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NEW UPPER BOUNDS ON THE NUMBER OF ZEROS OF ABELIAN
INTEGRALS FOR THREE PERTURBED QUADRATIC
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Abstract For the quadratic reversible systems r12, 716 and r18, when they are perturbed
by arbitrary polynomial of degree n, we explore the new upper bounds on the number of zeros
for their Abelian integrals using the methods of Riccati equation and Picard-Fuchs equation.
We consider both the highest degree and the lowest degree of the related polynomials, and
more importantly, we notice their law between the terms, and take into account the range
of values for variable. Some laws of related polynomials of the systems have been found,
therefore, we obtain some new upper bounds, which are better than those obtained before.
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1. Introduction

Consider perturbed integrable system

. Hy(xa y) . Hx(CC, y)

x—W‘F&p(%y)a y——m+sq(az,y)7 (1.1)
where, ¢ (0 < € < 1) is a real parameter, Hy(z,y)/é(x,y), Hy(z,y)/o(x,v), p(z,y), ¢(z,y)
are polynomials of z and y, with max {deg(Hy(x,y)/é(x,y)),deg(H.(x,y)/¢(x,y))} = m, and
max {deg(p(z,y)),deg(q(z,y))} = n. We suppose that when ¢ = 0, system (1.1) is an integrable
system, its first integral is H(z,y) with an integrating factor ¢(z,y), and it has at least one
center, i.e., we can define a continuous family of periodic annulus as follows:

{T'h} C {(:L‘,y) GRQ:H(w,y):h,heQ},
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which are defined on a maximal open interval 2 = (hy, hy). The Abelian integral A(h) (i.e. first
order Melnikov function M;(h)) for (1.1) is defined as

A(h) = d o(z,y) [q(z,y) dv — p(z,y)dy], heQ. (1.2)

How many limit cycles in system (1.1) can be bifurcated from periodic annulus {I'y}? If
A(h) # 0, the number of limit cycles of system (1.1) corresponds to the number of zeros of
A(h). If A(h) = 0, which implies M;(h) = 0, then it is necessary to study higher-order Melnikov
functions, suppose My(h) = 0, -+, M;_1(h) = 0, and M;(h) # 0, then the number of limit
cycles of system (1.1) is determined by the number of zeros of M;(h), potentially yielding more
limit cycles. However, analyzing this scenario is particularly challenging, therefore, studying the
number of zeros of the Abelian integral A(h) is fundamental and crucial.

If ¢(x,y) is a constant, when ¢ = 0, (1.1) is a Hamiltonian system, and H (z, y) is a polynomial
of x and y with deg(H (z,y)) = m + 1. Studying the least upper bound Z(m,n) of the number
of zeros for A(h) is a valuable question, it is also a difficult question, where Z(m,n) depends
only on m, n, and has nothing to do with the specific forms of H(z,y), p(z,y), and ¢(z,y). This
question is called the weakened Hilbert’s 16th problem [1]. For this problem, researchers have
obtained many important results for some special systems [2,4,20,23,25,26,29-32], more details
can be found in [3,9,21] and references therein.

If ¢(x,y) is not a constant, when € = 0, (1.1) is an integrable non-Hamiltonian system,
for this case, the research work of zeros of A(h) becomes much more difficult. So, researchers
study this problem by starting from the simplest case, which is the case of m = 2. For the
simplest case, people conjecture that the upper bounds Z(2,n) are positively correlated with n
and the order of the functions of the periodic orbits. Although researchers have studied some
special systems and obtained some good results [5,24-28, 33], unfortunately, this conjecture has
not been resolved. We can use the Riccati equation method and the Picard-Fuchs equation
method to study the upper bound of the number of zeros. Horozov and Iliev were the first
to use this research method, and obtained a very good upper bound Z(3,n) < 5n + 15 [17].
References [5,6,18,22,23,26,28,31-34] also used this method. Although this is a global difficult
problem, many researchers have been studying it recently, some of whom are exploring the lower
bounds on the number of zeros of Abelian integrals [2,7,8,24,25,29,30], while others are discussing
the upper bounds [4,19,20]. Due to the difficulty of this problem, researchers began to study
its simpler case-the periodic orbits are elliptic curves. Such centers—whose generic complexified
periodic orbits are elliptic curves—are referred to as centers of genus one [6]. Gautier et al showed
that the quadratic reversible systems of genus one can be classified into 22 cases, namely rl-
r22 [6]. When they are perturbed by arbitrary polynomial of degree n, for the upper bounds of
the number of zeros in their Abelian integrals, Zhao et al studied three special cases of system
rl [34]; r2 is a Hamiltonian system; Li et al studied some special cases of systems r3-r6 [22];
r7 was studied in [13]; 78, 15, and r17 were studied in [11]; 79, 713, 717, and r19 were studied
in [16]; 710 was studied in [12]; r11, 716, r18, and r20 were studied in [15]; 712 and r21 were
studied in [14]; r22 was studied in [10]. All of these upper bounds are positively correlated with
n, some of which depend linearly on n, while the others are superior to linear correlation. In
this paper, we study new upper bounds of systems 712, 16 and r18.

The specific forms of systems r18, 12, and r16 are as follows:

1 1 1
(r18) & = —ay, §= 14"+ 0 — o
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11, 1 1 1

with an integrating factor ¢(x,y) = z~Y2 and all periodic orbits are cubic algebraic curves.

. o1, 1 1
(7’12) r = -y, y:_éy +32,26m_ 32,267
1 1 1 1 (1.4)
Hay) =275 (g + ———at-— ) =h, he (2 +oo
’ ¥ T3 Tt T 36 ) 97 ’

with an integrating factor ¢(z,y) = z~%/3, and all periodic orbits are cubic algebraic curves.

