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SOME BIFURCATION RESULTS IN NEAR-HAMILTONIAN SYSTEMS
WITH FINITE-ORDER SMOOTHNESS*
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Abstract This paper presents a systematic survey of bifurcation theory for near-Hamilto-
nian systems with finite-order smoothness. Unlike the classical C*° or C* framework, we
collect some known results on limit cycle bifurcations for planar systems with finite-order
smoothness, including Poincaré bifurcation, Hopf bifurcation, homoclinic bifurcation, double
homoclinic bifurcation, heteroclinic bifurcation, and bifurcations involving nilpotent singu-
larities. For each type, we summarize the relevant bifurcation theorems on properties of the
Melnikov functions and the conditions for the existence and the number of limit cycles that
can be produced.
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1. Introduction

Various nonlinear wave equations and their traveling wave solutions have been widely inves-
tigated, see [2,6,8,9,22,43,47,53,56,60,61]. The important tools used in these studies are
the geometric singular perturbation theory developed in Fenichel [9] (which is used to obtain
a reduced system in the plane) and bifurcation theory of near-Hamiltonian systems (which is
used to study the reduced system). However, some researchers neglected the smoothness of
the reduced systems. In fact, the reduced systems have only finite-order smoothness, while bi-
furcation theory of near-Hamiltonian systems used requires C'™ or C“ smoothness sometimes.
In this survey we collect some results on bifurcation theory for near-Hamiltonian systems with
finite-order smoothness, presenting various bifurcation theorems which were established in the
past few decades.

A fundamental result in the geometric singular perturbation theory is Fenichel’s invariant
manifold theorem. We now give this theorem.

Consider a system of the form

:):’:f(x,y,a), y/:gg(x’y,g), (11)

where (2,1/) = (‘fl—f, %), r € R", y € R and ¢ is a real parameter. In (1.1) letting e — 0 we
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obtain the system
x, = f(xaya 0)7 y/ = 0. (12)

According to (1.2) the variable x will vary while y will remain constant. Thus x is called the
fast variable.

In order to state Fenichel’s invariant manifold theorem clearly we list the following three
assumptions.

(H1) The functions f and g are both C* on a set U x I where U C RY is open, with
N =n+1, and [ is an open interval, containing 0.

(H2) There exists a compact [-dimensional manifold My, possibly with boundary and con-
tained in the set {(x,y) € U| f(x,y,0) = 0}, such that the linearization of (1.2) at each point
in My has exactly [ eigenvalues with zero real part. In other words, the compact manifold M
is normally hyperbolic.

(H3) The set M is given as the graph of a C'*° function ho(y) for y € K with K a compact,
simply connected domain whose boundary is an (I — 1)-dimensional C*° submanifold.

Then we have the following theorem whose proof can be found in [6,9].

Theorem 1.1. (Fenichel’s Invariant Manifold Theorem) Let (H1) and (H2) hold. Then for
all |e| > 0 sufficiently small, there exists a manifold M. that lies within O(g) of My and is
diffeomorphic to My. Moreover it is locally invariant under the flow of (1.1), and C", including
in e, for any 1 < r < 4o00. Further, if, in addition to (H1) and (H2), (H3) is also satisfied,
then there is a C" function h.(y), defined on K, jointly in y and e, such that the manifold M.
can be represented as the graph of he(y)

M. = {(x7y)’ T = hé‘(y)a Y€ K}

We have several remarks below in order.

Remark 1.1. The set M is called the critical manifold of (1.2), and the manifold M. is called
the slow manifold of (1.1). The dynamics of (1.1) on M, is determined by the reduced C”
differential system

y:g(hE(y)vyag)a y €K, (13)

where 3 = %.

Remark 1.2. By the local invariance of M., we have the equality below

Oh.
f(he(y),y,e) = ¢ 3y (¥)g(he(y),y,e).

It follows that if
he(y) = ho(y) + ehi(y) + O(e?),

then the function h; satisfies

gi(ho(y), Yy, 0)h1(y) + gﬁ(ho(y), y,0) = ({Z;O(y)g(ho(y),y,o)-

Thus, the function h; can be solved from the above equation uniquely under (H1)-(H3). Obvi-
ously, hy € C*(K).
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Remark 1.3. System (1.3) can be rewritten as

9 =go(y) +egq1(y) +o(e), yEK,

where gg and g1 are C*° functions for y € K with go(y) = g(ho(y),y,0). If I = 2 and divgy = 0,
then (1.3) will be a near-Hamiltonian system on the plane.

Remark 1.4. According to [6,9], in the same way as in [25] it is possible to prove, under
(H1)-(H3), that if (1.1) satisfies

f(*xv *y,ﬁ) = *f(xvyve)v g(*xa —y,g) = fg(:c,y,s),
or
f(.T, _y7€) :f(ﬂf,y,é), g(IL’, —y,é‘):—g(l’,y,€),

then M. can be chosen to satisfy

or
he(=y) = he(y)
respectively. This implies that (1.3) is centrally symmetric with respect to the origin.

Remark 1.5. According to [6,9], the integer r in the above theorem can not be taken as +oc.
If the functions f and g in (1.1) are C* for some integer k& > 2, then the integer r will be required
to satisfy 1 <r < k.

The near-Hamiltonian system we consider in this paper has the form

x:Hy(.Z',y)+€p($,y,€,5), (1 4)

y = —Hx(l’,y) + 5Q(937%5, 5)5

where the functions H,p and ¢ are smooth functions in (z,7) € G € R? with G open, € > 0
is a small parameter and § € D C R™ is a vector parameter with D compact. The order of
smoothness of these functions will be clarified in the next sections.

A powerful tool for finding limit cycles in system (1.4) is the Melnikov function

M(h, 5) = 74 a(2,,0,8)dz — p(z,,0,8)dy, (15)
Ly

where Lj denotes a periodic orbit of the unperturbed system (1.4)|.—¢ defined by H(z,y) = h
for h € J with J an open interval.

In the following sections we will collect some known general results on Hopf, Poincaré,
homoclinic and heteroclinic bifurcations respectively. Most of these results are given based on
the properties of the function M given by (1.5).

2. Poincaré and Hopf bifurcations
Consider the following C*(1 < k < 00) near-Hamiltonian system

j" = Hy +€f(x7ya€75)7

2.1
y:_HIE—I_gg(xayagad)v ( )
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where H € CF*tl f.g € C* & > 0is small and § € D C R™ is a vector parameter with
D compact. Suppose that the unperturbed system (2.1)|.—¢ has a family of periodic orbits
Ly : H(z,y) = h, where h € (a, ) := J. Without loss of generality we assume that Lj is
oriented clockwise. Define a period annular ' by

F:ULh.

heJ

Obviously, I' does not contain any singular point of (2.1)|.—¢. For any given hg € J, take a
point Ag on Ly, see Figure 1. Let [ be a cross section passing through Ag. Let 7 be the unit
vector parallel to [ satisfying H'(Ap) -7 > 0, where H'(Ag) = (Hy, Hy)|a,. Since the cross section
I can be taken as a C* curve and smoothly extended such that the intersection A(h) = Lj !
exists for all h € J. Then we can write

A(h) = Ay + a(h)ii, acC*.

1
B(h,£,5)

Figure 1. Poincaré map.

