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NOVEL EXACT ANALYTICAL SOLUTIONS OF THE
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EQUATION VIA LIE SYMMETRY ANALYSIS AND NEURAL

NETWORK MODELS∗
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Abstract A novel method combining Lie symmetry analysis and neural network model
is proposed for solving the (3+1)-dimensional potential-Yu-Toda-Sasa-Fukuyama (pYTSF)
equation in this paper. This method has three processes: Firstly, the dimension of the given
equation are reduced and two reduction equations are derived via Lie symmetry analysis;
secondly, different test functions are constructed based on neural network models and various
activation functions to yield solutions of the reduction equations; finally, a series of exact
solutions of the original equation is achieved depending on the expression of group-invariant
solutions and the transformation of variables. 12 novel exact analytical solutions of the
(3+1)-dimensional pYTSF equation are obtained by the novel method. Furthermore, the
dynamical characteristics of all solutions are illustrated by choosing appropriate parameters.
The results validate the feasibility of this new method and show that the novel method may
be applied in more nonlinear partial differential equations.
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1. Introduction

Nonlinear partial differential equations (NLPDEs) have received significant attention from schol-
ars in various fields such as mathematics and physics, because they can describe and explain
the ubiquitous nonlinear phenomena in the objective world. Many partial differential equations
(PDEs) have been proposed and extensively studied. For example, D. J. Korteweg and G. De
Vries proposed the famous shallow water wave equation known as the KdV equation and proved
the existence of solitary waves mathematically in 1895 [21]. Researchers have introduced and
developed a series of effective methods to study NLPDEs over the past one hundred years.
They are mainly classified into analytical and numerical methods. Compared with numerical
solutions obtained by numerical methods, analytical solutions obtained by analytical method
are represented as exact formulas and are used to characterize dynamics more accurately. The
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classical analytical methods include the inverse scattering transform method [1], Lie group anal-
ysis method [18], Darboux transformation method [29], etc. [7, 19,23,25,27,28,36,39,42]. Each
method possesses distinct merits, but most are only suitable for specific types of equations.
There is no universal method applicable to solving NLPDEs so far. On the other hand, using
multiple methods to solve specific equations to obtain solutions with different characteristics
is also a common solving strategy. For example, a (2+1)-dimensional KP-BBM equation was
investigated by employing the Hirota’s bilinear and a novel limit method in [42]. In [28], the
tan(ϕ/2)-expansion method, Jacobi elliptic function expansion scheme, rational multi-wave func-
tions, and decomposition variational iteration method were considered to investigate the exact
traveling wave solutions to the fourth-order Cahn–Hilliard equation.

In the second half of the 19th century, the Norwegian mathematician Sophus Lie proposed
Lie transformation group and symmetry. The central principle is that if an ordinary differential
equation (ODE) is invariant under a one-parameter classical Lie group, its order can be reduced
by one. For PDE, the number of independent variables can be reduced by one [35]. Lie group
analysis has been applied to various differential equations, yielding a wealth of exact solutions.
Furthermore, some theorems and methods have been gradually extended, such as Noether’s The-
orem [30], Lie-Bäcklund symmetry [38] and conditional Lie-Backlund symmetry [54]. In 2013,
Bluman et al. introduced a new and complementary method for constructing nonlocal symme-
tries [4]. In recent years, some scholars have applied machine learning to discover symmetry
transformations and acquire new research achievements [11,12].

Artificial neural network (ANN) has been a powerful tool in image processing [3], computer
vision [51], oil and gas engineering [6], and other fields in recent years. Some researches tried
to utilize ANN for solving differential equations. In 1990, Hornik et al. proved that multilayer
feedforward network was capable of approximating arbitrary function and its derivatives [15],
which laid the theoretical foundation for neural networks to solve differential equations. How-
ever, many methods based on ANN are numerical [14, 31, 33, 37]. In 2019, Runfa Zhang et al.
first proposed the bilinear neural network method (BNNM) using the powerful representational
capacity of neural networks to derive exact solutions of PDEs [47]. Novel trial functions were
constructed in [49]. Furthermore, Runfa Zhang et al. proposed the bilinear residual network
method (BRNM), which connected the shallow input jumps to the deeper layer without adding
extra parameters and model complexity, increasing the internal interactions of models [48]. Xi-
aoran Xie et al. proposed an innovative approach combined neural network models and symbolic
computing [41].

In 1998, Yu et al. proposed (3+1)-dimensional potential-Yu-Toda-Sasa-Fukuyama (pYTSF)
equation guided by the strong symmetry and given the travelling solitary wave solution,

uxxxz + 4uxuxz + 2uxxuz − 4uxt + 3uyy = 0, (1.1)

where u = u(x, y, z, t), subscripts denote the partial derivatives with respect to the spatial
variables x, y, z and temporal variable t [44]. Eq. (1.1) describes elastic quasiplane waves in a
lattice and interfacial waves in a two-layer fluid system [34]. Researchers have employed various
methods to study the Eq. (1.1) and obtained abundant exact solutions: Solutions with arbitrary
functions [43], non-travelling wave solutions [50], periodic kink-wave, periodic soliton, and doubly
periodic wave solutions [46], among others [9, 13, 16, 17, 22, 26, 40, 52, 53]. Additionally, the
generalized (3+1)-dimensional nonlinear pYTSF equation and the (2+1)-dimensional pYTSF
equation have been investigated [2, 5, 8, 10,24,45].

For many High-dimensional NLPDEs, deriving exact solutions of reduced equations via Lie
symmetry reduction remains challenging due to multi-dimensionality and nonlinearity. Building
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on the aforementioned research trends, especially inspired by BNNM proposed by Runfa Zhang
et al., this paper aims to combine Lie symmetry analysis and neural network models to solve
the novel exact solutions of the (3+1)-dimensional pYTSF equation. This new approach named
as Lie-symmetry neural network method (LSNNM) brings the following advantages: Firstly, the
dimension of the pYTSF equation is reduced through Lie symmetry analysis, which decreases
the number of neurons in the input layer of the neural network model and simplifies the difficulty
of solving the equation to a certain extent. Secondly, different linear combinations of generators
can yield multiple reduction equations and offer greater flexibility in solving the original equa-
tions. More importantly, we can obtain abundant new exact solutions through constructing test
functions based on different neural network models and activation functions.

