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HOPF BIFURCATION FOR PIECEWISE SMOOTH
LIENARD SYSTEMS*

Wenwen Hou'>' and Dekai Zhu?

Abstract We consider a class of generalized Liénard systems and focus on the bifurcation
of limit cycles near the origin as parameters vary. We derive the bifurcation function using
a generalized polar coordinate transformation and analyze the cyclicity of the system at the
origin, generalizing some known results. As an application, we discuss a special piecewise
smooth system and study its cyclicity at the origin.
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1. Introduction and main results

The Liénard system is well known for its wide range of applications in various fields, including
physics, engineering, and biology. The generation of limit cycles in planar dynamical systems is
often driven by the Hopf bifurcation, a key mechanism that has been extensively studied. The
authors [5,6, 10] studied Hopf bifurcation of polynomial or smooth Liénard systems. In recent
years, the bifurcation theory of limit cycles near a focus or a center was developed to non-smooth
systems, see [9,13,14]. In [12] the author utilized the Picard—Fuchs equation to investigate and
determine the upper bound on the number of small-amplitude limit cycles generated in general
non-smooth Liénard systems, and verified the theoretical results through examples. Chen et
al. [2] developed a higher-order Poincaré-Lyapunov method, successfully solving the problem
of determining nilpotent center conditions in switching polynomial systems (particularly cubic
switching Liénard systems), and proved that up to 5 limit cycles can bifurcate around the
nilpotent center. B. Coll et al. [3] derived the general expressions of the Lyapunov constants for
two classes of discontinuous Liénard differential equations.
In this paper, we consider the following piecewise smooth Liénard system

{:i;:h(y)—F(%a)a (1.1)
?) =g (x7 b) ’

where (a,b) € R™ with n; being an positive integer, h(y) is a C*° function satisfying h (y) =
hsy*~1 4+ O (y**) with s € N*, hy > 0 and

Ft >0 (2, >0
Faay= {000 T 20 ) D) @20
F~(z,a), x <0,

g (x,b), <0,
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where F™, gt and F~, g~ are C™ on [0, x] and [—z0, 0], respectively, with g € RT. Suppose
there exist integers m > 1,n > 1,k > 0,1 > 0 such that

= S FH @, g @)=Y gf 0), gf () >0 (12)
jzm i>k
for 0 <z <« 1 and
a)= Y Fy(@)ad, g7 (2,0) = gy )(—a) + 3 g5 (07, gr (1) <0 (13)
i>n j>l+1

for 0 < —x <« 1. Without loss of generality, we set hs = 1, which can be obtained by a suitable
scaling transformation, so that

hiy)=y* +0(y*).
Further, in order to ensure that the origin of system (1.1) is either a center or a focus, by

Theorem 1.2 and Remark 1.4 in [13], similar to (1.19) in [13], we suppose that system (1.1)
satisfies the following assumptions:

(Hy) m > 25—1 (k+1) orm= 232;1 (k+1) and |F}} (a)| < c((g/,;F (b)) / (k+ 1)) o ,

(Hy) 0> 220 +1) orn = 32 (14 1) and [Py (@)] < (=g 1) /0+1) 5 .

where 0 < ¢ < 2s[2s/ (25 — 1)](25_1)/25.

Let
/ h y25+0( 25—{—1)’
and
z +(.fC,b), 0§$§x07
0 G~ (x,b),0 < —x < xp,
where +()
(b) s 9; (0) )
Gt (z,b) = g Y St (1.4)
k-l-l j2k+1]+1
for 0 <z <« 1 and
- —9, (b) 1+1 9 ®) i
G b) = ——~(— e 1.5
= e 3 e (15)

for 0 < —x < 1. Let r = q/p where ¢ = k+ 1 and p = [ + 1. Noting that n > 1 we can find an
integer n € [0,p — 1] such that (n + n)r is an integer. Now, we introduce a set

Spgmn ={(n+ir+jl0 <i<p-1i#nj>0}U{jlj >min{m, (n+n)r}.

Our main results are the following.

