 53)37“(1?, h)]
= gaz|(Wi — wa)yy + 07, — V3] +i(v1s = v2) — a1 = B3)[(Wi1 — wa)us + 0T, — 03]

+ 20202[v3 4y + V3 y (V2 — v1)y] — o2(01 — B3) (V3,22 + V32 (V2 — V1)a]

30 1)
01 (evz—vs — eVt — U2) _ [—(’U7 _ Ug)y + %(evz—m — el — UQ)}

= 0. (3.13)

= —(U7 - U3)x +

The Bell polynomial BT of Eq. (1.4) is

202 Vyy(v1,w1) +1Vi(v1,w1) — o2(aq — B3) Vaz(vi,w1) =0,

202 Yy (V2,w2) + 1V (v2, w2) — 02(0q — B3) Yz (v2, w2) =0,

1 1
y(vg,z) = — ev7—v3’y(v2’y) — 761)7_7)3,

200109 200009
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0 0
y(”?,x) — %evzfvs,y(v&x) — 32iev17v27
50 —v 50 V1 —
Pvry) = 57e™ ", Pvg,) = e, (3.14)

According to the relationship between the )Y —polynomial and the Hirota bilinear operator, the
bilinear BT can be obtained as

o202 D2 +iDy — oa(ar — B3) D2 f - f = 0,Dyf - g = ?gﬂ
0200 D2 + 1Dy — oa(ay — B3)D2]G - g = 0,Dyf - g = %f@ (3.15)
D.f f= —QOélmﬁg,Dyf- J = = 5srhg Dol | = 35201 Fh.Dyh- f = ‘Eﬂfh.
4. Soliton solutions
We expand f, g to the following form:
f=flryt)=1+fo+etfi+e8fs 4+ (4.1)

g=g(x,y,t) =cg1 + g3 + %5 + - -,

where € is a small parameter. Substituting Eq. (4.1) and Eq. (4.2) into Eq. (3.8) and collecting
the coefficients of the same power of each order of €/, (5 = 0,1,2,3,---) can be obtained
g0 (alagDi — OZQO'QDZ)l -1=0,
el [agang +1iDy — o9(aq — ,Bg)DfC]gl -1=0,
e?: (o9 D? — agagDz)(l fo+ fo 1) —60%g1 - g} =0, (4.3)
e’ : [o2a9 Dy +1D; — oa(en — B3)D3)(g1 - fa+ g3 -1+ 1-g3+ fa- g1) =0,

4.1. Explicit 1-soliton solution

In order to obtain the explicit 1-soliton solution of Eq. (1.4), the formulas (4.1) and (4.2) are
truncated as follows:

f=14+fo,g=cg1. (4.4)
Suppose the functions fy and g; take the following exponential forms

fo=xe"T gy = pe™ Yy = sz + hiy + dit + &, (4.5)
where u,x are arbitrary constants, and si,l1,d1,& are complex constants. Without loss of
generality, let ¢ = 1. Substituting expressions (4.4) and (4.5) into Eq. (4.3), the dispersion
relation is given by

Splo?

= . 4.6
200[—ag(ly +17)? + an(s1 + s7)?] (4.6)

dy = i(—s2a109 + Bagoy + 52 309), X
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Simultaneous substitution of (4.4)-(4.6) into (3.1) yields the explicit single soliton solution of
Eq. (35) as

Sulo?
—2a202(l1 + ZT)Q + 2@10'2(81 + ST)2

o1 ueYl

= T e M = 2oL+

MATIN - (4.7)

rr

Eq

where p, x, &1, s1,11,dy satisfies expression (4.6).

Figure 7. Profiles of the explicit 1-soliton solution given by expression (4.7), with parameters: o1 = 0.1,02 =
02,0 =021 =04, =1,0=1,s1=4—-i, 1 =141, =2—-1,82 =3+5i,03 = —-0.3,& = 3+21.(a,d)t =
—105 (b, e)t = 0; (¢, f)t = 10.

4.2. Explicit 2-soliton solution

Similarly, for the explicit double soliton solution of the construction Eq. (1.4), the the solutions
(4.1) and (4.2) are truncated as follows:

f=1+e%fo+efi,g=cqg1+%gs. (4.8)

Suppose

g1 = e’ + poet gy = pioge T T 4y pe T 2D

fo = x0T 4 x10eT YR 4y M2 YT 4 ygpe 2 TS (4.9)
f4 = X1212eT1+T2+TT+T;7 Tj = 5T + ljy + djt + 5]'7 (] =1, 2)7
where p1, o, 121, 122, X11, X125 X21, X22, X1212 are arbitrary constants. By substituting expres-
sion (4.8) and expression (4.9) into Eq. (4.3) at the same time gives the dispersion relation:
di = i(—sia102 + [fazos + s18302),d2 = i(—s3a102 + l30009 + 538502),

_ spiot Yip = S pig0?
—20&20’2([1 + lT)Z + 20&10‘2(51 + S’{)T 20‘2[—0&2([1 + 13)2 + al(sl + 55)2] ’