Denote by B(h,¢,d) the first intersection point of the positive orbit of system (2.1) starting
from A(h) with [ (see Figure 1). Then

H(B) = H(A) = [ Hyde+ Hydy,

—e [+ g (2:2)
AB

=cF(h,¢,0).

Clearly,

(Hyf + Hyg)|e=odt = j{ (9dz — fdy)|e=0 = M(h,d), heJ.
Ly

F(h,0,0) = 7{
Ly
It is well known that F'(h,e,d) and M (h,d) are called bifurcation function and the first order
Melnikov function of system (2.1), respectively.
By [28], we have that M € C*¥ in h € J for § € D and that for any closed interval I C J,
F e CFin h €I for |¢| small and § € D. Thus, for any h € J and sufficiently small |¢|, the
bifurcation function F'(h,e,d) in (2.2) has an expansion of the form [29]

k
F(h,e,6) =3 Mj(h,8) " +o (a’H) , (2.3)

J=1
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where M;(h,d) is called the jth order Melnikov function of system (2.1) with

1 QR »
G geT (1 0:8) € T

M;(h, ) =

The following theorem was proved in [29].

Theorem 2.1. (Poincaré Bifurcation Theorem) Consider C* system (2.1). Suppose that there
exist integers r > 1,1 > 1 with r +1 < k+ 1 such that My = --- = M,_; =0, M, # 0 in (2.3).
If M, has at most | zeros in h € J for all 6 € D C R™, multiplicity taken into account, then for
any compact set V. C I there is g = €o(V') > 0 such that (2.1) has at most | limit cycles in V
for o € D and 0 < |e| < eo, multiplicity taken into account. Moreover, if M, has | simple zeros
in h € J for some 6 = 0y € D, then (2.1) has I limit cycles in T for |§ — do| + |e| small with
e # 0. In this case, we say that the period annulus I' has cyclicity | for (2.1).

The author [14] (see also [18]) proved the following formula
M) = § (ot 9)lecodr
Ly,

Consider a special case of M
M(h,0) = I(h)(P(h) = A), heJ,

where I(h) # 0 for h € J. In this case, if P'(h) # 0 for all h € J, then the period annulus I’
generates at most one limit cycle by Theorem 2.1. Further, if the limits

A = lim P(h), Mg = lim P(h)

h—a h—p

both exist, then the period annulus I" generates a unique limit cycle if and only if A lies between
)\1 and )\2.

If M has a zero with multiplicity 2, then saddle-node bifurcation may occur as stated in the
following theorem (see [12]).

Theorem 2.2. (Saddle-Node Bifurcation of Limit Cycles) Consider system (2.1) with f,g € C*
and H € C*t1. Let k> 2 and m = 1. Suppose that there exist ho € J and 5o € D such that
M (ho,d0) = Mp(ho,d0) =0, p= Ms(ho,d0)Mpn(ho,do) # 0.

Then there exist eg > 0, a differentiable function §(e) = 6o + O(g) defined for |e| < o, and
a neighborhood U of Ly, such that system (2.1) has precisely two limit cycles (a unique limit
cycle of multiplicity 2, no limit cycle, repectively) in U for 0 < |e| < eg, [0 — do| < o if
w(d —d(e)) < 0(=0,> 0, respectively).

The above theorem can be proved by applying the implicit function theorem to the equations
F(h,e,0) =0, Fp(h,e,0)=0

near the point (h,e,d) = (ho, 0, dp).
There are several different approaches to study the number of zeros of M on the interval J,
see [3,7,11,41].
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Now we assume that the period annulus I" has an elementary center of (2.1)|.—¢ as its inner
boundary. Without loss of generality, we assume that (2.1) has a singular point at the origin
for all small |¢] and that the function H has the following form in a small neighborhood of the
origin

H(z,y) = K(z* +y*) + o(z® +¢*), K >0. (2.4)

In this case, we can take A(h) = (a(h),0) for small A~ > 0. From the definition of M and F', one
finds that

lim M (h,d) = lim F(h,e,8) = 0.
h—0 h—0

Then we can define M(0,9) = F(0,&,0) = 0 so that they are continuous at h = 0. The point
B(h,¢e,6) can be written as B(h,e,d) = (b(h,e,9),0). From Theorem 3 in [28], we know that
there exists a C* function P(z,¢,6) = O(x), which is called a Poincaré map of (2.1) near the

origin, such that
b(h,E,(S) = P(a(h)757 5)) P(a(h)v 0, 5) = a(h)

On the Hopf bifurcation theory of system (2.1), from [28] (Theorem 16) and Remark 2.1 in [39],
we have the following Hopf bifurcation theorem for (2.1).

Theorem 2.3. (Hopf Bifurcation Theorem) ( [28]) Let system (2.1) satisfy (2.4) with f,g € C*
and H € C¥*2 (k > 1). Then the following statements hold.

(a) There exists a C* function V(z,¢,0) satisfying ¥(x,e,6) = O(2?) such that for h > 0
small

F(h,e,8) = U(Vh,e,6).

(b) There exists a function ¥(x,d) = O(x?) € C* even in x for |x| small such that w;kﬂ)(O, J)
exists and M(h,8) = F(h,0,6) = (v/h,8). Hence, the first order Melnikov function
M(h,9) is U5 at h =0 and has the expansion

M(h,8) = by (8)h + ba(8)h? + -+ + by(S)h' + o(h!), 20 <k+1.
(c¢) If there exist 69 € D and integer | > 1 such that
bl(50)750> b1(50)207 =111, 2§2l§k+1a

then system (2.1) has at most | — 1 limit cycles near the origin for |e| + |d — dg| small.
(d) If 6 = (01,02, -+ ,0m) € R™ withm >1—1, and

8([)17 b27 e 7bl—1)
A(61,+ 5 Om)

(60) =1—1,

rank

then system (2.1) does have | — 1 limit cycles for some (g,9) near (0, ).

Similar to Theorem 2.2 in [39], by the results in Theorem 2.3, we can obtain

Theorem 2.4. ( [39]) Let system (2.1) satisfy (2.4) with f,g € C* and H € C**2. Suppose
that there exists an integer | > 1 satisfying 21 < k 4+ 1 such that for each 6 € D, M(h,d) has
the zero h = 0 with multiplicity not exceeding I. Then there exist eg > 0 and a neighborhood U
of the origin such that system (2.1) has at most I — 1 limit cycles in U for 0 < |e| < €9, § € D,
multiplicity taken into account.
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There are two ways to obtain conditions under which (2.1) has limit cycles near the origin.
One is to use the coefficients {b;} in the expansion of M to produce zeros of M and F in h,
respectively. To see this clearly, we assume that there exists dgp € D such that bi(dy) = 0,
b2(d0) # 0. Then noting F'(h,0,0) = M(h,d) (2.1) will have a unique limit cycle near the origin
if

0 < le| < |b1| < |b2(dp)], biba < 0.
Another way to find limit cycles is to use the Poincaré map P(z,¢,0) to change the stability of
the origin. For (2.1), if f,g € C* and H € C**2, then we have

P(z,e,0) = ed(x,¢€,9),
where d € C* from [28] (Theorem 6). For k > 3 we have
d(z,e,0) = vi(g,8)x + va(e, 8)2? + v3(e, 8)2® + o(2?)

for |x| small. From [30], va(e,d) = O(v1(e,d)), and there are positive constants k; and kg such
that
1)1(0, (5) = klbl((5>, ?)3(0, 9) = k2b2(5) + O(bl)

Then it is direct that if b1(dg) = 0, ba(dg) # 0, then for |0 — Jp| + |¢| small (2.1) has a unique
limit cycle near the origin if and only if v (e, §)be(dp) < 0.

