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TWO MODIFIED BARZILAI-BORWEIN PROJECTION METHODS
WITH APPLICATIONS TO IMAGE RESTORATION*
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Abstract In this paper, we propose two modified Barzilai-Borwein projection methods for
solving constrained monotone nonlinear equations. These methods are proved to satisfy
the Quasi-Newton equation and sufficient descent property independent of any line search.
Performance comparisons show that our proposed methods are more competitive and efficient
for solving these equations. Our projection methods are also used to restore images to
demonstrate their effectiveness.

Keywords Monotone nonlinear equations, projection method, quasi-newton equation,
global convergence, image restoration.

MSC(2010) 65F10, 90C52, 65K05.

1. Introduction

Let R™ be the set of n dimensional real column vectors equipped with Euclidean norm || - ||. We
consider the problem of finding x € € such that

F(z) =0, (1.1)

where €2 is a non-empty closed convex set in R"™ and F : R" — R is a continuous nonlinear
mapping satisfying the following monotone inequality

(F(z) - F(y), x —y) >0, Vx,ycR" (1.2)

A lot of practical problems can be transformed into the form of constrained monotone non-
linear equation (1.1), for example, power flow equations [19,34], chemical systems [27], power
flow [20], complementarity problems [11], signal recovery [18] and image restoration [37]. Hence,
developing numerical methods with convergence theories for (1.1) has attracted much attention.
As a pioneer, Solodov and Svaiter [32] firstly proposed a linesearch-based projection method
to solve (1.1). Based on [32], Wang et al. [35] introduced a modified projection method with
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global convergence guarantees. By combining the Quasi-Newton method [10] with the projec-
tion method [33], Zhou-Li proposed a Quasi-Newton projection method [39] and its variant [40]
to solve (1.1). These methods gained much attention of researchers due to the local super-
linear convergence property. However, it is not suitable to apply them to solve large-scale
constrained monotone nonlinear equation (1.1), since the massive storage of the corresponding
Jacobian matrix or its approximation is needed at each iteration. Compared with above projec-
tion methods, the Conjugate Gradient (CG) method needs low storage requirement and is very
suitable for dealing with large-scale constrained monotone nonlinear equation (1.1). Advanced
CG-type methods include the three-term CG-based projection method with Dai-Liao conjugacy
condition [1,14,17,22-24,26], the piecewise CG-based projection method [15], three-term CG-
based projection method with Quasi-Newton equation [14,18,39], spectral CG-based projection
method [2,31], and modified CG-based projection method [28].

To further improve the performance of CG method, Barzilai and Borwein (BB) introduced
the following classical yet useful stepsizes [4]:

T T

BB1 _ Sk—15k—1 BB2 _ Sk—1Yk-1 (1.3)

O[k = 781— N O[k = 7T 5 .
k—1Yk—1 Yp_1Yk—1

where sp_1 = — Tk—1, Yk—1 = gk — grk—1 and gx = F(xy) := Fy. Obviously, according to (1.2)
and the denominator of (1.3) being nonzero, s;,lykq > 0 holds and hence a8l > aBB2. So,
akBB 1is called the long BB step length, while afm is called the short BB step length.

With the development of BB step size, more and more researchers had paid their attention to
applying them for different optimization methods. In 2005, Dai et al. [7] studied two projected
BB methods for large-scale box-constrained quadratic programming and proved their global
convergence under Grippo-Lampariello-Lucidi nonmonotone linear search. Later, Dai et al. [8]
proposed a cyclic BB method and proved its local linearly convergence. In 2019, Dai et al.
[6] introduced the stabilized BB method to overcome the shortcoming of long steps and non-
convergence. Dai et al. [9] also exploited a convex combination of the long BB step size and
short BB step size in a family of spectral gradient method. In 2021, Qu et al. [30] proposed a
projection method with alternate BB step-size for general variational inequalities and the global
convergence was proved under some strong conditions. Recently, by combining nonmonotone
line searches and gradient projection techniques, an accelerated BB method was proposed [21]
for solving bound constrained optimization problems. Notice that, the above methods related
to BB step length are dissatisfied with the so-called Quasi-Newton equation.

It is well-known that the Quasi-Newton equation plays a key role in improving the perfor-
mance of methods. Gao and He [14] proposed a derivative-free three-term CG-based method
satisfying with Quasi-Newton equation. Inspired by [14], Gao et al. [18] also proposed an effec-
tive three-term CG-based method satisfying with Quasi-Newton equation. However, to the best
of our knowledge, three-term BB-type projection methods with Quasi-Newton equation have
not been investigated so far. Motivated by this issue, we propose two BB projection methods
with Quasi-Newton equation for solving (1.1). Contributions of this paper are summerized as
follows:

e We design a piecewise search direction with Quasi-Newton equation to ensure the global
convergence of the proposed BB projection methods.

e The BB step-size is introduced to improve the step size, which can seek suitable step length
easily.
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e We prove the boundedness of BB step-size and search direction by using the modifying
the parameter construction yy.

e Under the modified step-size, the global convergence is proved with proper assumption and
the convergence rate of this method is proved with an extra local error bound condition.

e The numerical experiments demonstrate that our method is effective and promising for
monotone nonlinear equations and image restoration. Furthermore, in addition to compar-
ing the signal-to-noise ratio (SNR) of the images, we also evaluated the peak signal-to-noise
ratio (PSNR) to show the effectiveness of our methods.

The remainder of this paper is organized as follows. In Section 2, we present two piecewise
BB projection methods for solving (1.1). In Section 3, the convergence analysis of our method
is discussed. In Section 4, experiments are reported to show the efficiency of the proposed
methods. In Section 5, we apply the proposed methods to restore images by comparing some
existing methods. Finally, we conclude the paper in Section 6.

2. Development of our algorithm

Before showing our proposed BB projection methods with Quasi-Newton equation to solve (1.1),
we recall the BB method for unconstrained optimization problem:

min f(z), (2.1)

where f : R™ — R is continuously differentiable and V f(x) is simply denoted by F'(x) in this
paper. The BB method reads the following iteration

Tkl = Tk + apdy, k=0,1,---, (2.2)

where ay, is obtain by (1.3) and dy = —F}). Now, the search direction dy, is transformed into the
following three-term form to satisfy the Quasi-Newton equation:

di = —Fp + Brsk—1 + YkYk—1

Fl yp— Fl yp—
= —Fp+ = Besp1 + == ktr—1
F. yk— F, yk—1
T T (2.3)
Sk—1Yr_1 Ye—1Y_1
=—\(I-Bk— — Vb Fy,
Yp—1Ek Yp_1 Lk
= _Qka‘7

Sk_1Y, 1y, . . . .
where Qi = I — 54 Z;”j’}: — Yk yzzly;: denotes a relative matrix, and I denotes the identity
- -1

matrix with proper dimensions.
Gao and He [14] introduced a derivative-free three-term conjugate gradient-based method
satisfying with Quasi-Newton equation and the search direction is showed as

dp, = —QrF}

SpWko1 . SkwW g | Sk1spg | llwealPseeas) o wko1sy P
- = - - k
llsk—1]? Isk—1l> s qwi—1 llsk—1ll2s)_jwi—1 llsk—1]]?