This article is organized as follows: In Section 2, the framework of LSNNM and six neural
network models are introduced. Meanwhile, the dimension of Eq. (1.1) is reduced by one and
two reduction equations are yielded via Lie symmetry analysis. In Section 3, based on six neural
network models, we construct distinguishing test functions to solve two reduction equations and
thereby derive 12 novel exact solutions of the Eq. (1.1). Furthermore, the dynamics of solutions
are visually exhibited by choosing appropriate parameters and the main results are given. In
Section 4, we summarize the physical significance of the solutions for pYTSF equation. Moreover,
the advantages and the prospects for the future of the new proposed method are analyzed.

2. Preliminaries

2.1. The framework of Lie-symmetry neural network method

The framework of the LSNNM is illustrated in Figure 1:

Figure 1. The framework of Lie-symmetry neural network method.

The tensor formula of a k + 2 level neural network model is given as below:

θ1j =
∑

w1
i,jxi, (i = 1, 2, ..., n, j = 1, ...,m1),

θs+1
j =

∑
ws+1
i,j F s

i (θ
s
i ) + bs+1

j , (s = 1, ...k − 1, i = 1, ...ms, j = 1, ...,ms+1),

f =
∑

wk
i F

k
i (θ

k
i ) + bf , (i = 1, ...mk),

(2.1)

where ws
i,j is the weight coefficient, bsj is a bias term. The input layer includes n variables noted as

l0 = (x1, x2, ..., xn), the s-th hidden layer is noted as ls = (θs1, θ
s
2, ..., θ

s
ms

)(s = 1, 2, ..., k), and θsj is
the j-th neure andmi is the number of neuron of the s-th lever. F s

j (·)(s = 1, ..., k, j = 1, 2, ...,ms)



Solutions of pYTSF equation via LSNNM 503

is the activation function of the j-th neuron of s-th level and the output layer yields test function
f finally [48].

In accordance with the framework depicted in Figure 1, the main steps of the approach
combining Lie symmetry analysis and neural network models are described in detail below:

Step 1. Lie symmetry analysis of NLPDEs (pYTSF equation in this study). We set a one-
parameter Lie group of infinitesimal transformations of the original equations and work out the
Lie point symmetry and generators, then verify the closeness of the Lie bracket operation.

Step 2. Yield reduction equations by symmetry reduction. Firstly, select the suitable genera-
tors to form linear combinations and get the corresponding characteristic equations. Secondly,
determine similarity variables and group-invariant solution expressions. Finally, substitute them
into the original equation to generate reduction equations.

Step 3. Construct test function relied on different neural network models and substitute it into
the reduction equation to yield a complex equation.

Step 4. Collect like terms and make the coefficients of each term be 0, thus producing a system
of algebraic equations with respect to weight and bias.

Step 5. Solve the system of algebraic equations for coefficient solution and bring it back to the
test function, thereby deriving solution of the reduction equation.

Step 6. Obtain exact solution of the NLPDE according to the expression of group-invariant
solutions and the transformation of variables.

2.2. Lie symmetry reduction

According to the theory and method of Lie symmetry analysis in literature [18], thirteen in-
finitesimal generators of Eq. (1.1) are achieved as follows:

X1 = −x
∂

∂x
+ 3z

∂

∂z
+ t

∂

∂t
+ u

∂

∂u
, X2 =

∂

∂t
, X3 = 2x

∂

∂x
+ y

∂

∂y
− 4z

∂

∂z
− 2u

∂

∂u
,

X4 =
2y

3

∂

∂x
+ t

∂

∂y
, X5 =

∂

∂y
, X6 = t

∂

∂z
− x

∂

∂u
, X7 =

∂

∂z
, X8 = t

∂

∂x
− 2z

∂

∂u
,

X9 =
∂

∂x
, X10 = ty

∂

∂u
, X11 = y

∂

∂u
, X12 = t

∂

∂u
, X13 =

∂

∂u
.

(2.2)

The Lie algebra commutator is defined by [Xi, Xj ] = XiXj −XjXi [18]. It is easy to verified
that generators Eq. (2.2) on Lie algebra operations are closed.

Different reduction equations can be derived by generating various linear combinations of
some generators, and we focus on two of them in this paper:

Case I. Considering the generator X2 + X5 + X7 + X9 + X13 = ∂
∂x + ∂

∂y + ∂
∂z + ∂

∂t +
∂
∂u , the

corresponding characteristic system is:

dx

1
=

dy

1
=

dz

1
=

dt

1
=

du

1
, (2.3)

then the similarity variables and group-invariant solution are

χ = −z + x, η = −z + y, τ = −z + t, f = −z + u, (2.4)

and
u = f(χ, η, τ) + z = f (−z + x,−z + y,−z + t) + z. (2.5)
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Substituting (2.5) into Eq. (1.1), one can obtain the reduction equation:

(−6fχ− 2fη − 2fτ +2)fχχ+(−4fχτ − 4fχη)fχ− 4fχτ +3fηη − fχχχχ− fχχχη − fχχχτ = 0. (2.6)

Case II. Considering the generator X2 + X5 + X7 + X8 = t ∂
∂x + ∂

∂y + ∂
∂z + ∂

∂t − 2z ∂
∂u , the

corresponding characteristic system is:

dx

t
=

dy

1
=

dz

1
=

dt

1
=

du

−2z
, (2.7)

then the similarity variables and group-invariant solution are

χ = − t2

2
+ x, η = −t+ y, τ = −t+ z, f = −t2 + 2tz + u, (2.8)

and

u = f(χ, η, τ) + t2 − 2tz = f
(
− t2

2
+ x,−t+ y,−t+ z

)
+ t2 − 2tz. (2.9)

Substituting (2.9) into Eq. (1.1), one can obtain the reduction equation:(
4fχ + 4

)
fχτ + 2fτfχχ + 3fηη + fχχχτ + 4fχη = 0. (2.10)

2.3. Neural network models

According to Subsection 2.2, one can obtain the solutions of Eq. (1.1) by solving Eq. (2.6) and
Eq. (2.10). As shown in Figure 2, we consider six neural network models and set specific test
functions to obtain abundant novel exact solutions for Eq. (1.1) in this paper. The formulas for
each model are as follows:

Model [3,2,1]:

f = w1,fF1(θ1) + w2,fF2(θ2) + b3,

θ1 = χwχ,1 + ηwη,1 + τwτ,1, θ2 = χwχ,2 + ηwη,2 + τwτ,2.
(2.11)

Model [3,3,1]:

f = w1,fF1(θ1) + w2,fF2(θ2) + w3,fF3(θ3) + b4,

θ1 = χwχ,1 + ηwη,1 + τwτ,1, θ2 = χwχ,2 + ηwη,2 + τwτ,2,

θ3 = χwχ,3 + ηwη,3 + τwτ,3.