. 1 1 1
(r16) & = —wy, §=—2v’+ 5557 — 515
1 1 1 1 (1.5)
H(fﬂy)zx_% *y2+ r+—=|=h, he|——,+0
’ 2¥ T3 T o8 ’ 3.96° ’

with an integrating factor ¢(z,y) = z7%/4, and all periodic orbits are quartic algebraic curves.

They are integrable quadratic non-Hamiltonian systems. They have a center (1,0), an in-
variant curve x = 0, a family of periodic orbits {I'y,}. All periodic orbits rotate counterclockwise,
and the phase diagram of periodic orbits are shown in Figures 1-3.

Figure 1. The periodic orbits of system r18.

For three quadratic reversible systems 718, 12, and r16 of genus one, their periodic orbits
are elliptical curves, when they are perturbed by arbitrary polynomial of degree n, we study the
upper bounds on the number of zeros for their Abelian integrals again. In previous research,
people mainly considered the highest degree of the polynomial function, if it is n, then it is
considered that the polynomial function has at most n zeros. However, we consider both the
highest degree and the lowest degree of the polynomial function, in this way, a good upper
bound of the number of zeros for the polynomial function can be obtained. Most importantly,
we consider the law between terms of the polynomial function, and the range of values for its
variable, in this way, a very good upper bound can be obtained. Some laws of polynomial
functions of the systems have been found, therefore, we obtain some new upper bounds and
organize them into Theorem 1.1 below, which are better than those obtained before. The
comparison between the new and old upper bounds is shown in Table 1.
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Figure 3. The periodic orbits of system r16.

Theorem 1.1. If p(x,y) and q(z,y) are arbitrary polynomials of degree n, then the new upper
bounds on the number of zeros of Abelian integrals for the above systems are positively correlated
with n. More concretely, for r18, the new upper bounds are 4[n/3]+2[(n—1)/3]+[(n—2)/3]+4
when n > 2, 3 when n = 1, 0 when n = 0; for r12, the new upper bounds are 6[(n — 2)/2] +
[(n—3)/2] +4 whenn >4, 8 when 1 <n <3, 0 when n = 0; for rl6, the new upper bounds are
10[(n —2)/3] +4[n/3] + [(n — 1)/3] + 2 when n > 5, 16 when 1 <n <4, 0 when n = 0.

The rest part of this paper is structured as follows: In Section 2, we state Proposition
2.1 using the new statement method. In Section 3, for ease of use later, we list some Riccati
equations and Picard-Fuchs equations of the systems. In Section 4, we list the relationship
between A’(h) and A(h) (or J'(h) and J(h)). After, we use the Riccati equation method to
prove Theorem 1.1. In Section 5, we give a short conclusion.

2. Simple expressions of Abelian integrals

In this section, we derive simple expressions for the Abelian integrals A(h) and their related
functions J(h), and thereby obtain Proposition 2.1.

We assume that p(x,y) = Zogiﬂ'gn aijz'y’, q(z,y) = Zogiﬂgn bijz'y’, by (1.2), A(h) in
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Table 1. The comparison between new and old upper bounds.

Systems New Upper Bounds Old Upper Bounds Order of Periodic Orbits

rl8 4n/3] + 2[(n — 1)/3] 8[n/3] +4[(n —1)/3] 3
+[(n—2)/3]+4(n>2), +2[(n—2)/3]+20(n > 2),
3(n = 1). 18(n = 1).

M2 6ln—2)/2+[(n—3)/2] 18[(n — 2)/2] + 3[(n — 3)/2) 3
+4(n > 4), +21(n > 4),
8(1<n<3). 33(1<n <3).

rl6 10[(n — 2)/3] + 4[n/3]] 40[(n — 2)/3] + 16[n/3] 4
+[(n—=1)/3+2(n > 5), +4[(n —1)/3] + 28(n > 5),
16(1 < n < 4). 80(1 < n < 4).

Note: The old upper bounds of 718 and r16 are from Reference [15], while the old upper bounds of 718 are

from Reference [14].

Theorem 1.1 have the following forms

g o[ 3 i 5 v
Ty

0<i+j<n 0<i+j<n

where x 7 is an integrating factor.
For the convenience of statement, we define integral functions I, (h) as follows:

I, (h) :75 Py’ dx,
h

where v = 0,1,2,--- ,n,n+ 1; for 18, s = —1,—-1/2,0,--- ,n — 1,n — 1/2,n; for r12, s =
-1,-2/3,-1/3,--- ,n—2/3,n—1/3,n; for r16, s = —1,-3/4,—-1/2,--- ,n—1/2,n — 1/4,n;
and 0 < s+ v <n. When v = 1, we write I51(h) as I;(h).

For systems r18, r12 and 716, when v = 1, we obtain their integral functions as Is(h) =
@V Pyda (s = =1,-1/2,0,--- ,n—1,n=1/2,n), I;(h) = ¢, " *3yde (s= —1,-2/3,-1/3,

+,n—=2/3,n—1/3,n) and I;(h) = ¢, 5 yde (s = —1,-3/4,-1/2,--- ,n—1/2,n—1/4,n),

respectively.