X11
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Y21 = Opia pia0t Yoz = Sp1 20t
T 20— (ly + )2+ ay(sy + 55)2 7 T 209[—an(ly + 135)2 + ai(sy + s5)2]
gt = (dv — d2)(p2x11 — pix21) + (pexin + pixe1)di + oAy —ioa (o — B3)Ag

2[dy + dy + df —ioaaa(l + I + 1]) — io20a(s1 + s2 + s7)?]
Ji12g = (d1 — da)(p2x12 — paX22) + (p2x12 + ,U1X22)d*d? +io9a2A3 —ioa (a1 — B3) A4
2[d1 +dy + dik — lagag(ll + 1y + lT)Q — 102a2(81 + s9 + ST)Q]
S(p1pi2e + 21 p2)of + oa(aahs — arl)
oal—ao(l + o+ 1F + 13)% +icn(s1 + s2 + 87+ s5)?]

9

X1212 = (4.10)

where

Al = (I — 12)*(p2x11 + paxar) + 2(h — I2) (p2xa1 — pax2)l} + (paxan + paxan)lis,
= (51— s2)* (max11 + pax21) + 2(s1 — s2)(pax11 — pax21)st + (pax11 + pix21)s;7,
= (I1 — la)*(pax12 + paxa2) + 2(1 — I2) (pax12 — paxe2)lT + (n2x12 + paX22)ls”,
= (51— 52) (m2x12 + paxez) + 2(s1 — s2)(H2x12 — H1x22)sT + (H2xa2 + M1X22)8§2a
= (I1 — 1)*(x12x21 + x11x22) + [—2(L — ) (xa2X21 — X11X22)
(x12X21 + paixe2) (57 — )] — 15),
= (51— s2)%(x12X21 + p11X22) + [—2(s1 — 52) (X21X12 — X11X22)
+ (x12X21 + X11x22) (8T — 85)](s] — 83)-

Without loss of generality, let ¢ = 1. Substituting expressions (4.8)-(4.10) into Eq. (4.1), the
explicit 2-soliton solution of Eq. (4.1) can be obtained as

o o1 (e 4 poe™? 4 pigre T T2 4 ygpe 12T
2T T X1 e T 4 x10e 1475 4y e T2+ 1T 4 ygpe T2+ T3 4y pg1pe 1+ 2 F 1175
Ny = 205{In(1 + x11e 7T + X126 T2 4 yo1eT2TT 4 yo0e 212 o yypppe T P2 i 2y
(4.11)
where x11, X12, X21, X22, X1212, T, (j = 1, 2) satisfies expressions (4.10).
4.3. Explicit 3-soliton solution
By the same method, we truncate Eq. (4.2) to géj). To proceed, we take
_ 11 T2 T3 ] ) s
g=pie " +poe 4+ puze 3, Y =bit +ajz, (j =1,2,3), (4.12)

where Y, s;,1;,d;,&; are arbitrary constants. Substituting expression (4.12) into the bilinear
form (4.3) gives corresponding the numerator and denominator to the Explicit 3-soliton solution,

respectively
g= MleTI +M2eT2 + M3eT3 +M121€T1+T2+T1 +M1226T1+T2+T2
_|_ M123€T1+T2+T3 _|_ M1316T1+T1+T1
T1+Y3+7T5 T1+Y3+7T% T3+ Yo+ Y% T3+Yo+T5 T3+Yo+ Y2
+ pa32e T N2 4 pggget T U8 4 ggre BT T 2T L - ig39e 3T 2T N2 o o337 3T 12T TS
T1+Yo+ Y3+ YE+T* T1+T24+ T3+ T5+TT T1+Y24+T3+TE54+TE
+M123126 1+ 2+ 5+ 2+ 1+M123136 1+ + ,3+ + 1+,U/12323e 1+ + 3"1‘ 2+ 3’
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Figure 8. Profiles of the explicit 2-soliton solution given by expression (4.11), with parameters: o1 = 0.1, 02
02,0 =021 =04, =1,=1,51 =4—1,l1 =1+1,61 =2—1,02 =3+51,03 = —0.3,& =3+ 21,& =
3 — 2i.(a,d)t = —10; (b, e)t = 0; (¢, f)t = 10.

f =1+ XlleTl—l—Tl + X226T2+T2 + X126T1+T2 + X2leT2+T1 + X13eT1+T3 + X236T2+T3X316T3+T1

T T* * g T*4YT T* * ¥ T TEaT s
+ x32e T8 Y 4 33003105 x 1910 T TTHFY2HYS 4y el FOTHO2H05 oy ppge 1t Tt 2t

T1+T7+T3+75 +X13136T1+T’{+T3+T§

010503405 3 oo oa@ T1FT T+ 2+ Yok TE4T5 (4.13)

+ X1312€
+ X1323€

Because there are too many parameters in Eq. (4.13), we only list some of them here.

dy = i(—star09 + Bagos + 53 302),
)

do = i(—sgalaz + Z%OQO'Q + 8%530’2

)

ds = i(—s30102 + 30000 + 538303),
dujof

X1 = 202[8%041 — Z%QQ — 2[1042[1< — Oéz(lf)2 + 2810418? + al(sf)Z] ’
X12 = 5#1#20%

