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A LINEARIZED GALERKIN FINITE ELEMENT METHOD FOR
NON-LINEAR KIRCHHOFF-TYPE PROBLEM
WITH BOUNDARY DISSIPATION
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Mahamat S. Daoussa Haggar® and Mohamed Mbehou't

Abstract This work is concerned with a non-linear Kirchhoff-type wave equation with
boundary dissipation, motivated by models of elastic vibrations and wave propagation in
dissipative media. A linearized Galerkin finite element method to approximate solutions of
the problem is developed and analysed. The scheme is constructed in both semi-discrete
and fully discrete settings, with rigorous stability and convergence analyses provided. Using
inverse inequalities and compactness arguments, unconditional error estimates without re-
strictions on the mesh grid are established. Numerical experiments are presented to illustrate
the theoretical findings, confirming the efficiency and accuracy of the proposed method in
capturing the complex dynamics of Kirchhoff-type equations with strong nonlinearity and
boundary damping.
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fully discrete schemes, error estimates.
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1. Introduction

Kirchhoff-type equations have become a central focus in recent mathematical research due to
their role in modeling nonlinear wave phenomena such as vibrations in elastic materials and
the propagation of waves. Their analysis is essential for understanding stability and energy
dynamics in complex physical systems. In recent years, Kirchhoff-type equations have attracted
significant research interest, driven by advances in mathematical theory and computational
methods. One of the key ingredients in this phenomenal growth is attributed to the better
mathematical understanding of problems. Some interesting features on such problems and more
motivation are described in [3,5,14,17] and in the references therein.

This paper is concerned with the non-linear Kirchhoff-type equation with boundary dissipa-
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tion:
Upp — qﬁ(HVuHQ)Au —alAu; + a|ut\ﬁ_2ut = f(z,t) in Qx(0,7),
u(z,t)=0 on Iy x(0,7),
ou % (1.1)

27 =
O Vul) 5 + a2t = g(uw) on Tox (0.7),

u(z,0) = up(z), w(z,0)=ui(z), in Q,

where a,a > 0 and B > 2 are constants. Here, 2 is a bounded domain of R%(d > 1) with
smooth boundary I' := 9 such that I' = TyUT';, ToNT; = () and I'g, I'; have positive measures,
0 < T < oco. One defines % as the outward normal derivative on 95, v is unit outer normal
vector, and ug,u; and f are given smooth functions.

Equations (1.1) originates from the classical Kirchhoff-Carrier model, which was developed
to describe small oscillations of an elastic stretched string. Many works have been carried out
to study the properties and solutions of these equations. The theoretical analysis has been done
extensively on wave equations of Kirchhoff type related to (1.1). The existence and nonexistence

of solutions for a wave equation of Kirchhoff type
ugt — o(|Vul*)Au+ h(ug) = f(u) in Qx (0,7) (1.2)

have been discussed by many authors for different type of the function h. For h(u;) = Buy,
with 8 > 0, the global existence and blow-up results of (1.2) can be found in [19,25]. For
h(u;) = —Auy, the global existence and blow-up results are in [18,20] and the references cited
therein. In [26,27,29], the existence and uniqueness of solution of the following problem are
derived.

ug — (|| Vu|?)Au — aAuy = blul’2u in Q x (0, 00),

u(z,t) =0 on 09 x (0,00), (1.3)

u(z,0) = up, we(x,0)=wy, in €.

In [19], Kosuke studied the global existence, the asymptotic stability and the blowing up of so-
lutions for some degenerate non-linear wave equations of Kirchhoff-type with strong dissipation.
Lin and Li in [12] studied the problem that follows:

ug — ¢(|| Vu|?)Au — aAuy = blul’~2u in Q x (0, 00),

u(z,t) =0 on Iy x (0,00), (1.4)
ou ou 14
(Ivul®) 5 +aTj =g(ur) on Ty,

u(z,0) =up, ui(z,0)=wuy, in €

under certain conditions on ¢ and g, with 9Q = I’y UT;. They used the potential well method
to prove the existence and uniqueness of a global solution by means of Galerkin method and
the uniform decay rate of the energy by an integral inequality under suitable conditions on
the initial data. In [28], the authors investigated the well-posedness, complete regularity, and
longtime dynamics for the Kirchhoff-type wave equations with degenerate energy fractional
damping on a bounded domain. Lee and Kang in [11] studied the general decay result of
the viscoelastic wave equation of Kirchhoff-type with Balakrishnan-Taylor damping, weakly
nonlinear time-dependent damping, and a logarithmic source term under acoustic boundary
conditions. Their analysis is conducted under minimal conditions on the relaxation function
g in L*°(0,00). Liu et al. [13] analyzed the nonexistence of nontrivial global weak solutions
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for a class of strongly damped wave equations, involving the p-Laplacian term and combined
nonlinearities. They established rigorous conditions on the initial data and some exponents
that ensure that solutions cannot exist globally in time. In the numerical simulations, Finite
element approximation has emerged as a powerful computational tool for solving such complex
non-linear equations. There is a vast literature on finite element methods for nonlinear elliptic
and parabolic problems, for instance, [4,6,9,16,17]. The integration of finite element techniques
with the analysis of Kirchhoff-type equations enables researchers to address challenges associated
with non-linear behavior and dissipative effects, paving the way for advancements in theory and
applications. Gupta et al. [7] presented a mixed finite element framework utilizing a saddle-point
formulation to address parabolic biharmonic integro-differential problems of the Kirchhoff type
with simply supported boundary conditions. In [2], the dual boundary integral formulation of
the two-dimensional Helmholtz equation with complex wave number is derived. To address the
singular and hypersingular integrals, the addition theorem is used to expand the four kernel
functions, originally expressed with complex variables in the dual formulation, into purely real-
variable functions in a series form. Gudi in [6] proved the well-posedness of the discrete scheme
for the stationary case of (1.3) by the use of Brouwer fixed-point theorem and established optimal
error estimates in H'-norm. Dond and Pani in [5] studied a priori and a posteriori estimates
of conforming and expanded mixed finite element methods for a Kirchhoff equation of elliptic-
type (that is problem (1.3) with blu|’~2u = 0). They used the Helmholtz decomposition of
L?-vector valued function and the discrete Helmholtz decomposition of the Raviart-Thomas
finite elements to achieve optimal a priori as well as a posteriori error bounds. Shi and Wu [22]
applied the EQ7° elements on anisotropic quadrilateral meshes to the two-dimensional problem
(1.3) with ¢(s) =1+ s, s € RT. They derived optimal error estimates without time dependent
constraints, in the broken H' norm for the semi-discrete and a linearized fully discrete schemes
respectively. In Parvizi et al. [21], the Raviart-Thomas mixed finite element method was applied
to approximate the solution of the coupled wave equation of Kirchhoff type with nonlinear
boundary damping and memory term. They derived the L2-error estimate for the semi discrete
scheme.

While earlier studies have established finite element frameworks for Kirchhoff-type problems,
our approach introduces several key distinctions. In [6], Gudi analyzed stationary Kirchhoff-type
equations using Brouwer’s fixed-point theorem, focusing on well-posedness and optimal error
estimates in the Hl-norm. Shi and Wu [22] extended this to anisotropic meshes with EQ’
elements, deriving optimal error bounds but under mesh-dependent constraints. Parvizi et
al. [21] employed Raviart—Thomas mixed finite elements to handle nonlinear boundary damping
with memory terms, emphasizing L?error estimates. In contrast, the present work develops a
linearized Galerkin finite element scheme for the wave equation with boundary dissipation, and
establishes unconditional stability and error estimates without mesh restrictions.

The novelty lies in extending finite element analysis to nonlinear Kirchhoff-type wave equa-
tions with boundary damping, while ensuring unconditional error control, a feature not addressed
in the cited works.

