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BLOW-UP PHENOMENON OF SOLUTION TO THE SEMILINEAR
VISCOUS MOORE-GIBSON-THOMPSON EQUATION
WITH MEMORY TERMS*

Xiongmei Fan' and Sen Ming?'

Abstract This article is devoted to investigating the initial boundary value problem of semi-
linear viscous Moore-Gibson-Thompson equation with general initial values and nonlinear
memory terms N, q(w), Ny p(ut), Ny p q(u, u;) on exterior domain, respectively. Blow-up
dynamic of solution is deduced by taking advantage of the test function method related to
an appropriate harmonic function. It is worth observing that the semilinear viscous Moore-
Gibson-Thompson equation with memory terms can be considered as an approximation of
viscous Moore-Gibson-Thompson equation with nonlinear terms when v — 17. Up to au-
thor’s best knowledge, the results in Theorems 1.1-1.3 are new.
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1. Introduction

This paper is concerned with the initial boundary value problem of semilinear viscous Moore-
Gibson-Thompson equation (MGT) with memory terms

Tupt + Uy — Au — (6 + 7)Aug = N(u, uy), ze N’ t>0,
(u, ut, ug)(x,0) = (uo, ur, uz)(x), x € Q°, (1.1)
u‘aQ" = O’ t > 0,

where the nonlinear term N (u, u;) is presented in the forms of

N(u, ut) = Ny q(u) = 07/0 (t —s) "u(z,s)|%ds,

N(u, ug) = Ny p(u) = CW»/O (t — 8) Mug(z, s)Pds
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and

N(u, u) = N%p,q(“v ug)
t

:cv/o (t—s)_7|ut(a:,8)|pds—|—c,y/0 (t — ) u(z, 5)|%ds

with ¢y = ﬁ, v € (0,1). I'(-) stands for the second kind of Euler integral, namely, I'(s) =

fooo tsle~tdt for s > 0. 7 > 0 represents the thermal relaxation from the Cattaneo-Maxwell law
of heat conduction. § > 0 denotes the diffusivity of sound, which involves of viscous coefficient
in the Navier-Stokes equation. The exponents of nonlinear terms satisfy 1 < p, ¢ < co. We set
Q = By1(0) = {z € R"||z| < 1}. Q° = R"\By(0) admits smooth compact boundary 8Q¢. We
suppose Bgr(0) = {z € R”‘ |z| < R}, where R > 2. Initial values ug, ui, us are non-negative
functions.

We first show some background of the third order hyperbolic MGT equation

TUtt + Ugt — Au — ((5+T)Aut = 0, (12)

where u(x, t) is acoustic velocity potential due to application of irrotational flow in the modeling.
The parameters 7 and § stand for the thermal relaxation and diffusivity of sound, respectively. It
is well-known that the MGT equation is actually linearized model for wave propagation in viscous
thermally relaxing fluids. Physically, MGT equation is one of the most important models in field
of acoustic waves. The origin of mathematical model of MGT equation lies in the Kuznetsov
equation, which is fundamental model in nonlinear acoustics. Fourier law of heat conduction is
employed in the model of Kuznetsov equation. To eliminate the paradox of infinite signal speed
in wave propagation, Jordan [29] replaces Fourier law of heat conduction with the Cattaneo-
Maxwell law of heat conduction in acoustic wave modeling, which leads to the mathematical
model of MGT equation. According to value of parameter &, the MGT equation can be divided
into three cases: Viscous case d > 0, inviscid case § = 0 and chaotic case § < 0. MGT model is
represented by the third order (in time) strictly hyperbolic partial differential equation

Tup + ugy — 2 Au — bAuy = 0.

The parameter b = c? characterizes diffusivity of sound with thermal relaxation parameter 7 €
(0,]. It is worth noting that the medium property associated with dispersive, dissipative and
nonlinear effects have influence on behavior of solution. Nonlinear term in problem (1.1) involves
memory term self-interaction and can be considered as Riemann-Liouville integral operator

1 t
T g(t :/ t—s) 7g(s)ds.
a|t g() F(a) a( ) g()
It can accurately describe the physical phenomena depending on past states. Information re-
membered by the system includes past history and gradually decays. Moreover, more recent
information has greater impact on the system.
Many scholars are committed to studying the Cauchy problem of semilinear MGT equation

