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THE EXISTENCE NONTRIVIAL AND EXTREMAL SOLUTIONS FOR
HADAMARD FRACTIONAL DIFFERNENTIAL EQUATION WITH
INTEGRAL AND INFINITE-POINT BOUNDARY VALUE CONDITION
ON AN INFINITE DOMAIN

Limin Guo'#, Bing Zhang®*' and Cheng Li?

Abstract It is a qualitative leap to extend the boundary value problem from finite interval
to infinite interval, this is because the fractional-order equation on infinite interval is more
widely referenced, but the compactness of the interval on infinite interval is more difficult
to prove, so there are not many studies on the upper value problem of infinite interval. In
this paper, derivation of the expression of Green’s function of fractional differential system
on infinite interval, fractional derivative and its properties, then the problem of proving
the compactness of operators on infinite intervals is overcome by establishing a suitable
cone. Subsequently, the existence, uniqueness of nontrivial solution and positive extremal
solutions are obtained by monotone iterative technique for Hadamard fractional differential
system with integral and infinite-point boundary value condition on an infinite domain,
moreover, the maximum and minimum solutions are obtained, and two iterative sequences
which converge to the extremal solution pairs on an infinite interval. Finally, we give several
examples to prove the validity of the theory.

Keywords Hadamard fractional derivative, extremal solutions, the existence and unique-
ness of nontrivial solution, infinite domain.
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1. Introduction

Fractional calculus can more accurately reflect real physical phenomena, this is because fractional
differential equations using fewer parameters can obtain good effect when describing complex
physical and mechanical problems, and the physical meaning of fractional order model is clearer
and more concise than that of integer order model. At present, fractional differential equations
have been applied in various fields, such as dielectric dielectrics [1], porous media [19], nonlinear
elasticity [21], diffusion and heat transfer [28], seismic wave propagation [34], signal processing
[25], control systems [3], financial systems [2], nonlinear dynamics [4,7,16-18,26,29, 30, 35, 36],
etc. It has been noticed that most of the work on the topic is based on Riemann-Liuville and
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Caputo derivatives, for more details, the reader is referred to [9,11,20,27,31] and the references
therein.

The boundary value problems of differential equations about relevant literature are mostly
studied on a finite interval, extending from a finite interval to an infinite interval is a qualitative
flight. Compared with fractional-order differential model boundary value problem on a finite
interval, fractional-order differential model boundary value problem on infinite interval origi-
nates from a wide range of applied mathematics and physics fields, so it has more important
research value. However, the structure of fractional differential equations on infinite intervals
develops slowly, which is caused by the complexity of the solution space and the difficulty of
dealing with the compactness of the operator on an infinite intervals. Therefore, it is difficult and
promising to study the structure of boundary-value problems of fractional differential models
with nonlinear derivative terms on infinite intervals. Although the structure of the solution of
fractional differential equation in infinite interval develops slowly, some mathematical scholars
have still made some research achievements [22,24,32]. In [32], Zhang and Ntouyas got the
minimal and maximal positive solutions of boundary value problem on the infinite interval. In
the paper [23], the authors got nonnegative multiple solutions for nonlinear fractional differ-
ential equations by means of Leggett-Williams and Guo-Krasnoselskii’s fixed point theorems.
On infinite domain, Pei [22] studied the following fractional differential equation and got the
positive minimal and maximal solutions. In [33], the authors get new existence, uniqueness, and
multiplicity results of positive solutions by using Schauder’s fixed point theorem, Banach’s con-
traction mapping principle and so on. A body of our earlier work was dedicated to establishing
existence and convergence results for several systems involving Caputo, Caputo-Hadamard, and
Riemann-Liouville fractional derivatives [5,6,8, 10,14, 15].

Motivated by the excellent results above, on an infinite domain, we consider the following
Hadamard fractional integro-differential equation

ep(" D u(v) + S (v, u(v),” DiT2u(w)," DT u(v)) =0, (1.1)

with integral and infinite-point boundary value condition

u(l) = /(1) = = u"D(1) =0,
00 o)
H D u(to0) = / B)u(0)dBW) + b3 asu(n), (1.2)
1 i=1
where 1 < v < o0, £ € RL = [0,00),n—1< ¢ <mn, o >0(i =1,2,-+,+00), p-Laplacian
operator ¢, is defined as ¢,(s) = |s[P~2s, p, ¢ > 1, % + % =1 1<nm<+4+o0(i=1,2,--+,00),

H Df+ is the standard Hadamard fractional derivative, B is function of bounded variation, and
J° h(v)u(v)dB(v) denotes the Riemann-Stieltjes integral with respect to B, h(v) € L'(1, 00),
[ h(v)Anv) " tdB(v) + b Y2, as(lnn) 1 < T(0), S(v,2,y,2) : [1,+00) x R — R!. The
existence, uniqueness of nontrivial solution, and the minimal and maximal positive extremal
solutions for Hadamard fractional differential equation with integral and infinite-point boundary
value conditions are obtained under some sufficient conditions on an infinite interval.

Compared with the relevant articles, the work introduces three key contributions:

(1) The equation we considered is Hadamard fractional differential equation with mixed
integral and multi-point boundary conditions and the range of time variable we considered is on
an finite domain.
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(2) The result we obtained is more precise, we not only get the existence, uniqueness of
nontrivial solution and get two explicit monotone iterative sequences which converge to the
extremal solution on unbounded domains.

(3) The compactness of the boundary value problem on an infinite interval is difficult to
guarantee. We overcame the compactness problem of the operator by establishing a special
cone.

2. Preliminaries and lemmas

Now, some basic definitions and lemmas about Hadamard fractional integral, derivative and
some of its operational properties can be found in [12], we omit them here. Now, we define the
Banach space E by

ju(v)|

E= H pt=2 H ptl eC(1 : ——— <
{u@), (72 D) € CllL00)) ¢ sup Ty < o0
Hfo2u v
sup M < 00, Ssup |Hijlu(U)\ <00, (2.1)
vE[l,00) l+Inv v€E[l,00)
Let
l—2
|u(v)] - "Dy u(v)|
lulo= sup —t DRy = sup T
v€E[l,00) + ( nU) v€E[1,00) + v
"D ullo = sup D u(v)],
v€E[l,00)

and F is a Banach space with the norm
o o
Jeall = max { o, I D= 2ullo, |17 D5 ulol }
moreover, define a cone
K={ueFE:ulv)>0,vell,o0)}

For the convenience of the reader, let us first give out a conditon
(Hp) there exists a function h(v) € L[1,+00),a; > 0,m; > 1(i = 1,2,--- ,400), such that

/+OO h(v)(Inv)*~tdB(v) < +o0, iai(lnm)g_l < 400.
1

i=1
In the following, we present Green’s function of the fractional differential equation.