The main purpose of this research article is to present and establish the unconditionally error
estimates of a linearized second-order finite element scheme for the wave equation of Kirchhoff
type (1.1). The stability and error estimates for the proposed methods are derived with the help
of the inverse inequality, without any restrictions on the mesh grid. The primary challenges
stem from the strong nonlinearity of the weak form.

Most existing finite element approaches for Kirchhoff-type problems emphasize well-posedness
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and classical error estimates, but they often lack a discussion of energy stability and structure-
preserving discretizations. For example, Shi and Wu [22] achieved optimal error estimates on
anisotropic meshes, yet their linearized schemes do not explicitly enforce stability properties
inherent to the continuous model. Similarly, Parvizi et al. [21] addressed nonlinear boundary
damping with mixed finite elements, but the method does not preserve the underlying energy
structure of the Kirchhoff system.

Our proposed linearized Galerkin finite element method is designed to be unconditionally
stable and to capture the dissipative energy dynamics without mesh restrictions. This positions
our work as a step toward bridging the gap between classical convergence theory and modern
energy-stable discretization frameworks.

This paper is organized as follows. In Section 2, preliminaries, hypotheses and important
results that will be used in subsequent sections are given. Section 3 presents the finite element
approximation of the spatial discrete scheme of (1.1). In Section 4, the error analysis of the
fully discrete scheme is done. Section 5 is devoted to numerical results which illustrates our
theoretical analysis.

2. Preliminaries and variational formulation

In this section, we introduce the notation, assumptions, and functional framework required for
the analysis. We use standard Sobolev space notation throughout (see for instance [1]). We
then present the variational formulation of equation (1.1) and discuss regularity properties of
its solutions.

The inner product for the Hilbert space H*(Q), k > 1 will be denoted (-, -); and its associated
norm || - ||g. For k = 0, H¥(Q) coincides with L?(Q2) and we use (-,-) and || - || respectively to
denote the corresponding inner product and norm. Again, for u : [0,T] — H*(Q) we define
the following norms:

T 3
nmummﬂumy={é wwm%m},

1wl Loe 0,322y = sup [lu(t)],
0<t<T

”UHLOO(O,T;Hol(Q)): sup_[|Vu(t)]].
0<t<T

We make the following assumptions:
(A1) The function ¢ is continuously differentiable on RT satisfying:

¢@z%>@ammﬁw@m

for a certain positive constant Cy. Moreover, its first derivative is bounded, ensuring Lipschitz
continuity.

(A2) The boundary damping function ¢ is continuously differentiable, non-increasing, and has
a bounded derivative. In particular, there exists C' > 0 such that

l9(s)| < Cls| and sg(s) <0, Vs€ER,
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which guarantees dissipative behavior.
(A3) The exponent [ is restricted according to the spatial dimension d. Specifically, we have

2d — 2
2<p< )
= d—2
These bounds ensure the embedding properties needed for the analysis.

Let us recall Young’s inequality [1], which provides a fundamental estimate for non-negative

parameters and will be used repeatedly in the analysis. That is for a,b,e > 0, we have:
P bl 1 1
ab< =+ with -+ - =1. (2.1)
p €q P q

The following lemmas are necessary for the proof of our main results.

(d>2) or 2<f<o0, (d=1,2).

Lemma 2.1. [15] For all p € (0,00) and 7 > 0, there exist a constant C = C(p,d) such that
Vé n e R, with d > 1, we have:

\m“& o2 < Cle = T (1] + P

(1€1772€ = InlP=2n) - (€ = m) = Cle —n**7 (jg] + )P~ (2.2)
Lemma 2.2. [23] Assume that uw € C([0,T];R), T € (0,00), satisfies the integral inequality

t t
u(t) < g —|—/ a(s)u(s)ds —i—/ b(s)ds on (0,T),
0 0
for some a,b € L'(0,T). Then u satisfies the pointwise estimate
t
u(t) < eA®u(0) + / b(s)etO=4G)ds, vt e [0,T),
0

where A(t) = fg a(s)ds.

Lemma 2.3. [24] An everywhere differentiable function g : R — R is lipschitz continuous
(with Lipschitz constant Cy = sup|g'(z)|) if and only if it has bounded first derivative.

Lemma 2.4. [12] Assume that the boundary of Q is C'. Then
lull o0y < Cpllullwroy,  for all ue WHP(Q), p > 2.
If3<p< dz—_dQ (d>2)or2<p<oo (d=1,2)holds, then
lull ooy < CollVull, for all ueV,

where the constant C), depends only on Q) andp andV := H%l Q) ={uecH Q) :u=0o0nTy}.

The weak formulation of problem (1.1) is: Find w : [0, 7] — V such that for all test function
w eV,

{(utt,w) + o(||Vu||?) (Vu, Vw) + a(Vug, Vw) + a|uP~2ug, w) = (g(ug), w)r, + (f, w),
(2.3)
with initial conditions u(0) = ug, u(0) = u1. This formulation provides the foundation for both

the existence theory and the finite element discretization. The result that follows gives the local
existence of a solution to problem (1.1) and is proven by the Feado-Galerkin method.
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Theorem 2.1. Let (ug,u1) € H*(Q) x V. If (A1)-(A83) hold and in addition, ¢ is monotone,
then there exist a unique solution u to (2.3) satisfying for 0 < T < oo,

we L®(0,T;V), us € L2(0,T; V)N LP(0,T, LP(Q)), uy € L*(0,T; V). (2.4)
Proof. The proof of the existence of the solution is done using the Galerkin approximation
method. This will be presented in the following steps.

Step 1. Uniform estimates & space topology.

Let (wj);-, be a basis of V' = Hlll(Q) that is orthonormal in L?(f2) and spans the finite
dimensional subspaces
Vi = span{wy, -+ ,wp}.

For every m, we seek approximate solutions of the form

U (t,2) = (Hw;(z)

i=1
such that )
(1) +6 (19 OI) (T (0, V) +0 (Tt 0, V)
+a ( u;n(t)’ u;n(t)awl> - (g(u;n)awi)l"o = (f(t),wi),
um (0) = i (um(0), wj) w; —up in V, (2.5)
j=1
Uy, (0) = Z (U;n(O) w]) w;j —»up in V.
j=1

To obtain the first a priori estimate, the i — th equation (2.5) is multiplied by C™(¢) and the
sum from ¢ = 1 to m is taken to obtain

(um > cm’(t)wl-> + 0 (I[Vum()]?) (Vum Z c™(t) >
=1
a (Vu;n(t), Y, i Cm’(t)wi> +a ( t), Z Cm'(t)wi>
i=1 i=1

- (g(uin), Z Cm’(t)wi>
=1 o
_ ( F(), Z Cm’(t)wi> .

(ums ) + & (IVum (O)1?) (Vum(t), Vul,) +a (Vul, (t), Vul,)

+a( -

= (f(t)v u;n) :

B—2
’,

Uy (1)

That is,

U (1)

m
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So,

|

112+ & (I Vel ?)] + all Vg2 + @l 175 = (9(u), i), = (1), 1)

N | =
QL

t

where ¢ (|| Vau,||?) = OHV“mII2 B(s)ds.
Setting

1 -
En(t) = 5 Il + & (IVunl?) ]
one gets Young inequalities

d a
2 Em(t) + al Vi, [* + allur, |75 < CIFIIVur,|| < S IVull* + ClIFI
Integrating over [0,¢] for all ¢t € [0,77, it yields

a

T T T
Bl +5 [ IV s+ o [ un@)]uds < B0 +0 [ ()P

where
([ Vo |?
En(0) = [!%(0)!!2+/0 ¢(8)d8]

[lut]l? + [ Vuo [ P¢([Vuol*)] , by hypothesis (Ar).