Tups + uy — Au — (0 + 7)Auy = f(u, u),

where f(u, uz) = |u|P, |ue|P, |ueP + |u|?. In case of 6 > 0, exploiting the test function technique,
Chen et al. [3] establish non-existence of global solution to the Cauchy problem of semilinear
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MGT equation with general initial values and nonlinearity of power type |ulP in the dissipative
case. Shi et al. [53] discuss the Cauchy problem of semilinear viscous MGT equation with
nonlinearity of derivative type |u:|P. Blow-up of solution is deduced by utilizing the test function
method ¥(x,t) = p(R™'K~'z)n(R~1t). In case of § = 0, Chen et al. [4,5] present upper bound
lifespan estimate of solution to the Cauchy problem of semilinear MGT equation in the sub-
critical and critical cases by employing test function technique and iteration argument, where
nonlinear terms are |ulP, |u¢[P. Making use of test function method, Ming et al. [48] derive
formation of singularity for solution to the semilinear MGT equation with small initial values
and nonlinear terms |ulP, [u¢|P, |u|P + |u|?. Blow-up dynamic of solution to the initial boundary
value problem of semilinear MGT equation with combined nonlinearities |u:|P + |u|? on exterior
domain is considered in [47]. The proof is based on the test function technique. One can refer
to the references [42,43,54,61] for more details.
Let us recall some known results for the Cauchy problem of classical wave equation with
memory term
uy — Au = N(u, uy), zeR" t>0, 13
u(z,0) = cup(x), w(x,0) =cui(z), z € R", (1.3)

where N (u, u¢) = N, p(u), Ny p(u). Blow-up result and lifespan estimate of solutions to prob-
lem (1.3) with memory term N (u, u;) = N, p(u) in the sub-critical and critical cases are estab-
lished in [6], where iteration method in the sub-critical case and slicing technique in the critical
case are utilized. Ouyang et al. [49] discuss blow-up result of solution to problem (1.3) with
memory term N(u, u;) = Ny p(ur). Upper bound lifespan estimate of solution is obtained by
employing the iteration approach and ODE blow-up argument. We note that problem (1.3) with
memory term N (u, u;) = Ny p(u) possesses the critical exponent pg(n, v), which is the biggest
solution to the quadratic equation

(n—1)p* —(n+3—2y)p—2=0.
Additionally, pg(n, ) satisfies lim pg(n, v) = ps(n). It is worth to observe that pg(n) repre-
y—1—

sents the Strauss exponent of classical equation
Ut — Au = |u|p

More specifically, if 1 < p < pg(n), there is no global (in time) solution to problem (1.3) with
power nonlinearity |u|P. If p > pg(n), problem (1.3) asserts a global solution (see detailed
illustration in [32,40, 59, 64, 65]). Blow-up result of solution to problem (1.3) with derivative
nonlinearity |u:|P is investigated in [17,23,63]. Problem (1.3) with combined nonlinearities
|ug|P + |u|? is considered (see [20,24,26]). Ikeda et al. [26] illustrate upper bound lifespan
estimates of solutions to the Cauchy problem of classical wave equation with different type
nonlinear terms |u|P, |u|P, |u¢|P + |u|? and corresponding weakly coupled system, where the test
function method is performed.

Many researchers are interested in the investigation of blow-up for solution to the semilinear
wave equation with damping term

utt_AU"‘g(ut):f(uv ut)a IL‘ERn,t>O, 1.4
u(@,0) = uo(x), wlz,0) = (), zeR", 14

where g(u;) is the damping term, nonlinear term f(u, u;) = |u|P, |u|P, |u¢[P+|u|?. Problem (1.4)
with g(u;) = uy and f(u, u;) = |ulP on exterior domain is discussed in [15]. Non-existence of
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global solution is established by applying the test function method. Dao et al. [9,11] present blow-
up result of solution to problem (1.4) with structural damping g(us) = (—A)%u; and nonlinear
terms f(u, u;) = |ul?, |u[P. Utilizing the test function approach t(z,t) = ¢o(z)ef(z)nk(¢),
Chen et al. [2] derive blow-up of solution to problem (1.4) with g(u;) = Awu; on exterior domain
in the sub-critical and critical cases, where nonlinear terms are f(u, us) = |u|P, |ugP + |u]?.
We refer the readers to [21,27,28,33,34,36-39, 41,45, 46, 50, 55-57, 62] for more details in this
direction.
The Cauchy problem of semilinear wave equation with memory term

{utt — Au + g(ut) = N%p(u), S Rn, t >0, (1 5)

u(z,0) = up(x), u(z,0)=ui(x), zeR"

attracts more attention (see [1,7,8,10,13,35,58]). Fino [13] shows non-existence of global solution
to problem (1.5) with g(u:) = u; by taking advantage of the test function technique. Blow-up
result of solution to problem (1.5) with scaling invariant damping g(u;) = {7u (0 > 0) is
demonstrated in [1]. The proof is based on the Kato lemma in the case 1 < p < ps(n + u, )
and iteration method in the case p = pg(n + 2, 7). Taking into account the test function
approach, Dao et al. [10] investigate blow-up phenomenon of solution to problem (1.5) with
g(ug) = p(—=A)Zus (> 0,0 < 0 < 2). Problem (1.5) with damping term g(u;) = a(z)b(t)u;
is discussed in [8], where a(z)b(t) = ag(1 + |z|>)"2(1 4+ t) P (a0 > 0,0, 8 > 0, a + 8 < 1).
Non-existence of global solution to the problem is obtained by making use of the test function
method. We refer the readers to [12,16,18,19,22,25,30,44,52,60] for more details.