Theorem 1.1. Let (1.2), (1.3), (H1) and (Ha) hold. Then
(i) F~ (a(z,b),a) — FT (x,a) has an expansion of the form for 0 <z < 1

F~ (a(z,b),a) — F (z,a) ZB (a,b) x (1.6)
j>1
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where a(z,b) satisfies G; (a(z,b),b) = G} (z,b) and za(z,b) < 0 for 0 < z < 1 and {k;|j >
1} C Spgmm with ky < ky <---.
(1) If there exist (ap,byo) € R™ and N € N such that

Bj(a07b0):07 j:1727"'aNa (17)

and Bnt1(ao,bo) # 0, then system (1.1) has at most N limit cycles near the origin for all (a,b)

near (ag,bo). If further
9(B1, By, -+, BN)

d(a,b)
then system (1.1) has cyclicity N near the origin for all (a,b) near (ag, bp).

Theorem 1.2. Let (1.2), (1.3), (Hy) and (Hz) hold. If there exist (ap,bg) € R™ and N > 1
such that (1.7) is satisfied and

rank

(a0, bo) = N, (1.8)

F~ (a(z,b),a) = F" (z,0), 0 <z <1 (1.9)

as By = By = --- = By = 0, then system (1.1) has at most N — 1 limit cycles near the origin
for all (a,b) near (ap,bo). If further (1.8) holds, then system (1.1) has cyclicity N — 1 at the
origin for all (a,b) near (ag,bo).

The above theorems generalize main results of [13].

2. Proof of Theorems 1.1 and 1.2

In preparation for the proofs of Theorems 1.1 and 1.2, we define a bifurcation function d of
system (1.1) and develop several preliminary lemmas, which will be used in the subsequent
proofs. In [13], the author obtained the following result.

Lemma 2.1. ( [13]) Suppose (1.4) and (1.5) hold. Then the function a(x,b) defined in Theorem
1.1 has an expansion of the form

p

«Q (xa b) = Z Z aijx"”,
i=1 >0
for 0 < & << 1 with arg =~ [((1+ 1) g () / (= (k+ 1) g )],
From Chapter 3 of [8], we have the following conclusion called the improved Taylor formula.

Lemma 2.2. ( [8]) Consider a function F : D x G — R, where D = (—&g,¢p), €9 > 0,
and G C R" is a domain. Let k and m be integers z_uith 1<m < k+1, k>0, such that
9°E ¢ ok=m+1(D x G). Then there exists a function R € C*~™t1(D x @) such that

ox™

m—1 ;
10F S
i=0 7
_ 1 OmF
R(0,y) = maTm(O’w'

If F € C®(D x G), then R € C*(D x G).
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Lemma 2.3. Consider the function y = x*"'o(z), where k € N, ¢(0) > 0, and ¢ € C™ for
|z| < 1. Then, for |y| < 1 as k is even, or 0 <y < 1 as k is odd, the function has a unique
inverse of the form

1 _1_
T =Yg (yk+1> :

1

where @ € C™ over its respective domain (|§] < 1 or0 < £ < 1), satisfying $(0) = (p(0))” #1 >
0.

Proof. Let f(z) = 2*"!¢(x). Observe that

f'(z) = " [(k + Dp(x) + a:cp’(a:)] .

Since p(0) > 0, the bracketed term is positive for |z| < 1, meaning the sign of f’(x) is determined
by z*. If k is odd, f/(z) > 0 for = > 0, yielding a unique local inverse restricted to 0 < y < 1.
If k is even, f'(x) > 0 for all z # 0 small, yielding a unique local inverse defined for |y| < 1.

In both cases, within their respective valid domains, the equation y = x**1p(z) yields

1 1

Y= = 2 (o)) FHT

1

Define h(z) = (p(z))FT. Since ¢ € C* and ¢ > 0 for |z| < 1, h(x) is C* near x = 0 with
h(0) > 0.

Letting z = yk%rl, we have z = zh(x). Noting h(0) # 0, the Inverse Function Theorem
implies that the inverse x = ¢(z) is O for |z| < 1.

Since 1(0) = 0, according to Lemma 2.2, we can write ¢(z) = z¢(z) for some function ¢

satisfying ¢(0) = (90(0))7’6%1 > (. Substituting z = yﬁ back, we obtain the desired form:
1 1

This completes the proof. ]
Using Lemma 2.2, we can obtain the following conclusion.