For system 718, the specific forms of main integral functions are as follows:

Iy(h) :7{ x_%yda:7 Ié(h) :f ydz, I(h) :7{ x%ydaz.
Fh 1—‘h Fh

For system 712, the specific forms of main integral functions are as follows:

3 3

Iy(h) :jg x_%ydz, I.(h) :75 z tydr,  I:(h) :jg x_%ydm.
h h h

For system 716, the specific forms of main integral functions are as follows:

Iy(h) :7{ x_gydx, I.(h) :7{ z tyde, I.(h) :7{ x_%ydzn, I3(h) :% x_%ydl‘.
Ty 4 Ty 2 Iy 4

Iy
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Because

. . 1 . . Z—p . . —p
Pyl dy = j{ ' TPdy T = - ]{ g Py gy = Ii_q j+1(h).
jih j+1J, i+1Jr, J+1’ !

(2.1) can be written as

L—p
> bl + Y ai,jﬁfi—l,j+1(h)= > cuplup(h),

0<i+j<n 0<i+j<n 0<p+v<n, —1<pu<n, 0<v<n+1
(2.2)

where ¢, = b j+(i+1-plait1,-1/j (0Sp=i<n—1,1<v=j<n) c,=—pay;/(j+1)
(v=7+1,0<j<n),cuo=bio(0<pu=1i<n).
For convenience and simplicity, we introduce the following Definition 2.1.

Definition 2.1. If B(h) is a polynomial consisting only of some 2k-degree (k = 0,1,2,---)
monomials of h, then B(h) is called a 2k-form polynomial of h; if B(h) is a polynomial consisting
only of some (3k + 2)-degree (k = 0,1,2,---) monomials of h, then B(h) is called a (3k + 2)-form
polynomial of h; if B(h) is a polynomial consisting only of some (4k + 3)-degree (k =0,1,2,--+)
monomials of h, then B(h) is called a (4k + 3)-form polynomial of h; etc.

The following Proposition 2.1 gives simple expressions for Abelian integrals A(h).

Proposition 2.1. (i) For r18, Abelian integrals A(h) can be expressed as

J(h), J(h) = a(h)Io(h) + B(h)11(h) +~(h)I1(h), (2.3)

1
2
where a(h), B(h), v(h) are (2k + 1)-, 2k-, and (2k + 1)-form polynomials, respectively. When
22,1 < degfa(1) <2fn-1)/3) 10 < des(30) < 23], 1< doglo () < 202341
when n = 1, deg(a(h)) = 1, deg(B(h)) = 0, v(h) = 0; when n = 0, a(h) = 0, deg(5(h)) = 0,
v(h) = 0.

(ii) For r12, Abelian integrals A(h) can be expressed as

A(h) = a(h)lo(h) + B(M)I1(h) +y(R)I2(h), (n=1), (2.4)
A(h) = 6(h)I-1(h), (n =0), (2.5)
where a(h), B(h), v(h), 6(h) are 3k-, (3k+1)-, (3k+2)-, and 3k-form polynomials, respectively.
When n > 4, 0 < deg(a(h)) < 3[(n - 2)/2], 1 < deg(3()) < 3[(n — 2)/2] + 1. 2 < deg(1(h)) <
3[(n —3)/2] +2; when 1 < n <3, 0 < deg(a(h)) < 3, deg(B(h)) = 1, deg(y(h)) = 2; when

n =20, deg(6(h)) = 0.
(iii) For r16, Abelian integrals A(h) can be expressed as

A(h) = a(h)Io(h) + B(h) L1 (h) + ()T (h) + 6(h)Is(h), (n > 1), (2.6)
A(h) = ¢(h)I-1(h), (n=0), (2.7)
where a(h), B(h), v(h), 6(h), C(h) are 4k-, (4k+1)-, (4k+2)-, (4k+3)-, and 4k-form polynomi-
als, respectively. When n > 5, 0 < deg(a(h)) < 4[(n —2)/3], 1 < deg(B(h)) < 4[(n —2)/3] + 1,

(h)) < 4[(n
2 < deg(y(h)) < 4[(n —3)/3] +2, 3 < deg(6(h)) < 4[(n —4)/3] + 3; when 1 < n < 4,
0 < deg(a(h)) < 4, deg(B(h)) =1, deg(v(h)) =2, deg((h)) = 3; when n =0, deg(¢(h)) = 0.
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Proof. Here, we will only introduce the derivation process of the conclusions of system r16.
For 18 and r12, by utilizing the results from Reference [15] or [14], respectively, and performing
some careful calculations, we can obtain their conclusions.

For r16, p = 5/4, from the results and equality (20) in Reference [15], we get

n

Ay =S exli 1 (h), (2.8)

k=0

where e, € R (k=0,1,---,n). And

(4m + 5) i1 (R) = 3-27(8m + DI, 1(h) = 3(4m = 1)In(h). (2.9)
A) If m > 1, then we rewrite (2.9) as
_3:278m —17) 3(4m — 5)
) =g Mot = g ()

which indicates that I,;,(h) can be expressed in terms of hl,,_3/4(h) and I,,—1(h). Then, step by
step, using this formula, I,,(h) can be written as a linear combination of Io(h), I1/4(h), I /2(h)
and I3/4(h) with polynomial coefficients about the h:

I (h) = a1 (R)Io(h) + B (M) 11 (R) + yma(h) 1

where oy, 1(h), Bm,1(h), Ym1(h), 6m,1(h) are 4k-, (4k + 1)-, (4k + 2)-, and (4k + 3)-form poly-
nomials, respectively. When m > 3, 0 < de (aml(h)) < 4m—1/3], 1 < deg(Bm(h)) <
4m —1/3] + 1, 2 < deg(ym,1(h)) < 4[m— 2/3] + 2, 3 < deg(dm,1(h)) < 4[m —3/3] + 3; when
m = 2, deg(am,1(h)) = 0, deg(Bm1(h)) = 1, deg(%n,l(h)) = 2, dm,1(h) = 0; when m = 1,
deg<am,1(h’)) =0, deg(ﬂm,l(h)) =1, 7m,1(h) =0, 5m,1(h) =0.