Lemma 2.1. Given y € C(1,4+00), the linear problem
DT u(®) + ¢g(y(v)) = 0,1 < v < o0, (2.2)

with boundary value problem (1.2) has a unique solution that can be expressed by

+00 s
u(v) = /1 @(v,s)wds, (2.3)

S
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where ®(v, s) = ®1(v, s) + P2(v, s), and

b> 2 ai(lnv)tt

(I)l(vv 3) = g('U, 3) + AF(@ 9(771'7 3)7 (2'4)
B (lnv)gfl +o00
Dy(v, s) = A1/1 h(v)®1(v, s)dB(s), (2.5)
and
(1nv)‘5*1 _é(lnls’)fl 1 <s<wv <400,
g(v,s) = L) (2.6)
(Inv)tt
T 1<v<s <400,
Al =A— / )(Inv)*~1dB(v), A = T'(¢) —biai(lnm)é_l.

Proof. By means of the Hadamard fractional integral, derivative of [12], we can reduce linear
problem (2.2) to an equivalent integral equation

u(v) = =TT og(y(v) + GInv) " + Gnv) 2 + -+ + Gy (Inv) ™, (2.7)

for some (1, (o, - -+, (n € RY. Consequently, by (2.7), we get

n L)t s
u(v) = _/1 ‘ F(Z) ‘Pq(i( ) ds + (1 (In U)£_1 + ¢o(In 0)4_2 + -+ Gu(ln v)z_”. (2.8)

From u(1) = 0, we have ¢, = 0. By taking the derivative of formula (2.7), we have

1 1
' (v) = =M1 g (y(0) + Gi(L - 1)(1HU)£_2; + Gl - 2)(1110)4_3; +o (2.9)
by u/(1) = 0, we get (,—1 = 0, the rest can be done in the same manner, we have (s = (3 =
.= (y_9 =0, then
(In 2)" 0 (y(s)) -1
= — 1 2.1
o) = = [ BT gy oy, (210)
Dt Lu(v) = GT() —/ Paly(s)) o (2.11)
1 S
On the other hand, from HDfI = [h v)dB(v) +b> 2, ciu(n;), and
Hpyi-1 > ds
Dy u(o0) = — . aly(s))— +T(0G, (2.12)
one has

Q (r@) - bZai(lanJ) = [ nouw)s) + [ eue) T
=1



544 L. Guo, B. Zhang & C. Li

_ F?E) Z o /lm' (111 7; — In S)Z—lqu(y(s))%’ (2.13)

then

G =% ( [ s+ [T~ g e [ onn- 1ns>“soq<y<s>>‘f> .

By (2.11) and (2.14), we have

nov /-1 00 S nwv -1 oo v v S
) =S5 [ o)+ B [ hwu)isw) - s [ ) T

(Inv)*1h &
T(O)A

nov /—1 00 s _ n -1 00 s
S5 [ e EESRE— [ T

S

nov -1 e
+(1A) /1 h(v)u(v)dB(v)
v v Z 1 s
1 | e - ”Zaz [ -9ty
_ [ ds | b3, culln >“ . ds
= [ s eue) T + IAF() /1 (nm) oy (y(3)
(Inv)*~'b ds (Inv)~!

T AT /1 (Inm; —In S)E_l%(y(s))§ R /1 h(v)u(v)dB(v)
_ Foo ds b2, a;(In v)fl e ds
— [ st + PRSI [ g s 0(6) S

s
(Inv)—!

A /1 h(v)u(v)dB(v)
[~ ds (Inv)t=t [o°
—/1 Q1 (v, 8)pq(y(s))— + A /1 h(v)u(v)dB(v). (2.15)

S

Multiplying (2.15) by h(v), and integrating from 1 to oo, we have

| s = [ nw) / 21(0,5)q () = dB(s)

(2.16)
f Y(Inv)~tdB(v) [
L A /1 h(v)u(v)dB(v),
by (2.16), we have
[ h(v)(Inv)~tdB(v )) o0
1-— h(v)u(v)dB(v)
( A /1 (2.17)

- / h(v) / By (v, 8)pq(y(s)) S dB(s).
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Let Ay = A — [ h(v)(Inv)*~1dB(v), by (2.17), we have
& ds
h(v)u(v) *K @1(1) 8)¢q(y(s))—dB(v)
! (2.18)
“a /
Aq

/ B1 (v, 5)h(v)dB(v) 2
Hence, by (2.15) and (2.18), we get

Y ds (Inv)t=t [
ww) = [ B o) T+ R — [T heuw)iBe)

[~ ds (Inv)~! /A

~ [ st + B

— [ 0D+ [ @l shenls)
1 1

= [ e e

S

where @1 (v, s), ®2(v, s), (v, s) are as (2.3)—(2.5).

Lemma 2.2. From (2.3), by a simple computation, we get

D () :/loocb(v,s)(pq( y(s ))dSHDE u(v) = /100 (I)O(U’S)Wq(?/(s»ds’

S S
where
(v, 5) = Do, 5) + 2= 12‘“" L Al/ h(v)®1 (v, 5)dB(v),
Bo(v, ) HDﬁgws»+”3ﬂ%§m’”mﬂ+<ﬁf“ﬂwmw®w»mmw,
and

9 ) = 0,1 <s<v<oo,
YT N 1< <s < oo,

v
Inv—In—,1<s<wv < +o0,
"D g(v,5) = { 5

Inv,1 <v < s <400

Lemma 2.3. The Green’s function ®(v,s) defiend by (2.3) has the following properties:

(A1): ®(v,s) is continuous and ®(v,s) > 0 for (v,s) € [1,00) X [1,00);

(Ag): % <7, where

T:(&@+b2?2§5mﬁ4>(*M;/Wh““m”L”B@Q‘

5 [ etoe) [T e omse)

ds)

S

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)
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Proof. (A;) is obviously hold, we only need to prove (A2). By (2.3)-(2.5), we have

_ %)

1+ (Inv)t-t
_ Pi(v,9) Dy (v, s)
14 (Inv)t 1+ (Inw)é!

1 by 2 a;(Inv)*1 ‘ (Inv)-1 00
70t r o) Dar@ ) AT T (no)E) / h(v)®s (v, $)dB(v)
1 bz;)i ailnni)£*1 1 0 (IHU)Z—I bz;oi ai(ln’l})eil(lnni)efl
R ey MK e

r
(F(l 5+ bZ?ilA‘Ig((l?)m')e_l) <1 + All / b h(v)(lnv)ﬁ—ldB(u))
T, (2.24)

(e ) 1 ot )

hence, (Az) holds. O

Remark 2.1. The Green’s functions ®(v, s),®0(v, s) and ®(v, s) defined by (2.3) still have the
following properties:

IN

IN

)dB(v)

where

(B1): ®(v,s) < Y(Inv)~! for (v,s) € [1,00) x [1,00);
(B2): @o(v,s) < TT({)Inw for (v,s) € [1,00) x [1,00);
(B3): ®(v,s) < YI'(¢), for (v,s) € [1,00) X [1,00).