Enlightened by the works in [2,3,10,14,53], our main target of this paper is to acquire non-
existence of global solution to problem (1.1) with nonlinear memory terms N, 4(u), Ny, p(us),
N, p q(u, ug), respectively. Dao et al. [10] derive blow-up dynamic of solution to the semilin-
ear wave equation with structural damping and nonlinear memory term of power type f(f (t —
$) YulPds (v € (0,1)), where the test function method is performed ) (x,t) = (ﬁR(aﬁ)DtCTT(w(t)).
Exploiting the test function technique 1 (x,t) = ¢r(x)ngr(t), Chen et al. [3] show non-existence
of global solution to the semilinear MGT equation with power type nonlinear term |ulP in dis-
sipative case (namely, problem (1.1) with N(u, u;) = |ulP). Blow-up of solution to problem
(1.1) with derivative type nonlinear term |u|? is discussed in [53]. The proof is based on the
test function approach. From our observation, the research of blow-up dynamic for solution
to problem (1.1) is still open. To fill this gap, we study problem (1.1) with nonlinear terms
N, q(u), Ny p(ug), Ny p q(u, us) on exterior domain. It is worth noticing that blow-up result of
solution to the semilienar wave equation with strong damping and power nonlinearity |u|P on
exterior domain is demonstrated by utilizing the test function technique 1 (z,t) = ¢o(z)p%(z)nk
(see [14]). Chen et al. [2] establish local (in time) existence of solution to the semilinear wave
equation with strong damping and combined nonlinearities |u;|P + |u|? by applying the Banach
fixed point theorem. Non-existence of global solution to the problem with derivative nonlin-
earity |u|P, combined nonlinearities |u|P + |u|? is verified by making use of the test function
method, respectively. Based on the similarity of structure in equations, we expect that blow-
up of solution to semilinear viscous MGT equation is the same as nonlinear wave equation
in [2,14] when v — 17. Thus, we extend the problems studied in [3,53] to problem (1.1) with
N(u, ut) = Ny ¢(u), Ny, p(us) by applying test function technique, which is different from the
test functions in [3,53] (see Theorems 1.1-1.2). Moreover, we establish blow-up of solution to
problem (1.1) with N(u, u;) = N, p, 4(u, us) (see Theorem 1.3). To the best of our knowledge,
the results in Theorems 1.1-1.3 are new.
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Throughout this paper, we write f < g when there exists a positive constant C' such that

f<Cg.
The main results in this paper are stated as follows.

Theorem 1.1. Let
1 < q S ) n = ]-7

3
l<g<—, n=2,
Y

3 —
l<g<i+——T_ n>3
n+vy—2

where 0 is the positive root of 20> — v — 2 = 0. Suppose
ug € L (Q°), ur¢p € LYH(Q°), uggy € LH(Q°).
It holds that
/ (Tua () + ui(z))do(z)dz > 0.

Then, there is no global weak solution to problem (1.1) with N(u, us) = N, ¢(u).

Theorem 1.2. Let

( 20 + 1
l<p<———, n=1,
P=%+y-1 "

3
l<p<——, n=2,
1+
2—9
l<p<l4 ———, n>3,
n+vy—1

where 0 is the positive root of 20> — (1 +~)0 —2 = 0. Assume
(uo, u1, u2)(x) € (Hy(Q°) N LY(Q%)) x H'(Q°) x H'(Q),
u1¢g € L1(Q°) and uago € L1(Q°). It holds that

/C (Tuz(z) + w1 (z)) do(x)dz > 0.

Then, there is no global weak solution to problem (1.1) with N(u, u;) = Ny p(us).

Theorem 1.3. Let p, q satisfy

( 1+6
1<p and 1<qg< +1,
Y

1+6 20+ 1
l<p< —— dl<g< —— 0<6
P=177 " =917 -2 B
20+ 1

1+6
l<p< ——— dl<g<—= 01 <6O<¥b
P_29+7_1 an q= ~ ) 1 25

1+40
1<p<L and q>1,
1+~

where 0y is the positive root of 20° —~0 — 2 =0, Oy is the positive root of
202 —(1+7)0—2=0
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in the case n = 1. Suppose that

3 3
l<p<—— or l<g<—, n=2,
1+~ Y

3—7

_— > 3.
n+y—2 "

2_
l<p<l+ 7
n

— or 1< <1+
-1 1=

Assume
(ug, ui, ug)(x) € (H&(QC) N LI(QC)) X Hl(QC) X HI(QC),

u1¢o € LY(Q°) and uspy € L1(Q°). It holds that

/C (Tuz(z) + w1 (z)) do(x)dz > 0.