(2.12)

Model [3,1,1,1]:
f = w2,fF2(θ2) + b3,

θ2 = w1,2F1(θ1) + b2, θ1 = χwχ,1 + ηwη,1 + τwτ,1.
(2.13)

Model [3,2,1,1]:

f = w3,fF3(θ3) + b4,

θ3 = w1,3F1(θ1) + w2,3F2(θ2) + b3,

θ1 = χwχ,1 + ηwη,1 + τwτ,1, θ2 = χwχ,2 + ηwη,2 + τwτ,2.

(2.14)
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Model [3,2,2,1]:

f = w3,fF3(θ3) + w4,fF4(θ4) + b5,

θ3 = w1,3F1(θ1) + w2,3F2(θ2) + b3, θ4 = w1,4F1(θ1) + w2,4F2(θ2) + b4,

θ1 = χwχ,1 + ηwη,1 + τwτ,1, θ2 = χwχ,2 + ηwη,2 + τwτ,2.

(2.15)

Model [3,3,3,1]:

f = w4,fF4(θ4) + w5,fF5(θ5) + w6,fF6(θ6) + b7,

θ1 = χwχ,1 + ηwη,1 + τwτ,1, θ4 = w1,4F1(θ1) + w2,4F2(θ2) + w3,4F3(θ3),

θ2 = χwχ,2 + ηwη,2 + τwτ,2, θ5 = w1,5F1(θ1) + w2,5F2(θ2) + w3,5F3(θ3),

θ3 = χwχ,3 + ηwη,3 + τwτ,3, θ6 = w1,6F1(θ1) + w2,6F2(θ2) + w3,6F3(θ3).

(2.16)

(a) model [3,2,1]

(b) model [3,3,1]

(c) model [3,1,1,1]

(d) model [3,2,1,1]

(e) model [3,2,2,1]

(f) model [3,3,3,1]

Figure 2. Six neural network models.

3. Novel exact solutions for equation (1.1)

In this section, we constructing various test functions based on six neural network models in
Figure 2 to solve the reduction equation (2.6) and (2.10).

3.1. Solutions based on the reduction equation (2.6)

3.1.1. Case 1

Giving the formula (2.11) of model [3,2,1], when supposing F1(θ1) = θ1, F2(θ2) = csc(θ2), the
test function is given by

f = w1,f (θ1) + w2,f csc(θ2) + b3. (3.1)

Substituting (3.1) into the Eq. (2.6) and solving it by mathematical software in accordance with
the framework and main steps illustrated in Subsection 2.1, we obtain 4 sets of solutions, one of
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which is presented aswχ,1 = −
2w1,fw

2
χ,2wη,1 + 2w1,fw

2
χ,2wτ,1 − 5w2

χ,2 − 2wχ,2wτ,2 − 3w2
τ,2

2w1,fw
2
χ,2

, wχ,2 = wχ,2,

wη,1 = wη,1, wη,2 = −wχ,2 − wτ,2, wτ,1 = wτ,1, wτ,2 = wτ,2, w1,f = w1,f , w2,f = w2,f

 . (3.2)

Substituting (3.2) into (3.1) yields

f = w1,f

(
−

χ(2w1,fw
2
χ,2wη,1 + 2w1,fw

2
χ,2wτ,1 − 5w2

χ,2 − 2wχ,2wτ,2 − 3w2
τ,2)

2w1,fw
2
χ,2

+ ηwη,1 + τwτ,1

)
+ w2,f csc

(
χwχ,2 + η(−wχ,2 − wτ,2) + τwτ,2

)
+ b3.

(3.3)

Substituting (3.3) into (2.5), one obtains group-invariant solution u1:

u1 = w1,f

(
(−z + x)(5w2

χ,2 + 2wχ,2wτ,2 + 3w2
τ,2)

2w1,fw
2
χ,2

− (−z + x)(wη,1 + wτ,1)

+ (−z + y)wη,1 + (−z + t)wτ,1

)
+ w2,f csc

(
(−z + x)wχ,2 + (−z + y)(−wχ,2 − wτ,2) + (−z + t)wτ,2

)
+ z + b3.

(3.4)

Selecting appropriate parameter values, the profiles of u1 are shown in Figure 3.

(a) 3D plot (b) density plot (c) contour plot

Figure 3. The profiles of solution u1, with z = 1, t = 1, b3 = 2, w1,f = 1, w2,f = 1, wη,1 = 1, wτ,1 = 1, wχ,2 =
1, wτ,2 = 1.

3.1.2. Case 2

Giving the formula (2.12) of model [3,3,1], when supposing F1(θ1) = θ1, F2(θ2) = tan(θ2),
F3(θ3) = JacobiCN(θ3,

3
5), the test functions is given by

f = w1,f (θ1) + w2,f tan(θ2) + w3,f JacobiCN(θ3,
3

5
) + b4. (3.5)
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Substituting (3.5) into the Eq. (2.6) yields 22 sets of solutions, one of which is presented as

wχ,1 = −
2w1,fw

2
χ,3wη,1 + 2w1,fw

2
χ,3wτ,1 − 5w2

χ,3 − 2wχ,3wτ,3 − 3w2
τ,3

2w1,fw
2
χ,3

,

wχ,2 = wχ,2, wχ,3 = wχ,3, wη,1 = wη,1, wη,2 =
−wχ,2(wχ,3 − 3wτ,3)