B) If m = 0, then I,,(h) can also be a linear combination of Io(h), I1/4(h), I1/2(h) and
13/4(h) as [()(h) = Ig(h).

C) If m < 0, then we rewrite (2.9) as

(B) + S ()T (1),

1 1
4 2

27(8m + 1) 4m +5

(M) = =103 Qﬁﬂ)_gum—n

Im+1 (h)a

which indicates that I, (h) can be expressed in terms of hl,, 1/4(h) and I, +1(h). Then, step by
step, using this formula, I (h) can be expressed in terms of In(h), I1/4(h), I1/2(h) and I3/4(h):

I_1(h) = ama(h)lo(h) + Bm,Z(h)Ii(h) +Ym2(h)11(h) + 6m,2(h)l%(h)7

where o 2(h), Bma2(h), Ym2(h), 6ma(h) are 4k-, (4k + 1)-, (4k + 2)-, and (4k + 3)-form
polynomials, respectively, and 0 < deg(am2(h)) < 4, deg(Bm2(h)) = 1, deg(vmz2(h)) = 2,
deg((sm,Q(h)) =3.

As a consequence, all I,,(h) can be expressed in terms of Io(h), I;/4(h), I1/2(h) and I3,4(h).
Substituting these formulas into (2.8), we have

A(h) = a(h)Io(h) + B(R) 11 (h) +~(h)I

where a(h), B(h), v(h), 6(h) are 4k-, (4k + 1)-, (4k + 2)-, and (4k + 3)-form polynomials,
respectively. When n > 5, 0 < deg(a(h)) < 4[(n—2)/3], 1 < deg(B(h)) < 4[(n—2)/3] + 1,

1
2

() + 8() T3 (R),

1 1
1 2
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2 < deg(y(h)) < 4[(n—3)/3] +2, 3 < deg(d(h)) < 4[(n—4)/3] +3; when 1 < n < 4,0 <
deg(a(h)) < 4, deg(B(h)) = 1, deg(y(h)) = 2, deg(d(h)) = 3.
When n = 0, from (2.8), we can get

A(h) = eoI-1(h) = ((W)I_1(h),

where deg(¢(h)) = 0. O

3. Riccati equation of the correlation function and Picard-Fuchs
equation of the main integral functions

In this section, we seek Picard-Fuchs equation of the main integral functions of A(h), and Riccati
equation of the correlation functions V' (h) of A(h), obtaining six Picard-Fuchs equations and
three Riccati equations.

The main integral functions of A(h) and their derivatives satisfy the following Lemmas 3.1—
3.3 and Corollary 3.1.

Lemma 3.1. (i) [15] Forrl8, functions Is(h) for s = 0,1/2,1 satisfy the following Picard-Fuchs
equation

3.1
Io(h) Jhar O Iy(h)
1
3. 3 3
Ii(h) PR 15 (h)

(i) [14] For r12, functions Is(h) for s = 0,1/3,2/3 satisfy the following Picard-Fuchs equa-
tion

1
Io(h) o0 =5\ (B
1 4
1 4 .
I (h) 0 —55 5"/ \LE®

(i) [15] For r16, functions Is(h) for s = 0,1/4,1/2,3/4 satisfy the following Picard-Fuchs
equation

1 3 ,
Iy (h) —5r zh 00 I ()
- . 3 (3.3)
o !/
Iy (h) 0 —555 b 0 Iy (h)
1 3 )
I3 (h) 0 0 —55 h I (h)

Proof. For r18 and r16, the proof can be found in [15]; for 12, the proof can be found in [14],
so we omit their proof. O
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Lemma 3.2. (i) [15] For r18, functions I.(h) for s = 0,1/2,1 satisfy the following Picard-Fuchs
equation

1
I(/),(h) _h2 32 . 912
//( ) 1 1 1 I(l)(h) (3 4)
Ih) | = 77+ | assh—a—sgh : .
1/ (h) —h? 2

where C(h) = 3h (h? —1/(32-2'%)) =3h (h—1/(3-2%)) (h+1/(3-2°)).
(i) [14] For r12, functions I.(h) for s = 0,1/3,2/3 satisfy the following Picard-Fuchs equa-
tion

11
Ig(h) T old ?h

| ((me
IV(h) | = h : (3.5)
L h 14
I4(h ——h h
%( ) 27

where C(h) =4 (h* —1/22') =4 (h —1/27) (h* +1/2"h + 1/2').
(13) [15] For r16, functions I.(h) for s = 0,1/4,1/2,3/4 satisfy the following Picard-Fuchs

equation
1 1

Iy(h) T3 3.0 i

nm | W s | (1)

[j’(h) = % B 1 h2 1 ]’4 (h) ) (3.6)
1 3.96 33 . 918 3

11(h) gt W

where C(h) =3 (h* —1/(3*-22%)) =3 (h—1/(3-2%)) (h+1/(3-2%)) (h? + 1/(3% - 21%)).
Proof. For r18 and r16, the proof can be found in [15]; for 12, the proof can be found in [14],

so we omit their proof.
Lemma 3.3. (i) For r18, I,(—1/(3-2°)) =0 (s = 0,1/2,1); when h € (—1/(3-29),0), I,(h) <
0, I'(h) > 0 (s =0,1/2,1).