209[s3a1 — Bag — 2l anlly — aa(l3)? + 2510185 + aq (s5)?]’
X13 = dp1pi3os (4.14)

209[s2a1 — Bag — 2l1aslly — ao(l5)? + 2510185 + a1 (s3)?]’
o1 = Spu1p2ot

202[3%041 — Z%QQ — 2[2042[1< — Oéz(lf)2 + 2820418? + al(sf)z] ’
X22 = 5#1#20%

209[s301 — BB — 2la00ll — ag(l3)? + 2s0a185 + aq(s5)?]’
X31 Sppizo

N 202[3%041 — l%az — 2zanl; — az(l})? + 2530187 + a1 (s3)?]
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Therefore, the explicit 3-soliton solution of the equation is given by
E3 = O'1f N3 = 202(1nf) (4.15)

Then the graph of the solution is shown in the following Figure 9.

Figure 9. Profiles of the explicit 3-soliton solution given by expression (4.15), with parameters: o1 = 0.1, 02
02,0 =021 =04, a2 =1,=1,51 =4—i,l1 =1+1,61 =2—1,082 =3+5i,03 = —0.3,& = 3+ 2i,&
3 —2i,& = 2.(a,d)t = —20; (b,e)t = —10; (¢, f)t = 0.5.

This subsection constructs explicit soliton solutions of Eq. (1.4) using the small parameter
perturbation method. The analysis of Figure 7 shows that oo affects the degree of undulation
of the wave, with a gradual increase in amplitude when o9 — +00. 39 affects the motion of the
wave. When (5 increases and the wave moves in a positive direction, the fluctuation degree of the
wave at this time is almost unchanged. In fact, it is clear from the expression that there exists
a characteristic line of the soliton wave solution s1x + l1y + i[—sfoa (a1 — B3) + Zoaaa]t + & = 0.
The propagation speed of the isolated wave on the z-axis is given by v, = — ilsjoa(on= ﬁ 3)—lfoaa]
and the shape of the image varies with time. The contour and density surfaces of the explicit
1-soliton wave solution (4.7) are shown in Figure 7. It’s clear that the soliton wave also moves in
the direction  — 400 as time t goes on. Figure 8 shows the trajectory diagram of the explicit
2-soliton solution to Eq. (1.4). The Figure 8 illustrates the dynamic evolution of the solitary
waves on the (z,y) plane at times t = —10,¢ = 0, and ¢ = 10. At time ¢ = —10, the two solitary
waves do not intersect. At time ¢ = 0, the two solitary waves intersect and almost merge into a
single wave. At time ¢t = 10, the two solitary waves separate again. Figure 9 shows the motion
diagram for the explicit 3-soliton solution of Eq. (1.4), illustrating the dynamic evolution of the
solitary waves on the plane at ¢ = —20,¢ = —10, and ¢ = 0.5. As shown in the figure, as time
increases, the three solitary waves undergo a transition from an initial separate state, to a state
where two waves overlap, forming an “X” shape while the third remains separate, and finally to
a state where all three overlap.
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5. Conclusion

In this paper, the integrability of the generalized (241)-dimensional coupled DS equation is
investigated via the Bell polynomial method. Utilizing the intrinsic connection between the
Bell polynomial method and the Hirota bilinear method, the corresponding bilinear form of the
equation is derived. Explicit 1-soliton, explicit 2-soliton solution and explicit 3-soliton solution
are constructed using the Mathematica symbolic computation system, and contour plots of the
solutions are generated by selecting appropriate parameters.

Furthermore, the Weierstrass elliptic function solutions of Eq. (1.4) are explored through
the homogeneous balance method and auxiliary function method. These solutions differ from
those reported in previous studies: although they are also Weierstrass elliptic function solutions,
their mathematical expressions and propagation behavior are distinct. Notably, the derived
Weierstrass elliptic function solutions can degenerate into trigonometric and hyperbolic function
solutions, demonstrating that the Weierstrass elliptic function method offers a versatile approach
for finding exact solutions of nonlinear evolution equations (NLEEs). Specifically, the solutions
presented herein include the special cases of solutions (125) and (166) in Refs. [4,37].

In addition, the Bell polynomial method is applied to derive the bilinear form of Eq. (1.4)
via suitable variable transformations and constraints. Based on this bilinear form and newly
introduced variable relations, the BT of Eq. (1.4) is constructed. Leveraging the commutation
relation and fundamental properties of Bell polynomials, a bilinear Bell polynomial BT consisting
of 4 equations with 5 arbitrary parameters is further obtained.

In summary, the Weierstrass elliptic function method, commutation relation, and Bell poly-
nomial method are powerful tools for investigating the integrability and exact solutions of the
generalized (2+1)-dimensional coupled DS equation. Notably, the Bell polynomial method not
only enables the derivation of exact solutions for the equation but also facilitates the construction
of its BT, making it a robust and favorable tool for the study of integrable NLEEs.
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