3wχ,3
,

wη,3 = −wχ,3 − wτ,3, wτ,1 = wτ,1, wτ,2 =
−wχ,2(2wχ,3 + 3wτ,3)

3wχ,3
,

wτ,3 = wτ,3, w1,f = w1,f , w2,f = w2,f , w3,f = w3,f


. (3.6)

Substituting (3.6) into (3.5) yields

f = w1,f

(
χ(5w2

χ,3 + 2wχ,3wτ,3 + 3w2
τ,3)

2w1,fw
2
χ,3

− χ(wη,1 + wτ,1) + ηwη,1 + τwτ,1

)
+ w2,f tan

(
χwχ,2 −

ηwχ,2(wχ,3 − 3wτ,3)

3wχ,3
− τwχ,2(2wχ,3 + 3wτ,3)

3wχ,3

)
+ w3,f JacobiCN

(
χwχ,3 + η

(
− wτ,3 − wχ,3

)
+ τwτ,3,

3

5

)
+ b4.

(3.7)

Then substituting (3.7) into (2.5), one obtains group-invariant solution u2:

u2 = w1,f

(
(−z + x)(5w2

χ,3 + 2wχ,3wτ,3 + 3w2
τ,3)

2w1,fw
2
χ,3

− (−z + x)(wη,1 + wτ,1)

+ (−z + y)wη,1 + (−z + t)wτ,1

)
+ w2,f tan

(
− (−z + y)wχ,2(wχ,3 − 3wτ,3)

3wχ,3

− (−z + t)wχ,2(2wχ,3 + 3wτ,3)

3wχ,3
+ (−z + x)wχ,2

)
+ w3,f JacobiCN

(
(−z + x)wχ,3

+ (−z + y)(−wχ,3 − wτ,3) + (−z + t)wτ,3,
3

5

)
+ z + b4.

(3.8)

Selecting appropriate parameter values, the profiles of u2 are graphically demonstrated in Figure
4.

3.1.3. Case 3

Giving the formula (2.13) of model [3,1,1,1], when suppose F1(θ1) = (θ1)
n(n ∈ R), F2(θ2) =

(θ2)
−1, b3 = 0, the test function is given as

f = w2,f

(
w1,2(θ1)

n + b2
)−1

. (3.9)

Substituting (3.9) into the Eq. (2.6) yields 5 sets of solutions, one of which is presented as{
n = n,w1,2 = w1,2, w2,f = w2,f , wχ,1 = RootOf(A)wτ,1,

wη,1 = −RootOf(A)wτ,1 − wτ,1, wτ,1 = wτ,1

}
, (3.10)

where A = 5Z2 + 2Z + 3, then RootOf(A) = −1
5 ±

√
14i
5 . Substituting (3.10) into (3.9) yields

f =
w2,f

w1,2

(
χRootOf(A)wτ,1 + η(−RootOf(A)− 1)wτ,1 + τwτ,1

)n
+ b2

. (3.11)
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(a) 3D plot (b) density plot (c) contour plot

Figure 4. The profiles of solution u2, with z = 1, t = 1, b4 = 2, w1,f = 1, w2,f = 1, w3,f = 10, wη,1 = 1, wτ,1 =
1, wχ,2 = 1, wχ,3 = 1, wτ,3 = 1.

Substituting (3.11) into (2.5) and choosing RootOf(A) = −1
5 +

√
14i
5 , one obtains group-invariant

solution u3:

u3 =
w2,f

w1,2

(
(−z + x)(−1

5 +
√
14i
5 )wτ,1 + (−z + y)

(
− 4

5 −
√
14i
5 )wτ,1 + (−z + t)wτ,1

)n
+ b2

+ z.

(3.12)
Selecting other parameter values appropriately, the profiles of u3 are graphically demonstrated
in Figure 5.

3.1.4. Case 4

Giving the formula (2.14) of model [3,2,1,1], when suppose F1(θ1) = cosh(θ1), F2(θ2) =
cos(θ2), F3(θ3) = (θ3)

−1, b4 = 0, the test function is

f = w3,f

(
w1,3 cosh(θ1) + w2,3 cos(θ2) + b3

)−1
. (3.13)

Substituting (3.13) into the Eq. (2.6) yields 10 sets of solutions, one of which is presented as
w1,3 = w1,3, w2,3 = w2,3, w3,f = w3,f , wχ,1 = wτ,1

(2RootOf(B) + 3

4RootOf(B)− 1

)
,

wχ,2 = RootOf(B)wη,2, wη,1 = −2wτ,1

(3RootOf(B) + 1

4RootOf(B)− 1

)
,

wη,2 = wη,2, wτ,1 = wτ,1, wτ,2 = −RootOf(B)wη,2 − wη,2


, (3.14)

where B = 6Z2 + 4Z + 3, then RootOf(B) = −1
3 ±

√
14i
6 . Substituting (3.14) into (3.13) yields

f =
w3,f

w1,3 cosh
(
χM − 2ηN + τwτ,1

)
+ w2,3 cos

(
χK + ηwη,2 − τ(K + wη,2)

)
+ b3

, (3.15)

where

M =
(2RootOf(B) + 3

4RootOf(B)− 1

)
wτ,1, N =

(3RootOf(B) + 1

4RootOf(B)− 1

)
wτ,1, K = RootOf(B)wη,2.
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(a) n=5 (b) n=10 (c) n=15

(d) n = −
√
10 (e) n = − 34

5
(f) n=-15

Figure 5. The real part profiles of solution u3 with respect to parameter n, with t = 1, z = 1, b2 = 2, w2,f =
1, w1,2 = 1, wτ,1 = 1.

Substituting (3.15) into (2.5) and choosing RootOf(B) = −1
3 +

√
14i
6 , one obtains group invariant

solution u4:

u4 =
w3,f

w1,3 cosh (P ) + w2,3 cos (Q) + b3
+ z, (3.16)
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where

P = (−z + x)
( 7

3 +
√
14
3 i

−7
3 + 2

√
14i
3

)
wτ,1 − (−z + y)

( √
14i

−7
3 + 2

√
14i
3

)
wτ,1 + (−z + t)wτ,1,

Q = (−z + x)
(
− 1

3
+

√
14i

6

)
wη,2 + (−z + y)wη,2 + (−z + t)

(
− (−1

3
+

√
14i

6
)wη,2 − wη,2

)
.