Then, there is no global weak solution to problem (1.1) with
N (u, ug) = Ny,p,q(t; ).

Remark 1.1. We recognize that non-existence of global solution to problem (1.1) with power
nonlinearity |u|P and derivative nonlinearity |u|? in whole space R™ (n > 1) is discussed in [3,53].
But there is no related result about blow-up phenomenon of solution to problem (1.1) with
memory terms N, 4(u), Ny p(u;) on exterior domain, respectively. As a result, we supplement
blow-up dynamic of solution to problem (1.1) (see Theorems 1.1-1.2). Moreover, we present
blow-up of solution to problem (1.1) with N, , 4(u, us) (see Theorem 1.3).

Remark 1.2. It is worth noticing that blow-up results in Theorems 1.1-1.3 are same as the
results in [2,14] when v — 1.

2. Proof of Theorem 1.1

2.1. Several definitions and related lemmas

Definition 2.1. [51] Set f(¢) € L'(0,T). The Riemann-Liouville left and right sided frictional
integrals of the order a € (0,1) are defined by

19,£(t) = 1) /0 (t =)0 f(r)dr, ¢ >0, (2.1)

)
T
I8 f(t) = r(la)/t (r— )"0 {(r)dr, t<T.

Definition 2.2. [51] Let f(t) € AC[0,T]. The Riemann-Liouville left and right sided fractional
derivatives of the order « € (0,1) are defined by

d 1 d [t
D&ﬂﬂ:d#&a(ﬂ:ru_aﬁﬁé(r~ﬂﬂfhmn t>0,

T
Dy f(t) = —%fj';a (t) = —ml_a)jt /t (1 —t)f(r)dr, t<T. (2.2)
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Definition 2.3. Let (ug, u1, uz) € L(Q°) x LY(Q°) x LY(Q°). v € LI

loc

N(u, ut) = Ny g(u). up € LT ([0,00) x Q) when N(u, us) = Ny p(us). u € L]

loc loc

and u¢ € L7 ([0, 00) x Q) when N (u, us) = Ny p q(u, uz). It holds that

loc

([0,00) x Q) when
([0, 00) x )

/0°° /C(_Tutt¢t — urpy — uAd + (8 + T)ulAy)(z, s)dxds
-7 /C ug(z)p(z,0)dx — /C uy(z)p(z,0)dz + (0 + 1) Aug(z)p(z,0)dz

QC
= /oo N(u, us)o(z, s)dzds, (2.3)
0 Qe

where ¢ € C§°([0,00) x Q°). Then, u is called a global (in time) weak solution to problem (1.1).
Lemma 2.1 (Lemmas 2.1-2.3, [2]). Suppose that ¢o(x) € C?(2¢) N C(Q°) satisfies

Ago(z) =0, z€Qf

do(z) =0, x €N,

do(x) = 1 as |z] — o0 and 0 < ¢p(x) < 1 for all x € Q° when n > 3. ¢o(z) — oo as
|x] = 00 and 0 < ¢o(z) < CyIn(|z|) for all x € QF when n = 2. ¢o(x) — o0 as |x| — oo and
Cox < ¢o(x) < Csx for all x > 0 when n = 1. Here, Cy, Cy and C3 are positive constants. In
addition, it holds that |V¢o(x)| < Clz|'™™, where C is a positive constant.

Lemma 2.2 (Lemmas 2.1, 2.3 [11]). Set s € (0,1], R >2 and p > 1. p(z) € C*(R") satisfy

[ kst
xr) =
7 ()%, 2| > 1,

where (x) = (1 + (Jz| — 1)4)% for x € R". Moreover, it holds that
_ 1 _p_ _ﬂ_}rn
/ (pr(@)) 71 [(=A) pr(x)[r=Tde S R 7=1T7,
where pr(r) = p(R™'z).
Lemma 2.3 ( [51]). SetT >0 and o € (0,1). Assume
6 (L0, 7)) = {f(t) = Igjph(t)| h(t) € L7(0,T)},

Jr(LP(0, 7)) = {f(t) = Ijrh(t)| h(t) € LP(0,T)}.
It holds that

T T
| rongaei = [ sy (24
where f(t) € Ito“T(Lp(O,T)) and g(t) € I(C)Tt(Lq(O,T)) such that zl? —i—% =1+awithl <p, qg<oo.

