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RESULTS ON APPROXIMATE SOLUTIONS FOR SINGULAR
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Abstract In this paper, by introducing a new singular fractional difference comparison
theorem, the existence of maximal and minimal quasi-solutions are proved for the singular
fractional difference system with “maxima” combined with the method of upper and lower
solutions and the monotone iterative technique on the monotone and nonmonotone case.
Finally, we give an example to show the validity of the established results.
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1. Introduction

In 1974, Rosenbrock [40] introduced the concept of singular systems, which have been widely
used to describe some problems in practical fields, such as optimal control problems, constrained
control problems, some population growth models and so on. Therefore, the theory of singular
differential systems [13, 14] has more significance than the theory of ordinary differential equa-
tions. In this paper, we consider the following nonlinear singular fractional difference system
with maxima

+hoo
€N, sy ‘ (1.1)

y(t) = 9(t), te (hN)g

where E is a singular n x n matrix, y € R", f: (hN), x R" x R = R", ¢ : (hN)?__, — R",
71 (AN)gyn — (AN)p, a — mh = minye ), ,, (t — 7(t)), m and ng are fixed positive constants.
Moreover, in (1.1) the operator .V} , is the Caputo-type fractional h-difference operator — see
Section 2 for details. Due, therefore, to the fractionally of the operator problem (1.1) is nonlocal.
Note that in (1.1) and throughout we use the notation

BV () = f(Ly®), max y(s)), te (g

(hN)q :={a,a + h,a + 2h},

for h > 0 and a € R.
The discrete fractional calculus in recent years has attracted much attention as a new area
of research within the larger arena of difference calculus. One reason for this is due to the
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inherently nonlocal structure of the fractional difference and sum (no matter the underlying
definition used). This nonlocal nature imparts significantly enhanced difficulty in the analysis
of such difference operators.

For example, the analysis of initial and boundary value problems is more complicated (see, for
example, representative papers by Atici and Eloe [4-6], Dahal and Goodrich [15], Ferreira [17],
and Goodrich [18]), and, similarly, the connections between the sign of a fractional difference
and the monotone or convex behavior of the underlying function is exquisitely complex (see, for
example, representative papers by Abdeljawad and Abdalla [1], Du, Jia, Erbe, and Peterson [16],
Goodrich and Lizama [19,20], Goodrich, Lyons, and Velcsov [22], Goodrich, Lyons, Velcsov, and
Scapellato [21], Goodrich and Muellner [23], and Jia, Erbe, and Peterson [30-32]). Consequently,
there is mathematical value in continuing to develop our understanding of these types of nonlocal
operators. We should also like to note that, increasingly, fractional difference operators have been
used in applications such as tumor modeling [3,7,8], cryptography [45], and image processing [46].

The method of upper and lower solutions combined with monotone iterative [34] has been
widely used to prove the existence of extremal solutions on nonlinear problems. Previous studies
have mainly focused on the nonlinear differential systems [9, 26,27, 35, 42, 43], the fractional
differential systems [2, 10-12,25,29], and nonlinear singular differential system [28, 33,41, 44].
However, we notice that this method for nonlinear singular difference system has been studied
very rare, due to the memory of the fractional difference operator and the weak singularity of
the kernel.

In the current paper, we extend this method to nonlinear singular difference system with
“maxima’, we give a variable initial condition rather than fixed initial condition. Further,
we give a new singular fractional difference comparison principle, which will be used in our
main results. Then, by means of upper and lower solutions and monotone iterative technique,
existence of maximal and minimal quasi-solutions are proved. Finally, an example is given to
illustrate Theorem 3.1 is attainable. While the first author has studied a problem similar to
(1.1) recently [37,38], in neither of these papers is the inclusion of a singular matrix E considered
as in (1.1). In fact, in neither [38] nor [37] is a matrix coefficient considered. Therefore, this
distinguishes the study here from earlier works and, moreover, requires a somewhat different
approach.

2. Preliminaries

We begin with basic definitions which will be necessary for the following proof. The recent
textbook by Goodrich and Peterson [24] can be consulted for a wealth of additional information
on the discrete fractional calculus. We begin by recalling the definition of the Caputo h-difference
operator — see, for example, [38, pp. 816-818] for additional details.