N = N

<

Therefore u,, is bounded in L°°(0,T, V) and u/, is bounded in L°°(0, T, L?(R2)) N L?(0,T,V) N
LA(0,T, LP(Q)).
To show in which space u is bounded, re-write the Galerkin equation as follows:

tp, = = (Vi (0)]2) Vet (£) — aVeuf, (8) = @fuif | "~ (8) + g(ufy) + Fin(2), (2.6)
that is u.!, € V,,, C V. Indeed, one has

e ¢ ([[Vum(t)||*) Vun(t) is the projection of the operator u — ¢ (||Vu(?) Vu. From the first
a priori estimate above, Vu,, is bounded in L>°(0,7, V). Due to the growth of ¢, the map
v > (¢ ([[Vum||?) Vi, Vo) and its norm is bounded uniformly in L*(0, T, V).

o aVul,(t) is the projection of u — aVu,. Similarly, Vu!, is bounded in L*>(0,7,V). So,
aVul, (t) is bounded in L%(0,T,V").

/
m

<a|u;n‘ﬁ72u;n(t),v> is in LA (0, T, V). Since 8 > 2, by embedding, the boundedness is in
L2(0,T,V").

. a}u;nlﬁ_zu (t) is the projection of u a’ut|ﬁ_2ut. For similar reasons, the map v

e fm is the L? projection of f onto Vj,.

e g(ul,) denotes the projection of the boundary force.
I\ U,
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Thus, u!f, € L?(0,T,V").
Step 2. Extraction of weak/weak- limits stars.

By Banach-Alaoglu theorems, there exists a subsequence (still denoted u,,) and limit func-
tions u, x1, x2 such that:

*

U, — U weakly-* in L>°(0,T;V),
ul, > weakly-* in L°°(0,T; L*(Q)) and weakly in L?(0,T;V),
ur —u” weakly in L2(0,T; V"),

’ / 1 1
lu! [P=2u! — x1  weakly in L5 (0,T; L7 (Q)) <5 + 5= 1) 7
g9(up)lry = X2 weakly in L*(0,T; L*(I'o)).

Step 3. Compactness arguments (Aubin-Lions-Simon theorem).

To handle the non-linear terms &(||Vu,,|?), [u),|° 2w, and g(u!,), weak convergence is
insufficient; strong convergence in suitable Lebesgue spaces is required.
A. Convergence of the scalar energy ||V, (t)|?

Lemma with the embeddings:

Applying the Aubin-Lions Compactness
V e L2(Q) = V.
Since uy, is bounded in L2(0,T;V) and u/, is bounded in L?(0,T; L*(9)), we obtain:
Uy — u strongly in L2(0,T; L*(Q)) and C([0,T]; L*(Q)).

Furthermore, because u,, € L>(0,T;V) and v/, € L?(0,T;V), the energy term satisfies t
[Vum (t)[|32 € C([0,T]), and by Lebesgue’s Dominated Convergence Theorem:

V)| — |[Vu@®)|? ae. te(0,T).
Since ¢ is continuous and Lipschitz:
S| Vum()]?) — ¢(IVu(t)[*) ae. t € (0,T).

B. Strong convergence of derivatives for boundary /damping terms applying Aubin-Lions to

’
Uy,

u!. bounded in L?(0,T;V), u” bounded in L*(0,T;V").

Because V << L?(2) continuously and compactly:
ul, — v/ strongly in L*(0,T; L*(Q)) and a.e. in Q x (0,7.)
By the trace theorem V = H[\ (Q) < HY2(Tg) < L*(To):
ul v, — u'|r, strongly in L*(0,T; L*(T)) and a.e. on I'g x (0,7T).

Combining ¢(||Vun|?) — ¢(]|Vul|?) almost everywhere with Vu,, — Vu weakly in L?(0,T;
L3(R2)), we get:

S|Vt ) Vur — ¢(|Vul*)Vu - weakly in L*(0,T; L*(%)).
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Since g is continuous and u,|r, — «'|r, almost everywhere on I'y x (0,7), it follows that:
g(ur)) — g(u') ae. on Ty x (0,7T).
Combined with the uniform bound in L?(0,T; L?(I'y)), vital application of Lions’ Lemma, yields
X2 = g(u').
Since u,, — v’ almost everywhere in Q x (0,7):

! P72, — |W/)P72 ae. in Q% (0,T).

Hence 1 = |[o/|?2u/.
Step 4. Passing to the limit in the variational equality.

Multiply the discrete equation by a test function v(t) = 6(t)w; where # € D(0,T) and wj is
a basis vector:

T T T
/(u;;,wj)e(t)dH/ ¢(HVumH2)(Vum,ij)H(t)dt+a/ (Val,, Vw;)0(t)dt
0 0 0
T T
o ul 6*21/ wW; — ul ), w;
+ /0 (T2t ;)08 ) /O (9(utl ), w5)r,O(E)

T
= [ wpsieyar
0

Taking m — oo and applying the weak and strong convergences identified in Section 4:
T T T
/ (W w)0(8)dt + / (| Vul2)(Vu, Vary)0(e)dt + a / (V' Vo, )08 dt
0 0 0
T T
+ o / (I[P~ ;)0 (t)dt — / (g(u'),w;)ry0(t)dt
0 0
T
:/0 (f,w;)0(t)dt.

Since the set of linear combinations of {w;6(¢)} is dense in L?*(0,T;V), this identity holds for
all test functions v € L?(0,T; V), proving the existence of the weak solution.

Since u,, — u strongly in C([0,7]; L?(2)) and u!,, — u’ weakly in C([0,T]; V'), evaluating
at ¢ = 0 confirms:

u(0) = lim u,(0) =up, «'(0)= lim u (0)=wu; in L*(Q).

m—ro0 m—r0o0
For the uniqueness, let u, v be two weak solutions corresponding to the same initial data
u(0) = v(0) = uy, ut(0) = v(0) = uy.

Set ¢ := u — v. Subtracting the weak formulations for u and v, and choosing w = ; as test
function, we obtain

(e, 1) + ((¢(Vu) Vu — (Vo) Vo), Vi) + al Ve |
+a ((|Ut|ﬁf2ut - |Ut‘672“t)u¢t) + ((g(ue) — g(vy)),¥¢) = 0.
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- (Jleel?).

Evaluating each term,

|

(lbtt, T,Z)t) =

| =
IS

By the relation (2.2), one has
a/ (]ut|5_2ut — ]’Ut|ﬁ_20t)(ut — ) dx > a/ lug — vt]2 (| + |vt\)ﬁ_2 dx > 0.
0 0

Using the local Lipschitz continuity of S(Vu) = ¢(|Vu|?)Vu and since ¢(-) remains bounded,
there exists L > 0 such that

|S(Vu) — S(Vov)| < L|IVu — V.

Hence,

a L?
< LVl Vel < S IVl + V.

/ﬂ (S(Va) — S(Vv)) - Vi da

Since g is Lipschitz, and by Lemma 2.4, it can be estimated as follows

/F (g(ue) — g(ve)) W ds < / Llye|* ds < LllwellE, < ClIVal*.

To

Combining the above estimates yields

1d 2 a ,_ L? 2 2
575 (10ell?) + 193l < Vel + ClIVwr . (2.7)
Note that L d )
2 € 2 2
- - . < Z _ .
555 (I9917) = [ 90 Vurda < SIvuilP + Ivol
Let )
.,
B(t) = 5002 + 2IVe(t)2

Choosing ¢ and v appropriately, we obtain,
(1) < CE(t),
for some C' > 0. Since ¥(0) = 0 and 14(0) = 0, we have E(0) = 0. By Gronwall’s lemma,
E(t) < E(0)e“t =0 forallte [0,T].