Lemma 2.4. Let (1.2) and (1.3) hold. Then system (1.1) is locally equivalent to

(2.1)

o =v*¥"1 - K (v)F*(u,a,b),
V= —u,
where K(v) =1/ (28)%7V/2 1. 0 (v) € C>, and

FH(XT (u),a), 0<u<1,
F~ (X (u),a), 0< —u<xk1,

F* (u,a,b) =

w2/ (k+1) et (u2/(k+1)7 a, b) , 0<ux1,
|u|2n/(l+1) - (|u\2/(l+1) .a, b) , 0 < —uk 1,

where F* (€, a,b) are C™ functions for 0 < ¢ < 1, and F*(0,a,b) = F (a) <s(ﬁ+1)

. .\ n/(I41)
F~(0,a,b) = F (a) (%) .



568 W. Hou & D. Zhu

Proof. Similar to the formula (3) in [6], we make the transformation

= (sema) VG (0,0 /5 2 6 (2), .
= (sgny) N/ H (y) = ¢ (y),
together with the scaling of the time
dr = [g (X (u),b)h (Y (v)) /(25uv23_1)] dt
to system (1.1) so that (1.1) can be changed into
w=v*"1— K (v) F*(u,a,b),
= —u,
where
)= o 23)
K ()= ———, )
h (Y (v))
F* (u,a,b) = F(X(u),a) and X (u),Y (v) denote the inverse of ¢ (x),v (y), respectively.
First, we prove that F™* is a C*° function for 0 < £ < 1. According to (1.4), we have
oG Gt Al _0
or |,_y 02 |,  0zF |,_,
By Lemma 2.2, we know that G (z,b) can be written as
Gt (z,b) = 2*1GF (x,b), (2.4)
where GT(0,b) = ﬁ% (0,b) > 0 and G is a C™ function for 0 < z < 1. Similarly,
applying Lemma 2.2 to F*(z,a), we obtain
F(z,a) = 2™F*(z,a), (2.5)
where FT(0,a) = Fif(a) and F't is a C™ function for 0 < z < 1.
According to (2.2) and (2.4), we have
su? = 2" T1GT (2, b), (2.6)
for 0 <z < 1. Applying Lemma 2.3 to (2.6), we obtain
r = X*(u) = u2/FHDg (u2/(k+1)) (2.7)

1/(k+1)
s(k+1)) >0

where ¢(§) is a C* function for 0 < £ < 1, satisfying ¢(0) = ( )
k

Therefore, according to (2.5) and (2.7), we obtain
F* (u,a,b) = F* (X (u),a)
= [o ()] (o (120 cort) 29
_ 2/ () (UQ/(k+1)7a7 b)
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for 0 <u < 1, where F™ (£, a,b) is C® for 0 < £ < 1, and

S(k‘ + 1)>m/(k+1)

e a =Ft a
P00 = ) (5

Using the same method, we can also obtain
F*(u,a,0) = [u?/ "0 P~ (ju/ 0D a,b) (2.9)

for 0 < —u < 1, where F~ (¢, a,b) is C for 0 < £ < 1, and

i . n/(1+1)
F~(0,,b) = Fy (a) (_(glf (;))) .
!

Finally, we prove that K(v) € C*°. Applying the Lemma 2.2 to H(y), we obtain

H(y) =y*H (y),

where H(0) = 2—18 >0 and H € C* for |y| < 1. Applying Lemma 2.3 to v2* = y25H (y) yields

y=Y (v) =vH (v), (2.10)

where H is C° with respect to v for |v| < 1, and H (0) = (25)1/28. Substituting (2.10) into
h(y) and applying Lemma 2.2, we obtain

h(Y (v)) =h (vH (v)) = v LH (v) (2.11)

where H is C* with respect to v for [v| < 1, and H (0) = (25)(25_1)/28. Combining (2.3) and
(2.11), we obtain

1
K@w)=—=—.
H (v)
Then K is C* with respect to v for |v| < 1, and K(0) = W O
Following the proof of Lemma 2.3 in [13], we can prove a similar result below.
Lemma 2.5. Suppose (1.2) and (1.3) hold. Then we have
(i) F~ (a(z,b),a) — F* (x,a) has an expansion of the form (1.6) for 0 < z < 1.
(ii) Let Fy (u,a,b) = F*(—u,a,b) — F* (u,a,b). Then Fy has the expansion
Fy(u,a,b) =Y Aj (a,b) u®*/FD 0 <u < 1, (2.12)

Jj=1

where
Al (avb) = Bl (a7 b) Nl (xi‘r) ’

Aj (a,b) = Bj (a,b) Nj (¢7) + O(|B1, Ba,- -+, Bj1|), j > 2,

N;(j > 1) are positive C°° functions in 7, and kj € Sp.g.mn-
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Before introducing the bifurcation function, we introduce a transformation used in [1]. In [1],
Gasull introduced the generalized trigonometrical functions, xz(t) = Sn(t), y(t) = Cs(t). These
functions are defined as the unique solution of the Cauchy problem

s ,25—1
{x B (2.13)

y:_$7

with initial conditions z(0) = 0, y(0) = 1. Some properties of C's(t) and Sn(t) were given in [4]
and [11] which are listed as follows.