Definition 2.1. Let v € (n — 1,n|, where n € N, and put p := n — v. Then the Caputo
h-difference operator, denoted ,Vy, , of order v for a function u : (hN), — R is defined by

e

L -
(aVhu)(t) = F&) (t— (s + DR (Viu) (sh), t € (AN)arpuns

h

vl

where V} is the n-fold composition of the backwards h-difference defined by

u(t) —u(t —h)

(Vhu)(t) := .

, t € (hN)g,
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and tgy) denotes the h-factorial function defined by
Z = hY -

for any ¢, v € R such that %4— 1¢{--,-2,—-1,0}.

Remark 2.1. Let Z~ denote the nonpositive integers. Then as is the standard convention we
take ¢ := 0 whenever £ +v € Z~ and £ ¢ Z~.
Throughout this paper, we will use the following notation (See [9])

(xla T2y 3 Ti—15 24, Tig1y " 5 Tpj+1, Yp;+2,°°° 7yn) for pi > Z.;
. — pi+1 i
(2, [2]p;» [Ylas) = l ,
(x17x27"' 7xpi7ypi+17"' s Yi—1, 2 Yit1, 7y7l) fOl" Di <@7
pi qi+1
where p; and ¢; are nonnegative integers such that p; +¢; = n —1, ¢ = 1,2,--- ., n. For the

system (1.1), assume that there exist two nonsingular matrices M, N € R™*™ such that

r

00

MEN =

Then the system (1.1) is equivalent to

Va0 = Mf (), max y(s)) = g0 (), _max a(s)),
§ t— s t—7(t)

7(t)
0= Mf(t, y(t), = g@ (¢, z(¢), , te (hN)*tmoh (21
() e 09) =0 (e e 0). e ORI @)
x(t):go(t), te(hN)Z—m}w

where y(t) = Na(t), z(t) = (), 2@ ()" = (@1(8),22(), - 22 ()T = (2i(t), [£(t)]p,,
[2(t)]g)T, 2V € R, 2 € R, M = (My, My)" € R™", My € R™", My € R(=7)xn,
g : (AN)y x R" x R* — R", g(t) = (g1 (1), gP()T = (91(8), 92(¢), -+, gn(1))T, gV € R,
g® € R*7 4)(t) = Ny(t). According to the above notations, the system (2.1) can be written
as
(
Vi xi(t) = gi (t, zi, [z]p,, [T]g,,  max xi(s),{ max :c(s)} , { max x(s)] ),

’ SG( pi SG( qi

s€(hN)i_ (1) hN)} 1) hN), 1)

Z’:L...?r’

0= -(t,x‘,xi,mi, max w-s,[ max xs},[ max :vs}),
gi\b: o> [2lpis [2]g se(N)E__ i() se(hN)_ () pi Lse(h)t__ (s) a

i=r+1,---.n, te (hN)ZIZOh,
zi(t) = ¢i(t), t € (AN)g_p-

(2.2)

Lemma 2.1. (See [47]) Let (X,|| - ||) be a Banach space and T' : X — X be a contraction
mapping. Then T has a unique fized point in X .
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In our further investigations, we will need some results on linear singular difference inequal-
ities and systems. Consider the following singular fractional difference system with maxima

oViaxi(t) + Azi(t) + B max  xi(s) = oy(t), i =1,---,r,
sE(hN)i_T(z)
Aizi(t) + B  max  xi(s)=oi(t), i=r—+1,---,n, te (hN)2roh (2.3)

+h
s€(hN)!__ ) @

mz(t) = (pi<t)7 le (hN>meh7

where A;, B; are positive constants.

Lemma 2.2. Assume that the function x; : (hN)T™" 5 R and A = max{ (moh)}

a—mh I'(v+1) (AZ +

a—mh *

Bi), %} < 1. Then the system (2.3) has a unique solution for t € (hN)*T"

Proof. Let X be the space of real-valued functions defined on (AN)*T™"  Then we define a

a—mh *

norm || - || on X by ||z| = max{|z(t)| : t € (AN)?T"" 50 that the pair (X,]| - ||) is a Banach

a—mh

space. Now we define the map 7' : X — X by Tx = (T1z,Tex), where T} and T are defined as
follows

Tix;(t) = x;(a) + QV;”[— Ajzi(t) — B; max x;(s) +oi(t)|, i=1,---,r

sE(hN);ﬂ_(t)