T skl

— o W
" sl

Sp_1Wh—1 Flog1  Flsp |wr—1]/2F)) sk—1 S tF;;rsk—1
R E - —1
Isk—1ll?2  sf_qwe—1 |Isk—1l?s)_qwik—1
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where wi_1 = yr_1 + rsg—1, 7 > 0 is a constant, ¢ € [0,1) and the relative matrix satisfies the
quasi-Newton equation.

In addition, Gao et al. [18] proposed an effective three-term conjugate gradient-based method
satisfying with Quasi-Newton equation and the detailed search direction reads

dr = —QiF},
T - T T - T
B (3k_1yk—1 Sk—1Ygp—1 Sk=15k—1 yk—lsk_1> F,

20ge-1ll> 20Tkl 28] 1 G1 20Tkl

T - -
_ Sp_1Yk-1 Fl gk Fsp_1 Flsp_1
=—5= itk — Sgp—1+ k=15

— — - 7?/
2||gr—11? 20|7k-1l* 250Gk 2[|gk-1]1?
where 1 = wi_1, and the relative matrix satisfies the quasi-Newton equation.
Motivated by above articles, we also want to proposed a three-term projection method satis-

fying with quasi-Newton equation, which implies that the relative matrix @y of search direction
(2.3) satisfy the Quasi-Newton equation. Equivalently,

T T
Sk—1Yp— Ye—1Yp
QrYk—1 = <I—ﬁk —l oy i 1)%1

Yp1Ek Yp_1Fk
= Yk-1— ﬁkw - ’YkMyk—l
Y1 Fr Y1 Fr (2.4)
:(1—wﬁ%*w>yM4+<—mﬁ%1”>8m1
Yp1 Tk yh 1 F
= Sk.

From (2.4), we can derive the following equations by equaling the coefficients of the correspond-
ing parameters which is motivated by the derivation of Quasi-Newton-type algorithm named
Davidon-Fletcher-Powell (DFP, [38]).

2 T B
_ 11k
N 17 P V81, 4
Yp—1Fk 1Yk
and ) -
Yk—1 Y1 L%
g il o Tk
Y1 F 1Yk
As aresult, we obtain the following search direction which satisfies the quasi-Newton equation
T T
Y1k yk—lF k
dy=—Fy — 581+ 5 Yk-1- (2.5)
1Y—1I? lye—1?

According to the novel search direction in (2.5), yx in (2.5) replaced by g and proving the
sufficient descent, we propose the following updating formula:

R g B s | (B Ge)?

—F; if >0

9 — 2 _ 2 9

—F, — -k yk ; Sk— 1+Lk;gk 1, otherwise.
k-1l k-1l
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In addition to search direction, our algorithm also needs to introduce the concept of projec-
tion mapping and its related properties.

Definition 2.1. Let Q C R" is nonempty closed and convex set. Then for any x € R", its
projection onto €2 can be defined as

Polz] = argmin{[lz —y|| | yecQ}.

Lemma 2.1. Let Q2 € R™ be a nonempty, closed and convex set. Then, the following inequalities
hold [16]:

(x — Po(z)) " (Po(x) — 2) >0, Ve e R", z €, (2.7)
[Pa(z) — Pa()ll <[l —yl,  Va,y € R", (2.8)
1Pa(z) = 2 < llz — 2|* = o = Pa(2)?,  VzeR"z2eQ (2.9)

Based on the above preparations, we described our method as follows.

Algorithm 2.1.

Step 0. Initialize 29 € R", p,e,0 € (0,1),71 € (0,2),r >0,a0=1,& > 0. Set k=0.

Step 1. While ||Fy|| < ¢, break. Otherwise, turn to Step 2.

Step 2. If k =0, then dy = —F}. Otherwise, dj is computed by (2.6).

Step 3. Set 2z, = 1, + apdy, and compute oy = akBB(akBBl or akBBQ)gpm in which m is the
smallest nonnegative integer such that

—F(z1) " di > oo || F(z1) ||| dl|*. (2.10)
Step 4. If z; € Q and ||F(zx)|| < e, then zj41 = 2, stop. Otherwise, update 1 by
Trp1 = Polry — m&F(21)],

F(zr) " (mp—2k)

where & = IO Then, set k :=k + 1, go to step 1.

Remark 2.1. We obtain two methods with different step-sizes from Algorithm 2.1: Algorithm
2.1 with aEB = akBBl is called NBBP1, and Algorithm 2.1 with afB = akBBz is called NBBP2.
The search direction of dj, satisfies with the Quasi-Newton equation and the sufficient descent
property regardless of any line search (see Lemma 3.2 below).

Remark 2.2. We clarify that there always exists a nonnegative integer m satisfying the in-
equality (2.10). In fact, if it does not hold for any nonnegative integer 4, then

—F(xp+ apPep'de) di < oo PEp'|| F(zk + o PEp'dr) ||||dil .

By the continuity and boundedness of F' (see Remark 3.2 below), p € (0,1), and by letting

i — 0o, we obtain
—F(x)"dy <0. (2.11)

However, by Lemma 3.2 below, it holds that
T 2
—F(zy) dg = ||F(zx)]]” > 0,

which contradicts (2.11).
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3. Convergence analysis

In this section, we analyze the convergence properties (global convergence and convergence rate)
of our methods under the following hypotheses:

(B1) The solution set Q* of (1.1) is nonempty and closed.

(B2) The mapping F' is Lipschitz continuous on R", which means that there exists a constant
L > 0 such that
[F(z) = Fy)l < Lllx —yll, Vva,yeR"

(B3) For any z* € QF, there exist two positive constants b (sufficient small) and § such that
bdist(z, Q") < ||F(x)||, Vz € N(z*,J),

where dist(z,Q*) is the distance from x to the solution set Q*, and N(z*,0) := {z €
R |z —a*|| < 6}

Lemma 3.1. Suppose that the assumptions (B1)-(B2) hold, the sequence {xy} and {z;} are
generated by Algorithm 2.1. Then, we have the step-sizes of oszB s bounded.

T —
BB2 __ Sk—1Yk—1

. BB BB1 _ lsk—1l®
Proof. From the construction of a;’”, namely, o))" = P and o) 7% = l5n a2 > We can
obtain from g1 and (1.2) that, we have
rlse1ll* < sf_1fk-1 = i1 (Fk — Fe1 +rse-1) < (L +7)[lse1 [,
and so L%rr < akBBl < %
Furthermore, by ||gk—1|| = || Fx — Fr—1 + msk—1|| < ||Fx — Fe—1|| + 7||sk—1]|, we have
P [[sk—1ll” < [1gr—1l” < (L +7)?(|sp-1]%,
and so ﬁ < aEBQ < % The conclusion is proved. O

Lemma 3.2. Suppose that the assumptions (B1)-(B2) hold, the sequence {x} and {z} are
generated by Algorithm 2.1. Then, we have

Fyldy < —| Fel” (3.1)
Proof. If _F;;rgk—lF;;rSkfl + (F grp—1)? < 0. then
’ Gk —1112 k-1l —
F i Flgpa
Fldy=F, <_Fk — s+ gk ) < — ||k
g g | Fr—1]1? T2
else
Fldp = —|| Fy|”.
The conclusion is proved. ]

Remark 3.1. From Lemma 3.2, we further obtain
1Fxlldill = —F di > || x|,
and simplify it to have
il = [[Fxll-
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Lemma 3.3. Suppose that the assumptions (B1)-(B2) hold, the sequence {x} and {z} are

generated by Algorithm 2.1. Then, we have
ldill < Al Fyl],

where A = max{1,2+ 1}.