If b1(dp) = b2(do) = 0, b3(dp) # 0, then saddle-node bifurcation of limit cycles may occur in
Hopf bifurcation.

For the computing formulas of b1, ba and b3, one can see [18]. Also, it was proved in [16, 18]
that M is C* (C*, resp.) at h = 0 if the functions H and (f,g)|-=0 are C* (C*, resp.) near
the origin. A new proof for this conclusion as well as a generalization of it was given in [42].

3. Homoclinic bifurcation

Consider the following C* system

T = fo(l“’y) + Ef($,y,5,5),

) (3.1)
Y= gO(l'ay) + Eg($7y757 6)7

where fy, g0, f,g € C* with 2 < k < 0o, € > 0 is small and § € D C R™ is a vector parameter
with D compact. Suppose that unperturbed system (3.1)|c—¢ has a hyperbolic saddle point Sy
and a homoclinic orbit

Lo ={(z(t),y(t)) | t € R},
which tends to Sy as t — 400 and t — —o0, ie., w(Ly) = a(Ly) = Sp. We call Ly U Sy
a homoclinic loop. For definiteness, we assume that Lg is oriented clockwise and the Poincaré
map is well defined on the interior side of Ly. See Figure 2. When |¢| is sufficiently small, system
(3.1) has a hyperbolic saddle point S(g,d) near Sy. Moreover, in a neighborhood of Ly, system
(3.1) admits separatrices L*(e,d) and L"(e, ), which lie on the stable and unstable manifolds of
S(e,d), respectively. Take an arbitrary fixed point Ag € Lo, and let [ be a transversal of system
(3.1) passing through Ap, with the direction vector chosen as

1
= | fo(A0), go(Ao)| (—90(Ao), fo(Ao)).

Then the separatrices L® and L" intersect [ at points denoted by A® and A“, respectively. The
author [45] proved the following lemma (whose proof can be also found in [5,12,17,18]).

no
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So
Figure 2. Clockwise-oriented homoclinic orbit.

Lemma 3.1. ( [45])) There exist C* functions a®%(e,8) = O(g) such that
A" = Ay +a®"(e,0)ng
Let d(e, 6, Ag) = a*(g,0) — a®(e,d). Then

eM(9)

A0 A0) = TR g0 (A0)

+0(e?),

where

M(9) = /+Oo(fog —gof)exp (— /Ot(fox + go,) dT)

—0o0

dt e R. (3.2)
€=O,L0

The sign of the quantity d determines the relative position of the separatrices L® and L%, as
illustrated in Figure 3.

X2 K D A oy

) d<0 (b) d=0 ) d>0
Figure 3. The relative positions of L® and L“.

Any point A near the left side of A° on the transversal [ can be expressed as
A=A+ ang, a<a’(e0).

Let B denote the subsequent intersection point of the positive semi-orbit of system (3.1) starting
from A with the transversal [. Then B can be written as

B = Ao+ P(a,e,0)ng, a<a’(ed).
The mapping P : | — [ is called the Poincaré map of system (3.1) near L. Define
F(a,e,d) = P(a,e,0) —a

which is called the bifurcation function of system (3.1) near Ly. From the properties of saddle
points, it is easy to see that
lim P(a,e,d) =a"(¢,0).

a—as-



Some bifurcation results in near-Hamiltonian systems 587

We can define
F(a®,e,0) = a"(g,0) — a®(e,d) = d(e, 0, Ag).

From Lemma 3.4 in [17], there exists a C* function u(F,a,¢,8) = O(F) such that

oF 1
- -1 . ; .
da 1 + u(F,a,e,06) P /AB [fou + g0, + (fa + gy)]dt

By this formula and using Lemma 3.1 one can obtain the following theorem.

Theorem 3.1. ( [45]) Let oo = (fo, + 90,)(S0). If o0 # 0, then

(i) When o9 <0 (> 0), the homoclinic orbit Ly is inward stable (unstable).

(ii) There exist ¢g > 0 and a neighbourhood V' of Ly such that for 0 < |e| < €9, § € D,
system (3.1) has at most one limit cycle in V. Moreover, a limit cycle exists if and only
if opd(e,d, Ag) > 0, and its stability is determined by the sign of oy.

The theorem above was first obtained in [45]. Its proof can also be found in [5,17] and in [18]
for the case k > 3.

When o9 = (fo, + 90,)(S0) = 0, one can prove that o1 = fLo (for + go,)dt € R, and that

Lo is stable (unstable) as o1 < 0 (> 0). In this case, it was proved in [17] that the C*(k > 2)
system (3.1) has at most two limit cycles near Ly for || > 0 small.
If fo, + g0, =0, then (3.2) becomes

M(6) = fL (fog — g0f)| _ydt = fL (gdz — fdy)| _,. (3.3)

Let
0(5) = (fw + 9y)(507 07 5)

The authors [44] obtained the following two theorems.

Theorem 3.2. ( [44]) Consider C* system (3.1) with k > 2. Suppose there exists a C*+1
function H(z,y) satisfying

Hy = f(](l’,y), H:): = *90($7y)- (34)
Then

(i) For sufficiently small |e| and § € D, a necessary condition for system (3.1) to have a limit
cycle near Lo is M(dg) = 0 for some g € D.

(i1) Assume M (o) = 0, and further suppose o(dg) # 0. Then there exist e > 0 and a neigh-
bourhood V' of Ly such that for 0 < |e| < g9 and |d — do| < €9, system (3.1) has at most
one limit cycle in V. Moreover, a limit cycle exists if and only if o(d9)d*(e,d) > 0, and
its stability is determined by the sign of ea(dy), where

o M)
d*(e,0) = 8d(&?,(s, Ap) Fo(A). 90(Ao)| + O(e).
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Theorem 3.3. ( [44]) Let system (3.1) satisfy (3.4) with f,g € C*¥ and H € C**' with k > 2.
Suppose D C R. If there exists 0g € D such that

M(d0) =0, = M'(do)o(d) #0,

then there exist eg > 0, a differentiable function 6*(e) = do + O(e) defined for |e| < o, and
a neighbourhood V' of Lo such that system (3.1) has a unique limit cycle in V if and only if
w(d —6*(e)) >0 for 0 < |e| < ep and |§ — do| < €0, and that system (3.1) has a homoclinic loop
near Lo if and only if 6 = §*(¢g).

One can see [17,18,36] for a proof of Theorem 3.2, and [18,36] for a proof of Theorem 3.3.
The authors [36] proved the following theorem which was also proved in [17].