Proof. By (2.3)-(2.5) and (Hp), we easily get

nov {—1 oo a; i) S B nov {—1 +o00
(v, ) g(lr (;) + bzlzlr (2’)(’7 ) (moy-t 4 BT /1 h(0)®1 (v, 5)dB(v)

(s | b aiglm,s) | 1 / " h0)1(0,5)aB() )
1

') AT(¢) Ay (2.25)
1 bzl a;(lnn) et I _ _
< <F(€ er) > <1 A h(v)(Inv) 1dB(’U)) (Inv)1
<Y(lnv ,
o (Bi1) holds. Moreover,
Dy(v,s) <lnv + b i aii(m’s) Iy + F(Eillnv /100 h(v)®1(v, s)dB(v)
= (1 + b ity OAﬁg(m,S) + FA(? /100 h(v)cbl(v,s)dB(v)) Inwv (2.26)
<YT(¥).

Hence, (Bs2) holds, similarly, (Bs) is easily checked, we omit the detail here. O
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3. Results of existence and uniqueness of nontrivial solution

In this section, we assume that the following conditions hold:

(H1): There exist nonnegative functions p;(v), p2(v), ps(v) and ¢(v) defined on [1,00) and

constants 0 < 0;(i = 1,2,3) < 1 such that

Pq(S(v, 2,9, 2)) < pr(v)]2|” +p2(v)[y|”? + p3(v)|2]7 +q(v), v € [1,00),

and

o0

R d d

= [ @ o) < oop = [ p) )= <o,
1 1

_ e dv B &0 dv

D3 = p3(v)— < 00, = q(v)— < 0.
1 v 1 v

(H2): ¥ is nondecreasing with respect to the second, third and last variables.

Lemma 3.1. If (H;) holds, then for any u € E,

o _ _ dv
| en (3ol Diu(w)” D uw))
1 v
Proof. For any u € E, by condition (H;), we get
eq (Su),” DiT2u(v),” DI u(w))

< p1(V) (V)| + pa(V) [ DT 2u(v)|72 + p3 ()| T DI u(w)|7 + g(v)

ju(v)| "D ul
1+ Inw)2
(1+ (Inv)t=—Ho Fra(v)(1+Inv) (14 Inwv)o2

+p3(0)[ DI ()| + q(v)
<pr(V)[1+ (o) 7 a7+ pa(0) (1 + nv)?2[|u)| 72 + ps(v) |u] 7 + q(v).

<p1(v)(1+ (Inv) )

Hence, we have

[ (800 D2u(w) " Dl ) 2

> —1\o o dv
< [ m@0+ oy fu
* o

o dv o dv
+ [ @ mo =+ [ sl [ ate)
1 v 1 v 1

=Dillull™ + Daolull” + Pslull” + 7,

v

the proof is completed.
In view of Lemma 2.1, we define an operator A by

ds

Au) = [ @0, 9)g, (360l DIPus) " D u(s)) 5

< Pullull™ + pallull”® + psllull” + 1.

(3.1)

(3.3)

(3.4)

obviously, the BVP(1.1) and (1.2) has a solution if and only if the operator equation Au = u

has a fixed point.
For convenience, we denote by

M =max {Y,T'({)T}.

(3.5)
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Lemma 3.2. Let V C E be a bounded set. Then V is relatively compact in E if the following
conditions hold:

(i) For any u(v) € V, i,

HDf;Qu('u)
1+Ilnv

and 1 Dfilu(v) are equicontinuous on any com-
pact interval of [1,00).
(i9) For any € > 0, there exists a constant T = T'(g) > 1 such that

w(v))  u(v) . H D! 2u(vr) B H D! 2u(vy) e
1+ (Inv)=1 14 (Inwg)t-? | 1+1Inv 1+ Inwve ’
and
[ DE Nu(on) —H DY ()] < e,
for any vi,v9 > T and u € V.
Proof. The proof is similar with [22], we omit it here. O

Lemma 3.3. Let (Hy) holds. Then the operator A : E — E is completely continuous.

Proof. The whole process includes four steps.

Step 1. We show the operator A : F — F is uniformly bounded. Let §2 be any bounded subset
of E, then there exists w > 0 such that |lu[|p < w for all u € Q2. From (Az), it follows that

< P(u,s _ _ ds
I dulo = sup / (7‘%( u(s)," DiF?u(s), " DT u(s)) )| <

ey i T (mo)™ s

(st ) (o [ )

o0 _ _ ds 3.6
<[ e ule T D). Dl uts))| 30
<Y x [Py |Jul|” + Dallull” + Psllul”® + 7]
<M [p1w”* + Pow?? + 3w’ + 7]

<00,

H D2 Ay (v
D2y = sup Lor 2t
vE[l,00) 1+Inv

> Po(v,s) N H -2 H -1 ds
= sup ———— e (I(s,u(s),” DiT%u(s),” D u(s —
s [T a6 e T D D T
<YT() x [py[[ul|™ + Pallul|”* + Psllul|” + 7]
<M [p1w” + Pow? + paw”® + 7|
<00,
1" DI Aullo = sup |7 DI Au(v))
v€E[l,00)
*_ _ _ ds
= swp [ B0, (s, u)” DRl D))
veE[l,00) J1 S (38)

<YT(€) x [y ||u)|* + Do |ul|”? + P3l|ul|”® + 7]
<M [p1w?t + Dow?? + Paw?® + 7]

<00,
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then, for v € E, AQ is uniformly bounded.

Step 2. We will prove the operator A : E — F is equicontinuous on any compact interval of
[1,00). Let v C [1,00) be any compact interval. We assume that Yvy,ve € v,v9 > vy, then

' Au(vs) Au(vy)

14+ (Invg)=1 14 (lnwvy)é!

o P (vg, s D(vy, s B - ds
- /1 <1 + ((11121)2))@1 1+ ((lnlvl))€1> ?q(3(s,u(s),” Diu(s),” Df+1“(5)))?

F ®(v29) ®(v1, 5) ‘ H y0-2, (o H -1 ds
< — D D .
_/1 ’1 + (Inwa)=1 1+ (Inwvy)é? q(3(s,u(s),” Dy uls),” Dy u(s))) S

(3.9)

For any compact set v X v, 1;55:}73)’251 is uniformly continuous as ®(v,s) € C([1,00) x [1,00)).