Lemma 2.4 ( [31]). Let a € (0,1) and t € (0,T) with T > 0. Then
ool (t) = £ (1)
for f(t) € L™(0,T) with 1 < r < oco. Moreover, it holds that
(=D)™D™ Dy f(t) = Dy f(1)
for f(t) € AC™*0,T).
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Lemma 2.5 (Lemmas 2.1-2.2 [10]). Suppose that w(t) = (1 — %)% with T >0, > 1. It holds
that

rpg+1)
'e+1—-—m-—a)
where m > 0, 0 < a < 1. It holds that

i)ﬁ—a—m

T

Dm-i—oz (t) —

e T—(m—i—a)(l _

)

T _ 1 P 1— (mt-a) -2
| iy Dt = ort- st
0

for some positive constant C.

2.2. Proof of Theorem 1.1 for n > 3

Proof. We denote 1) = ¢o(2)pr(z)w(t) and the test function

U(z,t) = Dijrp(¢(,1)) = do(x)pr(z)Dijp(w(t))
with a=1—1

Replacing ¢(z,s) in (2.3) with N(u, wy) = N, 4(u) by ¢(z,s) and applying (2.1), (2.2),
Lemmas 2.3-2.4, we achieve

Ta+ 17 [ (rus(a) + wr(a))on()n(z)da
—rer [ () - T (@)oo pa(o)ds
T+ 7) [ uolae) Alen(a)or(@)de ~ 77 [ uo(a)on(a)er(a)ds

c

T
= / / u(w, s)( — T + Y + (6 + 7) Ay — Avp) (2, s)dads

- / [ ate.)(rén@)en(e)DE (w(s) + éol)n(a) D (w(s)

—(6 +7)A(¢o(2)¢r(2)) Dy (w(s)) — Aldo()pr(x)) Dijy(w(s))) dads
=J+ Ja+ J3 + Jy, (2.5)

where Jg = fOT Jae lu(z ,8)| 9% (z, s)dads.
Making use of the change of variables ¢ = T T = §, Lemmas 2.1, 2.5 and (2.5) yields

T
A< [ e s)ioola)enl Dl () deds

q T —< 34« q
= CJR(/O . ¢o(x)pr(x)(w(s)) ¢ |Dyr™(w(s))|* deds)s

Jg 4+ CT~ Bt +1pn (2.6)

S
P

| 2] <

IN
S—_ o=
~

[ [ tute.s)on(e)en(o) D sl dods

Jg 4+ CT~teo)d+1pn, (2.7)

—

=g/n
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It is deduced from Lemmas 2.1, 2.2, 2.5 and (2.5) that
T
|J3] < ((54—7)/0 /Qc |u(x,s)\A(gf)o(m)@R(x))\Dtll;a(w(s))\dxds
T
< [ [ luta I Von(e)Ten(@)l D} w(s) deds
T
0 [ [ futes)lo0@)|Agn() 1D} () deds
< Lip+ or-@rnd g2
_— 8 )
T
i< [ [ lutes)lAn()en() Dy () deds
< éfR + T g2 4n

~ T ~
where Jp = [, fQCﬁ{\xIZR} lu(x, s)|%(z, s)dxds.
Taking into account (2.5)-(2.9) and choosing R = T, we obtain

770 [ (rua(e) + w1 (@) do(e)pn(e)da

1o [ (o) - T (@)oo pa(o)ds

(5 4 1) / up(2) A (o (@) r(2))da
Qen{|z|>R}

G e S /QC ug (7)o (z)pr(x)dr

< CT7(3+a)q’+1Rn + CT7(2+a)q’+1Rn
+CT7(a+1)q’+1R72q’+n + CTfaq’quRqu’Jrn
< CT7(2+a)q’+n+1_

It is worth pointing out that ¢ € (1,1 + niﬂz] is equivalent to

—24+ )¢ +n+1<0.

Consequently, our considerations are divided into two cases.

(2.8)

(2.9)

(2.10)

In the sub-critical case —(2+ a)¢' + n+ 1 < 0, sending R, T'— oo in (2.10) leads to

lim [ (ruz(z) + ui(2))o(x)pr(z)dz

R—o0 Qc

< lim (5-+7) /Q o BB

Applying the condition ug, u1¢g, usgg € L'(Q°) and A(po(x)pr(z)) < %,
contradiction to (1.6).

we arrive at a

In the critical case —(2+4 «)¢’ +n+1 = 0, employing the Holder inequality, (2.5) and taking

R =TK™! give rise to

n n
7

1 1
1| SCIAT K™, | ]| <CJLK ™,

(2.11)
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1 n 1 n
sl < CTAT kT < capk @Y, (2.12)

Combining (2.5), (2.11) and (2.12), we conclude the desired result by taking K big enough. [

2.3. Proof of Theorem 1.1 for n =2

Proof. Similar to the derivation in (2.6)-(2.9), applying Lemma 2.1, we derive

|J1| < éJR + TG+ HIR2 1y R, (2.13)
1 ,

T2l < SR+ CT~ )+ R2 Iy R, (2.14)

| J3] < éjR + o7~ (He)dH p=2d'+2 ) p 4 o7~ (H)d+1 p=20'+2, (2.15)
1 -~ ! ! / !