Theorem 3.4. ( [36]) Let system (3.1) satisfy (3.4) with f,g € C*, H € C**! and k > 2.
Suppose there exists g € D such that

M(d0) =0, a(do) = (fz + 9y4)(50,0,00) =0,

and

T1(00) = (e + 9)(,3,0.00)dt 20
Lo
Then there exist eg > 0 and a neighbourhood U of Ly such that

(1) system (3.1) has at most two limit cycles in U for all 0 < |e| < eg and |0 — do| < €o;

(i3) if 6 = (81,02) € R? and
(M, o)

det m@o) # 0,

then for any neighbourhood Uy C U there exists some (¢,6) near (0,80) such that system
(3.1) has two limit cycles in Uy.

In [36] the authors further proved that there exists a number, denoted by 02(6), such that for
the C8 system (3.1) with (3.4) satisfied, Lo generates at most three limit cycles for || + |6 — &y
small if 0(dp) = 01(d9) = 0, g2(dp) # 0 for some dy € D. For a formula of 05(6), see [17,18,36].

Under (3.4) we can suppose that there is an interval J = («, 0) such that (3.1)|.—¢ possesses
a family of closed orbits Lj, given by H(z,y) = h near Lo for h € J. In this case, L tends to
the homoclinic orbit Ly as h — 0. The first order Melnikov function of (3.1) has the form

Mi(h6) = (9o~ fay)|_y
Ly
The authors [33] proved the following theorem. See also [17] for its proof.

Theorem 3.5. ( [33]) Let system (3.1) satisfy (3.4) with f,g € C* and H € C**1 with k > 2.
Then My (h,0) is twice continuously differentiable with respect to h € J, and has the asymptotic
expansion for 0 < —h < 1

M (h,8) = M(0) + c1(0) hIn|h| 4 c2(8) h + o(h), (3.5)
where M(9) is given by (3.3),

1(8) =~ (fo + 9,)(50,0,6) = — (),
Ao A0
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e2(8) = 74 [(f2 + 95)(2.,0,6) — o(8)]dt + O(er),

and Ao > 0 denotes the positive eigenvalue of the matrix %(So).

The author [49] proved that the function M; has an expansion of the form for analytic system
(3.1)

Ml(h,(S) = Z(ng + ng+1h1n ‘h‘)hj
Jj=0

In fact, this is true if the functions (f,g)|c=0 and H are analytic. The authors [32] gave a

simple proof of the above expansion and obtained a formula of the coefficient c3. See [18,32] for

deduction of formulas for cg, ¢1,c2 and ¢3. For a way to compute more coefficients, see [54].
From [49] we know that if

Cj(50)207 jZO,"',l—l, 61(60)7&0;

for some dp € D and [ > 2, then (3.1) has at most [ limit cycles near Lg for |e| + | — dp| small.
The author [13] found a mistake in [49] and reproved the conclusion.

As in Hopf bifurcation, there are two ways to obtain limit cycles near Lg. One is to use the
expansion of the first order Melnikov function M; in h to get zeros of M; and F' respectively.
For instance, one varies 0 near some point dy such that the coefficients M (4), ¢1(d) and ¢3(9) in
(3.5) satisfy

0< —M(5) < 61(5) < 02(5)

to get two simple zeros hy and hg of M on J. Then for sufficiently small € > 0 the function F
has two simple zeros h; + O(e), j = 1,2, obtaining two limit cycles near L.

Another way includes the following steps:

1. Form a homoclinic loop of (3.1) near Lo by solving the equation d(e,0) = 0 using the
implicit function theorem;

2. change its stability one or more times to produce one or more limit cycles;

3. break it by setting d(e,d) < 0 or d(e,0) > 0 to get a final limit cycle.

This method was originated in [15] and developed in [18, 50,51, 59] to study limit cycle
bifurcations near heteroclinic loops with two saddles and some compound cycles with two or
more saddles.

4. Double homoclinic bifurcation

In this section, we continue to consider the C* system (3.1) with k& > 1. Suppose that when
e = 0, system (3.1) possesses a double homoclinic orbit L which consists of two homoclinic
orbits L1 and Lo sharing the same hyperbolic saddle point Sy as their limit set. The set L U .Sy
is called a double homoclinic loop, sometimes L itself is also referred to as a double homoclinic
loop. For definiteness, we still assume that L is oriented clockwise, see Figure 4.

Take points A; € L; for i = 1,2, respectively. Make a transversal (or cross section) I; to each
L; through A; and take its positive direction as

L2

1 .
- m( — go(Ai), fo(A)), i=1,2.
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So

Figure 4. Clockwise-oriented double homoclinic loop.

When ¢ is sufficiently small, system (3.1) possesses a unique saddle point S near Sy together
with its four separatrices L{(e,d) and L}(e,d) near L; for ¢ = 1,2, such that L7 U L§ U S and
LY U LY U S constitute the stable and unstable manifolds of system (3.1) at S, respectively. Let
A? and AY denote the intersection points of L7 and L;* with [;, respectively. Then we can set

Al = A+ aj(e,0)n;, AY =A;+al(e,0)n;, i=1,2,

as illustrated in Figure 5.

Figure 5. Separatrices near the double homoclinic loop.

As in Section 3, we can define two Poincaré maps P; : [; — [; near L; for i = 1,2, together
with the bifurcation functions near L;

Fi(a,e,0) = Pi(a,e,0) —a, i=1,2.

Clearly,
Pi(a;i—,e,0) =af, Fi(aj—,e,0)=af —a;, i=12.

79

Thus, the functions F; and P; are well defined on an interval (—&g, a$] in a for a small constant
€ > 0.

Now take a point A = Ay + any € [1 near A;. Suppose the positive trajectory of system
(3.1) passing through A intersects ly at A* = Ay + a*(a,e,0)ne2, and then intersects [; again
at B = A1 + P(a,e,0)n;. We thereby obtain a Poincaré map P: l; — [; of system (3.1) near
L = LiULy. It is easy to see that the map P is well defined at a near 0 if and only if it satisfies

a>aj, a*(a,ed)>as.

Hence, there exists a unique function ag(e, ) satisfying ap > aj such that the following limit
exists finitely
lim P(a,¢e,d) = P(ao,&,0).

a—ag

Thus the domain of definition of P can be extended to [ag(e,0),e0) in a. Define

F(a,e,d) = P(a,e,d) —a, a € lag,ep)-
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We call F' as a bifurcation function of system (3.1) near L. Clearly, F' has a root for a > ag
if and only if system (3.1) possesses a limit cycle enclosing the saddle point S near L; such a
cycle is referred to as a large cycle. The value ag is a root of F' in a if and only if system (3.1)
admits a double homoclinic loop or a single homoclinic loop near L. In the latter case, it is
called a large homoclinic loop or large homoclinic orbit. The limit cycles of system (3.1) near
L; (corresponding to the roots of F;) are called small cycles of system (3.1) near L. Let

d(e,6,A4y) = F(ao(s, 5),5,5),
di(e,0,A;) = Fi(aj(e,0),e,9), i=12.

Then it follows from Lemma 3.1 that

di(e, . A) = MO o) o,

| folAs), go(Ay) |

where

M;(6) = ?{ (fog — 9of)|._yexp <— /Ot (foo + goy)d7> dt. (4.1)

K3

Obviously, system (3.1) possesses a homoclinic orbit near L; if and only if d; = 0, and admits a
large homoclinic orbit near L if and only if d = 0 and dyda # 0.
Let 09 = (fo, + 90,)(So0). When o # 0, the saddle Sy is called rough. If o9 = 0, then

2
01 = %(foa: +gOy)dt = Z% (foac +90y)dt =011+ 012
L i=1 " Li

is finite. On the stability of L and the number of limit cycles of (3.1) near it we have the
following two theorems by [17,20].