Proof. From the construction of y;_; and (1.2), we obtain

rllsk—1l* < st_1Tk-1 = Sp_1 (Fx — Foe1 +rs6—1) < [|sk—1l[|Za—1],

equivalently,

Hsk—IH < Hyk—IH

By (2.6) and (3.4), we discuss the following two scenarios:

FTfiFT -~ FT772
If — k Ye—114) Sk 1+( k Yk 1) >0,wehave

1Fr—11? gk—111?
el < [|Fk-
Otherwise _ Bk Fy sk + (Fy k-1 0, we have
’ 1Fr—111? Ge—1l? —

\Fy e \E gkl

< Tk Jh—11 Tk Ir—1l

||dk” = ||F]€H + Hgk71H2 ”Sk—ln + HZ?k—lHQ Hyk—ln

Fillllgr_ Fullge_1l1?
F

<7l + Ly g

1
_ (2+ ) Il
-

Let A =max{1,2+ 1}, the conclusion is proved.

(3.2)

O]

Lemma 3.4. Suppose that the assumptions (B1)-(B2) hold. Then, the sequences {xy} and {zy}

generated by Algorithm 2.1 satisfy

k1 — 2" <z — 2| = 712 = m)o? fax — z]*,  Va* € Q7

and hence both of them are bounded. Furthermore, we have

lim apl|dg] =0 and 2541 — 2k]| = 0.
k—o00

lim
k—o00

Proof. By the monotonicity of F, it follows that

(3.5)

(F(zi) = F(a*) (ag — 2%) = (F(2) = F(2*)) T (2k — 2) = (F(z) — F(2) (25, — %) 2 0,

which, by (2.10) and F(z*) = 0, gives

(F(zk) = F(a*) (2, — 21) = —oF " (21)dy > oo ||F(z) ||| del|> > 0.

(3.6)
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For any z* € Q*, from (2.8) and (3.6), we have

|@g1 — 2*||* = || Palor — &k F(21)] — Pa(z*)|)?
< lzk — & F (21) — 2|1

= |log — 2*|* = 2mép(zy, — 2*) T F(zk) + TN F ()1

< ||$k N l‘*HQ —on ((xk - zk)TF<zk)) 7_2 ((xk - zk)TF(Zk>)
- 1 (ze) 12 ! 1E (z1) ||
e — 212 — (2 — ((x — 2) " F(25))?

B e

< oy — 2*)* = 112 — 7)o ag|de | *
= |z, — 2*|]* — 11(2 — 7)o ||k — 2|t

By 0 < 7 < 2, it can be easily obtained that the sequence {||xx — z*||} is decreasing and hence
{z1} is bounded. By the Cauchy-Schwarz inequality and (2.10), we have

IEzo)llllzk — 26l = F(zi) " (wn — 2) 2 0@ |F(z)lldell* = ol F (i) |l — 21,

which suggests
O’ka — ZkH S 1,

and so the sequence {z;} is also bounded from the boundedness of {z}.
Combine the decreasing property of ||x — 2*|| with (3.5), to obtain

Ziomi (2 = m)o?|lag — 2zl < SRo(llok — 2|7 = [logsr — 2¥() < oo,
which implies that
lim ||z — 2% = 0,< lim agl|dg|| = 0.
k—o00 k—o00
Now, combine (2.9) and the definition of & to have
[@r1 — 2l = | Palzr — 18 F(21)] — @l < Im&F (z0)| < mullze — 2kl (3.7)
Consequently, limg_,o |[|[zx+1 — k|| = 0. The conclusion is proved. d

Remark 3.2. From Lemma 3.4 and the continuity of F, the sequence {F(zx)} and {F(zy)} are
also bounded, i.e., IM > 0, ||F(x)|| < M and ||F(z)| < M.

Lemma 3.5. Suppose that the assumptions (B1)-(B2) hold. Then, we have

Q> min {g,ijww}.

Proof. Clearly, if a = &, then (2.10) is satisfied.
Otherwise, oy # £, then oy, = p~tay does not satisfy the line search (2.10), namely,

—F(zp 4 p tardy) Tdy < opLag]|F(zy 4+ p Lardy) | |dr]*.
Combining it with (B2) and Lemma 3.2, we have
1Fk]? < —Fy di
= (F(zp + p tardy) dy, — F dy,) — Fap + p togdy) T dy,
< Lp~ oy ldy||* + op™ cugldk||* M
= (L +oM)p~ ||,
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which implies

O ;1
(L + o M)||dg|?
Combine it with Lemma 3.3, we have
p
> 3.9
W= (L1 oM)A (39)
The proof is completed. O

Theorem 3.1. Suppose that assumptions (B1)-(B2) hold. Then, we have
lim [[E] =o. (3.10)
Proof. If the conclusion (3.10) is not true, there is a constant n > 0 such that
[ Fkll = n,VEk > 0. (3.11)
By (3.11) and Remark 3.1, we obtain
1kl = | F% ] = n- (3.12)

Combining Lemma 3.4 with (3.12), we have

lim a; =0,
k—o0
which contradicts with the conclusion of Lemma 3.5. The proof is completed. ]

Theorem 3.2. Suppose that assumptions (B1)-(B3) hold, and let {1} be the sequence generated
by Algorithm 2.1. Then the sequence {dist(xy, 2*)} Q-linearly convergent to 0, i.e.,

dist(xg41, )

li < 1. 3.13

lglsip dist(x, %) ( )
Therefore, it converges R-linearly to 0, i.e.,

lim sup[dist(ajk,Q*)]% <L (3.14)

k—o0

Proof. Let v, be the projection of z; onto Q*. Because of the proof of Lemma 3.4, we know

_ Tp 2
dist(zpp1, 2%)? < dist(zg, Q)% — 71(2 — 1) ((zk — 2) ' F(z))

| (zr) |7
. (—akdkTF(zk))2
= dist(zg, Q)2 — (2 -7
(ot ) =2 =) G e
2 2 2.2
o “e o llde [P () (| 7e
= dist(zg, Q%) T1(2—m1) IFCOIP (3.15)

= dist(zg, )2 — 71(2 — 1)z dy||*€?
< dist(xy, Q%)% — 7 (2 — 71)04%||Fk||262
< dist(zy, Q) — 71(2 — 71 )azb?eAdist (g, )2
— (1= 712 — 7 )adb?e?)dist (zg, )2,
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where e = cos Z(F(zy), zx — 21),e% € [0, 1]. Furthermore, by (3.9) and (3.15), we have