T2x.(t) — _& max x.(s)_*_io-,(t) i=r—+1,---.n, te (hN)a+noh (2.4)
7 Aq, sE(hN)iiT(t) 7 Az ? ) ) ) 19 at+h

xz(t) = (Pi(t% le (h‘N)gfmh'

a+noh
a—mh

Next, we will show that T" is a contraction map. For ¢ € (hN) and z;, y; € X, we have

Tiwi = Tigl = | V3| = Aulai(®) = (®) = Bi(_max  wis) = _max  ui(s))]]

se(hN)’;_T(t) se(hN)t

t—7(t)
<oV (A + By)llzi — il
(noh)y,

- m(Ai + Bz —wil, i=1,--- 7,

B, .
Tyw; — Toyil = | — = max  @i(s)+ =  max  yi(s))

A; sG(hN)i_T(t) A; SE(hN)i_T(Q

B
< e —will, i=r 4100, t € (AN
(2

It follows that

d(Txi, Ty;) = d((Tiws, Toxs), (Tyyi, Toys))

< Ad(wi, i), t € (hN)g"

Hence, by Lemma 2.1, the operator T" has a unique fixed point — that is, the system (2.3) has a
unique solution. The proof is complete. ]
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Lemma 2.3. Assume that the function m : (hN)‘HnOh — R” satisfy the inequalities

a—mh
remi(t) < —Aimi(t) — B;  min my(s), i=1,---,r,
aVhx i(t) < imi(t) ZSG(hN)LT@) i(s)
0<—-Am;i(t)—B; min m(s), i=r+1---,n, te€ (hN)gn, (2.5)
se(hN)g_T(”

mz(t) <0, te (hN)gfmlw

where A;, B; are positive constants, and A; > B;. Then the inequality m;(t) < 0 for t €
+noh

(hN) -

Proof. Since the operator ,V, " is positive, it follows that the inequality (2.5) is equivalent to
m;(t) —mi(a) < aV;l’[— Aimi(t) — B;  min  my(s)|, i=1,---,r,
sG(hN)ziT(t)

0<—Ami(t)—B; min m(s), i=r—+1,---,n, te (hN)gpp, (2.6)
SE(hN)i—r(t)
mi(t) <0, te (hN)®

a—mh-*

By induction, when t = a + h, from the assumption A; > B;, we obtain

.
mi(a+ h) SaVEV[_Ai(mi(a—i—h)— min mz(s))} i=1,--,m,
se(hN)ZiZ_T(t)
0< —Ai(mi(a—i—h) — min mi(s)>, i=r+1,---,n, te (hN)gpn, (2.7)
sE(hN)ZiZ_T(t)
m;i(t) <0, te (ARN)?_, ..
Since m;(a + h) — min mi(s) < 0, so we have m(a + h) < 0. Now, we assume that
se(hN)ZIL(t)

m;(t) <0 forte (hN)ZfZlhh. We will show that m;(a+ (n+1)h) < 0. From the inequality (2.5),
we have

mi(a+ (n+ 1)h) Savg”[—Ai<mi(a+(n+1)h)— min m,(s))}, i1=1,---,r1,
se(hN)T(nt DA
a+(n+1)h—7(t)
0< —Ai(mi(a+(n+1)h)— min mi(s)>, i=r+1,---,n, te€ (hN)yin,

a+(n+1)h
SE(RN), L (nt1)h—r(t)

mi(t) <0, te (hN)®

a—mh-
(2.8)
Similarly, we have m;(a+ (n+1)h) < 0. Thus, we conclude that m;(t) < 0 for ¢ € (hN)Zf%f
The proof is complete. O

3. Monotone iterative technique for monotone case

Here we develop the monotone iterative technique for nonlinear singular fractional difference
system with “maxima” on the monotone case which yields monotone sequences converging to
the extremal solutions of the system (2.2).
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Definition 3.1. The function «q, S : (hN)ZJ_FZ%L — R” is called a couple of lower and upper

quasi-solutions of the system (2.2) if the following inequalities are satisfied:

(aVZ,*OZOi(t)ng'(t,aou[ao]p“[ﬁo]qﬂ max 0401'(8)7[ max 040(8)}7

SG(hN)i—T(t) SE(hN)i_T(w Di

[ max 4] )oi=ton

t—7(t)

0ng‘<t,a0ia[a0]pm[60]qw max a()i(s),{ max ag(s)]pl,[ max BO(S)L,»)’