Theorem 4.1. ( [17,26]) Consider C* system (3.1) with k > 1. Suppose oo = (fo, +g0,)(S0) #
0. Then L is outer stable (outer unstable) when o9 < 0 (> 0). Moreover, there exist eg > 0 and
a neighbourhood U of L such that for all 0 < |e| < g and 6 € D,

(i) system (3.1) has at most one large cycle in U;
(ii) system (3.1) has at most two limit cycles in U. If two limit cycles exist, they are either

two disjoint small cycles or one large cycle enclosing one small cycle.

Theorem 4.2. ( [20]) Consider C* system (3.1) with k > 3. Suppose o9 =0 and oy # 0. Then

(i) The double homoclinic loop L is outer stable (outer unstable) if o1 < 0 (> 0).

(ii) There exist g > 0 and a neighbourhood U of L such that for 0 < |e| < g9 and § € D,
system (3.1) has at most two large cycles in U.

(111) If 011012 # 0, then for 0 < |e| < g and 6 € D, system (3.1) has at most five limit cycles
mU.

(iv) If o11012 = 0 and the first saddle quantity of the CF system (3.1) with k > 7 at the saddle
point Sy is nonzero, i.e., Ry # 0, then for 0 < |e| < g9 and § € D, system (3.1) has at
most six limit cycles in U.
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The Theorem 4.1 above was obtained first in [26] and was improved on smoothness in [17].
The definition of the value R; in Theorem 4.2 and its formula can be found in [17,18]. On
determination of stability of L when o9 = o1 = 0, see [18,23,37].

Next, we consider limit cycle bifurcations near L in near-Hamiltonian systems. Introduce

M(0) = Mi1(0) + M3(6),  o(6) = (fx + 94)(50,0,9).

Then we have

Theorem 4.3. ( [17,26]) Let system (3.1) satisfy (3.4) with f,g € C*, H € C**! and k > 1.
Then

(i) When |e| is sufficiently small and 6 € D, a necessary condition for system (3.1) to admit
a large cycle near L is M(dp) = 0 for some 6y € D.

(ii) Suppose M (dp) = 0 and o(dg) # 0. Then there exist eg > 0 and a neighbourhood U of L
such that for 0 < |e| < g¢ and |6 — do| < €0, system (3.1) has at most two limit cycles in
U. If two limit cycles exist, then M;(do) = M2(dp) = 0, and they are either two disjoint
small cycles or one large cycle enclosing one small cycle.

(11i) Let M(dp) = 0 and M'(dy) # 0 with 6o € D C R. Then there exists a continuously
differentiable function 6*(e) = do+O(g) such that when § = 6*(g), system (3.1) possesses a
large homoclinic orbit or a double homoclinic loop inside U. Moreover, if d;(e,6*(e), Ai) #
0(z = 1,2), this homoclinic orbit is large as shown in Figure 6.

) 2

d1 E 5 dl(E (5 <

Figure 6. Large homoclinic loop for § = §*(¢).

It is easy to see that the large cycle near L is generated from L U Sy itself, while the small
cycles are generated from L1 U Sy or Lo U Sy. Under the conditions of Theorems 4.1 and 4.3,
one can further give conditions for existence of two limit cycles. In fact, suppose § € R? and
there exists dgp € R? such that

O(My, My)

M (00) = M2(00) =0, det 901.5)

(d0) # 0,

then two limit cycles will appear for some (g,0) near (0,d0). In this case, we say that the total
cyclicity of L is 2. The condition o(dp) # 0 in Theorem 4.3 is usually called the nondegeneracy
condition for nonisolated double homoclinic bifurcations.

If 0(d9) = 0, the authors [20] further proved the following theorem.
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Theorem 4.4. ( [20]) Let system (3.1) satisfy (3.4) with f,g € C*, H € C**! and k > 3.
Suppose there exists 6o € D such that M(dy) =0, o(d9) =0, and

2
o1(60) = ; ]fL (ot ) ,2.0,00)

= 011(d0) + o12(dp)
£0.
Then

(i) There exist g > 0 and a neighbourhood U of L such that for all 0 < |e| < &g, |d — do| < €0,
system (3.1) has at most two large cycles in U. If § € R? and
(M, o)

det m@o) # 0,

then system (3.1) can admit two large cycles in U.

(i) If 011(d0)o12(60) # 0, then for all 0 < |e| < eq, |6 — do| < €0, system (3.1) has at most five
limit cycles in U. Moreover, if § € R®, and

6(M1, MQ,O’)

M (60) = M3z(do) = det —————=
100) = M0 =04t 6 0)

(o) # 0,

then there exists (e,9) near (0,00) such that system (3.1) has k large cycles and 5—k small
cycles in U for k=1 or 2.

(iii) If 011(dp)o12(00) = 0 and %(0,50) # 0, where Ri(e,d) denotes the first order saddle

quantity of system (3.1) at the saddle point S, then for 0 < |e| < &g, |0 — do| < €0, system
(3.1) has at most siz limit cycles in U. If § € R*, and
a(M1>M2707 UOi)
) 0,
8(617 527 537 54) ( 0) ;é

M1(50) = M2(50) = O'Oi((SQ) = 0, det

with 1 =1 or 2, then system (3.1) can have k large cycles and 6 — k small cycles in U for
k=1 or2.

When condition (3.4) holds, system (3.1) possesses three families of closed orbits near L.
Without loss of generality, suppose that Sy is at the origin with H(0,0) = 0. Then the periodic
orbits can be expressed as

Ly:H(z,y)=h, 0<h<1,
Lip : H(x,y)=h, <0, 0<-h<1,
Loy : H(z,y)=h, >0, 0<-h<x1

with the propeties Ly, — L, L;, — L; as h — 0, for ¢ = 1,2. Correspondingly, we have three
first order Melnikov functions

M (h,d) = % (fog — gof) ‘8:0dt7 0<hk1l,

Ly

Mii(h, §) = f (og — aof)|__ydt, 0<—h<1.

Lip
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Similar to Theorem 3.5, if system (3.1) is of class C?, then M; is a C? function for 0 < h < 1,
and
Mi(h,8) = M(0) + c1(0)hlnh + c2(6)h +o(h), 0<h <1,

_ 20(0) A2\
a(8) = ok = - (ﬁ) (0,5).

where

2
=3 [0+ 0)(@0.0.8) ~ o()]dt + Oca).
i=1 7L
If (3.1) is of class C*°, then as in the case of homoclinic loop we have from [18]
Ml(h, 5) = Z(ng + 02j+1hln ‘h‘)h]
j=0
The authors [20] posed the following conjecture:
Conjecture 4.1. If
Cj(50):0, j=0,~-- ,l—l, 61(50)7&0,

for some 09 € D and l > 3, then (3.1) has at most | large limit cycles near L for || 4+ |6 — do|
small.