Proposition 2.1. ( [4,11]) The solution (Sn(t),Cs(t)) of (2.13) with initial value (0,1) att =0
satisfies

(1) Cs?* (t) + sSn? (t) = 1.

(2) Cs(t) and Sn(t) are T—periodic functions with

_o [T I'(1/25)
r= 2\/:1“ ((s+1)/2s)
(3) fOT SnP (t) Cs (t)dt =0 if p or q is odd.

T s) -
(4) J5 SnP (t)Csi(t)dt = \/S%Fr(?(ﬁf@ig%)//zi)) if both p and q are even.

In addition, we will utilize Young’s inequality to prove a new property of C's(t) and Sn(t).
Young’s inequality states that for any non-negative real numbers a,b > 0 and conjugate expo-
nents p, ¢ > 1 satisfying % + % =1, it holds

al bl
ab < — + —.
p q
By this inequality we can prove
Proposition 2.2. The periodic functions Cs(t) and Sn(t) satisfy

2s5—1

(5:27) 7 cslsnoP = < 5 rew

2s — 1

Proof. Let p=2sand g =2s/(2s —1). Then, by Young’s inequality, we have

2s5—1 2s—1 4y ¢
S 2s 2s—1 1 1 25—1 S 2s
s < = Py s
(551) s < jesor+ {[Sn<m (571) }
= O +  [Sn(t)P
BT g 121
_ i 2s 2
= {[Cs(t)] + 5 [Sn(t) }
The conclusion can be obtained directly from (1) in Proposition 2.1. O

Next, we establish the bifurcation function d of system (2.1). By applying the following
transformation to the system (2.1)
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with 0 < r < 1 and |f| < T'/2, we obtain

vl 4w
"= r2s—1 ’
- VU — SUD
0 —_ —

rs—i—l
Therefore, we have

dr —Sn(0) K (rCs(0)) F* (r*Sn (0) ,a,b)
A9~ r25-2—Cs(0) K (rCs (0)) F* (r*Sn (0) ,a,b) /r’

(2.14)

Now, we define

—Sn () K (rCs(0)) F* (r*Sn (0) ,a,b)
R (6rab) = 4 75 2= Cs (@)K (:Cs (0) P (oS (0).a.0) /' © S0 g
0, r=0.

In order to ensure that (2.14) and (2.15) is well-defined, we need to verify that

Cs(0)K (rCs (0)) F* (r*Sn (0),a,b)

L= r2s—1

>0 (2.16)

for r > 0 small under (H1) and (H2). In fact, for —7'/2 < 6 < 0, the left side of inequality (2.16)
becomes

21 [s(k+1)] 7%
1—Cs(0) K (0)E} (a)[Sn(0)] = [M] (1+0(r)). (2.17)
From (2.17) and Proposition 2.2, we find that
1= Cs(0) K O B @) fsn (o) |52
k 2s—1
4 # . n -1 " M 2s
i I RO ]
>1-— s Cs (0)[Sn (9)]255 st e
28) = 2s—1

>1-2s (253_ 1> * 0 (0)[Sn (0)]75

Hence, for —T'/2 < 6 < 0, (2.16) holds. In a similar way, for 0 < § < T'/2, (2.16) also holds.
Through the above verification, it is shown that (2.14) and (2.15) is well-defined.
Now, let p = r'/# with 8 = (k +1)(I + 1). Then we obtain

—Sn (0) K (p°Cs (0)) F1 (0, p,a,b)
1= CsO)K (07Cs () F1 Bopart) S0 o)
0, p=0,

L
R(0,p,a,b) =4 B
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and Fy (0,p,a,b) = F* (pSfBSn ) ,a, b) /p?2s=1) By Lemma2.4, we have

Zf;r (Sn(9)) k+1 p2(l+1)sy B(2s— 1 -T/2<6<0,

Fi(0,p,a,b) = ¢ 2"
> i 1Sn(0 |71 2kt D)si=B(2s=1) ) < g < T2,

j>n

for 0 < p < 1. Clearly, R(0,p,a,b) is a T-periodic function with respect to 6. Moreover, for
any 0 € [-T/2,T/2), R is C* with respect to p for 0 < p < 1.