1
dist(xg41, %) 5.9 onl 0? 5 )2
— D ) < (12— de(1-m@-m)—F—
dist(z, 0y = (1 n@mmeabe)? < {(1=n-n)g—rmbe )
then,
1
) dist(xg41, %) p? 9 9\2
1 _ 1-7m(2—7)——b 1
TSP Rt (g, ) @At e ) <b

and so the inequality (3.13) holds.
By above analysis, it is not difficult to obtain that

|

2 2
dist(zg, Q%) < <1 —71(2— 7'1)pr62) dist(zo, Q*),

(L+oM)2A*
thus,
1
lim sup|dist(zj,, Q)% < (1 —71(2 )——Ji——#2  (dist(zo, )]} < 1
% —_ — k
1£Lsgp ist(zs, Tl 1 (L o M)2AT e ist(zo, ,
and the inequality (3.14) is proved which means that the second conclusion holds. O

4. Numerical experiments

In this section, the methods NBBP1, NBBP2, Liu [25] and Algorithm 2.1 (named NGCG) [18]
are used to solve the following test problems by using the fixedly initial points and randomly
initial points from (0,1). The parameters for the compared method are taken from corresponding
references. We choose the parameters of our methods as p = 0.85, 0 = 1074, 74 = 1.2, r = 0.1
and £ = 1 in this paper. The terminate conditions of four methods are the same as that in [25]
and the result is showed NA when the CPU time exceeds ten seconds. The coding and operating
environment are Matlab R2017a and run on a PC with 2.30 GHZ CPU processor and RAM 8.00
GB for four methods.

Problem 4.1. Consider the problem in [14], where F(z) = (fi(x), f2(2),- -+, fu(2)) " with

fi(x) =221 — x9 + exp(z1) — 1,
filx) = —xi—1 4+ 2x; — xi41 +exp(a;) — 1, i =2,3,--- ,n—1,
fo(x) =220 — 1 +exp(zy) — 1,

and 2 = R't. The following ) is the same as here.

Problem 4.2. This problem is from [15]. The mapping F is taken as F(z) = (fi(z), fa(z),-- -,
fa(@)) T, where
filx) =exp(z;) — 1, i1 =1,2,3,-- ,n.

Problem 4.3. The problem comes from [3]. The mapping F is taken as F(x) = (fi(x), fo(x),
afn(CE))T, where
filz) = () 42 —2, i =1,2,--- ,n.
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Problem 4.4. The problem originates from [37]. The mapping F is taken as F(z) = (f1(x),
fg(.%'), T 7fn(x))T, where

fi(z) = (%)exp(a;i) =12 .n.

Problem 4.5. The problem is taken from [37]. The mapping F is taken as F(z) = (f1(x), fa(x),
o afn(x))T7 where

fl(CC) = 2:[?1 — sin(xi) Z: 172’ ST

Problem 4.6. The problem is extracted from [37]. The mapping F is taken as F(z) = (f1(x),
fQ(x)7"' 7fn(x))—r7 where
fi(z) = exp(z1) — 1,
filx) =exp(z;) +a; — 1, i=2,--+ ,n.
Table 1. Experimental results of Problem 4.1 for four algorithms.
NBBP1 NBBP2 Liu NGCG Ablation
IP DIM NI/NF/CPU/FV  NI/NF/CPU/FV  NI/NF/CPU/FV NI/NF/CPU/FV  NI/NF/CPU
X1 5000 18/21/0.01/9.31279 26/31/0.03/4.63626  32/94/0.04/7.42943 119/360/0.18/7.98252  48/477/0.06
10000  19/22/0.03/4.56623 23/28/0.05/4.57439  33/97/0.07/6.57900 140/628/0.28/9.55819  61/595/0.15
50000 19/22/0.08/7.15111 24/32/0.12/9.01623  40/114/0.26/9.08689  159/745/1.28/8.60341  48,/486/0.50
80000  19/22/0.15/7.77992 22/29/0.20/8.76323  41/117/0.39/6.97489  158/726/1.85/7.43442  47/466/0.68
100000 19/22/0.18/8.01945 23/30/0.21/4.68480  39/113/0.46/7.31736  154/689/2.62/9.22239  47/467/1.18
X2 5000 19/21/0.01/5.19822 23/27/0.02/6.87146  31/91/0.03/8.35219 114/409/0.12/8.66803  44/434/0.06
10000  19/21/0.02/6.24236 25/30/0.03/4.96690  32/94/0.07/8.99039 121/386/0.21/9.24258  44/434/0.11
50000  19/21/0.10/9.18597 21/24/0.12/5.07736  39/111/0.31/8.07298  132/545/0.97/9.33151  69/660/0.62
80000  19/21/0.15/9.76869 21/24/0.17/5.19059  37/107/0.38/7.68913  144/531/1.51/7.16998  45,/445/0.64
100000 19/21/0.22/9.98122  21/24/0.23/5.22992  37/107/0.48/7.27034  147/538/1.84/9.40226  45/445/0.78
X3 5000  20/36/0.02/6.19587 55/62/0.04/8.59363  25/136/0.05/9.53205 177/934/0.22/9.27197  60/657/0.08
10000  20/42/0.04/5.95404 60/72/0.10/8.88160  23/103/0.06/8.79467  174/939/0.40/7.55590  55/611/0.14
50000 25/60/0.26/4.58684 75/120/0.61/8.05478 4/119/0.15/0 3/50/0.08/0 51/586/0.56
80000  25/68/0.45/8.58154 77/133/1.01/7.63430 4/119/0.27/0 3/51/0.13/0 51/574/0.80
100000 28/97/0.63/4.21950 68/139/1.31/7.97262 4/119/0.30/0 4/78/0.19/0 49/553/0.99
X4 5000 11/12/0.02/9.25199 13/14/0.03/6.18790  16/46/0.04/7.57054 61/149/0.06/9.74203 55/496/0.09
10000  10/11/0.03/8.26390 12/13/0.04/5.89311 15/43/0.05/7.31198 64/145/0.09/9.72406 52/466/0.16
50000  8/9/0.06/8.01246 10/11/0.07/5.22219  13/35/0.10/8.56986 37/36/0.16/8.76948 47/416/0.37
80000  8/9/0.08/5.03683  9/10/0.09/6.94918  12/32/0.15/8.36380  54/47/0.33/9.46852  46/406/0.55
100000 7/8/0.09/9.19890  9/10/0.10/5.56771  12/32/0.17/6.94226  38/35/0.31/9.25774  45/396/0.67
X5 5000 18/31/0.02/8.95854 22/33/0.03/9.08024  36/106/0.04/8.08689  126/491/0.13/8.41998  43/432/0.06
10000  18/26/0.02/4.29426 21/29/0.04/5.23545  33/97/0.06/8.86457 177/795/0.36/8.86186  46/469/0.13
50000 19/27/0.11/5.40319 30/50/0.17/6.16445  23/67/0.18/6.19675  225/1240/2.06/8.61570  45/453/0.43
80000  19/27/0.18/8.73978 23/38/0.22/5.72233  23/67/0.24/5.45643  210/1537/3.35/7.25575  46/463/0.76