(it) For r12, I4(1/27) = 0 (s = 0,1/3,2/3); when h € (1/27,+00), Is(h) < 0, I)(h) > 0
(s =—1,0,1/3,2/3).

(iii) For r16, I,(1/(3-2°)) =0 (s =0,1/4,1/2,3/4); when h € (1/(3-2°%),+00), I;(h) <0,
I'(h) >0 (s = —1,0,1/4,1/2,3/4).

For r18, Is(h) = jgl“h 5~ Y2ydx; for r12, I,(h) = jgl“h 5= 3ydx; for r16, I,(h) zfrh 5% Yy,
And I(h) = frh 2571 /ydx. The proof only contains some simple calculation, we omit it.

Corollary 3.1. (i) [15] For rl18, assume that V(h) := Ij(h)/I{(h), then V(h) satisfies the
following Riccati equation

1
32 . 212’

where C(h) = 3h (h* —1/(3%-2'%)) =3h (h—1/(3-2°)) (h+1/(3-29)).

C(h)V'(h) = h?V?(h) — 2R*V (h) + (3.7)
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(ii) [14] For r12, assume that V(h) = I]

1/5( )/ 2/5( ), then V(h) satisfies the following
Riccati equation

1

C(h)V'(h) = %hVQ(h) — 212V (h) +

where C(h) =4 (h* — 1/22') =4 (h — 1/27) (h® + h/27 + 1/21).
(ii) [15] For rl16, assume that V(h) = I{/4( )/ 3/4( ), then V(h) satisfies the following

Riccati equation . .
gV (h) = 20°V(h) + o=, (3.9)
where C'(h) =3 (h* —1/(3*-22%)) =3 (h—1/(3-2%)) (h+1/(3-2%)) (h? + 1/(3% - 2%)).

Proof. For r18 and r16, the proof can be found in [15]; for 12, the proof can be found in [14],
so we omit their proof. O

C(h)V'(h) =

4. New upper bounds on the number of zeros of Abelian integrals

In this section, we seek relationship between the A(h) and A’(h), and relationship between the
correlation functions J(h) and J'(h) of A(h), obtaining four first order linear ordinary differential
equations and three Riccati equations. Then, we prove Theorem 1.1 by using Lemmas 4.2 and
4.3.

(i) For r18, if n > 1, by (2.3) and (3.1), we get

J(h) = a1(M)Io(h) + Br(R) T3 (R) + (M) T1(R), (4.1)

where ay(h) = 3ha(h)/2+3hy(h)/8, B1(h) = a(h)/27+hB(h)+3v(h)/2°, y1(h) = B(h)/(3-25)+
3hy(h)/4. Thus, ai(h), Bi(h), y1(h) are 2k-, (2k + 1)-, and 2k-form polynomials, respectively.
When n > 2, 2 < deg(ai(h)) < 2[(n —1)/3] +2, 1 < deg(p1(h)) < 2[n/3] 4+ 1, and 0 <
deg(1 () < 2[(n + 1)/3]; when n. = 1, deg(on (h)) = 2, deg(B1(k)) = 1, and deg(y1(h)) = 0.
Differentiating both sides of (2.3) with respect to h and using (3.1), we obtain

J'(h) = aa(h)Ig(h) + B2(R) 13 (h) +2(h) 11 (h), (4.2)

where ag(h) = 3ha'(h)/2 + a(h) + 3hy'(h)/8, B2(h) = o/ (h)/27 + B(h) + hB'(h) + 37/ (h)/2?,
y2(h) = ~(h) + B'(h)/(3 - 2%) + 3hy/(R)/4. So, as(h), Ba(h), y2(h) are (2k + 1)-, 2k-, and
(2k + 1)-form polynomials, respectively. When n > 2, 1 < deg(as(h)) < 2[(n — 1)/3] + 1,
0 < deg(B2(h)) < 2[n/3], 1 < deg(y2(h)) < 2[(n —2)/3] + 1; when n = 1, deg(az(h)) = 1,

(
deg(B2(h)) =0, y2(h) = 0.
By (4.1) and (4.2), we have

Bi(h)J'(h) = B2(h)J (h) + T'(h), (4.3)
T(h) = K(h)Iy(h) + L(R) I (h),
(

where K (h) = B1(h)as(h) — Ba(h)ay (h), L( Ba(h)y1(h). Thus K (h), L(h) are
i 2l(n—1)/3] +2, 0 < deg(L(h)) <

(ii) For r12, if n > 1, by (2.4) and (3.2), we obtain

A(h) = a1 (M) I(h) + BL() 13 (B) + ()15 (R), (4.4)
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where a1 (h) = ha(h)=B(h)/(3-2°), B1(h) = 4hB(h) /3=~ (h)/(5-2°), y(h) = 4hy(h)/5—a(h)/2".
Thus, a1 (h), S1(h), v1(h) are (3k +1)-, (3k + 2)-, and 3k-form polynomials, respectively. When
n> 4,1 < deg(oa(h)) < 3[(n— 2)/2] + 1, 2 < deg(Bi(h)) < 3[(n — 2)/2] +2, 0 < deg(m (h)) <
3[(n —1)/2]; when 1 <n <3, 1 <deg(ai(h)) <4, deg(B1(h)) =2, 0 < deg(y1(h)) < 3.
Differentiating both sides of (2.4) with respect to h and using (3.2), we obtain

A(h) = az(M)Io(h) + B2(R) 13 (h) +72(R) 15 (R), (4.5)

where ay(h) = a(h)+ha'(h) — B'(h)/(32°), Ba(h) = B(h) +4hB'(h)/3 =~ (h)/(5-2°), 72(h) =
v(h) 4+ 4hy'(h) /5 — o/ (h)/2". Thus, az(h), B2(h), y2(h) are 3k-, (3k + 1)-, and (3k + 2)-form
polynomials, respectively. When n > 4, 0 < deg(aa(h)) < 3[(n — 2)/2] 1 < deg(Ba2(h)) <
3[(n—2)/2] +1, 2 < deg(12(h)) < 3[(n —3)/2] +2; when 1 < n < 3, 0 < deg(aa(h)) < 3,
deg(B2(h)) =1, deg(y2(h)) = 2.