Selecting other parameters appropriately, the dynamic characteristics of u4 are intuitively illus-
trated in Figure 6.

(a) w1,3 = 10−4, w2,3 = 10−4 (b) w1,3 = 10−5, w2,3 = 10−8

(c) w1,3 = 10−2, w2,3 = 10−6 (d) w1,3 = 10−7, w2,3 = 10−3

Figure 6. The real part evolution plots of solution u4 with respect to parameters w1,3 and w2,3, with z = 1, t =
1, b3 = 1, w3,f = 1, wτ,1 = 1, wη,2 = 1.

3.1.5. Case 5

Giving the formula (2.15) of model [3,2,2,1], when suppose F1(θ1) = θ1, F2(θ2) = (θ2)
2,

F3(θ3) = θ3, F4(θ4) = JacobiCN(θ4,
3
5), b3 = 0, b4 = 0, the test function is

f = w3,f

(
w1,3(θ1) + w2,3(θ2)

2
)
+ w4,f JacobiCN

(
w1,4(θ1) + w2,4(θ2)

2,
2

5

)
+ b5. (3.17)

Substituting (3.17) into the Eq. (2.6) yields 20 sets of solutions, one of which is presented as
w1,3 = w1,3, w1,4 = 0, w2,3 = w2,3, w2,4 = w2,4, w3,f = w3,f , w4,f = w4,f ,

wχ,1 = −
2w1,3w3,fw

2
χ,2wη,1 + 2w1,3w3,fw

2
χ,2wτ,1 − 5w2

χ,2 − 2wχ,2wτ,2 − 3w2
τ,2

2w1,3w3,fw
2
χ,2

,

wχ,2 = wχ,2, wη,1 = wη,1, wη,2 = −wτ,2 − wχ,2, wτ,1 = wτ,1, wτ,2 = wτ,2

 . (3.18)
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Substituting (3.18) into (3.17) yields

f = w3,f

(
w1,3

(χ(5w2
χ,2 + 2wχ,2wτ,2 + 3w2

τ,2)

2w1,3w3,fw
2
χ,2

− χ(wη,1 + wτ,1) + ηwη,1 + τwτ,1

)
+ w2,3

(
χwχ,2 + η(−wτ,2 − wχ,2) + τwτ,2

)2
)

+ w4,f JacobiCN

(
w2,4

(
χwχ,2 + η(−wτ,2 − wχ,2) + τwτ,2

)2
,
3

5

)
+ b5.

(3.19)

Substituting (3.19) into (2.5) obtains group-invariant solution u5:

u5 = w3,f

(
w1,3

((−z + x)(5w2
χ,2 + 2wχ,2wτ,2 + 3w2

τ,2)

2w1,3w3,fw
2
χ,2

− (−z + x)(wη,1 + wτ,1) + (−z + y)wη,1

+ (−z + t)wτ,1

)
+ w2,3

(
(−z + x)wχ,2 + (−z + y)(−wτ,2 − wχ,2) + (−z + t)wτ,2

)2
)

+ w4,f JacobiCN

(
w2,4

(
(−z + x)wχ,2 + (−z + y)(−wτ,2 − wχ,2) + (−z + t)wτ,2

)2
,
3

5

)
+ z + b5.

(3.20)
Selecting appropriate parameter values, the characteristics of u5 are vividly depicted in Figure
7.

(a) 3D plot (b) density plot (c) contour plot

Figure 7. The profiles of solution u5, with z = 1, t = 1, b5 = 2, w3,f = 1, w4,f = 100, w1,3 = 1, w2,3 = 1, w2,4 =
1, wη,1 = 1, wτ,1 = 1, wχ,2 = 1, wτ,2 = 1.

3.1.6. Case 6

Giving the formula (2.16) of model [3,3,3,1], we set the weight coefficients of the neural
network model with appropriate values for simplicity: w1,4 = 1, w2,4 = 1, w3,4 = 1, w1,5 = 1,
w2,5 = 1, w3,5 = 1, w1,6 = 1, w2,6 = 1, w3,6 = 1. When suppose activation function F1(θ1) = θ1,
F2(θ2) = (θ2)

2, F3(θ3) = (θ3)
3, F4(θ4) = θ4, F5(θ5) = θ5, F6(θ6) = θ6, the test functions is given

as:
f = w4,f (θ1 + θ22 + θ33) + w5,f (θ1 + θ22 + θ33) + w6,f (θ1 + θ22 + θ33) + b7. (3.21)
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Substituting (3.21) into the Eq. (2.6) yields 9 sets of solutions, one of which is presented as
wχ,1 = −

2w4,fwη,1 + 2w4,fwτ,1 + 2w5,fwη,1 + 2w5,fwτ,1 + 2w6,fwη,1 + 2w6,fwτ,1 − 5

2
(
w4,f + w5,f + w6,f

) ,

wχ,2 = −3wη,2, wχ,3 = wχ,3, wη,1 = wη,1, wη,2 = wη,2, wη,3 = −wχ,3,

wτ,1 = wτ,1, wτ,2 = 2wη,2, wτ,3 = 0, w4,f = w4,f , w5,f = w5,f , w6,f = w6,f

 .

(3.22)
Substituting (3.22) into (3.21) yields

f =
(
w4,f + w5,f + w6,f

)(
χC + η wη,1 + τ wτ,1 +

(
−3χwη,2 + ηwη,2 + 2τwη,2

)2
+
(
χwχ,3 − ηwχ,3

)3)
+ b7,

(3.23)

where

C = −
2w4,fwη,1 + 2w4,fwτ,1 + 2w5,fwη,1 + 2w5,fwτ,1 + 2w6,fwη,1 + 2w6,fwτ,1 − 5

2(w4,f + w5,f + w6,f )
.

Substituting (3.23) into (2.5) obtains group-invariant solution u6:

u6 =
(
w4,f + w5,f + w6,f

)(
(−z + x)C + (−z + y)wη,1 + (−z + t)wτ,1 +

(
−3(−z + x)wη,2

+ (−z + y)wη,2 + 2(−z + t)wη,2

)2
+
(
(−z + x)wχ,3 − (−z + y)wχ,3

)3)
+ z + b7.