100000

20/28/0.25/8.66920

22/37/0.26/7.97284

23/67/0.28/8.02639

161/964/3.07/9.74702

47/473/0.83

Comparative results in terms of NI/NF/CPU/FV are shown in Tables 1-6, where “NI”
denotes the number of iterations, “NF” stands for the number of function value iterations,
“CPU” stands for the CPU time, “FV(10~%)” stands for the terminate function value of each
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Table 2. Experimental results of Problem 4.2 for four algorithms.
NBBP1 NBBP2 Liu NGCG Ablation
IP DIM  NI/NF/CPU/FV NI/NF/CPU/FV NI/NF/CPU/FV NI/NF/CPU/FV  NI/NF/CPU
X1 5000  5/16/0.02/0 3/6/0.01/0 17/22/0.03/3.64711  33/2/0.03/7.91061  2/7/0.01
10000 5/16/0.03/0 3/6/0.02/0 17/22/0.04/3.64711  33/2/0.04/7.91061  2/7/0.02
50000  5/16/0.05/0 3/6/0.03/0 17/22/0.07/3.64711  33/2/0.07/7.91061  2/7/0.03
80000  5/16/0.07/0 3/6/0.04/0 17/22/0.09/3.64711  33/2/0.10/7.91061  2/7/0.04
100000 5/16/0.09/0 3/6/0.05,/0 17/22/0.11/3.64711  33/2/0.14/7.91061  2/7/0.04
X2 5000 3/5/0.01/0 3/5/0.01/0 17/23/0.02/6.95808  33/2/0.03/9.62609 3/11/0.01
10000 3/5/0.01/0 3/5/0.02/0 17/23/0.04/6.96587  33/2/0.04/9.62585  3/11/0.02
50000 3/5/0.02/0 3/5/0.03/0 17/23/0.07/6.97211  33/2/0.09/9.62565  3/11/0.03
80000  3/5/0.03/0 3/5/0.04/0 17/23/0.10/6.97269  33/2/0.13/9.62563  3/11/0.04
100000 3/5/0.04/0 3/5/0.05/0 17/23/0.12/6.97289  33/2/0.17/9.62563  3/11/0.04
X3 5000 2/3/0.01/2.22045e-10  2/3/0.01/2.22045e-10  11/15/0.02/3.48297  29/2/0.02/8.90589 2/4/0.01
10000 2/3/0.01/2.22045¢-10  2/3/0.02/2.22045e-10  11/15/0.03/3.48297  29/2/0.03/8.90589  2/4/0.01
50000  2/3/0.02/2.22045e¢-10  2/3/0.03/2.22045¢-10  11/15/0.05/3.48297  29/2/0.07/8.90589 2/4/0.02
80000  2/3/0.03/2.22045e-10  2/3/0.04/2.22045e-10  11/15/0.08/3.48297  29/2/0.10/8.90589 2/4/0.03
100000 2/3/0.04/2.22045¢-10  2/3/0.05/2.22045¢-10  11/15/0.09/3.48297  29/2/0.12/8.90589  2/4/0.03
X4 5000  3/13/0.01/4.96507e-10 3/13/0.01/4.96507e-10 13/18/0.02/5.20222  26/2/0.02/9.41767  4/15/0.01
10000 3/13/0.02/4.96507e-10  3/13/0.03/4.96507e-10  13/18/0.04/5.20222  26/2/0.04/9.41767  4/15/0.02
50000  3/13/0.04/4.96507e-10 3/13/0.05/4.96507e-10 13/18/0.06/5.20222  26/2/0.07/9.41767 4/15/0.03
80000  3/13/0.05/4.96507¢-10 3/13/0.06/4.96507e-10 13/18/0.07/5.20222  26/2/0.10/9.41767 4/15/0.05
100000 3/13/0.06/4.96507e-10 3/13/0.07/4.96507e-10 13/18/0.09/5.20222  26/2/0.11/9.41767 4/15/0.06
X5 5000  11/32/0.02/0 12/38,/0.03/0 19/24/0.04/7.36801  42/80/0.05/8.75568  1/3/0.01
10000 12/40/0.03/0 13/42/0.04/0 20/26/0.05/2.15277 42/109/0.06/9.62486  1/3/0.01
50000  18/89/0.19/0 18/76/0.18/0 20/26/0.08/3.93016 45/110/0.20/8.07098  1/3/0.02
80000  19/93/0.35/0 18/76/0.30/0 20/26/0.12/4.86724 41/154/0.39/9.05571  1/3/0.02
100000 24/144/0.49/0 22/115/0.47/0 20/26/0.16/5.40317 47/143/0.51/7.42211  1/3/0.02
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Figure 1. Performance profiles of four algorithms (NBBP1, NBBP2, Liu and NGCG) in terms of iterative
number.

method, “Dim” represents the problem dimensions, and “IP” represents the initial points. Table
1 shows the reported results about Problem 4.1, where the initial points are taken as follows:
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Table 2 lists the numerical results about Problem 4.2, where the initial points
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Table 3. Experimental results of Problem 4.3 for four algorithms.

NBBP1 NBBP2 Liu NGCG

DIM NI/NF/CPU/FV NI/NF/CPU/FV NI/NF/CPU/FV NI/NF/CPU/FV

5000 8/17/0.01/6.21492 8/14/0.01/6.54042 78/158/0.03/9.09627 NA
10/20/0.01/4.64830 8/16/0.01/6.86809 78/158/0.04/8.79852 NA
10/17/0.01/2.06199 8/15/0.01/3.88685 78/158/0.06/8.93414 NA
8/16/0.01/6.55624 10/20/0.01/2.03916 78/158/0.05/8.99188 NA
10/20/0.01/2.50972 10/19/0.01/3.88973 78/158/0.03/8.69663 NA

10000  10/17/0.01/6.94980e-1 10/19/0.01/5.77155 80/162/0.06/8.88374 NA
8/17/0.01/9.66004 9/18/0.01/4.64568e-1  80/162/0.06/8.74839 NA
10/20/0.01/6.27483e-1 8/15/0.01/6.91873 80/162/0.06/8.82644 NA
8/16/0.01/7.20756 8/16/0.01/5.71288 80/162/0.06/8.87768 NA
10/20/0.01/3.53755 10/17/0.01/2.14764 80/162/0.06/8.76051 NA

50000  10/19/0.03/2.41851 10/17/0.03/3.96476 84/170/0.21/9.43225 NA
10/20/0.03/1.13645 9/20/0.03/2.92764 84/170/0.18/9.37335 NA
10/20/0.03/7.48513 9/20/0.03/3.01407 84/170/0.17/9.41641 NA
10/20/0.03/1.21450 10/21/0.03/2.02319 84/170/0.18/9.48097 NA
10/19/0.03/2.42916 10/19/0.03/7.43870e-1  84/170/0.18/9.39495 NA

80000  10/20/0.06/9.55293 9/20/0.06/6.66906 85/172/0.32/9.98720 NA
10/20/0.05/1.28926 10/19/0.06/2.03168 86/174/0.29/8.39177 NA
10/20/0.06/9.91531 9/20/0.06/8.66070 85/172/0.28/9.92904 NA
10/20/0.06/1.02263 10/17/0.06/7.10540 86/174/0.26/8.35469 NA
10/20/0.05/9.89054 10/21/0.05/3.49063 85/172/0.27/9.87883 NA

100000 10/20/0.08/1.10937 9/20/0.08/5.26203 86/174/0.48/9.30713 NA
10/20/0.07/1.19773 10/21/0.07/2.69449 86/174/0.37/9.32851 NA
10/20/0.07/1.61981 10/19/0.06,/1.84909 86/174/0.51/9.31622 NA
10/20/0.07/1.11744 10/17/0.07/6.85561 86/174/0.41/9.26915 NA
10/20/0.07/1.48836 10/21/0.07/2.99990e-1 86/174/0.35/9.28354 NA

are taken as follows: 7 = (1,5, - ,#)T, vy = (1,5, ,%)T, T3 = (%,2%, ,%)T, Ty =

(11

-
2

)T a5 =(1— %, 1—2,....0)". Table 3 shows the numerical results about Problem

35327 »3n n?