SE(hN)LT@) SE(hN)LT@)

i=r+1,-,n, te (AN

at+h
. -t>‘<t, ;) Jlaglg,,  max ~s,[ max s] ,
aVh, 502( ) = i /807, [BO]p1 [ O]ql SE(hN)i_T(t) /BOZ( ) SG(hN)i_T(t) 50( ) i
[ max ao(s)} ), i=1---,r,
se(hN)’;_T(t) qi

0>g;lt, Boi, ) 100]g,  IMax i(s), max s , max  «agls ,
_g( fo [50]10 [ O]q se(hN)LT(t) 60() Le(hN)im) BO( )]pz Le(hN)ﬁT(t> 0( )Lz)

‘ +noh
t=r+1,---,n, te(hN)ZJrZO ,

aOi(t) < @Z(t)7 te (hN)Z—mha
xﬁoi(t) > (pi<t)7 te (hNﬁfmh'

(3.1)

Remark 3.1. When the system (2.2) is a scalar case, i.e., n = 1, p1 = ¢1 = 0, the couple of
lower and upper quasi-solutions of the system (2.2) are said to be lower and upper solutions of
the system (2.2).

Remark 3.2. The function of ay, By : (hN )Zfﬁf,? — R"™ is said to be a couple of quasi-solutions

of the system (2.2), if the inequalities (3.1) are satisfied as equalities.

We give the following sets for convenience.

S(ao, Bo) = {u: (AN)ZH 5" = R™ | ao(t) < u(t) < o(t), t € (hN)gTno

a—mh J*

Theorem 3.1. Assume that the following conditions hold.

(As.1) The functions ag, B : (hN)ZfZ%Z — R™ are a couple of lower and upper quasi-solutions

of the system (2.2) respectively, and ao(t) < Bo(t) for t € (AN)*Troh

a—mh *
(As2) There exists a function g : (hN)ZIZOh x R" x R" — R" such that g;(t,z,y) =
95 (t, x4, [@]p,, [T]g; > 5, [T]p;, [7]g;) s monotone nondecreasing with respect to [z]y;, [ylp;, and
monotone nonincreasing with respect to [x]y;, [ylg;, and for x, y € S(ao, fo), y(t) < x(t) the

following inequality holds:

gi(t zi, [x]ps, [,  max  xi(s) { max a:s} { max a:s)] >
U ety lsemmy_ pi Lse(N)!__ a

— Y tu (3 i) i) % ) )
g( Yis [2]pi; [#]a, Se(}{g%imy@) [se(}{rﬁl&imx(S)Li Le(ig%imx@)}qi) (3.2)

> —Ai(zi(t) —vi(t)) — BZ-( max  x;(s) — max yi(s)>, i=1,2,---,nm,
se(hN)g_T(t) se(hN)i_T(t)
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where A; and B; are positive constants, and B; < A; < ;((7;’0;;%
h

Then there exist sequences {an(t)}, {Bn(t)} which converge uniformly and monotonically
to p(t) and r(t), where p and r are minimal and mazimal quasi-solutions of the system (2.2)
respectively. Moreover, if x(t) is a solution of the system (2.2) such that ap(t) < x(t) < Bo(t),
then p(t) < z(t) < r(t) for t € (hN)2 1m0l

a—mh *

Proof. For functions p, v € S(ag, fy) and consider the following singular fractional difference
system with maxima
Vi xi(t) + Ajzi(t) + B;  max  zi(s) = oi(t, pv), i=1,---,r1,
’ sE(hN)’é_T(t)
Ajxzi(t)+ B max  x(s) =oi(t,p,v), i=r+1,---,n, te (hN)ZIZOh, (3.3)
sE(hN)§7T<t)

xz(t) = @Z(t% te (hN)Z—mhn

where

il s v) = gi( s iy |1pis [V]ags i(8); ;
oit, i, v) g( His [l [V, Se(}%%i(t)u(é‘) Le(f%?ﬁx u(S)]pl [SE(}%%XW) V(S)]q)

t—7(t)
+ Aipi(t) + Bi  max  pi(s).

sG(hN)’;_T(t)

By Lemma 2.2, the system (3.3) has a unique solution.
Define the map <7 : S(a, o) x S(aw, Bo) = S(aw, o) by & (u,v) = x, where x = (1, x2,
-, &) and z;(t) is the unique solution of system (3.3) for the functions p, v € S(a, Bp). We
shall now show that ag(t) < o7 (ap(t), Bo(t)). Define aq(t) = o7 (ap(t), Bo(t)), p(t) = ap(t) —ai(t)
for t € (hN)Zfo:, p(t) = (p1(t), p2(t), -+ , pu(t)). By assumption (As2), we have

av%,*pi (t)
= av?L,*aOi(t) - aV};*au(t)