By (4.4) and (4.5), we get

ay (h)A'(h)

— a(h)A(h) + T(h), (4.6)
T(h) = K()I )

2(h
(R) + L(h)I2 (R),

where K (h) = aj(h)B2(h) —az(h)pi(h), L(h) = a1(h)y2(h) —az(h)y1(h). Thus, K(h), L(h) are
(3k+2)-, and 3k-form polynomials, respectively. When n >4, 2 < deg(K (h)) < 6[(n—2)/2]+2,
0 < deg(L(h)) < 3[(n—1)/2]+3[(n—2)/2]; when 1 <n < 3,2 < deg(K(h)) <5,0 < deg(L(h)) <
6.

w\»—t\ Q

(iii) For r16, if n > 1, by (2.6) and (3.3), we get
A() = o (W) () + B (W)} (h) + (W) (1) + ()1

where a1 () = ha(h) — B(h)/27, By(h) = BhB(R)/2 — ~(R)/(3 - 25, 1

d1(h) = 3hd(h) /A—a(h)/(3-2°). Thus a1 (h), Bi(h), 11(h), d1(h) are (4k+1)-, -

and 4k-form polynomials, respectively. When n > 5, 1 < deg(ai(h)) < 4[(n — 2)/3] + 1,
1 S [

Al(h) = aa(h)Ig(h) + B2(R) I3 (h) +2(A)TL(R) + 52(h)f'% (h), (4.8)

where az(h) = ha'(h) — 8'(h)/27 + a(h), B2(h) = 3hB'(h)/2 = +'(R)/(3 - 2°) + B(h), 72(h) =
hy'(h) = &'(h)/2° + ~(h), d2(h) = 3h&'(h)/4 — o/ (h)/(3 - 2°) + 6(h). So az(h), Ba(h ) 2(h),
do(h) are 4k-, (4k + 1)-, (4k + 2)-, and (4k + 3)-form polynomials, respectively. When n > 5,
0 < deg(aa(h)) < 4[(n—2)/3],1 < deg(B2(h)) < 4[(n—2)/3]+1, 2 < deg(y2(h)) < 4[(n—3)/3]+2,
3 < deg(d2(h)) < 4[(n —4)/3] + 3; when 1 < n < 4, 0 < deg(aa(h)) < 4, deg(B2(h)) =1
deg(12(h)) = 2, deg(d2(h)) = 3.

By (4.7) and (4.8), we have

ar(h)A'(h) = az(h)A(h) + T (h), (4.9)
Ti(h) = B3() 11 (h) +3(R)IL () + 03(h) I3 (h), (4.10)

where f83(h) = a1(h)B2(h) — az(h)Bi(h), v3(h) = c1(h)ya(h) —aa(h)yi(h), 63(h) = ax(h)da(h) —
az(h)é1(h). Thus Bs(h), v3(h), d3(h) are (4k + 2)-, (4k + 3)-, and 4k-form polynomials, respec-
tively. When n > 5, 2 < deg(f3(h)) < 8[(n —2)/3] + 2, 3 < deg(v3(h)) < 4[(n — 2)/3] + 4[(n —
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3)/3]+3, 4 < deg(d3(h)) < 4[(n —2)/3] +4[(n —4)/3] +4; when 1 <n < 4,2 < deg(f3(h)) <6,
3 <deg(ys(h)) < 7,0 <deg(ds3(h)) < 8.
Differentiating both sides of (4.10) with respect to h and using (3.6), we obtain

CUNTIR) = Ba(W) T4 (h) + CRINTL () + 8a()T (h), (411)

where S4(h) = C(h)B4(h) — h3Bs(h) — h?y3(h)/(3 - 26) — hég,(h)/(i’)2 -212)54(h) = C(h)S4(h) +
hB3(h) /(3% - 212) + 43(h) /(33 - 218) + h353(Rh). So Ba(h), d4(h) are (4k + 1)-, and (4k + 3)-form
polynomials, respectively. When n > 5, 1 < deg(B4(h)) < 8[(n —2)/3] + 5, 3 < deg(ds(h)) <
4(n—1)/3] +4[(n —2)/3] +3; when 1 <n <4, 1 <deg(Bs(h)) <9, 3 <deg(ds(h)) < 11.

By (4.10) and (4.11), we have

C(h)ys()Ti(h) = C(h)y3(R)Ti(h) + Ta(h), (4.12)
To(h) = K(WI4(h) + L(W) T4 (h),
(

where K (h) = B1(h)33(h) — C(R)4(R)Bs(R), L(k) = 61(A)ys(h) — C(h)74(R)ds(h). Thus K (h),
L(h) are 4k-, and (4k + 2)-form polynomials, respectively. When n > 5, 4 < deg(K(h)) <
12[(n —2)/3] +4[(n — 3)/3] +8, 6 < deg(L(h)) < 8[(n —2)/3] +4[(n —1)/3] +4[(n — 3)/3] + 6;
when 1 <n <4, 4 <deg(K(h)) <16, 2 <deg(L(h)) < 18.