Consider the system below:
dp

de
Let p (0, po, a,b) denote the solution of (2.19) satisfying p (0, po, a,b) = pg. For convenience,

let
T T
P _§7p07a7b =pP1, P 57:007aab = P2

Define a function as follows:

=R(0,p,a,b). (2.19)

T T
d(p07a7b) =p <_27/)0a@7 b) - p <27:007a7 b) = pP1 — p2- (220)

Then system (1.1), (2.1) or (2.19) has a periodic orbit near the origin if and only if d(po, a,b) in
(2.20) has a zero in pg for po > 0 sufficiently small.

Hence, the function d in (2.20) is called a displacement function or bifurcation function of
system (1.1), (2.1) or (2.19). About the bifurcation function d, we have the following lemma.

Lemma 2.6. Let (1.2), (1.3), (Hy) and (Hz2) hold. Then the bifurcation function d in (2.20)
has the form

d(po.a,b) = 3" C;(a.b) pif (14 d; (po)), (2.21)
j=>1

where rj = 2(1 4+ 1)sk; +1 — (2s — 1) are positive integers satisfying 1 <1y <1y < ---,

Gy (a>b) =B (avb) Nik (fn_afnt)v
C] (aub) :B] (a’b)N;( (fn_afrt)_*—OﬂBl)BQ? 7Bj—l‘)7j Z 2

(2.22)

with N} € C*,N;(0,0) >0 forj > 1 and d;(j > 1) are C* functions in py satisfying d;(0) = 0.
Proof. Let p(0,po,a,b) = p(—0,po,a,b). Then, we can find that

T T
P _77p07a7b =p 77p07a'7b (223)
2 2
and .
D
— =—R (-0 b).
dt ( y Py @,y )

Let R(0,p,a,b) = —R (-0, p,a,b). Then, p (0, po,a,b) is a solution of the equation

dp

7 =R(0,p,a,b) (2.24)
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satisfying p (0, po, a,b) = po. Let 8 € [-T/2,0]. Then —0 € [0,7/2] and

R(6,p,a,b) = Ry (0, a,b) p* TV~ @m0 (140 (p))

_ _ 2.25

R (0, p,a,b) = Ry (8, a,b) p2FDem=@s-0841 (1 L 0 (p)), (229
where

+ 2s—1
(B) f (STL (9))27’)@/ k+1)+1 ’ m > 828 (k’ + 1) ’
Ry (9,&, b) = s+1 + _
_ Lt {07 S Y
81— Cs(0) K (0) S (Sn (0))™/ D] ;
K (0) f~ 0 1 (2.26)
—%NQ@W@VW”Wﬁ n> == (1),
Ry (0,a,b) = - (Sn (0)) TV K (0) f; n—2s_1U+R
81— Cs(0) K (0) fi (Sn(6))/ )] 25
Thus, by (2.25), (2.26) and the mean value theorem, we have
sm—(2s— 2s — 1
o0+ 0 <p(2)(l+1) (2 1)B+1> 7 m> > (k+1),
p (07 po, a, b) = 0 26 — 1 (227)
ooy ([ w ety dn) + O (R), m= 22 (v ),
0
R (97 p (07 po, @, b) y @y b) - R (97 16 (07 Po, a, b) @, b) = [P (07 P0, a, b) - /3 (67 P0, @, b)] A (67 pO)

(2.28)

where

A0, po) = O (pg(k+1)snf(2sfl)ﬁ) ‘
Further by (2.18), (2.24) and Lemma (2.5), we can obtain

Sn(0) K (p°Cs (0)) Fy (p*°Sn (6) ,a,b)
R (9, P, a, b) - R (9, p,a, b) = BMy (9, p,a, b) M (97 p,a, b) prB(?sfl)fl )
0, p = O7

0<pxl,

with
My (8.p.a.8) = 1 - Cs () K (5°Cs (0)) F* (p5n (6) .a.b) /">,

M (0, p,a,b) =1—Cs(0) K (pBCs (9)) F* (—psBSn 0),a, b) /pP2s=h),

Therefore, we have

R@mmw—é@@@m:smmﬁ4%ﬂﬁ%@#%wL%QS@m, (2.29)
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where S(0, p) is a C*° function in p with