Therefore E(t) = 0, which implies ¢y = 0 and V4 = 0, hence ¢ = 0. Thus, the weak solution is
unique. ]

3. Semi-discrete approximation and error estimate

Let us now introduce the spatial discretization of problem (1.1) using finite element methods.
Let Tp, denote a regular triangulation of the domain with mesh size h. For each element T € Ty,
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we consider polynomial spaces of degree at most r. The discrete space V;, C V is then defined
as the set of continuous piecewise polynomials vanishing on the boundary I';. We define

Vi = {vn € C%Q) : wplp € Po(T),VT € Tp, vnlr, =0},
with Vj, C V. We define the Ritz operator Ry, : Hlll (Q) — Vj by
(V(u— Rypu), Vw) =0, Yw € H} (Q). (3.1)
The following properties from [23] states that for u € H™™(2) N H}, (Q), we have
s = Thyad] + AV ( — Tw) | < CH™H s,

lu = Ryull + 2|V (u — Rpu)l| < CA™H|ull41, (3.2)
[Rpully + [Mhpully < Cflul]y,
where C' is a positive constant that does not depend on h. The operator II; denotes the

interpolation operator.
The semi-discrete formulation seeks wy, : [0, 7] — V}, such that

(untt; wn) + S Vunl?) (Vun, Vwn) + a(Vung, Vo) 4 o [ung P~ 2upe, wp,)
—(g(unt), wn)ry

= (f, wh), Ywy € Vp,,t € [O,T],

up(z,0) = Hpuo(x), up(x,0) = Hpui(x) on .

(3.3)

The system (3.3) is a second order non-linear ODE with ¢, g and f continuous. So, it has a
unique solution on [0,7]. Considering suitable regularity conditions on the exact solution, we
have the following results on the stability and convergence of the semi-discrete scheme.

Theorem 3.1. If the initial data ug,u; € H(Q) and

VI, uol[?
/ ¢(s)ds < C,
0

then the semi-discret solution up, of (3.3) remains stable. Specifically, it satisfies

T
[unell Lo .72 () + Nunell 20,73 ) < C1Hpua [ +/0 I1f(8)]2dt). (3.4)

Proof. Replacing wy, in (3.3) by upn; and use the fact that —(g(une), une)r, > 0, we get

1d

7 -2 a
5 [lunell® + SV unl®)| + all Vusell? + o (June| s, wne ) < CUFI2 + 3 el

where ¢([[Vul[?) = 171" o(s)ds.
Considering the fact that « (‘uht‘ﬁ_Zuht, Um) > 0 and integrating from 0 to ¢, we have
B t || VTTug || t
o+ 61 )+ o [ [Vana()Ps < M+ [ as)ds +0 [P

By applying the Gronwall’s lemma with ¢ € [0, T], we have the desired result. O
The following theorem gives the error estimate of the semi-discrete scheme.
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Theorem 3.2. Let u denote the exact solution of (2.3) and wuy the semi-discrete solution of
(3.3). Then there exists a constant C independent of h such that:

[(w —wn)ill Lo 0,7, 12(0)) + 1t = unll oo 0,102 (@) + 1w = un)iell 20,711 )

1
2

T
<cwr [ /0 a2+ 2 + el | (3.5)

Proof. Weset e =u—up = (u— Rpu) + (Rpu —up) =n+ €.
From Lemma 3.2, we have

Inll < CR™ Hlully+1. (3.6)
To estimate &, we subtract (3.3) from (2.3) with w = wy, that is,

(&t wn) + S(IVull?) (VE, Vwn) + a (V&, Vwy)
= — (e, w) — [(I[Vul?) = (| Vunl*)] (Vun, Vwn)
— (IUt|B_2ut — !uht!’g_Quht,wh> + (g(ut) — g(unt), wn)r, -
Taking wp, = & in the above relation leads to
(&, &) + ((IVul?) (VE, VE) + a (VE, VE)
= — (e &) — [o(IVull?) = ¢([IVunl*)] (Vun, VE)

-« (|“t|’8_2ut - |Uht|ﬂ_2uhtaft> + (9(u) — g(unt), &)r, -

That is
ld 2 2 2 2
5 7 L&l + o(IVulP)IVER] + ol V&
=~ (e, &) — [0(IVul®) = (I Vunl*)] (Vun, V&)
-« (‘Ut’ﬁi%it — ‘Uht|672uht7§t> + (g(ut) — g(unt), §t)r,
+ (| Vul?) (Vu, Vay) [ V€
::ES:Ai. (3.7)
i=1
The terms A;, i = 1,--- ,3 are bounded as follows using Young’s inequality:
A1 < Cllnee| V& < exllmeell* + 6§1IIV&||27 (3.8)

4y < W‘HWIIQ IV

sup |[[Vun(s)[[[[ V&
0<s<T

< C (7, lull o750y lunll oo o.mvy) 11V (w — un) ||| VE
< CL(IValllIVEN + IVENIVE) (where Cr = C (v, lJull Lo o,;v)» 1unll Lo 0,751)))

5/
S€2||V77|!2+§2HV&||2+€3IIV€H27 (3.9)

Ag < Car (fue = wnl(fuel + lunel) "2, |&1])
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< Cla, lluel| Lo 0,52 (0)) s 1uni | oo 0,102 () 1w — wne [l
< Co (InlllI€l + 1€:01%) (where Cy = C(ev, [luell oo 0.7 22 () Uil oo (0.7502(0)))
< ColnllIVEN + Callé)?

€4
< el + V&l + Call&ll®. (3.10)
To bound Ay, we use Lemmas 2.3 and 2.4 to have

Ay < CgHut - Uht”ﬁ)”&”ﬂ)
< CyCRIIV (u — up)e | [ V&

€
< &5 Vel* + §5HV&HZ + Cs[|VE&|* (where Cs = CyCy). (3.11)
Since ¢ has bounded first derivative, we have
A5 <C (||UHL°°(O,T;V)7 ”UtHLw(o,T;V)) HV§H2 = C4HV5||2- (3.12)

Substituting equations (3.8) to (3.12) in (3.7), yields

1d
5 g7 LI&l® + o(Ivul)IVEl*] + al Vel

<Cs [llmeel® + 1017 + [l 1> + [777e]17]

e1+eh+es+e
e IVEl + Co [l + IVEIP + V&

where C5 = max(e1,€2,€4,€5) and Cg = max(e3, Co, C3,Cy).
Taking £ = &}, = €4 = €5 = a and integrating from 0 to ¢, we have

t
IE 12 + Cy | V€[ + a /0 V& (s)]2ds
<& O] + (| Tuol HIVEO)]

t
+Cs /0 ()12 + [90() |12 + [me()]| + [ Vne(5)]2] ds
t
e /0 [1E() 2 + V()2 + [IV&(s)]1?] ds.
Applying Gronwall’s Lemma 2.2 over [0,7] we have
T
&2 + Ve + / V& (s)]12ds
0
T
e, (uftm)n? + (| Vuol 2 [VEO)? + /O ()12 + 9012 + e (s)]| + [91(5) 1] ds> .
From (3.2), we have
T
162 + Ve + / 1V, (s) | 2ds
0

T
<0 ([ el + Il + (o)) ds)
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Thus,

1€¢ll o< 0,75 12(2)) + €]l oo 0,702 () + €2l 20,7112 ()

T
<cnr ( | Do) + o) + e ds)

VI

4. The fully discrete scheme and error analysis

We now consider a full discretization in time. Let {t,})_, be a uniform partition of the interval
[0, T'] with step size 7. For any sequence of functions, (u™)N_,, we define:

n=0>
6ttun — % (unJrl L unfl) : 5tun — % (un+1 _ unfl) : 5tun — % (un - unfl) ,
u = %(u +u"" 1); u”&:%(um—l—i—Qun—l—un 1),
-2
U %(311 +2u" ! — u”72); ﬁ”:%, n=2,---,N,