(3.24)
Selecting appropriate parameter values, the properties of u6 are graphically demonstrated in
Figure 8.

(a) 3D plot (b) density plot (c) contour plot

Figure 8. The profiles of solution u6, with z = 1, t = 1, b7 = 2, w4,f = 1, w5,f = 1, w6,f = 1, wη,1 = 1, wτ,1 =
1, wχ,3 = 1, wη,2 = 1.

3.2. Solutions based on the reduction equation (2.10)

3.2.1. Case 1

According to the formula (2.11) of model [3,2,1], when supposing F1(θ1) = sech(θ1), F2(θ2) =
sin(θ2), the test function is given as

f = w1,f sech(θ1) + w2,f sin(θ2) + b3. (3.25)
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Substituting (3.25) into the Eq. (2.10) derives 12 sets of solutions, one of which is expressed asw1,f = w1,f , w2,f = w2,f , wχ,1 = −3wη,1

4
, wχ,2 = −3wη,2

4
,

wη,1 = wη,1, wη,2 = wη,2, wτ,1 = 0, wτ,2 = 0

 . (3.26)

Substituting (3.26) into (3.25) yields

f = w1,f sech
(
− 3

4
χwη,1 + ηwη,1

)
+ w2,f sin

(
− 3

4
χwη,2 + ηwη,2

)
+ b3. (3.27)

Substituting (3.27) into (2.9), one obtains group-invariant solution u7:

u7 = w1,f sech
(3wη,1

4
(− t2

2
+ x)− (−t+ y)wη,1

)
− w2,f sin

(3wη,2

4
(− t2

2
+ x)− (−t+ y)wη,2

)
+ t2 − 2tz + b3.

(3.28)

Choosing appropriate parameters, the profiles of u7 are graphically demonstrated in Figure 9.

(a) 3D plot (b) density plot (c) contour plot

Figure 9. The profiles of solution u7, with z = 1, t = 1, b3 = 2, w1,f = 1, w2,f = 1, wη,1 = 1, wη,2 = 1.

3.2.2. Case 2

Following the formula (2.12) of model [3,3,1], when supposing F1(θ1) = θ1, F2(θ2) = cot(θ2),
F3(θ3) = JacobiCN(θ3,

3
5), the test functions are given by

f = w1,f (θ1) + w2,f cot(θ2) + w3,f JacobiCN(θ3,
3

5
) + b4. (3.29)

Substituting (3.29) into the Eq. (2.10) derives 29 sets of solutions, one of which is expressed as
w1,f = w1,f , w2,f = w2,f , w3,f = w3,f , wχ,1 = wχ,1, wχ,2 = wχ,2, wχ,3 = wχ,3, wη,1 = wη,1,

wη,2 =
−wχ,2(4wχ,3 + 3wη,3)

3wχ,3
, wη,3 = wη,3, wτ,1 =

−wη,3(4wχ,3 + 3wη,3)

2w1,fw
2
χ,3

, wτ,2 = 0, wτ,3 = 0

 .

(3.30)
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Substituting (3.30) into (3.29) yields

f = w1,f

(
χwχ,1 + ηwη,1 −

τwη,3(4wχ,3 + 3wη,3)

2w1,fw
2
χ,3

)
+ w2,f cot

(
χwχ,2 −

ηwχ,2(4wχ,3 + 3wη,3)

3wχ,3

)
+ w3,fJacobiCN

(
χwχ,3 + ηwη,3,

3

5

)
+ b4.

(3.31)
Substituting (3.31) into (2.9), one obtains group-invariant solutions u8:

u8 = w1,f

((
− t2

2
+ x

)
wχ,1 + (−t+ y)wη,1 −

(−t+ z)wη,3(4wχ,3 + 3wη,3)

2w1,fw
2
χ,3

)
+ w2,f cot

((
− t2

2
+ x

)
wχ,2 −

(−t+ y)wχ,2(4wχ,3 + 3wη,3)

3wχ,3

)
+ w3,fJacobiCN

((
− t2

2
+ x

)
wχ,3 + (−t+ y)wη,3,

3

5

)
+ t2 − 2tz + b4.

(3.32)

Selecting appropriate parameters, the profiles of u8 are graphically demonstrated in Figure 10.

(a) 3D plot (b) density plot (c) contour plot

Figure 10. The profiles of solution u8, with z = 1, t = 1, b4 = 2, w1,f = 1, w2,f = 1, w3,f = 1, wχ,1 = 1, wχ,2 =
1, wχ,3 = 1, wη,1 = 1, wη,3 = 1.

3.2.3. Case 3

Following the formula (2.13) of model [3,1,1,1], when suppose F1(θ1) = cos(θ1), F2(θ2) =
exp(θ2), the test function is given by

f = w2,f exp
(
w1,2 cos(θ1)

)
+ b3. (3.33)

Substituting (3.33) into the Eq. (2.10) derives 5 sets of solutions, one of which is expressed as{
w1,2 = w1,2, w2,f = w2,f , wχ,1 = −3wη,1

4
, wη,1 = wη,1, wτ,1 = 0

}
. (3.34)

Substituting (3.34) into (3.33) yields

f = w2,f exp
(
w1,2 cos

(
− 3wη,1

4
χ+ ηwη,1

))
+ b3. (3.35)
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Substituting (3.35) into (2.9), one obtains group-invariant solution u9:

u9 = w2,f exp
(
w1,2 cos

(
− 3wη,1

4
(− t2

2
+ x) + (−t+ y)wη,1

))
+ t2 − 2tz + b3. (3.36)

Selecting appropriate parameters, the profiles of u9 are graphically demonstrated in Figure 11.

(a) 3D plot (b) density plot (c) contour plot

Figure 11. The profiles of solution u9 (3.36), with z = 1, t = 1, b3 = 2, w2,f = 1, w1,2 = 1, wη,1 = 1.