4.3, and the initial points are randomly generated from (0,1). Table 4 shows the numerical
results about Problem 4.4, and we choose the initial points as x; = (%, 2%, ‘e ,2%)T7 Ty =
(02,0.2,---,02) w3 = (3,4, . 3) T as = (3,32, ,32) ", @5 = (0.4,04,---,04)7. Table

5 shows the numerical results about Problem 4.5, and we choose the initial points as x; =

. 71)T7 T2 = (172%) 7#)1—7 r3 = (17%7 7%)1—7 T4 = (]- - %71 - %7 )O)T7 Ty =
(g, 37,0 ,3%)T. Table 6 reports the numerical results about Problem 4.6, and we choose the

initial points as x1 = (%, %, DT g = (%, 2%, e ,2%)1—,:113 = (1, %, e ,%)T, x4 =(1- %, 1—
%, e, 0) Ty = (%, 3%, e ,%)T. Generally speaking, the proposed methods NBBP1 is more
competitive and effective than other methods in terms of NI/NF/CPU/FV from Tables 1-6.
From Table 1, we notice that our method NBBP1 is insensitive to the increase of dimension,
while our method NBBP2 is sensitive to the initial points. From Table 4, we observe that the
two methods are sensitive to the initial points. From Tables 2-3 and 5-6, there are no significant

differences between NBBP1 and NBBP2. Due to the random initial point of the data in Table

(%7%7"
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Table 4. Experimental results of Problem 4.4 for four algorithms.
NBBP1 NBBP2 Liu NGCG Ablation
IP DIM  NI/NF/CPU/FV NI/NF/CPU/FV NI/NF/CPU/FV NI/NF/CPU/FV  NI/NF/CPU
X1 5000  19/32/0.02/7.13692  18/31/0.03/6.14878 23/30/0.04/5.85151  47/122/0.08/8.31957  25/166/0.04
10000  20/33/0.04/3.61428  18/31/0.05/8.36218 25/27/0.06/4.94250 51/170/0.10/7.77636  41/418/0.16
50000  24/41/0.20/4.49707  23/36,0.23/4.98480 65/222/0.55/8.70957  60/279/0.50/7.88447  55/614/0.86
80000  24/36/0.32/7.01152  24/37/0.33/4.49104 69/246/0.78/9.53334  56/298/0.77/8.85964  76/1148/2.32
100000 25/39/0.40/7.05120  23/35/0.41/3.67454 71/263/1.04/9.88020  56/267/0.91/8.12017  71/971/2.47
X2 5000 15/25/0.01/1.04243  19/44/0.02/2.88184 23/30/0.03/3.49405 57/210/0.07/8.51545  24/151/0.04
10000  16/25/0.04/2.45125  16/31/0.05/4.78902 29/41/0.06/6.08480 60/202/0.11/9.03987  34/311/0.12
50000  34/139/0.30/5.87481 20/50/0.25/4.53056 47/148/0.34/5.17946  61/292/0.52/7.88777  74/1125/1.55
80000  30/122/0.57/2.07207 21/56/0.41/9.65711 72/272/0.85/7.73434  61/330/0.81/8.51759  74/1049/2.14
100000 27/98/0.81/9.57882  25/79/0.65/2.17478 65/247/0.95/5.72630  62/372/1.10/7.14399  74/1181/3.06
X3 5000 20/53/0.02/1.57552  26,/104/0.05/3.75991 23/30/0.03/3.71234 54/174/0.06/9.06052  29/135/0.05
10000 22/66/0.04/3.06480  32/120/0.14/3.70946 24/30/0.05/9.78023  55/209/0.12/8.59356  30/177/0.10
50000  32/98/0.30/3.83902  34/170/0.62/2.09889 49/143/0.32/7.05311  58/294/0.55/8.34642  40/294/0.48
80000  27/90/0.59/3.76125  42/248,/1.44/7.19617 104/465/1.46/6.41246  59/308/0.88/7.94951  60/716/1.53
100000 26/101/0.78/1.26572 40/218/1.60/6.37696e-10 91/379/1.68/6.84301  64/370/1.25/9.69125  61/717/1.91
X4 5000 20/75/0.02/3.57848  20/55/0.03/1.54500 23/30/0.03/3.73057 48/122/0.05/8.91891  36,/269/0.06
10000  28/129/0.10/1.72536  23/61/0.06/3.00312 26/36/0.09/6.66348 51/171/0.12/8.41490  42/416/0.16
50000  29/126/0.28/3.39013 26/67/0.24/2.62319 52/143/0.33/9.81833  62/283/0.58/7.99468  71/868/1.21
80000  30/140/0.84/6.70450 25/54/0.40/6.93404 108/441/1.27/5.66337 56/298/0.81/8.56468  80/1055/2.13
100000 34/173/0.97/9.70749 26/76/0.64/2.87580 83/356/1.24/7.67959  54/267/0.86/7.24582  77/1029/2.61
X5 5000  15/31/0.02/8.80220  18/45/0.03/1.13688 22/29/0.04/9.39474  56/236/0.07/7.21012  46/520/0.09
10000  21/46/0.05/3.48871  17/38/0.04/1.08494 23/30/0.06/4.40376 59/245/0.14/9.72310  70/1036/0.35
50000  19/41/0.19/4.75273  29/113/0.50/1.87411 27/29/0.21/5.47220  63/340/0.57/8.46435 116/2252/2.79
80000  16/34/0.22/1.79724  26/98/0.66/5.85904 27/28/0.26/9.34062 64/346/0.88/9.34587  140/2996/5.88
100000 18/45/0.30/2.22854  28/110/0.90/4.32746 31/33/0.33/4.68878  65/368/1.11/8.82989 156/3388/8.10
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Figure 2. Performance profiles of four algorithms (NBBP1, NBBP2, Liu and NGCG) in terms of the iterative
number of function value.

3, its initial point is uncertain. Conducting ablation experiments cannot guarantee consistency
with the initial point of the new algorithms. Such experimental results are meaningless. We did
not conduct the ablation experiment for the third test function. And so we only add Ablation
experiments for Tables 1-2 and 4-6. We name the ablation experiment as Ablation in Tables 1-2
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Table 5. Experimental results of Problem 4.5 for four algorithms.