= 1 /= = = 1 /= = 1
Opu” = — (@u”“ — &gu") i O = B (8tu"+1 + atu"> = — (ﬂn+1 — a”) ;
T T
11
n,g — — (mnt+l a) .
u 5 (@™ +a")

Let U}’ be an approximation of u(t,). The fully discrete scheme is constructed as a linearized
second-order method, defined in three steps to approximate the solution at successive time levels.

o Step 1. Find U € Vj, such that:

U0 oyl 4 yo _ U*0 4oyl 4+ o U0 o
( b ST h,wh)+<z><uvvm (v R VhTh Vi

T2 4
Ul -0 |P2ur — U Ul — U
+O‘<‘ 27 /2 o W | 9 /2 ), wh ry
= <f2’%7wh> , Ywp € V. (4'1)

e Step 2. Find U}% € V}, such that:

~ U, ~+U 1,1 =
(0uUp,wp) + ¢ (yv“yﬁ) <VUh 4,th> +a (Vo,U,, Vwp,)
20 _ o B-2_ U0 _ o
+Oé<h2Th 3th{7wh — 19 hTh , Wh,
To
= (fzi»wh) ; Vwp € V. (4.2)

e Step 3. Find U} € V}, for n > 2 such that:

_ . n,1 _
(DU, wn) + ¢(|VU71?) (VUh 1 th) +a (VUL Vwy)
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_ B-2_ _
+« ( atUhl‘ 8tU;Z,wh> — (g (atU,?fl) ’wh)ro = (f"’i,wh) , Ywp € Vp, (4.3)
where
U}(L] = Hh’U,()(-’IJ),
1
U}} =TI, [uo(a:) + uy(x)T + §utt(aﬁ, 0)7-2]
with

ug (2,0) = aAui(z) + ¢(||Vuo(@)]|?) Aug () — afur ()P~ 2uy (z) + f(x,0).
For our subsequent analysis, the exact solution satisfies
(Ouu™, w) + o(||Var|?) (Vu”’i,Vw) +a (Vou™, Vw) + a (]ﬁ”|ﬁ_2u"é, w)
= 1
= (9@, )y, + (75, w) + (Rp,w) + (Ryw) + (Ryw) + (R, w) + (RS, w)p, |

Yw e V,t € [0,T],
u(z,0) = up(z), w(z,0)=ui(z) on €,

(4.4)
where,
_ 1
R? = &gtu” — UZ;4,
n __ ~n |12 n, 1 2 ”vi
5 = o(IVa" ) Vu™i — (¢(|[Vul*)Vu) 2,
¥ =aVou" —a (Vut)"’% ,
1
RZ’ = a\étunfllﬁfzétu" — (|’U,t‘ﬁi2ut)n74 s
1 _
Rl =g (u?"‘) —g (8tu”71) .
By Taylor’s expansion (see for instance in [8]), one has
N
Sr (IBEIE + RS2 + I B3 + | B3 + B3I, ) < O (45)

n=1

4.1. Stability analysis
The following results gives the stability of the fully discrete scheme.

Lemma 4.1. If the initial data ug, u; € Hlll(Q) then the discrete solution satisfies a uniform
stability bound. That is, there exists a generic constant C independent on h and T such that,

5 12,0 2,0 5 72,0 2
10:0,° 12 + IVU N2 + 711V 0.0, 17 < Clluoll + luall + 7lluallf + 7112713 (4.6)

Proof. Through out this proof, we use the following notations

- U’ - 20 +U) 174 -

8ttU2’0 = —h T2h h — ; |:8tU2’0 — 615U}1 ,
2,0

U0 — Uy~ — Uﬁ’

T
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_ Ul —ud 1 - 17 _
20 _ Yp h _ 2,0 1| 2.0 1
U’ = b — = 0070 + 83 = - o -0y,
2,0 1 0

O’%_Uh +2Uh+Uh _1 —2’0 —1
Uy = . _2[Uh +Uh],
20 _ U+ U}

h 9 .

Replacing wy, by @Ui’o in (4.1), we get

U0 _oul 4+ yd _ U 4oyl U0
( : nTIh 5U20 ) 4+ (VO [ A ER TR g,

T2 4

U U2 - o0 U -t -0 s,
o,U> h h h h 5,20
+a<v or VAU el T 2r ' Oth

Ul —UX\ 20
—(g( 27/2 U I'o

= ( 27%351‘/U}?,0> )
17, x i 1 . . ) )
== (1007012 = 18U312] + 56 (IVTR) [IVTRI2 = IV O] + al vau;°)?
T T
T o
o < i @Uff’o’atUi’O) - (s (a0) .00
o

- ( va%,étU,%O) .

U}

2
We see that, «a ( @U}%’OﬁtUi’O) > 0. By Young’s inequality, Lemma (2.4) and hy-

pothesis (A1),

o (182012 — jawki) + 52 [Iv o201 ~ 190 P] + alvaue)?
< CylldUn e 0.0 livy + £ 3 1807
< CIIVBUR VAU | + CIL 5 Va0,
< CIIVOUR I + FIVOUL P + CI 5|2 + FIVaUR”

2

That is
5 112,0 ~2,0 A 772,0 ~ - ~ 2,3
10:U, |17 + ColIVUL 1P + arl[ V.U, 12 < 110U 12 + (IVURIIP + C(IVO:UL 1P + 11/, 17)-

By the definition of UP and U}, one has for example |[VUL|| < C(||[Vuol + 7||Vui]|) and
|VOUL| < C||[Vuil|. Therefore, one gets (4.6). O

Theorem 4.1. Under the same assumptions, the fully discrete solution is stable for all time
steps. The discrete energy norm is bounded uniformly, ensuring that the scheme does not exhibit
numerical blow-up. That is, there exists a generic constant C' independent on h and T such that,

~ _ - 1
10:UR 117 + IVOURIP + 7IVO:U 1> < Clluoll§ + [luallf + 7lluallF + 7l1£7]1%). (4.7)
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And for alln > 2,

n—1
10U NP+ IVURIP + 7Y (IVOUR|I* < ©
k=1

n—1
~ _ 1
10U + VTP + 7 \f’“’4!!2] - (48)
k=1

Proof. To prove (4.7), take wy, = Q;U} in (4.2), and we have

- - U+ U 1l - -
(OuUp, OUL) + ¢ HV%HQ <VUh’4,vatU,1> +a (VOUL, VO,UL)
20 _ 70182 _ ~ U0 _ o - L
+OZ (‘W atUé,atU}% - g hTh ,8tU}% ) = <f2’47(9tUé) ,
0

2,0 0
A a2 a2l L L Uy +Ug 2
== 1072 = 10312 + =0 | IV=Em—=2

+a(

We drop the term « (

) IVTEIP = VUL 1%] + allVoU, [1*

agUi’o

'B_Qatug,avhl> - (g (&gU,f’O) ,aUg)FO _ ( fzi,a;Ug) .

a7172,0 -
atUh’

2
8tUé,8tUﬁ> > 0. By Young’s inequality, Lemma (2.4) and
hypothesis (A1), we have
S OU2|% — |1§,UM? % VU2|? — ||[VUL? Vo, UL?
10U 117 = 10U, 17| + == [IIVUE1? = IVUR11?] + al VOU ||
21 21
— — l —_
< CylloU I, 18:UR g + 11 £2 5 110:U |
< C|VaU NIV UL + ClL> 5|V a.UL|
_ a — 1 a =
< C|VaU°|? + ZHV@U%HQ +C|| f>5]* + ZHV&UéHz,

that is
5 = 5 5 = 5 1
|0URI2 + Col VORI + arl| VAU < |1GURI + IV TR + O [IVaUR 1% + 172417]

Then using (4.6), we conclude (4.7).
For (4.8), replace wy, = 0;U}" in step (4.3), we have

1 a7n 77N 1 rn 350 350 arrn
5= 18U 12 = 18:0712] + 50 (IVORI2) [IVT 12 = IV ORI + all VO

+a<

- (f”»i.étU,T;) .