S gi <t, (0707 ) [O‘O}pia [ﬂO]qia 56(}11:11\1]%}{ " aOi(S)a [se(f%?’;{ o 040(8):|

+ Aiah‘(t) + B; max 0417;<3) — Ui(t, o, ﬁo)

Se(hN)iﬂ—(t}

o L 8@ )

S —Ai(aol‘(t) — Ozli(t)) — Bi( max aoi(s) — max 0511‘(8)>

se(hN)i_m) se(hN)g_T(t)

< —Api(t) —B;  min  pi(s), i=1,--- 1,

sE(hN)iiTm

and that

0< gil t, @i, [0)p; 5 ;,  mna ap;(s), ma ap(s , ma S
< oe(t o ol [Pl max o), || max ao(a)] [ max po(o)] )

—i—AiOqi(t) + B; max 0412'(3) — Ui(t, g, 50)

SG(hN)iiT(t)

= —Ai(ai(t) — a1i(t)) — Bi(se(ﬁ\l&)f . ao;(s) — se(fllggli . ali(8)>

= _Alpl(t) N BZ min pi(S), =71+ 1’ N2 te (hN)ZiZOha

o sE(hN)i_TU)
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and that

pi(t) <0, te (hN)g

a—mh-*

Consequently, by Lemma 2.3, we have ag(t) < aq(t) for t € (hN)Zf%’,ﬁ . Similarly, we can show
that aq(t) < Bo(t) for t € (AN)2F"0,

Let p1, v € S(ag, Bo) be such that u(t) < v(t) for t € (hN)*T"0"  From the definition of &/

a—mh *

and Lemma 2.3, it follows that the inequality </ (u,v) < o/ (v, p) is valid.
Define the sequences of functions {«,(t)} and {8,(t)} by the equalities

ant1(t) = & (an(t), Bn(t)), Brr1(t) = & (Bn(t), an(t)).

By induction, we have

ap(t) < a1(t) < ... < anlt) < Bu(t) < .. < Bi(t) < fo(t), for t e (AN)2TIO"

— a—mh *

Thus both sequences {a,,(t)} and {8, (t)} are uniformly convergent on (hN)ZJ_r%),? . Then there
exist functions p(t) and r(t) such that

lim an(t) = p(t), nh—>nolo Bu(t) =r(t).

n—o0

From the uniform convergence and the definition of the functions «a,(t) and j,(t), it follows that

avz’*an,i(t) + Aian,i(t) + B; max an,i(s) = Ji(ty Ap—1, Bn—l); 1= 17 e, T

sE(hN)iiTu)
Ao i(t)+ B;  max  an(s) =0i(t,an_1,Pn-1), t=r+1, ,n, t€ (hN)ZiZOh, (3.4)
SE(hN)iﬂ—(t)
an,i(t) = @i(t), t € (hN)g_ s
and
av%,*ﬁn,i(t) + Alﬁnﬂ(t) + BZ max 5%2'(8) = Ui(tv Bn—la Oén—l)a 1= 17 e, T
SE(hN)z,T(t)
Aifni(t) + Bi ~ max  Bni(s) = 0i(t, fp-1,0n-1), i=7+1,-- ,n, t € (hN)Z]:ZOh, (3.5)

se(hN ()

Bni(t) = @i(t), t € (AN)g_pmp-

From the systems (3.4) and (3.5) as n approaches infinity we obtain that the functions (p,r) is
a couple of quasi-solutions of the system (2.2).

In the next step, we will show that (p,r) are minimal and maximal quasi-solutions of the
system (2.2). Let (z,u) € S(ao,fo) be quasi-solutions of the system (2.2). Suppose that for
some n, o, (t) < 2(t) < Bu(t), an(t) <u(t) < Bu(t), t € (hN)Z—_FZ%L Put p(t) = an41(t) — 2(t) so
that ayn11(t) < 2(t) on (AN)?_, .. For t € (hN)ZIZOh, we wish to prove that ay,11(t) < z(t) on
(hN)ZiZOh. From the condition (As2), we deduce that

a ;/17*p1(t): avz,*anJrl,i(t) - aviyl,*zi(t)