Remark 4.1. If system (3.1) is centrally symmetric with respect to the origin, then M (h,d) =
Mia(h,d), and the phase portrait of (3.1) near L is symmetric with respect to the origin. Hence,
in this case, no large homoclinic loop can appear near L since d(g,0, A;) = 0 if and only if
di(e,d,A;) = 0 for i = 1,2. Also, the above conjecture is true for centrally symmetric systems
by [13].

Now we present a simple application of the above theorems together with Remark 4.1 to
investigate limit cycle bifurcations of a cubic system of the form

=y, y=x—2°—c(x®+ax+ao)y. (4.2)

Without loss of generality, we assume the small parameter ¢ is nonnegative. It is easy to see
that when € = 0, system (4.2) possesses the Hamiltonian function

4

Hk\'—‘

1
Hr,y) =~ ) +
From (4.1), we have

My ==2(I3 — a1l + apl1), My = —2(I3+ ail>+ aoly),

I; —/ \/1—7x2dx j=1,2,3.

where

Direct computation yields I7 = g 2w, I3 = 2£. Consequently,
64 s 4
7 15 + ( ) \/§a1 3&0, ? ) 4y
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and
8
M + M; = —1—5(16 + 5ag).
It is also easy to see that 0 = —ag. Therefore, by Theorem 4.3, system (4.2) has at most one

large cycle near the double homoclinic loop L : H = 0, and there exists a homoclinic bifurcation

curve in the (ag,a1) plane:

. 16
ag = a0(€,a1) = *g +O(€),

such that the corresponding homoclinic loop tends to L as ¢ — 0. We remark that system (4.2)
may have two large cycles, of which the bigger one is not near L. When ag = aj, we have

M; = (—1)1'—1%@1 +0(e), i=12.

Noting that system (4.2) is centrally symmetric when a; = 0, we have d; = ds = 0 for a; =0
and ag = ag. Therefore, for ag = ay,

(-1)"teayd; >0, i=1,2.

Then for € > 0, by Figure 3 one can see that there are three cases according to the value of a1
as follows:

(i) Upper homoclinic bifurcation curve LZ: ag = aj(e, a1), a; > 0.
(ii) Lower homoclinic bifurcation curve LY: ag = afi(e,a1), a1 < 0.
(iii) Double homoclinic bifurcation point ay = a§(e,0), a; = 0.
In addition, by Theorems 3.3 and 3.4, system (4.2) also possesses a left homoclinic bifurcation
curve

3T 16
L cag= —a; — — + 0(e),
;L tag 1 ﬂal z +O(e)
and a right homoclinic bifurcation curve
3 16
L iag = —"—a1 — 2 +0()

Further, by Theorem 3.4 there exist left and right saddle-node bifurcation curves of small cycles
L?M and L2M whose endpoints are the intersection points of Lfl , LI with the straight line ag =
0. Note that the double homoclinic loop of system (4.2) is unstable for (ag,a1) = (aj(e,0),0) =
A*. Taking a sufficiently small neighbourhood V' of A*, one can obtain the bifurcation diagram
for (ap,a1) € V as shown in Figure 7. We remind that the saddle-node bifurcation curves LlQM
and L2M do not intersect V.

Jebrane and Zoladek [38] studied the Poincaré bifurcations of system (4.2) and proved that
the system admits at most three limit cycles. If three limit cycles exist, they are either two
large cycles enclosing one small cycle, or one large cycle enclosing two small cycles. The above
discussion can be regarded as a supplement to [38].

In 2023, the authors [31] considered analytic system (3.1) and obtained an important relation
of the three functions Mj1, M12 and M, as stated in the theorem below. Here, the statement is
improved.
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Figure 7. Bifurcation diagram of system (4.2) near A*.

Theorem 4.5. ( [31]) Let system (3.1) satisfy (3.4) with f,g € C*, H € C**! and k > 2. If
the functions H, f|.—o and gl.—¢ are analytic in a neighborhood of the double homoclinic loop L,
then there exist analytic functions ¥1(h,9), ¥a(h,d) and @(h,0) for |h| < eo with ey a positive
constant such that

M (h,d) = ¢(h,6)hIn|h| +1i(h,d), h € (—e0,0), i=1,2,
and
M;i(h,d) =2¢(h,0)hInh +(h,d), he(0,e0),
where Y(h,0) = 1 (h,8) + 12(h, d).
Further, let system (3.1) be centrally symmetric, and
@(h,0) = ZC%H((S)M’ P(h,0) = Zczz’@)hi-
i>0 i>0

If there exist 69 € D and k > 1 such that
Ck((So)#O, Cj(50):0, jZO,--~,k‘—1

and
d(co,c1,- -+, Cp—1)
901, 0m)

then for any given neighborhood U of L there exists § mear oy such that for 0 < e < 1 system
(3.1) has at least [3£] limit cycles in U.

(o) = F,

rank
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This result can be used to study the number of limit cycles of polynomial systems. For
example, the system

n
=y —1)+ 5Zaix2i+1, = —x,
i=0
can have [57”] limit cycles near the curve defined by 2(x? — y?) +y* = 0 for 1 < n < 56 and
0 < e < 1. See [31] for details.

5. Heteroclinic bifurcation

In this section, we continue to investigate the C* system (3.1) with k& > 2. Suppose that system
(3.1)]c=o has a heteroclinic loop Lo = L1p U Loy U S19 U Sgg consisting of two hyperbolic saddles
S10 and Sog and two heteroclinic orbits Lig and Log connecting them. For definiteness, we
assume that Lg is oriented clockwise and that the Poincaré map is well defined inside it with
w(LQQ) = Oz(Llo) = 510 and w(Llo) = Oé(LQQ) = 520 as shown in Figure 8.

Figure 8. Clockwise-oriented heteroclinic loop.

The main task is, as before, to discuss the following issues

(1) the stability of Lo,

(2) the existence of a homoclinic or heteroclinic loop L. satisfying lin% L. = Ly, and
E—r

(3) the number of limit cycles near it for £ small.

We first introduce some notations. For £ small (3.1) has hyperbolic saddles Si. and Sa. near
S10 and Sy respectively. Take points A; € Ljo, j = 1,2, and make cross sections [; passing
through A; and having the direction n; with

1
|(fo(A45), go(A;))]

Then for small € # 0, system (3.1) has four separatrices ;"> which intersect I; at A} and
satisfy

n; =

(—g0(4;), fo(4;))-

a(A}) = w(A3) = Sie,  a(AY) = w(A}) = She.

Let dj(e, 6, A;) denote, as before, the distance from A¥ to Aj. Then similar to Lemma 3.1 we
have

Lemma 5.1. For C* system (3.1) the functions dy(e,6, A1) and da(e, 8, As) are C* in (g,9)
satisfy
5M10(5) 2 .
di(e, 0, A;) = +0(), i=1,2,
| fo(Ai), go(As) |
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where
t
M’i (5) = /L (ng - gOf) }520 exp <_/0 (fO:c + gOy)dT) dt.

Obviously, system (3.1) possesses a heteroclinic orbit near L;g if and only if d; = 0. The sign
of d; determines the relative position of the separatrices L and L}, similar to Figure 3.

We now introduce three fundamental results concerning the stability of the unperturbed
heteroclinic loop Lo and the limit cycle bifurcation under small perturbations.