(K (0) m>(2$—1)(k+1)n>(2$—1)(l+1)

B 7 25 ’ 25 ’

K (0) L @s—DktD @s—1)(+1)

S(6.0) = BAT (0)’ 2s ’ 2s ’
’ K (0) 2s—1)(k+1)  (2s—1)(1+1)
BA-(6) me 2 = 2 ’

K (0) C@s—1)(k+1) (2s—1)(1+1)

AT () A-(0) T 2s = 2s ’

2m

A
A¥ () =1- Cs(0) K (0) £ (Sn (0)) 741, A= () =1~ Cs(0) K (0) f, (Sn(6))1# |

which implies S(6,0) > 0 by the above discussion. According to (2.12), (2.27) and (2.29), we
get

R(evp(97p07aab) 7a7b) - R(evp(67p07aab) 7a7b)

= 7 A; (a.b) (Sn (6)/ W+ ppEIRTETIT g (g, )

i>1

where ¢;(6, po) are C* in py with

2s —1
0
S(0,0), m > 5%

0 (2;i1 —(2s— 1)5+1) 92¢ — 1
S(Q,O)exp(/ Rl(u,a,b)du> , m=—0 (k+1),
0

(k+1),
qj (0’0) =

which shows that ¢;(0,0) > 0 for all j > 1. From (2.19), (2.24) and (2.28), we get

L p=7)= (0= ) A0.00) + R (0. p.0,0) = R (0. p.0.b). (230
where p = p (0, po,a,b) and p = p (0, po,a,b). In fact, we find that
p (0, po, a,b) = p (0, po,a,b) = po. (2.31)
By (2.30), (2.31) and the formula of variation of constants, we obtain

p(eno(]aa‘a b) - 5(97,0076% b)
6 6
= / (R (8,0 (3, po,a,b),a,b) — R(5,p (3, po,a,b),a, b)) X exp </ A (T, po) dT) dé.
0 §

Taking 6 = —T'/2, by (2.20) and (2.23), we can get

b) A (a,b) p 2s(l+1) —(2s—1)8+1 ~T/2 S (9)) 2K/ (DT g
d(po,a,b) =3 4 (a, AR 4; (6,0)
j>1

—T/2
X exp (/0 A(1,0) dT) (1+0(po))db,

which implies (2.21). This ends the proof. O
In order to prove Theorems 1.1 and 1.2, we present a result from [7].



Hopf bifurcation of piecewise-smooth Liénard systems 575

Lemma 2.7. ( [7]) Consider a function of the form

k+1

Zb )l P; (1, ),

where 0 <r < 1,6 € V.CR™ is a vector parameter with V. compact, Pj(r,0) =1+ 0(r) € C*,
0§l1<l2<"'<lk+1 and k > 0. Let

b](60)207 ]:1727 7k

for some g € V.
(7) If bp4+1(d0) # 0, then there exist € > 0 and ro > 0 such that the function F' has at most k
zeros in (0,19) for |0 —do| < e and § € V, multiplicity taken into account. If further

a<b17b27“' 7bk)
a<517527'” 76m)

then for any ey > 0 there exist § with |d — dp| < €9 and 6 € V' such that the function F has k
simple zeros in r € (0,&p).

(73) If bp+1(0) = 0, then there exist e > 0 and ro > 0 such that the function F has at
most k — 1 isolated zeros in (0,79) for |6 —do| < o and 6 € V, multiplicity taken into account.
Moreover, this number can be reached for some & near oy under (2.32).

rank (0,d0) = k, (2.32)

In the following part, we verify Theorem 1.1 and 1.2 using the above lemmas.
First, it follows from Lemmas 2.1 and 2.5 that conclusion (i) of Theorem 1.1 holds. Second,
we prove conclusion (ii) of Theorem 1.1. From (2.22), we find that C; (ag,bp) =0 for 1 < j < N
and
CN+1 (ao, bo) = BN+1 (ao, bo) N]tf—&-l 7é 0. (2.33)

Hence, we know that Cn41(a,b) # 0 for all (a,b) near (ao, bo).
According to (2.21) and (2.33), we have