Notice that this function is only related to v when s > v, so it is uniformly continuous on
vxveE ([1,00) x [1,00)). Hence, for all s € [1,00), Ve > 0,35 > 0, v1,v2 € v, |v] — V2| < J, we
have

D (v9, 5) ®(vy, s)
— . 1
‘ 14+ (Invg)=1 1+ (Inwy)t-! <€ (3.10)
Combined with Lemma 3.1, Vu € 2, we have
> _ _ ds
[ 0085, u(s). Diue) " D ()| < o0 Ve 0. (3.11)

Together with (3.9), (3.10) and (3.11), the above inequality implies that % is equicon-
H D72 Au(v)
1+

tinuous on v. Similarly, we can get that — 41—

V.

and Df;lAu(v) are equicontinuous on

Step 3. we will show the operator A, ¥ Df;lA and H Df;zA are equiconvergent at oo, for any
u € 2, we get

Au(v)
vlglgo ‘ 1+ (Inv)é1
Oo ®(v,s) H -2 H -1 ds
= [ tim ) D D @
[ i e (s u(s). D 2u(e) D ()| o1

<T x [py[[ul|” + Dallull” + Dsllul” + 7]
<M (p1w + Pow”? + p3w” +7q)

<00,

hence, AQ? is equiconvergent at co. From Remark 2.1 and Lemma 3.1, for any u € €2,

HDE2 Au(v) o | H D2y, 5) ds
. 1+ . 1+ ) o H n¢-2 H -1
— = < -+ - - 7 -
vhm T oo vhm 1 I oo ‘apq(\s(s,u(s), D u(s),” Dy u(s))) .
['0)Y(lnv _ _ _ _
<1 IO (nv) X [Prllull” + Pallull” + Psllull” + 4

v—oo  141Inv
<M (p1w”" + Pow™ + Psw” +7)
—0,
(3.13)
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this implies that DfI2Au(v) is equiconvergent at co. From Remark 2.1 and Lemma 3.1, for
any u € €,

ds
H -1 < 1 H -1 H /(-2 H /-1 oo
Jim 1D Au(v )) < lim 1 | DT ®(v, 8)| [0q(S(s,u(s),” D3u(s),” DT u(s))) .
<T() T x [py [Ju]7* + Do ||lul|”? + P3|ul|”® + 7
<M (p1wt + Dow?? + Paw?® +7)
< + o0, (3.14)

this implies that 7 DﬁlAu(v) is equiconvergent at oo.

Step 4. We will prove the operator A : B — B is continuous. Let u,,u € B, then by Lemma
3.1 and Remark 2.1, we have

Auy(v) (] ®(v,s) o - o ds
‘H(lnv)f—l —/1 )1—1—(1111))4—1 ‘@q(\’(svun( ) Dy un( ) Dy Un( ) 5
1 by 2 1 [ (Inv)—!
< 1= i -— 7
< (g + B ) + 5 [ e B0 )
> _ ds
< et D (). D ()]
T (lnv)—1 o0 _ ds
<t [ o0 9. D (). D ()|
<M [py||ul|” + Palul|” + Psflull” + 4
<M (P10 + Pow™ + Paw™ + 7)
<+ o0,
(3.15)
HDE2 Auy, (v) | &g (v, s) ds
1+ “Un < olv, x H (-2 H -1 as
1+Ino —/1 ’1+lnv ‘%(J(S’U"(S)’ Dy tun(s),” Dysun($)))| 3
Tr(ﬁ)lnv ¢ ¢ dS
<t [ e D D )| T

<M [py||lul|™ + Dallul|” + Dslul|”® + 1]
<M (prw” + Pow? + p3w? +q)
< + 00,

and

_ * _ _ ds
DI ()] < [ (.53 n(5) D) DI ()

e d
XL x [ a0 a9 D (5),7 Dl un(s))]
1 § (3.17)
<M [py[|ull™ + Pollull”® + D3 lul”* + 7]
<M (pw” +Dow” +DP3w” +7)
<+ 0.
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By the Lebesgue dominated convergence theorem and continuity of <, for u,,u € B,v,s €
(1,+00), we have

(%(s, U (5),7 DfIQUn(S),H fo“n@))) o

S

lim (v, 3)

n—oo [y ngfl
[T (s W et s
_/1 1+(1nv)€ 7¢q(S(s,uls),” Dy7uls), ™ Disuls)) =,

ds

. * ®p(v, s) _
nh_{lgo ) 1+1nv@q(%(57un(3)7H Df+2un( )HDZ+ up (s )))?

> (I)O(ta S) — —
= | TR0 u). D) D )

(3.18)

(3.19)

and

tim [ B (0, 5)py (35, un ()7 DL ()7 DI ()

n—oo 1
- / "B (0, 5)q(S (5. u(s), 7 D'T2u(s).H D hu(s)

So, for u,,u € B,v,s € (1,+00), we have

(3.20)

HAun — AUHO

= su MM (s, u 2y ly
_UE[I,I;O)/I 1—|—(1nv)€f1|90q( (s, un(s),” D 1+ un(s ), " D un(s))) (321)

_ _ ds
—%(@UUﬁDﬁ%®ﬁDﬁW®Db*
— 0(n = ),
1" DI=* Aur, —* D32 Aullo
o HDE=2g (), s) _
= sup /1 ﬁ—]cpq(%(s,un(s),HDf+2u (s), D£+ un(s)))

vell,00) I+Inv (3.22)

— (S5, u(s), 7 DL 2u(s), DL ()| 2

— 0(n — 0),

and

1" D=t Auy, =1 DT Aullo

= sup /OO HDfII(I)(U,s)]«pq(%(s,un(s),H foun( ), Dﬁ un(s)))
vE[l,00) J1 (3.23)
— (S5, u(s), " DL 2u(s) M DL ()| 2

— 0(n — 00),

in consequence, A is continuous. ]
From the above, we get the operator A : B — B is completely continuous. The proof is
completed.
Now we give out several theorems of solution for fractional differential equations (1.1) and

(1.2).
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Theorem 3.1. Suppose (Hy), (H1) and I(v,0,0,0) # 0 for any v € [1,+00). When o1 = 09 =
o3 = 1, that is, there exist nonnegative functions py,pa,p3,q € L'[1,+00) such that

3
U, U, U2, U, < ur| +q(v),
g (S(v, u1, uz,uz))| ;pk v)|uk| + q(v) (3.24)
a.e.(v,uy, uz, u3) € [1,+00) x R3,
and
+o00o 01 ds
T (p1(s)(1 + (Ins)™7) + pa(s)(1 + Ins) +p3(s))— <1, (3.25)
1

where Y is defined by Lemma 2.3. Then BVP(1.1) and (1.2) has at least one nontrivial solution.
Proof. Since ¥(v,0,0,0) # 0, there exists [0, 7] € [0, +00) such that

min [i64(3(0,0,0,0)] > 0.
ve

From (3.24), we have |¢p4(3(v,0,0,0))| < g(v),a.e.v € [1,400), then

+o0 d
/ q(s)—s > 0.
1

S

Let
T [ q(
1—Tf1 1(s)(1+ (Ins)*~ 1)+p2(8)(1+1n5)+p3(s))%’

from (3.25), we have r > 0.
Now let Q, = {u € C[0,1] : ||u|| < r}, suppose u € I, A > 1 such that Au = Au, then