Let 70 = [A%|/AY denote the hyperbolic ratio at saddle Sjp, where A% > 0, A}, < 0 are
eigenvalues of the linearized system of (3.1)|.—¢ at Sj, ¢ = 1, 2.

Theorem 5.1. Suppose that system (3.1) is of class C%. Then

(1) If riorao > 1 (< 1), then Lg is internally stable (unstable).
(Zi) [f r10720 — 1, then

o1 = ilgtl) . (for + 90,) dt

exists and is finite, where AB denotes the orbital arc of (3.1)]e=0 starting from A € l; and
arriwing at B € 1y for the first time. Moreover, Ly is stable (unstable) when o1 <0 (> 0).
In particular, if r1o = rog = 1, we have

2

= . Y = .

o1 Z/L (for + 90,) dt = 011 + 012
i=1 7/ Li

The first conclusion of the above theorem was obtained by [4], and the second one by [27].
A proof of this theorem can be found in [17]. The following theorem was obtained by [23], and
its proof was given in [17].

Theorem 5.2. ( [23]) Let system (3.1) be a C? system, and suppose that
Al
7"10:7’20:1, o1 :0, O'QER11+>\7(2)1R126011 750,
where R11 and Rio denote the first order saddle quantities of system (3.1)|c = 0 at S1p and S
respectively.
(i) If Ly is oriented clockwise, then Lg is internally stable (unstable) when o9 >0 (< 0).
(ii) If Lo is oriented counterclockwise, then Lg is internally unstable (stable) when oo > 0
(<0).
Theorem 5.3. ( [17]) Assume that system (3.1) is of class at least C3.
(1) If (rio0 — 1)(re0 — 1) > 0, then there exist g > 0 and a neighbourhood U of Ly such that
for all 0 < |e| < eo and § € D, system (3.1) has at most one cycle in U.
(i1) If (r10 — 1)(ro0 — 1) < 0 and r1or20 # 1, then for all 0 < |e| < eg and § € D, system (3.1)

has at most two cycles in U.

The first (second, resp.) conclusion of Theorem 5.3 was first obtained by [48] ([46], resp.)
for C*° systems.
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Next, we present some results on bifurcation phenomenon near Lg for near-Hamiltonian
systems. Let system (3.1) satisfy (3.4) with f,g € C*, H € C**! and k > 3.

We first show how to get a homoclinic loop L. passing through the saddle point Si. near
S10 or So near Sog. For definiteness, let us study the existence condition of L. passing through
Ste- .

Take A; € 1}, both close to Spg. Let Ay = Pi(A}) € lo, where Py : l1 — I3 is a Dulac map of
system (3.1) near Sag. Then we can write

AY® = Ay +a™%(e,8)ne, Ay = As +al(e, 6)na.

Then for A = As + ang € Iy with a < a®(g,0), the positive orbit of system (3.1) starting at A
intersects Iy at B = Ag + P(a,e,6)ng for the first time. This yields a map P : [y — la, called a
Poincaré map of system (3.1) near Lg. See Figure 9.

Figure 9. The case with di > 0.

As before, the limit P(a®,e,d) = lim P(a,¢, ) exists. Let

a—a®
d(e,9, A2) = P(a®,e,6) — a’.

Then for € # 0 with dy > 0, there exists a homoclinic loop passing through Si. if and only if
d(z’f, 5, AQ) =0.

By [18,27] we have
My(0) + O(e1Infe|)

d g, (5, Ag)=¢ )
(&0 42) = €103, (42), H,(42))
where
My(0) = Myo(0) + Mag(9),
. 5.1
50
Introduce
A](€75):E(f$ +gy)(sj57575)7 j:1727
5']‘((5) = (fx—i—gy)(Sjo,O,(S), =1, 2,
2
790 =3 [ et 9oyt
j=1"Lio
_ 8R1(Sle)
g4(0) = ——= ,
e e=0
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where R;(S1c) denotes the first order saddle quantity of system (3.1) at Si.. Clearly, Aj(e, ) =
e(7;(0) + O(e)).
The authors [27] obtained the following result.
Theorem 5.4. ( [27]) Let system (3.1) satisfy (3.4) with f,g € C¥, H € C**' and k > 3. Then
(1) If My(0) # O for all 6 € D, then (3.1) has neither limit cycle, homoclinic loop nor
heteroclinic loop near Lo for all € # 0 small, where My is defined in (5.1).

(2) If ou
Mo (o) =0, 8710(50) #0, b0 = (010, " ,0mo) € D,

then there exists a differentiable function §*(¢,02, -+ ,0m) = @(d2, -+ ,0m) + O(e), where
Mo((d2,- -+ ,0m), 02, ,0m) = 0, such that (3.1) has a homoclinic or heteroclinic loop L.
near Lo for |e|+ |0 — do| small if and only if § = 6*(g,02, -+ ,0m). The loop is a homoclinic loop
through S1 (Sa2, resp.) if di >0 (<0, resp.), and it is a heteroclinic loop if di = 0.

(3) If

Mg(éo) =0, 51((50) +2(00) #0, &9 € D,

and A1(g,90)Aa(e,6) > 0 for all |e| + |0 — do| small, then (3.1) has at most one limit cycle near
Lo for all |e| + |6 — do| small. If further § € R and M{(d9) # 0, then there exists a differentiable
function 6*(e) = do + O(e) such that (3.1) has a unique limit cycle near Lo if and only if
w(0 —6*(g)) > 0 for |e| + |6 — do| small, and that system (3.1) has a homoclinic or heteroclinic
loop L. near Ly if and only if 6 = 6*(g), where p = M{(d0)(1(do) + 2(dp)).

The phase portrait for the loop L., when it exists, is illustrated in Figure 10.

Sz S1e S S

Figure 10. Phase portrait of the loop L. (d = 0).

From [18,59], we have the following theorem.

Theorem 5.5. ( [18,59]) Let system (3.1) satisfy (3.4) with f,g € C*, H € C**! and k > 3.
Suppose there exist o9 € R™ and an integer | = 1,2,3 or 4 such that

Mﬂ(éo) = 07 MlO((SO) 7é 07 6](50) = 07 ] = 17 e )l - 1)

O(My, 61, ,01-1) -
TGS B S

Then system (3.1) has at least | limit cycles near Ly for some (g,d) near (0,0¢).

a1(dp) #0, rank

We note that under (3.4) system (3.1)|.—o has a family of periodic orbits inside Lo Ly :
H(z,y) = h, h € J. We can suppose that H(Lg) = 0 with J = (a,0). In this case, similar to
Theorem 3.5, one can prove that the first order Melnikov function of (3.1)

My (h,0) :75 (gdz — fdy)|__,, heJ

Ly
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has an expansion of the form (3.5)
M;(h,8) = My(8) + c1(8) h1n |h| 4 ¢2(8) h + ¢3(5) K2 In|h| + o(h%In |h]).

For formulas of ¢1, ¢ and cs, see [18,32]. The authors [35] proved that if

(i) Mo(do) =0, c1(do) #0, do € D,

(ii) system (3.1) is of class C*°,
then (3.1) has at most two limit cycles near Ly for all |e| + |0 — dg| small. Moreover, two limit
cycles can appear near Ly under additional conditions.