NBBP1 NBBP2 Liu NGCG Ablation

IP  DIM NI/NF/CPU/FV NI/NF/CPU/FV NI/NF/CPU/FV NI/NF/CPU/FV  NI/NF/CPU
X1 5000  4/10/0.01/0 4/10/0.01/0 19/26/0.02/3.91676  38/65/0.04/9.84627  5/10/0.02
10000  4/10/0.02/0 4/10/0.03/0 19/26/0.04/5.53821  38/90/0.07/8.92078 5/10/0.02
50000  4/10/0.03/0 4/10/0.04/0 20,/28/0.08/4.25273 43/110/0.21/9.92452  5/10/0.03
80000  4/10/0.05/0 4/10/0.06/0 20/28/0.11/5.37925 39/155/0.37/7.88977  5/10/0.05
100000 4/10/0.06/0 4/10/0.07/0 20/28/0.14/6.01416  37/116/0.39/9.68974  5/10/0.06
X2 5000 3/13/0.01/0 3/13/0.01/0 13/18/0.02/4.22394  29/2/0.02/9.64591 2/3/0.01
10000  3/13/0.02/0 3/13/0.03/0 13/18/0.04/4.22394  29/2/0.04/9.64591 2/3/0.02
50000  3/13/0.03/0 3/13/0.04/0 13/18/0.05/4.22394  29/2/0.06/9.64591  2/3/0.03
80000  3/13/0.04/0 3/13/0.05/0 13/18/0.07/4.22394  29/2/0.09/9.64591 2/3/0.03
100000 3/13/0.06/0 3/13/0.07/0 13/18/0.09/4.22394  29/2/0.11/9.64591  2/3/0.03
X3 5000 2/5/0.01/0 2/5/0.01/0 14/20/0.02/6.08034  31/2/0.02/7.29092 2/3/0.01
10000 2/5/0.01/0 2/5/0.02/0 14/20/0.03/6.08034  31/2/0.03/7.29114  2/3/0.01
50000 2/5/0.02/0 2/5/0.03/0 14/20/0.06/6.08034  31/2/0.08/7.29133 2/3/0.02
80000  2/5/0.03/0 2/5/0.04/0 14/20/0.08/6.08034  31/2/0.11/7.29134 2/3/0.03
100000 2/5/0.03/0 2/5/0.04/0 14/20/0.09/6.08034  31/2/0.14/7.29135 2/3/0.03
X4 5000 4/19/0.01/0 4/19/0.01/0 19/26/0.02/3.91413  37/65/0.03/8.05620 5/10/0.02
10000  4/19/0.02/0 4/19/0.03/0 19/26/0.04/5.53635  42/65/0.06,/7.22824 5/10/0.02
50000  4/19/0.03/0 4/19/0.04/0 20/28/0.08/4.25241  43/110/0.23/8.96972  5/10/0.03
80000  4/19/0.05/0 4/19/0.06/0 20/28/0.12/5.37899  37/152/0.38/9.11463  5/10/0.05
100000 4/19/0.06/0 4/19/0.07/0 20/28/0.15/6.01393  39/125/0.46/9.17488  5/10/0.06
X5 5000  1/3/0.01/0 1/3/0.01/0 9/13/0.02/7.94263  23/2/0.02/9.21872 1/2/0.01
10000  1/3/0.01/0 1/3/0.02/0 9/13/0.03/7.94263 23/2/0.03/9.21872 1/2/0.01
50000 1/3/0.02/0 1/3/0.03/0 9/13/0.04/7.94263 23/2/0.06/9.21872 1/2/0.02
80000 1/3/0.03/0 1/3/0.04/0 9/13/0.06/7.94263 23/2/0.08/9.21872 1/2/0.02
100000 1/3/0.03/0 1/3/0.04/0 9/13/0.07/7.94263 23/2/0.09/9.21872 1/2/0.03
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Figure 3. Performance profiles of four algorithms (NBBP1, NBBP2, Liu and NGCGQG) in terms of the CPU time.

and 4-6. The results are listed as NI/NF/CPU. By comparison Ours and Ablation, we mark the
bad results bold. Briefly, the accelerate structure is valid.
According to Tables 1-6 (without Table 3), the performance profile proposed by Dolan and
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Table 6. Experimental results of Problem 4.6 for four algorithms.

NBBP1 NBBP2 Liu NGCG Ablation
IP DIM  NI/NF/CPU/FV NI/NF/CPU/FV  NI/NF/CPU/FV NI/NF/CPU/FV  NI/NF/CPU
X1 5000 5/19/0.01/0 5/19/0.02/0 19/39/0.03/9.58542 37/146/0.05/6.31840  11/94/0.02
10000  5/19/0.02/0 5/19/0.03/0 20/41/0.04/6.41353 42/176/0.08/7.37796  15/152/0.04
50000  5/19/0.03/0 5/19/0.05/0 21/43/0.11/6.18195 42/199/0.27/6.79131  40/732/0.51
80000  5/19/0.04/0 5/19/0.06/0 21/43/0.16/7.81955 41/167/0.43/9.68020 50/1053/1.18
100000 5/19/0.06,/0 5/19/0.07/0 21/43/0.20/8.74250  46/271/0.64/6.37846 71/1637/2.09

X2 5000  3/7/0.01/9.93014 5/25/0.02/2.17558 14/28/0.03/7.78275  94/65/0.04/7.73270  4/20/0.01

10000  3/7/0.02/9.93014 5/25/0.03/2.17558 14/28/0.04/7.78275  94/65/0.06/7.73270 4/20/0.02

50000  3/7/0.03/9.93014 5/25/0.05/2.17558 14/28/0.06/7.78275  94/65/0.21/7.73270 4/20/0.04

80000  3/7/0.04/9.93014 5/25/0.07/2.17558 14/28/0.09/7.78275  94/65/0.33/7.73270 4/20/0.05

100000  3/7/0.05/9.93014 5/25/0.09/2.17558 14/28/0.11/7.78275  94/65/0.46/7.73270  4/20/0.05

X3 5000  4/11/0.01/0 5/13/0.02/0 15/31/0.03/7.55707  46/38/0.04/5.68668  3/17/0.01

10000 4/11/0.02/0 5/13/0.03/0 15/31/0.04/7.55707  46/38/0.05/5.65471  3/17/0.02

50000 4/11/0.04/0 5/13/0.05/0 15/31/0.08/7.55707  46/38/0.12/5.67823 3/17/0.04

80000  4/11/0.06/0 5/13/0.07/0 15/31/0.12/7.55707  45/38/0.20/9.86938 3/17/0.06

100000 4/11/0.07/0 5/13/0.08/0 15/31/0.14/7.55707  46/38/0.23/5.47407 3/17/0.07

X4 5000  5/19/0.01/0 5/19/0.02/0 19/39/0.03/9.58498  44/122/0.04/6.91136  11/75/0.02
10000 5/19/0.02/0 5/19/0.03/0 20/41/0.04/6.41805 44/195/0.08/7.09913  14/144/0.04
50000  5/19/0.04/0 5/19/0.05/0 21/43/0.11/6.18192  43/178/0.27/7.12946  38/737/0.49
80000  5/19/0.06/0 5/19/0.07/0 21/43/0.17/7.81953  51/189/0.54/7.11552 62/1410/1.54
100000 5/19/0.08/0 5/19/0.09/0 21/43/0.20/8.74248  39/229/0.60/8.24633  43/917/1.18