|Jy] < gJnt CT 4 HR=20+ 2y R4 T2 HR=20+2, (2.16)

An application of (2.5), (2.13)-(2.16) and taking R = T show
7 [ (rus(a) + s (@) nla)or(a)do
—rer [ (o) - T (@)oo pa(e)ds
T [ @) AGaen()ds

i /Q o ()0 () () de
< CT—(2+a)q/+3 InT

@2+o)qd’ | 3
+5

<CT 2z~ (2.17)

(2+a)d 3

where we have utilized the fact In T < CT 2 ~2
Similar to the proof in Sub-section 2.2, we acquire that the solution blows up in finite time
when ¢ € (1,%). O

2.4. Proof of Theorem 1.1 for n =1

Proof. Similar to the derivation in (2.6)-(2.9), exploiting Lemma 2.1, (2.5) and taking R = T
yield

1 / 1 '
|J1’ < g‘]R + CT7(3+a)q +1R2 < gJR + CT7(3+a)q Jr14r297 (2.18)
|J2’ < éJR + CT7(2+a)q’+1R2 < %JR + CT7(2+C¥)Q/+1+297 (2.19)

|J3’ < éjR + CT_(1+a)q’+1R—q’+1 + CT—(1+a)q’+1R_2q/+2
< L7, ¢ or—Orato+iso, (2.20)
8

|Ja| < éJNR + CT—od+1p=d+1 + OT—994 R—24'+2
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< éJNR + o7~ (et 140, (2.21)
We observe that ¢ < 1%9 < ﬁ indicates

CT7(2+a)q’+1+29 < CTf(a+9)q'+1+9‘
As a result, using (2.5) and (2.18)-(2.21), we deduce
Jr+T7¢ /C(TUQ(SC) + uy(x))do(x)or(z)dx
1 [ (o) = T (o) (@) n(o)ds
(6 +7) | uo ) AG0(a)pr(x)da
Qen{|z|> R}
17 [ wo(e)n(e)pn(z)ds
QC

< CT—(3+a)q’+1+29 + CT—(2+a)q’+1+20
_|_CT—(1+a+0)q’+1+0 + CT—(a+0)q’+1+0

< o (et0)d 140 (2.22)

Similar to the proof in Sub-section 2.2, we achieve that the solution blows up in finite time
when ¢ € (1, 1%9] This finishes the proof of Theorem 1.1. O

3. Proof of Theorem 1.2

3.1. Proof of Theorem 1.2 for n > 3
Proof. We suppose

T ~
Ip= / |ug(z, )P (x, s)dxds,
0 Qe

~ T ~
Ip :/ / lug(x, s) [P (x, s)dzds.
0 Jaen{jz|>R}

Let (t) = [ w(r)dr. Then, we obtain ¥'(t) = —w(t).
Replacing ¢(z, s) in (2.3) with N(u, ut) = Ny, p(us) by

v = D (P(x, 5)) = ¢o(z)r () Dijy(w(s))
and exploiting (2.1), (2.2), Lemmas 2.3-2.4 give rise to
Ir+T7° /C (Tuz(x) + u1(x)) do(x)or(x)dz

_TTla/C u1 () ¢o(x)pr(z)dx +/ uo(2) A(do(z)pr(x))Dijr(¥(0))dx

c

T
:/0 /cut($,8)(7¢tt_¢t—(5+7)A¢)(x,8)dxds
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T

—/ / ug(x, s)A(po(x ch(x))foT(‘ll(s))dxds

/ [ w9 (rénta)on@) D5 () + dofa)ona) DY ()
(6 + 7)A(Go(x)pr(x)) D (w(s) ) dads

_/0 /Qc ut(x,S)A(%(x)@R(x))Da‘T(\If(s))dxds
=L+ DL+ 13+ 14

Taking into account Lemmas 2.1, 2.5 and (3.1), we deduce

T
nl<r / |t s)iguta)onta) D3 o)l dads

=

< o1l / | du@)en(e)wls)F DE (eI dods)?