3.2.4. Case 4

Following the formula (2.14) of model [3,2,1,1], when suppose F1(θ1) = sec(θ1), F2(θ2) =
arccot(θ2), F3(θ3) = (θ3)

2, the test function is

f = w3,f

(
w1,3 sec(θ1) + w2,3 arccot(θ2)

)2
+ b4. (3.37)

Substituting (3.37) into the Eq. (2.10) derives 11 sets of solutions, one of which is expressed asw1,3 = w1,3, w2,3 = w2,3, w3,f = w3,f , wχ,1 = −3wη,1

4
, wχ,2 = −3wη,2

4
,

wη,1 = wη,1, wη,2 = wη,2, wτ,1 = 0, wτ,2 = 0

 . (3.38)

Substituting (3.38) into (3.37) yields

f = w3,f

(
w1,3 sec

(
− 3

4
χwη,1 + ηwη,1

)
+ w2,3 arccot

(
− 3

4
χwη,2 + ηwη,2

))2
+ b4. (3.39)

Substituting (3.39) into (2.9), one obtains group invariant solution u10:

u10 = w3,f

(
w1,3 sec

(
− 3

4
(− t2

2
+ x)wη,1 + (−t+ y)wη,1

)
+ w2,3 arccot

(
− 3

4
(− t2

2
+ x)wη,2 + (−t+ y)wη,2

))2

+ t2 − 2tz + b4.

(3.40)

Choosing appropriate parameters, the dynamic characteristics of u10 are intuitively illustrated
in Figure 12.
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(a) 3D plot (b) density plot (c) contour plot

Figure 12. The profiles of solution u10, with z = 1, t = 1, b4 = 2, w3,f = 1, w1,3 = 1, w2,3 = 1, wη,1 = 1, wη,2 = 1.

3.2.5. Case 5

Following the formula (2.15) of model [3,2,2,1], when suppose F1(θ1) = θ1, F2(θ2) = (θ2)
2,

F3(θ3) = ln(θ3), F4(θ4) = JacobiCN(θ4,
3
5), b4 = 0, the test function is:

f = w3,f ln
(
w1,3

(
θ1
)
+ w2,3

(
θ2
)2

+ b3

)
+ w4,f JacobiCN

(
w1,4

(
θ1
)
+ w2,4

(
θ2
)2
,
2

5

)
+ b5.

(3.41)
Substituting (3.41) into the Eq. (2.10) derives 36 sets of solutions, one of which is expressed asw1,3 = w1,3, w1,4 = 0, w2,3 = w2,3, w2,4 = w2,4, w3,f = w3,f , w4,f = w4,f ,

wχ,1 = −3wη,1

4
, wχ,2 = −3wη,2

4
, wη,1 = wη,1, wη,2 = wη,2, wτ,1 = 0, wτ,2 = 0

 . (3.42)

Substituting (3.42) into (3.41) yields

f = w3,f ln

(
w1,3

(
− 3

4
χwη,1 + ηwη,1

)
+ w2,3

(
− 3

4
χwη,2 + ηwη,2

)2
+ b3

)
+ w4,f JacobiCN

(
w2,4

(
− 3

4
χwη,2 + ηwη,2

)2
,
3

5

)
+ b5.

(3.43)

Substituting (3.43) into (2.9), one obtains group-invariant solution u11:

u11 = w3,f ln

(
w1,3

(
− 3

4
(− t2

2
+ x)wη,1 + (−t+ y)wη,1

)
+ w2,3

(
− 3

4
(− t2

2
+ x)wη,2 + (−t+ y)wη,2

)2
+ b3

)
+ w4,f JacobiCN

(
w2,4

(
− 3

4
(− t2

2
+ x)wη,2 + (−t+ y)wη,2

)2
,
3

5

)
+ t2 − 2tz + b5.

(3.44)
Choosing appropriate parameters, the characteristics of u11 are vividly depicted in Figure 13.
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(a) 3D plot (b) density plot (c) contour plot

Figure 13. The profiles of solution u11, with z = 1, t = 1, b3 = 2, b5 = 2, w3,f = 1, w4,f = 1, w1,3 = 1, w2,3 =
1, w2,4 = 1, wη,1 = 1, wη,2 = 1.

3.2.6. Case 6

Following the formula (2.16) of model [3,3,3,1], we set the weight coefficients of the neural
network model with appropriate values for simplicity: w1,4 = 1, w2,4 = 1, w3,4 = 1, w1,5 = 1,
w2,5 = 1, w3,5 = 1, w1,6 = 1, w2,6 = 1, w3,6 = 1. When suppose activation functions F1(θ1) = θ1,
F2(θ2) = (θ2)

2, F3(θ3) = (θ3)
3, F4(θ4) = cos(θ4), F5(θ5) = sech(θ5), F6(θ6) = tanh(θ6), the test

functions can be written as

f = w4,f cos
(
θ1 + θ22 + θ33

)
+ w5,f sech

(
θ1 + θ22 + θ33

)
+ w6,f tanh

(
θ1 + θ22 + θ33

)
+ b7. (3.45)

Substituting (3.45) into the Eq. (2.10) derives 7 sets of solutions, one of which is expressed as
w4,f = w4,f , w5,f = w5,f , w6,f = w6,f , wχ,1 = −3wη,1

4
, wη,1 = wη,1, wτ,1 = 0,

wχ,2 = −3wη,2

4
, wη,2 = wη,2, wτ,2 = 0, wχ,3 = −3wη,3

4
, wη,3 = wη,3, wτ,3 = 0

 . (3.46)

Substituting (3.46) into (3.45) yields:

f = w4,f cos
(
Rwη,1 + (Rwη,2)

2 + (Rwη,3)
3
)
+ w5,f sech

(
Rwη,1 + (Rwη,2)

2 + (Rwη,3)
3
)

+ w6,f tanh
(
Rwη,1 + (Rwη,2)

2 + (Rwη,3)
3
)
+ b7,

(3.47)

where R = −3χ
4 +η. Substituting (3.47) into (2.9) and supposing parameters w4,f = 1, w5,f = 1,

w6,f = 1, wη,1 = 1, wη,2 = 1, wη,3 = 1, one obtains group-invariant solution u12:

u12 = cos(S + S2 + S3) + sech(S + S2 + S3) + tanh(S + S2 + S3) + t2 − 2tz + b7, (3.48)

where S = 3
8 t

2− 3
4x− t+ y. Choosing appropriate parameters, the properties of u12 are visually

presented in Figure 14.