— 6_2
Uyt

5tU;?,(§tU}7> - (g (agU;:il) ’5tU}TlL)F0

B2

The term « 5tU;f_1

@U,’:,étU ,?) > 0 is dropped. With the use of Young’s inequality,

Lemma 2.4 and hypothesis (A1), one has

1 = n ~ C TN rrn 3 n
o= (18U 2 = 18R] + 52 (VTP = IV O31P] + ol VaUR P
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/) n— 2 n n,1 2 n
< CollOUy e llO:UR I + (173 110:UF |
/) — /) n n,t /) n
< C|IVoUr IVOU | + Cllf™ 3 IVa.Uz |
arm—12 a 72 n, L2 a ArTn|2
<C|voUu;— +Z”vatUh” + O f™1| +Z||vatUh|| :
Multiplying through by 27
10U = 10.URN1P + Co [IVURTHZ = (IVTR ] + a7 || VOUR?
_ _ n 1
<cr [IVaUE P + 74P - (4.9)

Summing up this inequality from £k =1 to n — 1 < N and using the discrete Gronwall lemma,
we obtain

n—1
GO + VO + Y rll 12
k=1

n—1
10U + VTR +7 Y IVOUR|* < C©
k=1

4.2. Error analysis

To establish convergence, we decompose the error into interpolation and discretization compo-
nents.

2,0
62,0 — Rhu2 . Uh7 ,
nn =u" — Ryu", &= Ruu" — Ui?7 £n,1/4 _ Rhu”’1/4 N U}'rll71/4.
Using Taylor expansions and discrete Gronwall-type arguments, we derive bounds for each term.

This leads to the following main result.

Lemma 4.2. Let u? be the exact solution of (4.4) with n = 2 and Ui’o the solution of (4.1).
Assume that u, ug, uy € L0, T; H™H(Q)), uge € L°°(0,T; L3(Y)). Then there exists a generic
constant C independent of T and h such that

€200 + 72202 4 7| 720

2o +1Y).
Proof. Subtracting equation (4.1) from (4.4) for n = 1, we have
B—2

(5tt§2’0,wh) +¢ (HVU,HP) (V&O’%,th> +a (Vétﬁg’o, Vwy) + a ( U}

5t§2707wh>
=~ (9un"wn) = [¢ (IV'IP) = & (IVOLIP)] (Vu3, Vo

-« ( o ﬁQatRhul,fwh> + (g <5tu1) —g (&Uﬁ) ,wh>

étul —
+ (Rbwn) + (R wn) + (R wn) + (RYwn) + (B, wn)

&gul 5,5U,1

To

Taking wy, = 0;£%°, one obtains

(908, 8E2%) + 6 (IVTR]1?) (Ve Vag20) + a (V9€2, Vr¢>")
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B2 _

a ( Uy 0", atfz’())

(B8 — 6 (IV1%) — 6 (IVLI)] (Va4 v2,620)

B o o 1 520 5.1\ (A7) 5§ ¢2.0
«Q O Rpu ,8t€ + (g (@u ) g (815Uh> ,8t£ )

(igul—
(R0 + (R3,062) + (RE2€) + (1,062 + (3,062,

6tu1 5tU}%

1)

That is,

2= IveP]
9
31552’0, 8t€2’0> = Z Dl (410)
=1

- 1 _
2118112 + 5-0 (IV 0312 [IV
B—2

[

+ CLHVgthOHQ + « ( gtUé

By Cauchy Schwarz and Young’s inequalities, the terms of the right side of (4.10), are given by

Dy < ||0un||[|O;

+ 55 IVaE . (4.11)
Dy = [o (IVa'[2) = ¢ (IVOHP)] (Tl Vo)

1 _
< L¢'||Vu1u2 - LA Va0

< Ly (IVa']| + VO [Vt = VO[Tt 4[| Vae20)
< (Iva'. IV O, Ivut))) [Vt - VOV

C(HWH vahn IVub i) [Vat = VOAP + IV, (412)

-2 B B—2
( 8tRhU1, 8t§2’0> + o (
8tRhu17 8?5&-270)
o (

=2 _ _

~ _ _ ~ ~ ~ ~ B—3 _ _
< Calldru s lldn 1192 + Ca <|8tu1 — 8,03 |6 | + |00 atRhul,ath’())

8tu 5tu1

(o]

(igu

8{& — atUh

Ry, 8t§2’0>

8,571,

B B—2 B B—2
Btul — 8,5Ué

Ry, 3t§2’0>

< Caldru o |90 195
+C (0,10 Bit os |9e oo, 10:UR o ) 100" = UV O]

_ ~ ~ _ ~ 2a _
< O (. 19 Butloo: 13 oos 19U 1 ) [19m 17 + 101 = U] + 512011,
(4.13)
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Dy < Ly |0u(u = U)o |06 I,y
< C|[Vay(u' — U V0|
~ a —
< C[Vou(u' = UDI* + 551V, (4.14)
D5 + Dg = (Ry,9:€*°) + (R1, 0,£*°)
< C[IRLIIIV O] + | RV 8:>°]
2a =
< CIRL + IIRY) + 55 IV a1, (4.15)
D¢+ Dy = (ﬁ;,vag?ﬁ) + (éé,vétg“)
< 1BV 920 + 1 R3[| Va2
- — 2a _
<O I+ IBI7] + S5lIvae® I, (4.16)
— - a —
Dy = (B3, 0:6>%) . < | R3|Ir 192 Iry < CIRE[IE, + %Hvagvo 2, (4.17)
Taking (4.11)—(4.17) into (4.10), one has
(102012 — 13617] + S2 (192002 ~ V&[] + all Va2
27 27
T
+a ( U 3t§2’0,5t§2’0>
a _ — —
§§\|V8t§2’0|]2 + C|0n'||> + Cl 0|
+CV(@ = TYI? +Cla! = UNIP + C V' — U2
+C [IRHP + IR + IR + RN + IR, | (4.18)

B—2

Taking into consideration the fact that « ( U s

through by 27, one gets

10:6%011> = 1011 + IVEX°|? = | VEY* + ar || VO™
<Cr [Hétt?fH? + 180 12 + IVa12 + 191 + Hvémlm

+Cr [IVE 2 + 13 |12 + | Va2
+C7 (IR + IR + I B2 + I RS + | R3] -
By (4.5) and Lemma 3.2, we have

1020112 + V€202 + 7|V 9>
<OTR?" (g7 r + lug 41 + ot [74]
+IVE® + [10€* + C7 [HVE_III2 + 0 + IV O

+C7? [Hu%tttHZ + HU%ttH% + HutltH%] .

D,e*0, 5t§2’0> > 0, Cy > 0 and multiplying

(4.19)

(4.20)
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Since €% = 0 and thus VE° = 0, it follows that

2,01|12 112 112
*2,02_”5’” *12_||5H ~12_||§”
122002 = B0, 182 =B, and  13ENP = B
Moreover, we have
||£2,0 2 < ”52,0”2
1 < .