Ar = A
= [|Au]|
= max { || Aullo, |/ D72 Aullo, DI Auo }
_ 3.26
_ [ Au(v) [D{* Au(v)| - (320)
=maxq{ max —————, max — ————, max |D Au(v)],
vell+o0) 1+ (Inv)1 el 400) 1+1Inv " wvell+oo)
oo & 02 H -1 ds
<7T ) goq(\s(s,u(s),D1+ U(S), D1+ U(S))?
By (3.24), for p1,p2,p3,q € L'[1,+00), we have
|g(S(s, u(s), DiTPu(s),” DIy u(s))|
<p1(s)|u(s)| + pa(s)[" DT Pu(s )I +p3(8)\HDf11U( )+ a(s)
Hpt-2 (3.27)
— 1 1 /—1 |U(S)‘ 1 1 ‘ 1+ U(S)’ HDg 1
P51+ (09~ Gy )1+ ) 2 () D )

<(p1(s)(L+ () ™") + p2(s)(1 +1ns) +ps(s))|lull + als).
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Hence, by (3.26) and (3.27), for p1, p2, p3,q € L'[1, +00), we get

+oo d
wr <Y [ oS u(e) ! D). D ()|

+oo s +oo s
<Y [ e+ ) 4 pal)(1 4 hns) (Dl T4 Y [ ()
1 1
ds

[e%¢] s —+o0
<1 | T a1+ M)+ pa(s)(1 4+ Ins) + ps(s) LS 1 [T e
1 S 1 S

Therefore, for p1, p2, p3,q € LY[1,4+00), by (3.28), we have

+o0 s +00 g)ds
A< T/1 (p1(s)(1 4 (Ins)*™1) + pa(s)(1 + Ins) +p3(8))% + Tfqu()s (3.29)

=1.

This contradicts A > 1. By Schauder fixed point theorem, A has a fixed point v* € Q. By
$(v,0,0,0) # 0 we get that BVP(1.1) and (1.2) has a nontrivial solution w*. This completes
the proof. 0

Theorem 3.2. Suppose (Hy), (H1) and 3(v,0,0,0) Z 0 for any v € [1,400). Moreover, there
exist nonnegative functions p1,pa, p3,q € LY[1,400) such that

3

(S, ur,uz, u3)] < Y pr(w)url™ +q(v),
k=1

a.e.(v,u1,ug, u3) € [0,400) x R3,

(3.30)

where 0 < 01,09,03 < 1 (or 01,09,03 > 1) are nonnegative constants. Then BVP(1.1) and
(1.2) has at least one nontrivial solution.

Proof. Here we only proof the case for 0 < 01,092,053 < 1, the case of 01,092,053 > 1 is similar
with 0 < 01, 09,03 < 1, we omit it here.

By Lemma 3.3, we know A : E — E is a completely continuous operator.

Let

Feo ds

a= T/l (p1(s)(1 4+ (Ins)*™ 1) + pa(s)(1 + In s) —|—p3(s))?, (3.31)
+o0 )

a= T/l q(s)%. (3.32)

1 1 1
Choose R > {4a, (4a)'-°1,(4a)*~72,(4a)'23 } and define a ball B = {u € C[1,400) : [Jul <
R,v € [l,400)}. For any u € B, one has
| Aull = max { || Aulo, | D{72 Aullo,” DIT* Aullo }
[ Au(v)] | DI+ Au(v)]

= —_— - 7 DA
max {UGI[IlliXoo) 1+ (In U)a*17uer[rllixoo) 14+ 1Inv ’ueI[Illfi—Xoo) t u(v)]} (3.33)

e H -2,y H -1 ds
< [ (S, us) D) D (o))
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On the other hand, from (3.30), for any u € B, p1,p2,p3,q € L'[1,+00), one has

[0q(S(s,u(s),” DIu(s),” Dy tu(s))]
<p1(s)|u(s)|” + pa(s )\HDH ()72 +p3(s)| " DY u(s))|7 + g(s)

<pr Nl + pa(s) -+ pia (5) 5 + ()
u(s) ik H DA 20(s) 72
@)+ 07| s e oy | 2 gy

+p3(s)| " DI uls))|7 + g(s)

<Dl () (1 + (In o) ™) 4 pa(s)(1 + ()7 + pa(s)) + qls)-

By (3.33), (3.34), for any u € B, p1,p2,p3,q € L*[1,400), one arrives

ds

00 s +o0
|Aul| <T /1+ (p1(s)(1 4 (Ins)“™1) + pa(s)(1 + Ins) +p3(8))% + T/l q(s) .

3
=a Z ||| +a

Hence, ||Au|| < R. Thus we get A : B — B. By the Schauder fixed point theorem we get
that BVP(1.1) and (1.2) has a solution. Since (v, 0,0,0) # 0, then BVP(1.1) and (1.2) has a
nontrivial solution u*. The proof is completed. O

Theorem 3.3. Suppose (Hy), (H1) and 3(v,0,0,0) # 0 for any v € [1,400). Moreover, there
exist nonnegative functions p1,pa, p3 € L'[1,+00) such that

3

|0q(S (v, w1, u2,u3)) — 9g(S(v, 01, v9,v3))] <Y pr()|u — v (3.35)
h=1

holds for a.e.(v,uy,us,u3), (v,v1,ve,v3) € [1,e] x R® and (3.24) holds. Then BVP(1.1) and
(1.2) has a unique nontrivial solution.

Proof. For (3.35), if v; = vy = v3 = 0, then we have

3
Pa(S(v,u1,uz,u3)) <Y pr(v)ug] + 9 (S(v,0,0,0),
k=1
then by Theorem 3.1, we get BVP(1.1) and (1.2) has a nontrivial solution.
In the following, we prove the uniqueness of a nontrivial solution for BVP(1.1) and (1.2). Let
A be given in (3.4), we shall show that A is a contraction. In fact, by (3.35), a similar method
to Theorem 3.1, for a.e.(s, uy,u2, u3), (s,v1,v2,v3) € [1,€] x R3, p1,po, p3 € L[1, +00), we get

[pa(S(s, u(s)," Dy ?u(s)," DT tu(s)) — q(S(s,0(5)," Dyy?o(s),” Divto(s))]



The existence of solutions for Hadamard fractional differnential equation 555

<p1(s)u(s) = v(s)| +p2(s)|" D ?u(s) = DIu(s)] +ps(s)| " DY u(s) = Divto(s)]

— (s H ZIQU‘S 1 Elzvs
—p(s)(1-+ (o)) 1) e +)<1nvl>)1 S

+ ()| D u(s) =7 Do ()]

+p2(s)(1 4 (Inv))

So, for a.e.(v,u1, uz, u3), (v, v1,v2,v3) € [1, €] x R3, p1,pa, p3 € L[1,+00), we have
+o00 1 ds
Au = Aul <0 [ r()1+ (00 ) + ()00 + () Dol (330
1

Then (3.25) implies that A is indeed a contraction. Finally, we get a unique nontrivial solution
to BVP(1.1) and (1.2) by the Banach fixed point theorem. O

4. Result of iterative solutions

In this section, we discuss the iterative solution of BVP(1.1) and (1.2).