Using Corollary 3.1, after simple calculations, we obtain the following Lemma 4.1.

Lemma 4.1. (i) For r18, when n > 1, assume that W (h) := T'(h)/I{(h), then W (h) satisfies

the following Riccati equation
C(h)K(h)W'(h) = h*W?2(h) + M(h)W (h) + N(h), (4.13)

where N(h) = C(h)K (h)L'(h) + h*L?(h) — C(h)K'(h)L(h) + 2h*K (h)L(h) + K?(h)/(3% - 212),
M(h) = C(h)K'(h) — 2h2K(h) — 2h2L(h). Thus, M(h) and N(h) are 2k-form polynomials.
When n > 2, 2 < deg(M(h)) < 2[n/3] +2[(n —1)/3] +4, 2 < deg(N(h)) < 4[n/3] + 2[(n —
1)/3] +2[(n —2)/3] + 6; when n =1, 2 < deg(M(h)) <4, 2 < deg(N(h)) < 4.

(ii) For r12, when n > 1, assume that W(h) := T'(h)/ 2/3( ), then W(h) satisfies the
following Riccati equation

C(h)K(h)W'(h) = %hWQ(h) + M(R)W (h) + N(h), (4.14)

where N(h) = K?(h)/2' + hLQ(h)/27 + C(h)K(h)L'(h) — C(h)K'(h)L(h) + 2h*K (h)L(h),
M(h) = C(h)K'(h)—2h?K (h)—hL(h)/25. Thus, M(h) and N(h) are (3k+1)-form polynomials.
Whenn > 4,1 <deg(M(h)) < 6[(n—2)/2]+4, 1 < deg(N(h)) <9[(n—2)/2]+3[(n—3)/2]+7;
when 1 <n <3,1<deg(M(h)) <7,1<deg(N(h)) <13.

(iii) For r16, when n > 1, assume that W(h) := Tg(h)/J:’,)/4(h), then W (h) satisfies the
following Riccati equation

C(h)K(h)W'(h) = —s——=hW?(h) + M ()W (h) + N(h), (4.15)

32.912
where M(h) = C(h)K'(h)—2h3K (h)—hL(h)/(32 - 2'1), N(h) = C(h)K (h)L'(h)+2h*K (h)L(h)—
C(R)K'(h)L(h)+hK?(h)/(3?-2'2)+ hL%(h)/(3% - 2'2). Thus M(h) and N(h) are (4k+3)-, and
(4k + 1)-form polynomials, respectively. When n > 5, 3 < deg(M (h)) < 12[(n — 2)/3] + 4[(n —
3)/3] + 11, 9 < deg(N(h)) < 20[(n —2)/3] +8[(n —3)/3] +4[(n — 1)/3] + 17; when 1 < n < 4,
3 <deg(M(h)) <19, 5 < deg(N(h)) < 3T7.
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For conciseness, we use A(h) to denote the number of zeros of functions A(h) in Q2. However,
we need the following Lemmas 4.2 and 4.3.

Lemma 4.2. [22] If the smooth functions D(h), n(h), 8(h), k(h), and A(h) satisfy
n(h)D'(h) = 6(h)D?(h) + k() D(h) + A(h),

then
tD(h) < gn(h) + EA(R) +1
Lemma 4.2 is Lemma 5.3 in [22], therefore, we omit its proof.

Lemma 4.3. (i) If E(h) is a 2k-form polynomial, and 0 < deg(E(h)) < 2t (t = 0,1,2,---),
further h € (—00,0) or h € (0,+00), then §E(h) <t

(ii) If E(h) is a 4k-form polynomial, and 0 < deg(E(h)) < 4t (t = 0,1,2,---), further
h € (—=00,0) or h € (0,+00), then §E(h) <t

(iii) If E(h) is a (4k + 3)-form polynomial, and 3 < deg(E(h)) < 4t +3 (t =0,1,2,---),
further h € (—00,0) or h € (0,+00), then §E(h) <t

Proof. (i) Assume that s := h%, we get E(h) = U(s), since 0 < deg(E(h))
deg(U(s)) < t. The polynomial U(s) has at most ¢ zeros in (—oo, +00), i.e. §U(s
a definite s corresponds to the unique h = —/s € (—00,0) or h = f € (
polynomial E(h) has at most t zeros in (—o0,0) or (0,400), i.e. $E(h) <

(ii) Assume that s := h*, we get F(h) = U(s), since 0 < deg(E(h)) < 475 s0, 0 < deg(U(s)) <
t. The polynomial U(s) has at most ¢ zeros in (0, +00), i.e. U(s) < t, moreover, a definite s
corresponds to the unique h = —/s € (—00,0) or h = /s € (0,400), so, the polynomial E(h)
has at most ¢ zeros in (—o00,0) or (0, +00), i.e. E(h) <t

(iii) Assume that h3Ej(h) := E(h), since 3 < deg(E(h)) < 4t + 3, so, Ei(h) is a 4k-

oreover,
, SO, the

+|A IN
EE

\/

)
0,

form polynomial, and 0 < deg(F1(h)) < 4t, further h € (—00,0) or h € (0,+400), so, h # 0,
fE(h) = §E1(h). Using the conclusion in (2) above, we get ttEl(h) t, therefore, §E(h) <t
O

Similarly, we can get other similar results and omit them for brevity. Then, we will complete
the proof of Theorem 1.1 by using Lemmas 4.2 and 4.3.
Proof. (i) For r18, from (4.3), using Lemma 4.2, we have

gJ(h) < gB1(h) + 4T (h) +1
Using (4.13) and Lemma 4.2, we get
4T(h) = tW(h) < 4C(h) + 4K (h) + 4N (h) + 1
Using (2.3) and the above two relations, therefore
gA(h) = §J(h) < #8B1(h) +4C(h) + 4K (h) + N (h) + 2

where C'(h) = 3h (h —1/(3-25)) (R4 1/(3-25)) hasno zero in (—1/(3 - 2°),0), and By (h), K (h),
N(h) are (2k + 1)-, 2k-, and 2k-form polynomials, respectively.