N+1
d(po,a,b) = Y Cj(a,b) pg (1+d; (po)) + po"*Q (po, a,b)
j=1
Nal ) (2.34)
= Cj(a,b) pg (1+d;(po)),
j=1
where
Q (po,a,b) = Z Cj (a,b) pg~ N
J>N+2
. Q (po,0,b)
- . = Po, @, TN4+2-TN+1
di=d;;j=1,2,--- N, d =d -
J jsJ s 4y s 4V, WN+1 N+1+CN+1 (a7b)p0 5
which implies d; in (2.34) are C* in py satisfying d;(0) = 0 for all (a, b) near (ag, by).
According to (2.22), we can get
8(017027"' aCN) o 8(015027"' aCN) 8(31)327"' aBN)
d(a,b ~ 9(By,Bs,-++,B d(a,b
(CL, ) ( 1, D2, ) N) (CL, ) (235)

B d(B1, Ba,--- ,Bn)
— e T
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where
*
Nl
* N3
Myxn = o
*
* % - Ny

is a lower triangular matrix and det M # 0. If (1.8) holds, then by (2.35) we get

a(cla CQ? T 7CN)
rank( a(a,b)

(ao,b0)> —N.

Therefore, using Lemma 2.7, we can obtain the conclusion (ii) of Theorem 1.1.
Next, we prove Theorem 1.2. By (1.7), (1.9) and (2.22), we find that

Cj(a,b)=0,j=N+1,N+2,---

as long as C; = Cy = --- = Cy = 0. Therefore, using Lemma (2.7), we can obtain Theorem 1.2.
From the above proof of Theorems 1.1 and 1.2, we have the following corollaries.

Corollary 2.1. Let (1.2), (1.3), (H1) and (H2) hold. If there exist a point (ag,bo) and an
integer N > 1 such that

Bj (ao,bo) = 0, ] = 1,2,-~~ ,N, BN+1(a0,b0) < O(resp.,> 0),

then the origin is a stable(resp.,unstable) focus of system (1.1) for (a,b) = (ag,by) and there has
at most N limit cycles at the origin for all (a,b) near (ag,bo).

Corollary 2.2. Let (1.2), (1.3), (H1) and (Hg) hold. If there exist N > 1 such that
Bj=0O(|B1, Bz, -+ ,Bn|)

for j > N +1, then for any given G > 0 there exist a neighborhood U of the origin such that for
all |Bj| < G,j=1,2,--- ,N system (1.1) has at most N — 1 limit cycles in U.

3. Application

In this section, we give an application of our main results.
Consider a non-smooth Rayleigh-Liénard equation of the form

{5” v (3.1)
y=—g(x)—yf(y),

where g(z) = goz* ! + O(2%),s > 1 and

m .

> afyl, y>0,
=0

f(y) = n '
> a;yl, y<o,
=0
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with go > 0 and a = (ad, a7, -+ ,a},ay,a7, -+ ,a,) € RmT2,

We claim that the cyclicity of system (3.1) at the origin is max{m,n}.
Applying the following coordinate transformation to (3.1)

=, Yy = —gou,

we get
uw=h()—F(u,a),
where h(v) = g(v)/ho = v*~1 + O(v**), g(u) = gou and

n
F*(u,0) =) a; (—gou)’™, u >0,
7=0

F(u,a) = m
F~ (u,a) = Za;r (—gou)’ ™, u < 0.
§=0
By Lemma 2.1, we find that a(u) = —u. Hence, we obtain
F~ (a(u),a) = F* (u,0) =Y al (gou)’*" =) a; (—gou)’*. (3.2)
j=0 j=0

From (3.2) it is not difficult to find that F~ (a(u),a) = F* (u,a) if and only if B; = 0 for
j=1,2,--- max{m,n}+ 1. Using Theorem 1.2, we know that the cyclicity of system (3.1) less
than max{m,n}. For m > n, we can obtain

Bj:gg <a;r_17(71)ja;_1), j=1,--n, Bj:géa;r_l, j=n+1,--- m+1. (3.3)

Take a = ag such that a;rO:O,jzo,l"- ,m—1, aj_ozo,j:O,l,-‘- ,n and a:;L’O;éO. Then
by (3.3), we have

0(By,By,---,B
Bj(ap) =0, j=1,2,--- ,m, rank( (B, By, -, m)>:m

0 (ag,al, s ay_y)

Using Theorem 1.1, we know that m limit cycles can appear near the origin for a near ag. Hence,
the cyclicity of system (3.1) is m. For n > m, we can discuss similarly. Therefore, the cyclicity
of system (3.1) at the origin is max{m,n}.
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