Theorem 4.1. Under the conditions (H1) and (Hz), the positive minimal and mazimal solution
9*,u* of the problems (1.1) and (1.2) can be obtained by the following two explicit monotone
iterative sequences:

Oy = / D(v, 8)pg(I(s, Un(s), D720, (s), Df;lﬁn(s)))@,
- . (4.1)
it = [ (0805, un(5)7 D (s) D ()

moreover, for initial values ug(v) = x(Inv)t, Yo(v) = 0, v € [1,4+00), define the iterative
sequences {un} and {9,} by

Up = Aup_1 = Ao, ¥, = AV = A"y,

then

lim u, = lim A"ug=v*, lim v, = lim A"y = v*
n 0 ) n 0 y

and we have the relation

o< <<y <9 <o <wF <y < -0 < g < g

Proof. We can easily know the fact that Au(v) > 0 for any v € K,v € [1,00). Hence, we get
A(K) C K.
For 0 < 01, 09,03 < 1, choose

1 1 _ 1
x = max {4Ma, (AMB) =, (4Me) =72, (AMd) =% },

and define Ky = {u € F,||ul|p < x}. Next we show A(K,) C K.
For any u € K, we have

* P(v,s _ _
Julo= s / 208 (s, uls).F D u(s) T DY u(s))

ds
v€E[l,00 1+ (ln ’U)Z_l S
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VAN
~

e ul) T D) ! D )|

< Y[G+pillullf +DollullF + PallullZ]
< T[G 4 P1x + Pax? + Psx°]
< M[G+DixX7 + Dax™ 4+ Psx ™
< X, (4.2)
oo H nl—2
1l uly = s [ =B () D (o). DY )
o0 ds
<YT(¢) /1 |0q(S(s, u(s),” DI u(s),” DfTU(S)))I;
<T@ (g + Byl + Ballul + B llul) (43)
<SYT(0)[G + P1xX7" + Dax7* + D3x”?]
SM[q + P1X7t + DX + DX
<X,
and
o0 ds
I# D Auflo = sup / ADEID(v, 5)|0q(S(s,u(s),” DL ?u(s),” D u(s)))|—
ve([l,00) J1 §
o0 ds
<IPU) [ oS (s u(e). ! Di2u(s). " D)
(4.4)

<TLOG +pillulE +PollulE +PsllulF]
<TL(O)[q+Ppix™" + DPax” + DP3x”]
SM[g+ X7 +Dax” + Pax”]
<X;
this implies that [[Au|| < x, Vu € K. Thus, A(K,) C K.
The definition of the operator A and condition (Hz) lead A to be a nondecreasing operator.

Define Jo(v) = 0,97 = A0 = Ay, ¥s = A%0 = Ad1,Vv € [1,00). In view of Jp(v) =0 € K
and A : K — K, then we can get 91,92 € A(K) C K. Thus, we get

Y1(v) = (A0)(v) > 0 = Yp(v), Vv € [1, 00).
By the nondecreasing property of the operator A, we have
Ua(v) = (A1) (v) = (Ado)(v) = V1 (v), Vv € [1,00).

Through induction, define a sequence ¥,11 = A¥,,n = 0,1,2,---. Obviously, the sequence
{0n}02, C A(K) C K and satisfies

Unp1 > U (v), Yo € [1,00),n =0,1,2,--- . (4.5)
Since the complete continuity of the operator A, there exists a ¥* € K such that ¥,, — 0*

as k — oo, this is because {¥,}52, has a convergent subsequence {¥,, }7°,. This implies that
limn_ﬂ)o 197’7, - 19*-
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Moreover, A is continuous and 9,41 = Av,, it implies AY* = ¥*, i.e. ¥ is a fixed point of
the operator A.

Denote ug(v) = x(Inv)*~1, uy = Aug, us = A%ug = Auy. For ug(v) € K and A: K — K, we
have uj,us € A(K) C K. By Lemma 2.3 and (3.4), we have

w(®) = [ 80,963 u0l). ! D un(s) 7 D o)
< [T ey (s, u0(s). ! Dl Puo(s). Do (s)) S
1

<Y(nw)™ [7+pil[ullf + PallullF + PsllullF]
<x(Inv)*~ 1

=up(v).

Moreover, A is nondecreasing, we have

uz(v) = Aui(v) < (Aug)(v) = wr(v),

then, we define up41 = Auy, (n =0,1,2,---.). Then the sequence {u,}>°, C A(K) C K and
satisfies the following relation

Upt1 < un(v),n =0,1,2,---. (46)

Similarly, we can know that there exists a u* € K such that lim, ., u, = u*.

Since A is continuous and u,y1 = Au,, it implies Au* = u*, i.e. v* is a fixed point of the
operator A.

Then, we show that u* and ¥* are the positive maximal and minimal solutions of (1.1) and
(1.2) respectively in (0, x(Inv)*1].

Firstly, we assume that @ € (0, x(Inv)*~!] is any solution of (1.1) and (1.2), then ¥g(v) =
0 <a(v) < Aup(v) = ui(v).

Iterating the whole process several times, we have

Up(v) <u(v) <up(v),n=0,1,2,---. (4.7)
Since u* = limy, 00 Uy, and 9* = lim,,_, oo ¥y, from (4.6), (4.7), we have
Po<V < < <o <AL u < S <0 < ug <. (4.8)

3(v,0,0,0) # 0,Vv € [1,00), then 0 is not a solution of problems (1.1) and (1.2). Then the
Hadamard type fractional integro-differential equations (1.1) and (1.2) has the positive maximal
and minimal solutions u*, v* € (0, x(Inv)*~!], which can be obtained by two monotone iterative
sequences in (3.36). O

5. Examples

Example 5.1. Consider the following infinite-point p—Laplacian fractional differential equa-

tions
L 1
5 1 sve Yz ve Yy v 2
H —v 4 —v —v
D2 u(v)) = -ve ¥+ + e+ e 2z (5.1)
#a(" Diu(v)) (4 1+ (Inv)3 ( 1+v > (3+v)? >

N
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with integral and infinite-point boundary value problem on an infinite interval

m—2

u(l) =u'(1) = 0,2 D2+u(+oo) /000 h(v)u(v)dB(v) + 1.2 Z Q}U(m),o <v<oo, (5.2)
i=1

where ¢ = %,h(v) = %e‘”(lnv)fg, o; = 2]#7,7% = ejz,b =1.2,
0, velo,1)
B(v) =141, [1,e) (5.3)
0.8, v € le, ),
hence

M\w

=T —bZallnnl Lo —122—>< Inel)2 ~ 0.2368 > 0,

Al =A— / )(Inv)*'dB(v) ~ 0.2368 — 0.1707 ~ 0.0661,

hence,

by 2 1a,(lnm)% 1 +b P 1j
0) AT? () ') AT2(?)
1 1.2 x 0.5412

NERNEIEY

and

bt duee
14+ (nv)s  l+lv o (3+v)? 4

1 v 1, ,—v
Jve Ve v v 1 _,
v) = , = , = e 7,q(v) = —ve
pl( ) 14 (lnv)% p2< ) 1+1nv p3( ) <3+U)2 q( )
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we show that

Pq(S(v,u, %, w)) <pr(v)|ul + pa(V)[Y] + pa(v)|w] + ¢(v).