3.3. Main results

According to the above description, we obtained the following results.
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(a) 3D plot (b) density plot (c) contour plot

Figure 14. The profiles of solution u12, with z = 1, t = 1, b7 = 2.

Theorem 3.1. By using the LSNNM method shown in Figure 1, 12 novel exact analytical
solutions of the (3+1)-dimensional pYTSF equation (1.1) are achieved, noted as u1-u12 corre-
sponding to 12 formulas. Among them, six group-invariant solutions u1-u6 are derived from the
reduction equation (2.6), and six group-invariant solutions u7-u12 are derived from the reduction
equation (2.10).

It is easy to verify that the u1-u12 corresponding to expressions (3.4), (3.8), (3.12), (3.16),
(3.20), (3.24), (3.28), (3.32), (3.36), (3.40), (3.44) and (3.48) are the solutions by substituting
them into Eq. (1.1), we omit this process.

Remark 3.1. It should be noted that each network model yields more than one solution. This
paper only presents a new solution that is different from previous works. For each solution, the
weight coefficients wi,j and bias bj can be arbitrarily assigned to suitable values corresponding
to specific physical problems, thereby expanding the range of possible solutions.

Remark 3.2. 12 solutions are categorized into two classes: 10 real-valued solutions (u1, u2,
u5-u12) and 2 complex-valued solutions (u3, u4). By selecting appropriate parameter values,
partial dynamical features of the 12 solutions are graphically demonstrated in Figures 3-18.

Remark 3.3. Some real-valued solutions which are obtained by setting activation functions as
trigonometric, hyperbolic, logarithmic, exponential or Jacobi elliptic functions, exhibit certain
singularity. In fact, u1, u2, u8 and u10 are singular solutions, when using them to represent
specific physical phenomena, it is necessary to consider the range of values for the variables.

Remark 3.4. It is verified that the real part of u3 and u4 are also solutions of Eq. (1.1). Thus,
we analyze the dynamic properties of them according to the real-part plots. For solution u3, we
take the parameter n as positive integers, a negative integer, a negative irrational number, and
a negative fraction to investigate its dynamic properties in Figure 5. The profiles of u3 gradually
presents a ring consisting of n lump-like wave as n increases. For example, when n takes positive
values, the peak of lump-like wave is located inside the ring, while the valley of lump-like wave is
outside the ring. Conversely, when n takes negative values, the peak of lump-like wave is outside
the ring, and the valley of lump-like wave is inside the ring. For solution u4 in Figure 6, the real
part profiles of u4 are a parallelogram-like shape formed by lump-like waves. We can elucidated
that weight coefficients w1,3, w2,3 determine the number of lump-like wave in different sides of
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parallelogram-like shape.

4. Conclusion

Obtaining analytical solutions for high-dimensional NLPDEs has always been a challenging
task. In previous work, some co-authors of this paper employed Lie symmetry analysis to
study several high-dimensional, high-order NLPDEs. For most such equations, although Lie
symmetry reduction can lower their dimension or order, the reduced equations often exhibit
nonlinearity and non-autonomous, making them still difficult to find analytical solutions. Zhang
et al., leveraging the strong expressive power of neural networks, proposed the Bilinear Neural
Network method and successfully obtained analytical solutions for multiple equations [41,47–49].
Inspired by their work, we combine the Lie symmetry analysis method and neural network
models, proposing the Lie-symmetry neural network method (LSNNM). We apply LSNNM to
solving the (3+1)-dimensional pYTSF equation and successfully obtain a series of new analytical
solutions.

As shown in Figures 3-18, all solutions exhibit distinct characteristics and possess rich dy-
namical features. They are helpful for accurately understanding the complex physical processes
and phenomena described by Eq. (1.1) in fluid dynamics, plasma physics, optics, atmospheric
oceanography, etc. Besides, complex-valued solutions play a pivotal role in describing waves,
and are powerful tools for gaining a deeper understanding of complex physical phenomena in
various scientific fields [20,32], especially in fluid dynamics. Moreover, these solutions verify the
correctness and feasibility of the new LSNNM.

The LSNNM do not depend on the specific model and it can be used to other high-
dimensional NLPDEs. The advantages of this method are threefold:

1. Equation Simplification: Before constructing solutions using neural networks, the equa-
tion is simplified to obtain some reduced equations. Since the reduced equations are derived
from rigorous mathematical theory, it guarantees that any solution found based on the reduced
equation is indeed a solution of the original equation.

2. Dimensionality Reduction: The reduced equation lowers the dimension of the problem
(which can be further reduced by additional reductions). This significantly reduces the com-
plexity for the subsequent neural-network-based solution construction. Within a given neural
network framework, adding one input variable increases the number of corresponding weights
based on the number of subsequent hidden layers. Multi-layer composition further increases
computational complexity. Therefore, reducing the number of input variables plays a crucial
role in the solution procedure.

3. Leveraging Neural Network Expressivity: Utilizing the strong expressive power of neural
networks to construct solution forms, while delegating complex computations to mathematical
software, facilitates the discovery of new analytical solutions. We can not only obtain diverse
solution structures by designing different neural network architectures and selecting various
activation functions, but also specifically avoid those known solutions.

In summary, this method has significant advantages in solving high-dimensional nonlinear
PDEs. It has overcome many difficulties in solving high-dimensional equations even after reduc-
tion, and by reducing the dimensionality, it simplifies the complexity of network representation,
thereby facilitating equation solving. More importantly, through neural networks, various types
of basis functions can be freely combined or constructed based on the background of the actual
problem, thus greatly expanding the scope of understanding.
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However, the approach still has some potential for improvement. First, we attempt to con-
struct neural network models with more hidden layers and general activation functions in order
to obtain more extensive and informative solutions. Second, the coefficient solutions of algebraic
equations often contain a large number of trivial solutions, and extracting meaningful solutions
requires a significant amount of time. Designing reasonable algorithms for discrimination to
filter out unimportant solutions is an important measure to improve efficiency. Additionally,
by combining specific practical problems, we will focus on the selection of neuron activation
functions to construct appropriate solutions, which is our subsequent key research direction.
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