The relation (4.20) becomes

2,012 V2012 V202
P
T2 4 472

<CTR [lugg |71 + lug 70 + et 11754

IVe® | llE®
+ 1 + 2 +Cr? [Hu%tttHQ + Hu%ttH% + Hu%t”ﬂ

IVEN? lIEH”® | IIVEH?
4 + T2 + T2

+Cr

Thus,

1€20]12 + 72| V€202 + 7| VEXO| 12 < OR* [|ludyllZ g + uillZ + ut]q]
+ort [HutltttHQ + HutlttH% + Hutltﬂﬂ + CH§1||2

+Or [PV +1IE'® + Ve P

O
We state now the main result of this section.

Theorem 4.2. Let u" be the exact solution and U;' the fully discret solution. Assume that
u, ug, uy € L0, T; H™TH(Q)), ugee € L°(0,T; L2(Q)). Then there exists a generic constant C
independent of T and h such that

10211 + IVE |1 + 7| VaE2|1* < C (R + 7). (4.21)
And for all
~ — n72 —
10712 + IVE 12+ ) 7 Vaeh|? < € (n*r + 7). (4.22)
k=2

Proof. Subtracting equation (4.4) with n =1 from (4.2), one gets

5,5 U}%O

1 _ p-2_
(5tt§1,wh) + ¢ (||VU§’OHQ> (V{l’Z,th) +a (Vﬁtﬁl, th) +a ( 8t§1,wh>

=~ (Gun" wn) = [0 (IVa2"?) = ¢ (V1) | (Va3 V)

-2 B2

5tu2’0 &gul —
+ (R, wy) + (ﬁ;,vu}h) n (ﬁ;,,vu;h) + (RY, wp) + (RE, wy)..

5{/ Uz’o

&Rhul,%) + (9 (Gru*?) — g (aU’%O) ’wh> I

0"
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Taking wy, = 0;¢! in the above relation, one obtains

(9ug", ") + 6 (IVTRO)?) (Ve Vae!) +a (VO VL") +a (‘aU,%O 8, agl)
— (Bun", BreY) — [¢(Hw270\|2) (|VU20 )] (vu 3 Vo )

—a ( 5,20 ﬂ—zétul ~|au2e 8tRhu até) g (8u®®) — g <6tU20) ’5t§1>r0

+ (L) + (B3 Vo) + (BE, vae!) + (R} + (R, 3Ny,

That is,
1 ~ ~ 1 _ _ _
§(||3t€2\|2 — [|0:M1%) + §¢(||VU2’0”2)(HV52||2 — IVEYP) + al| VO P
+ (|8 U°1P29,6", 0,

9
=3 T, (4.23)
=1

Each term of the right side of (4.23) will be bound as follows
_ _ _ _ _ a _
T < [|8un* 181 ]| < CllAun* VO£ < Cl1dun*|1* + ?OHV&&51”27 (4.24)
— l —
T = |6 (IVa2*2) = 6 (IVT0)) | (Vuls, vaie")

_ 1 _
P IV Vo

< L|Ivaep? -

<L (Hvamu + HvU,%OH) IVa20 — V20| | Vul s

Vo]

— l _ — —
< C (IvaOl VTR, [Vub ) Va2 - VO ||V

_ a 3
< ClIVR* I + IVELIP] + 5 IVaet I, (4.25)

-2 B
T3 =« ( atﬁ1,3t§1> +a <
< Cal|0yu® L1162 <
< Cal|0yu®

+C (0, 10:Bit oos 19r® ooy 102U 1o ) 1912 = DU |95 |

B—2 B—2

S0 Dyu0

— létUi’O

5tRhU1, 52551)

a3 a 772
8tu2’0 — 8tUh’0

[}auw\ + \@U,%Oﬂ T iR 5@1)

< O [18m P + 18?1 + 1820 + S0 VA€, (4.26)
Ty < Lol0(u®® = U g0

< €|V, (= U2°) [V i€

< C[IVm*|1? + Vo>

a _
] + %||V8t§1\|2, (4.27)
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Ts+T6+ Tr + Ty + Ty = (R, 0:&Y) + ( : Vété) + ( 3 Vété) + (R}, 0:€")
+ (Révgté-l)po

a4 =
< C IR + I BYIP + I T3 + RS + | REIR, | + S5 92he "

(4.28)
Taking (4.24)—(4.28) into (4.23), one has
(10212 — 18 12] + S2 [IVE)2 — V&) + all Va1
2T 2T
+a (‘@US’O 5t§175t51>
a — — — _ —
< §||V3t€1||2 + C [18un 1P + 10en* |? + IV7°1* + [V Om>°|1?]
+ C[IVE? + 102011 + V>0 7]
+C [IRHP + I BIP + 1B + NRAI2 + I RYIR, | (4.29)
_ p-2_
Dropping « ( 8tU2’0 0", 8t§1> > (0, and multiplying through by 27, one gets
10217 = 1101 * + IVE* = | VE'* + ar|| V&>
<Cr [13an' | + 18 I + V0|2 + [ 9002|?]
+ O [[VEO? + 10:87°N° + IV 9>
+O7 [I1RHZ + B2 + I B2 + | RE + | REI, | (4.30)
By Lemma (3.2), we have
10:°(7 + | VE2(|* + 7| V&>
<OR*'7 [lugg|Fen + lud 740 + VA7)
+ [VEP +110:M1 + O [IVEX2N? + 10011 + [ VOre>°|1?]
+0r° [HutltttHQ + Hu%ttH% + Hutltﬂﬂ . (4.31)
To estimate (4.22), subtracting (4.3) from (4.4) lead to
_ ) _ _ p-2_
(Bug™,wn) + 6 (IVa"[2) (VE™5, V) + 0 (VOE", Vun) +a | U7 0", wy

== (Bun wn) = [@ (IVa"I?) = & (IV0F12)] (Va3 V)

B—2 B—2

5tu"_1 5tu" —
+ (R wn) + (B3, Vun) + (R, Vwn) + (R, wn) + (RS, wn)p,

Uyt

5tRhun>wh> + (g (5tun_1) ) (525U]?71) 7wh)r‘0
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Taking wy, = 0,£", one obtains

B—2

(5@55”, 5,55") + ¢ (HV@”HZ) <V§n’%, Vgtfn) +a (Vétfn, Vétén) + ( an}?il

=~ (B, 06") = |0 (IVa"[1?) = o (IVORIP) ] (vurt. vare")

B2 B—2
—a( Opu" —
+ (Ry, 9" + (By, Vo) + (R4, VA€ ) + (RS, 0€™) + (RE, ")y,

That is,

étu”_l 5tU;LI_1

O Rpu", 5t§n> + (9 (5tun_1) -9 (5tU;f_1) 75155”)1“0

1 q ¢n q ¢n 1 ~n en n

5= (112 = 18] + 50 (Ia"12) (1982 — | 7E")]
_ _ A2

+a|| V3" | + (‘atU;;—l

9
D,E™, 5@”) => P (4.32)
i=1
Now, we estimate the terms of the right side of (4.32)
_ _ _ _ _ a _
Pr < 0un” 110" < CllOun™ 11V O™ | < Cllun™||* + %HV@@H?, (4.33)
N rn n,: 3 ¢en
= [0 (Iva"?) — ¢ (V07 12)] (Vurt, vaer)

AT A nl a en
= L¢’HW I = IVORIP IV u™ 5|V o™

~n rn N rn n, 1 a en
< Ly (Iva")| + W03} IVa" = VO3 [V | Vare”|
Nk n n,+ ~m rm a ¢n
< C (Iva" | IV O3, IV ) IVa" = VOR|Vae"|
<C

~n Fn a a3 ¢n
VA2 + V€7 2] + 5519 0k™ 2 (4.34)

-2 B p—2
P3 =« ( 8t7]n,8t£n> + <

< Cal|du" o | ™ 192

B—2

ag’u,nil 5tu”*1 - étU}?_l

5tRhun ) at£n>

+ Cuo < 5tu"71 — 5tU;:_1

(91| + |01 )P atRhu",ag")