= —Ajan41,i(t) — Bi max apt14(s)+ 0 (t, ap(t), max Bn(s))
SE[t—h,t] t
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—Yi <t’ Zi(t)’ [Z]p“ [u}q“ se(l?l\ll?fi(t) zi(s), Le(}?l\ll?f:(t) Z(S)} Pi7 {se(f?l\l]%):(t) u(s)] qz‘>

t—7(t)

= —Ai(an+1,i(t) — an,i(t)) — Bi a nt1,i(s) — a n,i
(n+1,(t) — am,i(t)) (se(}%)im)a +1,i(8) se(}%)i(t)a : (8))
+Ai(zi(t) — an(t)) + B; max  z(s)— max ap(s)
<SE(hN)§T(t) sE(hN)iiT(t) )
= —Aj(ant1,i(t) — zi(t)) — B; max  op414(s) — max zz(s)>
t sE(hN)ziTm

s€(hN)

< —Aipi(t) — B; min pi(s), i=1,---,r,
SE(hN)tﬂ_“)

and that

0=—Ajop+1,i(t) — B max  api1i(s) + oi(t, an, Bn)

sE(hN)§7T<t)
—gilt, o, [Onlp;s [Bnlg, max  ou(s), max  an(s)| max  (,(s)
( [ ]p [ ]q se(hN)§7T<t) <> [se(hN)gT(t> ( L}i Le(hN)§T<t) ( L)
= —Ai(any1,i(t) — zi(t)) — Bi<s€(ﬁ\1}%x Qn1,i(s) — se(fg\l}%x zi(s))

t—7(t) t—7(t)

< —A;p;(t) — B; min (s), i=r+1,---,n, tehN)*Th
< AR~ B _min pilo) (2

and that
pi(t) <0, te (hN)g

a—mh-
By Lemma 2.3, we have p(t) < 0, showing that a,11(t) < z(t) for t € (hN)ZIZOh. This proves

that a,41(t) < 2(t), t € (hN)Zf%O,? Using a similar argument we can prove that z(t) < S,41(t)

and ap1(t) < u(t) < Buryi(t) for t € (hN)ZirZO,];’ Thus we conclude that ay,(t) < z(¢),u(t) <
Bn(t) on (RN)2H0h for all n e N. Now as n — oo yields p(t) < z(t),u(t) < r(t), t € (hN)*Tok

which shows tﬁa%n Elp, r) are minimal and maximal quasi-solutions of the system (2.2) respec(‘éivrglhy.
Let x € S(ag,Bo) be a solution of the system (2.2). The functions (x,z) is a couple of

quasi-solutions of the system (2.2), from the above discussion, we have p(t) < z(t) < r(t) for

te (hN)Zf:f,? The proof is complete. O
When n =1 and p; = ¢1 = 0, we could obtain the following corollary.

Corollary 3.1. Assume that the following conditions hold.

(As3) The functions ag, Bo : (hN)Zf"mO}? — R are lower and upper solutions of the system

(2.2) respectively, and ag(t) < Bo(t) for t € (hN)*Troh

a—mh *
As.4) There exists a function g : (hN)2T™" x R x R — R such that for z, y € S(ag, Bo),
a+h
y(t) < x(t) the following inequality holds

g <t7 x, max IE(S)) -9 (ta Y, max y(5)>
s€(hN)]__ ;) s€(hN)]__ ;)

> —A((t) ()~ B(_max  a(s)— _max  y(s)),

s€(hN){__ ) s€(MN){__ )

(3.6)

where A and B are positive constants, and B; < A; < F(VH%.
2(noh)y,
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Then there exist sequences {ay}, {Bn} which converge uniformly and monotonically to p(t)
and r(t), where p and r are minimal and mazimal quasi-solutions of the system (2.2) respectively.
Moreover, if x(t) is a solution of the system (2.2) such that ap(t) < z(t) < Bo(t), then p(t) <
z(t) < r(t) fort € (hN)* 1m0l

a—mh *

4. Monotone iterative technique for nonmonotone case

In this section, we develop the monotone iterative technique for nonlinear singular fractional
difference system with maxima on the nonmonotone case.