When n > 2, since 1 < deg(B1(h)) < 2[n/3]+ 1, 2 < deg(K(h)) <2[n/3] +2[(n —1)/3] + 2,
and 2 < deg(N(h)) <4[n/3] +2[(n —1)/3] + 2[(n — 2)/3] + 6, using Lemma 4.3, we have

=[5 0 (21 [7) I 7] (57 )
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:4[Z}+2[”;1]+[n;2]+4.

When n = 1, since deg(51(h)) = 1, deg(K(h)) = 2, and 2 < deg(N(h)) < 4, using Lemma
4.3, we have

§AR) <0+0+04+1+2=3.
When n = 0, from (2.3), since a(h) =0, y(h) = 0, deg(B(h)) = 0, I;5(h) < 0, we have
tA(h) = 0.
(ii) For r12, when n > 1, from (4.6), using Lemma 4.2, we get
tA(h) < fon(h) + T (h) + 1.
Using (4.14) and Lemma 4.2, we get
4T (h) = tW(h) < 4C(h) + 4K (h) + EN(h) + 1.
Using the two inequalities above, we obtain
gA(h) < far(h) +4C(h) + 1K (h) + EN(h) + 2,

where C(h) = 4 (h —1/27) (h? + h/27 + 1/2'*) has no zero in (1/27,+0c), and ai(h), K(h),
N(h) are (3k + 1)-, (3k + 2)-, and (3k + 1)-form polynomials, respectively.

When n > 4, since 1 < deg(a;(h)) < 3[(n—2)/2] +1, 2 < deg(K(h)) < 6[(n—2)/2] +2, and
1 <deg(N(h)) <9[(n—2)/2] +3[(n — 3)/2] + 7, using Lemma 4.3, we obtain

s 157 o P2 (7 [ ) o2
SR

When 1 <n < 3, since 1 < deg(ai(h)) <4, 2 <deg(K(h)) <5, and 1 <deg(N(h)) < 13,
using Lemma 4.3, we obtain

AR <1+0+14+4+2=38.
When 7 = 0, from (2.5), since deg(6(h)) = 0, I_1(h) < 0, we get
4A(h) = 0.
(iii) For 716, when n > 1, from (4.9) and (4.12), using Lemma 4.2, we have
tA(h) < fon(h) +Ti(h) +1, Ti(h) < 2C(h) + ty3(h) + ETo(h) + 1.
Using (4.15) and Lemma 4.2, we get
iTo(h) = tW(h) < §C(h) + 4K (h) + N (h) + L.

Using the three inequalities above, therefore

tA(h) < fon(h) + 28C(h) + tys(h) + 2K (h) + §N(h) + 3,
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where C(h) = 3(h—1/(3-2%)) (h+1/(3-2%)) (h* +1/(3%-2')) has no zero in (1/(3-2°),
+00), and a1 (h), y3(h), K(h), N(h) are (4k+1)-, (4k+3)-, 4k-, and (4k + 1)-form polynomials,
respectively.

When n > 5, since 1 < deg(ai(h)) < 4[(n —2)/3] + 1, 3 < deg(vs3(h)) < 4[(n — 2)/3] +
4[(n —3)/3] + 3, 4 < deg(K(h)) < 12[(n — 2)/3] + 4[(n — 3)/3] + 8, and 9 < deg(N(h)) <
20[(n — 2)/3] + 8[(n — 3)/3] + 4[(n — 1)/3] + 17, using Lemma 4.3, we have

o <[5 v ([557)+[57]) « ( 157+ [5°) )
+<5 [nQQ] +2[n;3} + [ngl] +2>+3
L [n;Q] +4[n;3} A [n;l} e

When 1 < n <4, since 1 < deg(ay(h)) <5, 3 < deg(vys(h)) <7, 4 <deg(K(h)) <16, and
5 < deg(N(h)) < 37, using Lemma 4.3, we get

BAh) <1+0+1+3+8+3=16.
When n = 0, from (2.7), since deg(¢(h)) =0, I_1(h) < 0, we have
tA(h) = 0.

5. Conclusion

For the quadratic reversible systems 712, r16 and r18 of genus one, when they are perturbed by
arbitrary polynomial of degree n, we explore the new upper bounds on the number of zeros for
their Abelian integrals using the methods of Riccati equation and Picard-Fuchs equation. We
consider both the highest degree and the lowest degree of the related polynomials, and more
importantly, we notice their law between the terms, and take into account the range of values
for variable. Some laws of related polynomials of the systems have been found, therefore, we
obtain some new upper bounds, which are better than those obtained before.

We could seen that for 18, the related polynomials are 2k- and (2k + 1)-form, respectively,
and the new upper bounds are about 1/2 of the old ones; for 712, the related polynomials are
3k-, (3k + 1)-, and (3k + 2)-form, respectively, and the new upper bounds are about 1/3 of
the old ones; for 716, the related polynomials are 4k-, (4k + 1)-, (4k + 2)-, and (4k + 3)-form,
respectively, and the new upper bounds are about 1/4 of the old ones. Many systems have these
laws, by using these laws, we can obtain some very good upper bounds.
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