IR+CT (2t+a)p’+1 pn.

o |

1] < /0 |t slen(@)en(o) D w(s) ldods
< lrpyor-Orewsipn
-8

From Lemmas 2.1, 2.2, 2.5 and (3.1), we achieve
T
<G [ [ e s)A@o()en@)lDip(w(s)ldeds
<0 [ [ tute. Vo) onl D (s s

e / / [ (2, ) 0(2)| Ap (@) | Dip (w(s)) | dads

< %IR—FCT o g=tn,
n< [ ' | 1l 1A @n(w)n@) D (¥(5) dads
<c / | b 5)1960(@) V() | D (¥(5) s
e / |t 5)in(a)| Agn(@)| Dir (¥ () dads

<*IR+CT (a=1)p'+1 p—2p'+n
_8 Y

where we have employed the fact (w(s))” (Dt|T\I/( )P < =)',
According to (3.1)-(3.5) and choosing R = T lead to

T_O‘/ (Tuz(x) +u1(x))d>0(x)<pR(x)dx
QC

(3.1)

(3.5)
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o [ @)o@)pn(e)ds

ppi-o / uo()A(go(2)pr(x))dz
Qen{|z| >R}

< OT—(2+a)p'+1 pn + o7 (H+a)p'+1 pn
+CT—ap’+1R—2p’+n + CT—(a—l)p’—f—lR—Zp’—f—n
< o~ (e +ntl (3.6)

where we have performed the fact

| unla)Men(a)en(@) D (¥0)de < T [ (@) AG(@)en(e))da,

It is worth to observe that p € (1,1 + ni;”_’l] is equivalent to

—(1+a)p +n+1<0.

Similar to the proof of Theorem 1.1 for n > 3, we obtain that the solution blows up in finite

time when p € (1,1 + ni;zl] O

3.2. Proof of Theorem 1.2 for n =2

Proof. Similar to the derivation in (3.2)-(3.5), utilizing Lemma 2.1 yields

11| < %IR + TG IR R, (3.7)
L] < é]R Lo H R R (3.8)
|I3] < éfR + CT~ P HIR=2H2 L o7~V H IR~ 2y R, (3.9)
1| < éfR oD p=22 | op—(a- Pl =242y R, (3.10)

Making use of (3.1) and (3.7)-(3.10) and taking R = T, we derive

T /C (Tua(z) + ui(z))do(z)pr(z)dx
o [ i (@)on(e)en(e)ds

1 [ w(@)AG()en()ds
Qen{|z|>R}

<cor-ra' 3

(+a)p’ | 3
+5

<CT =2~ (3.11)

(+a)p’ _:
where we have applied the fact InT < CT e -3.
Similar to the proof of Theorem 1.1 for n = 2, we conclude that the solution blows up in

finite time when p € (1, %) O
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3.3. Proof of Theorem 1.2 for n =1
Proof. Similar to the derivation in (3.2)-(3.5), applying Lemma 2.1 and choosing R = T? lead

to
1 : 1 ,
A < gln+ CT~ (P +1R2 < gln+ CT—(Ha)p' 1420, (3.12)
1 : 1 ,
|Iy] < oI+ CcT~ (It +1p2 < oI+ O~ I+ 1420 (3.13)
1

’Ig| < ng + C’T_O‘p/+1R—p/+1 + CT—ap'+1R—2p’+2
< éfR + o7 (ot 0P’ +1+0. (3.14)
L] < éfR + CT~ (DI RP'+1 | (= lp+1 g-2p'+2

< éfR + o7~ (a=140)p' +146 (3.15)
Combining (3.1) and (3.12)-(3.14), we arrive at
7 [ (runle) + (@) dul@)pr(o)da
_rp-l-e / w1 (@)do(x)on(z)dr

srice | o) A (6o () (x))dz
Qen{|z|>R}
< OT—(2+a)p'+1420 + o7 (Ha)p'+1426
+CT—(a+9)p’+1+9 + o7 (a=140)p'+1+0
S CT—(1+O¢)p/+1+29' (316)
It is worth noticing that p € (1, %] is equivalent to —(1 + a)p’ +1+ 26 < 0.

Similar to the proof of Theorem 1.1 for n = 1, we derive that the solution blows up in finite

time when p € (1, %]. This completes the proof of Theorem 1.2. O

4. Proof of Theorem 1.3

4.1. Proof of Theorem 1.3 for n > 3
Proof. Replacing ¢(z,s) in (2.3) with N(u, ur) = Ny p q(u, us) by

Y(x,t) = Diip(d(x,1) = do(x)pr(@) Dijp(w(t))

and choosing R = T, we obtain that J; — Jy in (2.5) are replaced by Js — Jg, I1 — I4 in (3.1) are
replaced by Is — I3, respectively.
Similar to the estimates of J; — Jy in (2.6)-(2.9), I — I in (3.2)-(3.5), we acquire

|J5| < eJg 4+ CT-GFaldtntl ) g < o Jp 4 0T~ GFe)d+ntl (4.1)
‘Jﬂ < EjR + CT—(3-i-oz)q’—+-n-&-17 ’JS‘ < ij + CvT—(2—&-04)11’-i-n-i-17 (4.2)
‘15’ <elp+ CT—(2+a)p'+n+1, ‘16’ <elp+ CT—(l-i—oe)p’-i—n—f—l, (4'3)
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| < el OV o0y [ g AGn()erte))ds, (1)
Is| < elp + o~ Ha)p +n+l /QC uo(z) A(do(z)pr())Dir(¥(0))dz. (4.5)

Thus, we need to discuss the following 16 cases.