Definition 4.1. The function «g, By : (hN)ZJ_rZ%‘ — R™ is called a couple of lower and upper

quasi-solutions of the system (2.2) if the following inequalities are satisfied:

aVZ,*OtOi(t)Sinfgi(baou[ao]p“[n]qiase(ﬁ\llgx QOi(S),LE(;II@X ao(S)} ;

t—7(t) t—7(t) Pi
max 17(5)} ),i:l,--~,7"7
[se(hN)j_Tm i

0 < infg; (t,OZOia [ao]pis [Mgi, ~ max  agi(s), [ ax aO(S):|pZ, Le(max n(s)L),

se(hN)E__ ) se(hN)E__ ) RN)E_

. +noh
i=r+1,---,n, te (hN) ",

avu* zt Z 7 ta 7y i) % 7 ) )
o B0i () supg( Bois [Bolp:» Mg, SEU%%}:@) Boi(s) [se(}%ﬁxm BO(S)LH

max 773] ), 1=1,---,7,
[se(hN)gf(t) (5) qi

0> supg; (t, Bois [Bolp; [n]q“se max Boi(s), [ max 50(8)]%, [ max 77(5)] q);

(MN)E_ () s€(hN);__ ) s€(hN)__ )

i=r+1,---,n, te€ (hN)ZiZOh,
ai(t) < @i(t), te€ (hN)g .,

Boi(t) = @i(t), te (hN)g_ns

(4.1)
where 7 € S(ag, Bo)-

Theorem 4.1. Assume that the following conditions hold.
(A41) The functions ag, P : (hN)‘””Oh — R™ are a couple of lower and upper quasi-solutions

a—mh
of the system (2.2) respectively, and ao(t) < Bo(t) fort € (hN)Zt%}?
(A42) There exists a function g : (hN)ZiZOhXR”XR” — R™ such that for z, y, n € S(a, Bo),

y(t) < z(t) the following inequality holds:

)

—sup /inf <(t, iy ‘, ., max ‘s,[ max 8] ,[ max s] )
p/ gi\l, Yi [y]pz [ﬁ]ql SE(hN)ﬁ,T@ yz( ) SE(hN)i,T(t)y( ) i Se(hN)i,T(wn( ) 0

Sup/infgi(t,mi,Mpm[n]qi,se(ﬁ@x xi(S),Le(}%?tx I(S)Ll,Le(&?} n(S)L

t—7(t) t—7(t) t—7(t) i

> —Ai(xi(t) —yi(t)) — BZ-< max  x;(s) — max yi(s)>’ i=1,2,--.,n,

s€(hN);__ ) s€(MN){__ ()

(4.2)
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where A; and B; are positive constants, and B; < A; < ;((7;’0;;%
h

Then there exist sequences {an(t)}, {Pn(t)} which converge uniformly and monotonically
to p(t) and r(t), where p and r are minimal and mazimal quasi-solutions of the system (2.2)
respectively. Moreover, if x(t) is a solution of the system (2.2) such that ap(t) < x(t) < Bo(t),
then p(t) < z(t) < r(t) for t € (hN)* 1m0l

a—mh *

Proof. We consider the following singular fractional difference system with maxima

aVi40ni(t) + Ajani(t) + B;  max  ay(s)

sE(hN)i_T(t)

= O-Z(ta an*l;an—l,ﬁnfl), Z e ]_’ e ,7‘,

Ajayi(t)+ B max  apn(s) (4.3)

sG(hN)i_T(t)

= O-i(ta On—1; an7175n71)7 =71+ 17 e, N, te (h‘N)ZIZOh7
O‘n,i(t) = (,Oi(t), te (hN)gfmfw

where

Ui(ta On—1;0n—1, Bn—l)

:inf-<t,a,-,a, Mg, max a,-s,[ max a,s},
gi n—1i; [0n—1lp;, Mg S n—1,i(s) S n—1(8) . (4.4)

{ (max n(s)} )—i—Aian_M(t) +B;, max ap—1i(s), n € S(an-1,Bn-1),
ElS t

hN)LW) qi se(h e o)
and
aViBni(t) + Aifni(t) + Bi  max  f,(s)
sG(hN)iiTm
- O_’L'(t?ﬁn—l;/@n—la a’n—l)ai = 17 R )
AiBn,i(t) + Bi  max  By;(s) (4.5)
sE(hN)iiT(Q
= 0i(t, Bu—1; Bu-1, On1), i =7+ 1, ,n, t € (AN)*T30",
ﬁn,i (t) = Qpi(t)a te (hN)g—mhv
where

Ui(t7 61171; Qp—1, ﬁnfl)