By derivation, we have

& 3.dv &0 l’UG_U 3.dv
A e e LA

00 v o° Lye—v v
po= [ pa@)+ (o) = [T ) < < e

v
o dv o v dv
Dy = — = —U'— =10.0161
p3 /1 p3(v) /1 (3+U)2€ v 9

which imply that (H;) holds. By a simple computation, we get

T (s + Sy L e meyas)

T'(¢) AT2(() Ay
1 1.2 x 0.5412 1 (5.4)
— + + x 0.1707
(r(g) 0.2368I'2(5) ) 0.0661 )
~9.6016,

r(z)—/looh( Y(Inv)'dB(v —bza, (Inm;)*!

—r(2)- /loo 3¢ M) H v dB) - 33 (g’

2 242
o = (5.5)
3 1 1
=—+/m—0.1707 — - —
4\F 4 ; g4
~1.3293 — 0.1707 — 0.2706
=(.888.
By calculation, we get
+oo 01 ds
T (p1(s)(1 + (In5)™") + pa(s)(1 +1ns) + p3(s) +q(s))—
1
3 R ¥ ds
:T 4 —s__
(16€+/ (3+5)26 s) (5.6)

:9.6016(1—66 +0.0161)

=0.8169
<1.

Thus, the condition (3.25) in Theorem 3.1 and Theorem 3.3 are satisfied, and from Theorem
3.1 and Theorem 3.3, BVP(5.1) and (5.2) has at least a nontrivial solution and unique solution
under the condition of & is continuous.
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Example 5.2. We consider the following Hadamard fractional integro-differential equation

ve Ylu(v)

Uzve—’l}

(HD1+’UJ( )) _ ( o1 + ’HD%U(U)’
[

3 1
1+ (Inv)2]or 1+ (Inv)2
s 1 (5.7)
Di
DR,
1+ (Inv)2

with integral and infinite-point boundary value problem (5.4) on an infinite interval, where
¢, h(v), 0i(i = 1,2,3), a;, B(v) are as Example 5.1, and

q(S(v, u(v)," DIF2u(v)," DiTtu(v)))
)

=3*(3(v, u(v 2u(v)," DiTu(v))
v o1 HD HD§
v (| bl o DR
1+ (Inv)z]o 1+ (lnv)2 1+ (lnv)2
Taking
ve v ve v v
pi(v) = 7, p2(v) ,p3(v) ve ", q(v) = ve ",
14 (Inv)2]o (1+nv) (3+v)
then
—v|,, |01
Pq(S(v,u, ¥, w)) = ve"ul s— + id -)7ve™" %)”%e‘” +ve "
1+ (Inv)z]o 1+ (Inv)2 1+ (Inv)2
—v o Hps Hps
et ) DR DR
14 (Inv)z]o 1+ (Inv) 1+ (Inv)2

<p1(V)|ul” + p2(v) |97 + p3(v)[w|” + q(v),

oo o0 1
R A R
1 v 1 €

5= v nv)*! do_ [T et nv dv 1 00
p= [ e e = [T )P s <

p= [ @0+ (o) = [T ()t < L < o,

b dv > v dv
Do = - = ————e Y— =0.0161 < oo,
D3 /1v pg(l}) v /1 (3+ 'U)2e v o0

which imply that (H;) holds. Taking R = 8e, by simple calculation, we get
o0 d 1 R
Tp, =Tpy, =Yg = / p1(v)[1+ (In U)éil]p—v ~ 9.6016 x — ~ 3.5322 < T
1 v (&

0 d R
Py = T/ e X 9.6016 x 0.0161 ~ 0.1546 < —,
1 (3 =+ 'U)Q () 4

so the condition of Theorem 3.2 is satisfied, the boundary value problem (5.7) with boundary
condition (5.2) has one nontrivial solution. The proof of Theorem 3.2 is completed.



The existence of solutions for Hadamard fractional differnential equation 561

Example 5.3. The Hadamard fractional differential equation (5.7) with boundary value con-
dition (5.2) is considered once again, where ¢, h(v), o;(i = 1,2, 3), a;, B(v) are as Example 5.1,
and ¢4 (S(v, u,v,w)),pi(v)(i = 1,2,3),q(v) is as Example 5.2. From the expression of function
&, we know that & is nondecreasing with respect to the second, third and last variables. Hence,
by Theorem 4.1, we can get that Hadamard fractional integral-differential boundary value prob-

lem (5.7) with boundary value (5.2) has the positive minimal and maximal solutions ¥*,u

*

respectively in (0, x(log v)%], which can be approximated by the following iterative sequence:

o0 1 3 ds
Busr = [ D050, 00517 D, 0,507 D 0, ()5
with initial value ¥y(t) = 0,
= & H )3 H 3 ds
Un+1 = ) (v, 8)pq(I(s, un(s), D1+un(8)> D1+uﬂ(s)))?>

with initial value ug(v) = x(Inv)

3
2.

Acknowledgements

The authors would like to thank the referee for his/her valuable comments and suggestions.

References

[1]
2]

[3]

P. Atten, B. Malraison and M. Zahn, Electrohydrodynamic plumes in point-plane geometry,
IEEE Tran. Diele. Electrical Insulation, 1998, 4(6), 710-718.

W. Chen, Simulation application of virtual robots and artificial intelligence based on deep
learning in enterprise financial systems, Enter. Compu., 2025, 52.

A. Fathalla and K. Udhayakumar, Optimal control of glucose-insulin dynamics via delay
differential model with fractional-order, Alexandria Engineering Journal, 2025, 114, 243—
255.

L. Guo, J. Cai, Z.-Y. Xie and C. Li, Mechanical responses of symmetric straight and curved
composite microbeams, J. Vibra. Engi. Tech., 2024, 12, 1537-1549.

L. Guo, C. Li, N. Qiao and J. Zhao, Solvability for a higher-order hadamard fractional
differential model with a sign-changing nonlinearity dependent on the parameter o, J. Appl.
Anal. Compu., 2024, 14(5), 2762-2776.

L. Guo, C. Li, N. Qiao and J. Zhao, Convergence analysis of positive solution for Ca-
puto—Hadamard fractional differential equation, Nonl. Anal.: Mode. Cont., 2025, 20(2),
212-230.

L. Guo and C. Li and J. Zhao, Fzistence of monotone positive solutions for caputo—hadamard
nonlinear fractional differential equation with infinite-point boundary value conditions, Sym-
metry, 2023, 15, 970.