Similar to the proof of Theorem 5.3 it is possible to prove that the above conclusion is true
if the condition (ii) is changed into

(ii) system (3.1) is of class C3.

Next we suppose system (3.1) satisfies (3.4) and

H(—x,—y) = H(z,y),
f(=z,~y,e,0) = = f(x,y,¢,9), (5.2)
9(=,—y,&,0) = —g(z,y,¢,9).

That is, it is centrally symmetric. Then by Theorem 5.4, under conditions (i) and (ii)’ (3.1) has

at most one limit cycle near Ly for all |e| 4 [0 — Jp| small.
Similar to Theorem 3.4, by [13], one can prove that under (5.2) if

Mo(d0) = c1(d0) =0, c2(d0) #0, o € D,

then C2 system (3.1) has at most two limit cycles near Lq for all || + |6 — dp| small. Moreover,
two limit cycles can appear near Ly under certain additional conditions.

Now we suppose that (5.2) holds and that (3.1)|.—p has a double heteroclinic loop Ly =
Lo U Lyg U LYy U Ly, passing through three hyperbolic saddles O (the origin), Sip and S,
where Lig, Log and Sy lie in the region > 0, and L), and L;p are centrally symmetric. For
definiteness, let Ly be oriented clockwise, see Figure 11.

Lio
Figure 11. A double heteroclinic loop with clockwise orientation.

We can suppose that Ly is defined by the equation H(z,y) = 0. Introduce

p1(8) = (fe +94)(0,0,9),
p2(6) = (fz + gy4)(S10,0,6),

2
p3(0) = Z/ (fo + 9y)l1y—pup—0 dt:
j=1"Lio

OR
pa(6) = 8751 , Ri=Ri(0).

e=0
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Then we have the following theorem.

Theorem 5.6. ( [18,59]) Let system (3.1) satisfy (3.4) with f,g € C*, H € C**! and k > 3.
Suppose (5.2) holds, and (3.4)|:=0 has a double heteroclinic loop Lo as shown in Figure 11. Let
there exist 69 € R™ and integer | = 1,2,3 or 4 such that

My(00) =0, Mio(do) #0, pj(do) =0, j=1,---,1—1,

a(MOHula"' a”l—l) _

Then system (3.1) can have [%l] limit cycles near Lo for some (g,0) near (0,d).

We mention that under the conditions of Theorem 5.5 or 5.6 at least one alien limit cycle
appears, which can not be obtained by any zero of the first order Melnikov functions.

6. Bifurcations of other types

In this section we introduce two types of limit cycle bifurcations with a nilpotent singular point
considered in [24,34], giving two theorems whose proof can also be found in [18].

Consider the following C” system
T = Hy(.f,y) +6f($7y7€75)7 (6 1)
y:_HﬂE<x7y)+€g(x7y7575)a .

where H € C*°, f,g € C" with 2 <r < o0, e > 0issmall and § € D C R™ is a vector parameter
with D compact. Suppose that unperturbed system (6.1)|.—o has a nilpotent singular point at
the origin. That is, the function H(z,y) satisfies H,(0,0) = Hy(0,0) = 0 and
9 (Hy’ _Hx)
A(z,y)

Then, without loss of generality, we may assume

0 (Hy7 _Hx)

(0,0) #£0, det )

(0,0) = 0.

Hy,,(0,0) =1, Hgy(0,0) = Hy»(0,0) = 0.
In this case, the expansion of H at the origin has the form
1 o
H(z,y) = 5y + Z hija'y’. (6.2)
i+j>3

By the implicit function theorem, there exists a unique C*° function

E(z) = Z ejx’

i>2
such that Hy(z, E(x)) =0 for 0 < || < 1. Then one has

H(z,E(x)) =) hja!, 0<|z|<1. (6.3)

Jj=3

On the classification of nilpotent singular points, we have the following definition (see [18]).
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Definition 6.1. Suppose that the system (6.1)|.—o has a nilpotent singular point at the origin
and satisfies (6.2) and (6.3). Let k > 3 be an integer such that

hj =0 for j<k, hi#0. (64)

The origin is called a nilpotent cusp of order m — 1 if kK = 2m — 1; the origin is called a nilpotent
center of order m — 1 (a nilpotent saddle of order m — 1, respectively) if &k = 2m and hy > 0 (if
k = 2m and hy, < 0, respectively).

Han et al. [24] investigated properties of the first order Melnikov function

M;(h,0) = 72( ) h(gdx—fdyﬂe:o
x,y)=

of (6.1), and studied limit cycle bifurcations near a nilpotent center by using the expansion of
the function at h = 0 as follows.

Theorem 6.1. ( [24]) Consider the C" system (6.1) with r > 2. Let (6.2) hold and the Hamil-
tonian system (6.1)|.—o have a nilpotent center at the origin with hy > 0 and k = 2m. Suppose
that the functions f(xz,y,0,d) and g(x,y,0,d) are both C*°. Then

(i) The function My(h,d) is C*° for h > 0 small and has an expansion of the form

Mi(h,8) = k'3 Y b(d)him, 0<h<1. (6.5)
j=>0
(1) If there exist | > 1 and dg € D such that the coefficients {b;} in (6.5) satisfy
bi(do) #0, b;(00) =0, 0<j<I-1

and o by)
0, »Vl-1
—————=(dp) =1
a(s ( 0) )

then system (6.1) has at least I limit cycles near the origin for some (e,06) near (0,dg).

rank

We remark that the conditions in Theorem 6.1 are a little weaker than those in the paper [24]
since the paper there required f, g € C*. Recently, the authors [21] studied the number of limit
cycles near a degenerate center for a class of planar near-Hamiltonian systems.

We now suppose that the system (6.1)|.—¢ satisfies (6.2) and (6.4) with k =2m + 1, m > 1
so that the origin is a cusp of order m. Assume that (6.1)|.—p has a cuspidal loop Ly satisfying
H(z,y) = 0. Then the equation H(x,y) = h defines two families of periodic orbits L;{ and L,
for h € (0,h™) and h € (h™,0), respectively, where h™ > 0, h~ < 0 are constants. Clearly,

lim Ly = lim L =L
oo h T oy h T R0

Then correspondingly, the C" system (6.1) has two Melnikov functions as given below:

M*(h,5) = f (gde — fdy)|_,. he (0.h"),
L+

h

and
M~ (h,d) = j{L(gdx - fdy)‘azo, h e (h™,0).

The authors [34] proved the following theorem.
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Theorem 6.2. ( [34]) Under the above assumptions if the functions f(x,y,0,d) and g(z,y,0,9)
are both C™, then the first order Melnikov functions M* have expansions of the forms

M (h,0) = [h|Z¥E Y Bi@)|h]F +p(h,8), 0< -h<1,
>0

and

M*(h,8) = h3*5 Y By (0)ht +(h.8), 0<h<1,
>0

respectively, where ¢ and 1 are C*° functions in h for |h| small.

The authors [57] further found useful relations between the coefficients B;(d) and B/ (9), and
proved ¢ = 1, improving the above theorem. These facts can be used to obtain limit cycles of
(6.1) near Ly for £ small.

For more results and some recent advances on limit cycle bifurcations of planar systems,
readers are advised to consult [1,10,18,19,21,40, 52,55, 58].
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