=Ssup g; (t, Bn—l,i’ [ﬁn—l]pia [U]qm max Bn—l,i(s)a max ﬁn—l(s)} ’

Se(hN)i_T(t) sE(hN)i_T(t) pi (46)
max 77(3)} ) + AiBn—1:(t) + B; max SB,-1(s), n € S(an-1,Bn-1)-
[se(hN)fT(t) qi se(hN)LT(t)

The rest of the proof is similar to that of the Theorem 3.1 and we omit the details here. O

5. Example

Now we will give an example to illustrate that the above suggested method is attainable.
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Example 5.1. Consider the following singular fractional difference system with maxima

1
Visai(t) = 7—< —2 ma o
hx1(t) 1—2.(t) se(f?l\ll)ﬁ):m 7
0=a2(t) - , te (hN), o
562( ) 56(’%?5( xZ(S) ( )1

t—7(t)

z1(t) = 22(t) =0, te (hN)2,,

where v = 0.5, h =1, a =0, 7(t) = 1 for t € (hN)?;. It is easy to check that the system (5.1)

has a zero solution. «g(t) = (—l —%)T is a lower solution and fy(t) = (%, i)T is an upper
solution of the system (5.1). We will construct sequences of functions that converge uniformly
to (0,0).

Now we can construct an increasing sequence, which converge to (0,0). It is easy to see that
Ay =—-2,B1 =8, Ay = —1, and By = %. Choose kg1 = %, koo = £, and consider the following

5
singular fractional difference system

Tl = 7+ 2% 142 (m0+7) -8 (SE(}%%XT@ 71(s) + i)
=2z (t) — 856(%&):@ z1(s) — R
() (o) B o)
—a(t) - 249%(;{%?;;“) rafs) — 2, t € (b)Y,
xﬂﬂ_f%% o(t) = %&teamﬂl

Then the system (5.2) has an exact solution oy (t) = (-1, —%)T.

Choose k11 = %, k1o = % and consider the following singular fractional difference system

1 1 1 1
avz’*xl(t) = — — +2x 5 1+2 <x1(t) + 5> -8 (se(max x1(s) + 5)

1+1 BN
=2z (t) — 856(%?1\11)8?:(” z1(s) — %,
(Y (D) 2 o)
= ao(t) — 2 i ale) - o5 te ()],
z1(t) = —%, To(t) = —%, t € (hN)?;.

Then the system (5.3) has an exact solution aa(t) = (—125, —%)T.
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Analogously, we will construct a decreasing sequence that uniformly converges to (0,0).

Choose pg1 = %, Po2 = %, and consider the following singular fractional difference system

1 1 1 1
aViati(t) = — —2x i 1+2 <x1(t) - 4) -8 <S€(max x1(s) — 4)

1_1 hN)i*T(t)
4
=2z1(t) -8 max x1(s)+ =,
sG(hN)iiT(t) 3
1\? 1 1\ 29 1 (5.4)
O=(-) —=4+z20t) — = ) — — max xo(s) — —
<4> 4 <2() 4) 4 (se(hN)f_T(t) 2(5) 4)
29 11
= zo(t) — = a + —, te (hN)3,
a2(t) = Se(,{g)iwwz(S) 5 (hN)}
ni(t) = B, ao(t) = B2, te (hN)°,

Then the system (5.4) has an exact solution B;(t) = (2, %)T.

Choose p11 = %, P12 = %, and consider the following singular fractional difference system
VY (1) = 1_13 —ox g 142 <x1(t) - 3) _8 (seﬁ?zxm) 21(s) — 3)
=2r1(t) — 886(}%%):@ z1(s) + g—;l,
—na) - i aalo)+ oo te (),
x1(t) = %pll, xa(t) = %plz, te (hN)gl.

Then the system (5.5) has an exact solution S2(t) = (%, %)T.
Obviously, we can see that ag(t) < ai(t) < aa(t) < z(t) = 0 < fa2(t) < Bi(t) < Bo(t) on
(hN)? ;. So, this example illustrates that the Theorem 3.1 is feasible.

6. Conclusion

This paper presents a new singular fractional difference comparison theorem, by this comparison
theorem, the method of upper and lower solutions, and the monotone iterative technique on the
monotone and nonmonotone case, the existence of maximal and minimal quasi-solutions for the
singular fractional difference systems with “maxima” have been obtained. Finally, an example
is given to show the validity of the established results. This paper have been preprinted in
Authorea, see [36].
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