Est. I5, Js | Est. Ig, Jg | Est. I7, J; | Est. Ig, Jg
Case 1 Js Je J7 Jg
Case 2 I Jg J7 Js
Case 3 J5 Jg J7 Ig
Case 4 I Jg Jr Ig
Case b J5 Jg I Jg
Case 6 I Js I Jg
Case 7 J5 I J7 Jg
Case 8 I5 I J7 Js
Case 9 J5 I I7 Ig
Case 10 I Is I; Ig
Case 11 Js Jg I Ig
Case 12 I J I Ig
Case 13 J5 I J7 Ig
Case 14 I I Jr7 I
Case 15 J5 I I Js
Case 16 I Ig I J3

To verify blow-up dynamic of solution, we notice that it is sufficient to discuss case 1 and case
10 by direct calculation.
Case 1, according to (2.3) and (4.1)-(4.2) gives rise to

7o / (rus(@) + ur (2)do(@) (@) da

1 [ (o) = T (o) (@) n(o)ds

—T—a<6+f>/ o () A (o () pn(x))dz
Qen{|z|>R}

e /Q uo() o () () dz
< T~ re)dHntl (4.6)

3=y
n+y—2"°

Consequently, we acquire blow-up of solution when p > 1 and 1 < ¢ <1+
Case 10, it is deduced from (2.3) and (4.3)-(4.5) that

7o / (rus(e) + (@) do (@) pr(e)de
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o [ i (@)sn(e)en(e)ds

Lo / uo(2) Ao (2) () da
Qen{lz| >R}

< o~ (+ae)p'+n+l (4.7)

and ¢ > 1. O

Therefore, we deduce blow-up of solution when 1 <p <1+ 2;7

n+vy—1
4.2. Proof of Theorem 1.3 for n =2

Proof. Similar to the estimates of J; —Jy in (2.13)-(2.16), I — I, in (3.7)-(3.10), taking R =T,
we have

|Js| < eJp+ CT- B3 T | Js| < eJp + CT- G+ +3 1y 1) (4.8)
|J7| < eJp + CT~ B+ +3 1y 7 4 o~ BFa)d+3, (4.9)
|Jg| < eJp + CT~ o +3 1y 7y o~ (2Ha)d+3) (4.10)
I5| < elgp+ CT- P I T |Ig| < elp + CT- P30T, (4.11)
I7] < elp + CT~ G 3 1y o~ @+alp'+3

ST ) [ @) Ado(a)on(o)d (4.12)

Qc

| < elp + CT~(H 43 1y o~ (Ha)p'+3

- / () A (6o () pr(x)) Dl (¥(0))da. (4.13)

Similar to the Sub-section 4.1, for the 16 cases, we only need to compute the following two
cases to illustrate blow-up phenomenon.
In case 1, from (2.3) and (4.8)-(4.10), we arrive at blow-up of solution when p > 1 and

1<g< %
In case 10, utilizing (2.3) and (4.11)-(4.13) leads to blow-up of solution when 1 < p < %
and ¢ > 1. O

4.3. Proof of Theorem 1.3 for n =1

Proof. Similar to the estimates of J; — Jy in (2.18)-(2.21), I} — I4 in (3.12)-(3.15) and taking
R =T? we conclude

’J5‘ <edp+ CT—(3+a)q’+1+29, ‘J6’ <edp+ CT—(2-%-04)q'-§—1—i-297 (4.14)
|J7| < eJg + CT~UHatOd+140 ) g < o Jpp 4 T~ (@40 +1+0, (4.15)
I5| < elp + CT~CHalp 1420 [ < o[ 4 o~ (UFe)p'+1420. (4.16)
17| < T + CT— 40w +150

S176 ) [ (@) Aéo(a)on(o)d (4.17)

o] < el + T~ (o0 4140

= [ wo(e) A(en(a)on(a) Dy (¥(0)) da. (418)
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Similar to the Sub-section 4.1, for the 16 cases, we only need to calculate the following four
cases to verify blow-up result.

In case 1, making use of (2.3) and (4.14)-(4.15), we achieve that the solution blows up in
finite time when p > 1 and 1 < g < 1+T91

In case 3, applying (2.3), (4.14)-(4.15) and (4.18), we deduce that the solution blows up in
finite time when 1 < p < Hg and 1 < ¢ < 292_?;5.

In case 8, utilizing (2.3), (4.15)-(4.16), we conclude that the solution blows up in finite time
when 1 < p < 2041 and1<q§17ﬂ.

20+~—1
In case 10, it follows from (2.3), (4.16)-(4.18) that the solution blows up in finite time when
1<p< % and ¢ > 1. The proof of Theorem 1.3 is completed. O
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