L. Guo, H. Liu, C. Li, et al., Existence of positive solutions for singular p-Laplacian
Hadamard fractional differential equations with the derivative term contained in the non-
linear term, Nonl. Anal.: Mode. Cont., 2023, 28(3), 491-515.



562

L. Guo, B. Zhang & C. Li

[9]

[10]

[11]

[14]

[15]

[16]

[17]

[18]

[21]

[22]

23]

L. Guo, L. Liu and Y. Wu, Ezistence of positive solutions for singular fractional differential
equations with infinite-point boundary conditions, Nonli. Anal.: Model. Control, 2016, 21(5),
635-650.

L. Guo, J. Zhao, L. Liao and L. Liu, Ezxistence of multiple positive solutions for a class
of infinite-point singular p-Laplacian fractional differential equation with singular source
terms, Nonl. Anal.: Mode. Cont., 2022, 27(4), 609-629.

K. Jong, H. Choi and Y. Ri, Ezistence of positive solutions of a class of multi-point boundary
value problems for p-laplacian fractional differential equations with singular source terms,
Comm. Nonl. Sci. Nume. Simu., 2019, 72, 272-28]1.

A. A. Kilbas, H. M. Srivastava and J. J. Trujillo, Theory and Applications of Fractional
Differential Equations, Elsevier Science BV, Amsterdam, 2006.

C. Li, C. Li, J. Yan and H. Qing, Size-dependent thermal buckling and vi- brations
of double-walled carbon nanotubes through nonlocal Timoshenko beam model embedded in
nonlocal elastic foundation, Inter. J. Mech. Materials De sign., 2026,22, 98.

C. Li and L. Guo, Positive solution pairs for coupled p-Laplacian hadamard fractional dif-
ferential model with singular source item on time variable, Fractal Fractional, 2024, 8(12),
682.

C. Li and L. Guo, Positive solutions and their existence of a nonlinear hadamard fractional-
order differential equation with a singular source item using spectral analysis, Fractal Frac-
tional, 2024, 8(47), 377.

C. Li, S. Li, Y. Zhang et al., In-plane vibration analysis of elastically restrained FGM
skew plates using variational differential quadrature method, Compu. Math. Appl., 2025,
178, 136153.

C. Li, C. Zhu, C. Lim and S. Li, Nonlinear in-plane thermal buckling of ro- tationally
restrained functionally graded carbon nanotube reinforced composite shallow arches under
uniform radial loading, Appl. Math. Mech.English Edition., 2025,43, 18211840.

C. Li, C. Zhu, N. Zhang et al., Free vibration of self-powered nanoribbons subjected to
thermal-mechanical-electrical fields based on a nonlocal strain gradient theory, Appl. Math.
Mode., 2022,110, 583-602

H. Luan and K. Thinh, Anisotropic flows of forchheimer-type in porous media and their
steady states, Nonl. Anal.: Real World Applications, 2025, 84.

D. Min and L. Guo, Ezistence and nonezistence of nontrivial solutions for fractional advec-
tion—dispersion equation with instantaneous and non-instantaneous impulses, fractal fract.,
2025, 9, 571.

M. Mohammad, D. Shahriar, R. Magdalena and K. Mehran, On nonlinear 3D electro-elastic
numerical modeling of two-phase inhomogeneous FG piezocomposites reinforced with GNPs,
Inter. J. Engi. Sci., 2025, 207.

K. Pei, G. Wang and Y. Sun, Successive iterations and positive extremal solutions for
a hadamard type fractional integro-differential equations on infinite domain, Appl. Math.
Comput., 2017, 312.

P. Thiramanus and S. Ntouyas, Positive solutions for hadamard functional equations on
infinite domain, Adv. Differ. Equ., 2016, 2016(83).



The

existence of solutions for Hadamard fractional differnential equation 563

[24]

[25]

[33]

[34]

[35]

[36]

P. Thiramanus, S. Ntouyas and J. Tariboon, Positive solutions for hadamard fractional
differential equations on infinite domain, Adv. Diff. Equa., 2016(1), 83.

J. Wang, Q. Yang, X. Wang and X. Mao, Laser ultrasonic system for metal pipe wall thick-
ness measurement: Differential signal processing and geometric compensation calculation
model, Optics Lasers Engi., 2025, 184.

P. Wang, C. Li, S. Li and L. Yao, A variational approach for free vibrating micro-rods with
classical and non-classical new boundary conditions accounting for nonlocal strengthening
and temperature effects, J. Ther. Stresses, 2020, 43(4), 421-439.

Y. Wang and L. Guo, Solvability of the Caputo fractional differential system with Riemann-
Stieltjes boundary conditions, J. Appl. Anal. Comput., 2026, 16(1), 34-44.

S. Simons-Wellin, C. B. Lapointe, S. Coburn, et al., Adaptive mesh large eddy simulations
of transitional jet diffusion flames in crossflow, Inter. J. Heat and Mass Transfer, 2025, 236.

H. Song, C. Li, H. Qing, Size-dependent bending and buckling analysis of piezoelectric semi-
conductor nanobeam based on two phase local/nonlocal integral models, Inter. J. Mechanics
Materials in Design, 2026,22, 48.

Z. Xie, L. Guo, C. Li, et al., Modeling the deformation of thin-walled circular tubes filled
with metallic foam under two lateral loading patterns, Structures, 2024, 69, 107289.

C. Zhai and L. Wang, Some existence, uniqueness results on positive solutions for a frac-
tional differential equation with infinite-point boundary conditions, Nonli. Anal.: Model.
Control, 2017, 22, 566-577.

W. Zhang and W. Liu, Ezistence of solutions for several higher-order hadamard-type frac-
tional differential equations with integral boundary conditions on infinite interval, Bound.
Valu. Problems, 2018, 2018(1).

W. Zhang and W. Liu, Ezistence, uniqueness, and multiplicity results on positive solutions
for a class of hadamard type fractional boundary value problem on an infinite interval, Math.
Meth. Appl. Sci., 2020, 43.

C. Zou, K. Azizzadenesheli, Z. E. Ross and R. W. Clayton, Deep neural helmholtz operators
for 3D elastic wave propagation and inversion, Geop. J. Inter., 2024, 239(3), 1469-1484.

L. Zhao, H. Liu, J. Wang, Y. Gao, C. Hou and C. Li, Analysis of magneto-mechanical
coupling model and dynamic deformation characteristics of flexible magnetostrictive ribbon
films considering fiber structure, Composite Structures, 2026,383, 120110.

D. Zhao, Z. Xu, M. Chen and C. Li, Design and dynamic analysis of an ultra-low fre-
quency bistable vibration energy harvester with quasi-zero stiffness, Smart Materials and
Structures, 2026, 35, 065050.

Received March 2025; Accepted September 2025; Available online August 2026.



	Introduction
	Preliminaries and lemmas
	Results of existence and uniqueness of nontrivial solution
	Result of iterative solutions
	Examples