< Calld o0 | [V8€7)

€ (0 10 Ru loos 100 ooy 19U o) 180" = BUT [V 5eE"|
- - — 2a <5 .n

< O )0 I + 180" + 18" 1P) + 22 vaer (4.35)
Py < Lyllou™ = U706 I,

< CIIVa, (' = U 987

_ _ a _
< C[IVa P + VA 7] + = |vae| (4.36)

P+ Po+Pr+ Py + Py = (BT, 5,6") + ( n vétgn) + ( n vétgn) + (BRY, 5™
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+( g’étgn)ro
n n n n n 5a q ¢n
< C[IRIZ + I 512 + | B512 + |R3IP + |1 BEIR, | + o5 19061

(4.37)
Replacing (4.33)—(4.37) into (4.32), one has
1 s <ol Co i - 5 on
1812 = 8egm 2] + 52 IV = IVE" 7] + al| Vare™ 2
T T
_ -2
+ ( Ut 8t§n73t§n>
< C (18|12 + 19|17 + 173" |2 + 19"~ + [V 8o~
a 3 ¢n Fn 3 ¢n— 3 ¢n—
+ SIVBE 2+ C [IVE" 2 + 9™ | + 1V O™ |12
+C [IREI2 + IB5I1 + NI + | REN2 + I BEIIR, ] - (4.38)
That is
10" I — 110" |2 + [IVE" | — IVE | + a7 || VO™
<O (9™ |2 + 106”2 + " 12 + 102 + [V Dy~
+ O [IIVE + 118" + 1V a1 )]
+ O [IIRFI? + I3 12 + |51 + | Ry 2 + | REIIR, ) - (4.39)
Replacing n by k in (4.39) and summing up from k£ = 2 to n — 1, one gets
n—1
107117 = 18212 + IVE"P = IV + 7 > 1IVaeh|?
k=2
n—1 B B _ B
<Cr Y (1| + 190 I + 931 + |9en 2 + 1V 9"~
k=2
n—1 . ~ ~
+Cr Y [IVE N2 + 18" 12 + Va2
k=2
n—1
+ ST [IREIR + RSN + IS + I REN2 + | REIIZ, | (4.40)
k=2
By Lemma (3.2) and Taylor’s expansion (4.5), we have
~ — n_l —
10" 17 + IVE |2+ 3 [V are* 2
k=2
n—1
<OR 3 |l ey + Dk Iy + 185y + e 2
k=2
n—1

+ VI + 1822 + Cr Y [IVER2 + 10117 + Va2
k=2
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n—1

k k k
+ O Y [luial? + a1 + s 7] (4.41)
k=2

Using the fact that
IVEM? < CIVE® + Ve 1P + Ive 2],

and by the discrete Gronwall lemma on (4.41), one gets

n—1
10" 1% + [VE P+ 73 [ Vek|?
k=2
n—1
k k ~k k—1
<OR 37 [l + Dk Iy + 18 ey + 2
k=2
n—1
Y k k k
+IVE? + 1B + 73 7 [l + kel + k3] (4.42)
k=2

5. Numerical results

To illustrate the effectiveness of the proposed finite element scheme, we present numerical exper-
iments on representative Kirchhoff-type problems with boundary dissipation. The simulations
were carried out on uniform triangulations of the domain, using polynomial spaces of degree
r = 1. To implement the algorithm (4.2)-(4.3), we use the finite element solver FreeFem++ [10].
The problem (1.1) is solved on the square Q = (0,1)? and the interval [0,7] with T = 1. The
boundary 02 is divided into two part: I'g and I'y with I'g = {(z,1); 0<=z <1}, 'y =90\ T.
We impose the homogeneous Dirichlet boundary condition on I'; and the boundary dissipation
given by (1.1)-c on I'.
Weseta=1,a=1,3=35

6(s) = 1+5%  g(s) =0,

The functions f, ug and u; are chosen such that the analytical solution is given by
Uez (T, y,t) = exp(—t) sin(mx) Sin(gy)'

Figure 1 shows that the computed solutions align closely with the exact solutions. The approx-
imate solution is computed with linear finite element approximation with h = 1/15 and 7 = h2.

To confirm our error estimates, we solved the same problem using the algorithm (4.1)-(4.3)
on uniform meshes.

For the convergence with respect to the mesh size h, we compute the errors for differents
values of h = Q,L%, with n = 0, 1, 2, 3 and set 7 = h. Figure 2-(a) shows that the slops of
log(||tes — up||) and log(||tes — up||1) are 1 which confirm the linear order convergence with
respect to the mesh size h. For the convergence with respect to the time steps, we compute the

1 1 1 1

errors for differents values of 7 = {5, 55, 755 =g and fix the mesh size h = 1/128. Figure 2-(b)
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Approximate solution at T=1 Exact solution at T=1

Figure 1. The graphics of approximate solution and exact solution at 7" = 1 respectively.

shows that the slops of log(||ue. — ujt||) and log(||ues — ujt||1) are 2 which confirm the second
order convergence with respect to the time step.

In our experiments, the proposed scheme achieved second-order convergence in time and
optimal spatial accuracy. For mesh sizes h = Qn%, with n = 0, 1, 2, 3, the L?-error decreased
consistently, confirming the theoretical error bounds. Moreover, the discrete energy functional
exhibited monotone decay, in line with the dissipative nature of the continuous problem. These
results demonstrate that the linearized Galerkin scheme not only provides accurate approxi-
mations but also captures the qualitative energy dynamics of Kirchhoff-type wave equations.
Unlike classical schemes that require mesh-dependent stability conditions, our method remains
stable under arbitrary discretizations. However, the absence of explicit energy-preserving fea-
tures suggests that future work should explore structure-preserving variants to enhance long-time
reliability.

Convergence rate for h L 2.norm and H1-norm respectively Convergence rate for time L 2.norm and H'-norm respectively
-35 T T T T -3 T T T T

-4.5 -4 -3.5 -3 -2.5 -2 -4.5 -4 -35 -3 -2.5 -2
log(h) log(7)

(a) (b)

Figure 2. (a) L? and H'- errors with respect the mesh size h. (b) L? and H'- errors with respect to the time
step.
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6. Conclusion

In this paper, we presented a linearized second-order finite element scheme for non-linear
Kirchhoff-type problems with boundary dissipation. The analysis demonstrates that the method
is stable and convergent under general assumptions, with error bounds derived independently
of mesh constraints. The theoretical framework combines variational formulations, Galerkin ap-
proximations, and discrete energy estimates to handle the strong nonlinearities inherent in the
model. Numerical simulations validate the theoretical predictions, showing that the scheme pro-
vides reliable approximations of the solution and preserves the dissipative nature of the system.
These results highlight the potential of finite element techniques as robust computational tools
for tackling complex non-linear wave equations, paving the way for further applications in engi-
neering and applied sciences. Although the proposed linearized Galerkin finite element method
achieves unconditional stability and convergence without mesh restrictions, several limitations
remain. First, the analysis is restricted to smooth bounded domains; extending the framework
to irregular geometries or domains with complex boundaries may require additional stabilization
techniques. Second, while the scheme captures dissipative energy dynamics, it does not explic-
itly enforce structure-preserving properties such as symplecticity or discrete energy conservation,
which may be critical for very long-time simulations. Third, the linearization strategy simpli-
fies implementation but may introduce efficiency trade-offs compared to fully nonlinear solvers,
especially for strongly coupled systems. Finally, the numerical experiments, though illustrative,
are limited in scope; broader testing on high-dimensional problems and real-world applications
would be necessary to fully validate the robustness of the method.
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