X5 5000 3/7/0.01/8.88178e-10 4/9/0.01/0 15/30/0.02/9.20077  51/2/0.03/8.35344 6/36/0.02

10000 3/7/0.01/8.88178¢-10  4/9/0.02/0 15/30/0.03/9.20077  51/2/0.04/8.35344  6/36,0.02

50000  3/7/0.03/8.88178¢-10 4/9/0.04/0 15/30/0.07/9.20077  51/2/0.11/8.35344  6/36,0.05

80000  3/7/0.04/8.88178-10 4/9/0.05/0 15/30/0.10/9.20077  51/2/0.16/8.35344  6/36/0.07

100000  3/7/0.05/8.88178¢-10  4/9/0.06/0 15/30/0.12/9.20077  51/2/0.19/8.35344  6/36/0.08

Table 7. Experimental results of image restoration (512 x 512) for four methods.
NBBP1 NBBP2 Liu NGCG

Image NI/Tcup/SNR/PSNR NI/Tcup/SNR/PSNR NI/Tcup/SNR/PSNR, NI/Tcup/SNR/PSNR
1 41/16.95/24.33/37.63  38/19.94/24.32/37.63 79/33.84/24.29/37.59 246/117.16/23.93/37.24
2 41/16.81/23.95/35.20  69/41/23.84/35.09 118/52.27/23.79/35.04  433/203.88/23.10/34.34
3 66/26.78/23.81/36.21  68/39.39/23.83/36.23 179/74.91/23.56/35.97  320/150.20/23.53/35.93
4 62/30.56/24.11/37.38  32/18.56/24.60/37.87 156/76.67/23.74/37.02  273/126.95/23.75/37.02
5 87/41.59/21.10/36.35  138/100.17/20.96/36.21 213/106.48/20.87/36.12 365/178.05/20.80/36.05

More [12] is employed in this study to further clear show the performance of four methods. The
set of n, problems and solvers are respectively denoted by P and S. Let t, s be CPU (NI and
NF) required to solve problem p € P by solver s € S and define the performance ratio as

rps =1 mint, ;.
p’s p’s/ Ses p’s

The performance profile for each solver s is defined by

1
X(1) = —size{p € P:logyrps <7},

p
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Table 8. Experimental results of image restoration (256 x 256) for four methods.

NBBP1 NBBP2 Liu NGCG
Image NI/Tcup/SNR/PSNR NI/Tcup/SNR/PSNR NI/Tcup/SNR/PSNR NI/Tcup/SNR/PSNR
1 35/3.61/22.56/32.02 148/19.95/22.60/32.06  63/7.03/22.49/31.95 439/38.70/22.45/31.91
2 54/5.47/19.90/30.99 182/31.20/19.93/31.02  65/6.80/19.67/30.76 546,/49.53/19.91/30.99
3 109/10.42/21.91/32.00 62/7.97/22.13/32.21 175/17.45/21.92/32.01 420/38.92/21.73/31.85
4 84/8.45/21.54/31.58  181/24.94/21.18/31.22 150/15.38/21.47/31.51 494/46.56/20.72/30.76
5 74/10.53/24.71/32.98

92/16.42/24.70/32.97

156,/22.00/24.63/32.91

527/49.23/23.53/31.80

Figure 4. From top to bottom:

Liu and NGCG, respectively.

The original images, the blurred images, the restored images by NBBP1, NBBP2,
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Figure 5. From top to bottom: The original images, the blurred images, the restored images by NBBP1, NBBP2,
Liu and NGCG, respectively.

where size{.A} is the number of element A. Then, x(7) is the probability for solvers s € S that
logy rp.s is within a factor 7 € R of the best possible ratio. Moreover, x(7) is the distribution
function for the performance ratio.

The performance curves about the four methods in terms of “NI”, “NF” and “CPU” are plot-
ted in Figures 1-3, and obviously, the top curve in each subfigure means that the corresponding
method is a winner. It can be seen from Figures 1-3 that the proposed method NBBP1 is more
competitive and effective than other methods in terms of any aspect. From Figure 1, we observe
that NBBP1 solves nearly 82 percent of the all examples with fewer iterative number than the
other methods. From Figure 2, it is obvious that NBBP1 solves approximately 48 percent of the
all examples with the least iterative number of function value among the methods. From Figure
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3, our method NBBP1 solves 85 percent of the all examples with the least CPU time among the
comparison methods.

5. Applications to image restoration

5.1. General description

In this subsection, to evaluate the performance of the above-mentioned methods in image restora-
tion, we simply introduce the process of transforming an image restoration model into a con-
strained monotone nonlinear equations. The mathematical model can be written as

. 1
min 7'H:1:H1—|—f||b—Ax||%, (5.1)
reER? 2

where b € R™ is observed value and 7 > 0 is a parameter, A € R™*"™ denotes a partial discrete
Walsh-Hadamard transform (DWT) matrix and m rows are randomly chosen from the n x n
DWT matrix, and ||-||; denotes the so-called /;-norm (the sum of absolute values of all elements).

By the technique proposed by Figueiredo, Nowak and Wright [13], Problem (5.1) can be
reformulated as a convex quadratic program problem. By splitting x € R™ into positive and
negative parts, we firstly have

r=u—v, u>0, v>0, (5.2)

s.t. w; = max{0,z;} and v; = max{—=z;,0} with ¢ € {1,2,---,n}. Secondly, by denoting
en=(1,1,---,1)T € R, we can rewrite [;-norm as

2|l = e u+el v (5.3)

Combine (5.2) and (5.3) to rewrite Problem (5.1) as the following bound-constrained quadratic
program:
o1

2 T T
i o |A(u —v) — b5 + Te, u + Te, v,

which is equivalent to

1
min -z Hz +¢' 2, (5.4)
2>0 2
where
U Ten, — ATD ATA —ATA
z= , = , H=
v Ten +ATD —ATA ATA

Obviously, the problem (5.4) is a convex quadratic program problem since the matrix H
is positive semidefinite. According to its first-order optimality condition, it is not difficult to
obtain that z is a minimizer of (5.4) if and only if z is a solution of the following equations:

F(z) =min{z, Hz+c} =0, z >0, (5.5)

where F : R?™ — R?" is Lipschitz continuous and monotone (see [29, Lemma 3] and [36, Lemma
2.2]) and the “min” is defined as componentwise minimum.
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5.2. Experiments on image restoration

Now, we verify the efficiency of our two methods NBBP1 and NBBP2 for restoring blurred
images by comparing with Liu and NGCG. All test images come from Test Image Collection.

The quality of the restored images by signal-to-noise ratio (SNR) [5] and peak signal noise ratio
(PSNR) [5] in dB:
SNR = 20 x log M,
[l
and
(N —1)?
v S (Tig — i)
where  denotes the original image, x; ; denotes the value of  at the point (i, j), Z is the restored
image, z; ; denotes the value of z at the point (7,5), M and N are the size of the image. The
definition of SNR and PSNR implies that the larger is SNR and PSNR, the better is quality of
the restored image. In our experiments, we set 7 = 0.35 and the remaining parameters for four
methods are chosen as the same as the above section. All methods start their iterations with
xo = ATband b is the blurred image obtained by the original images adding Gauss blur with blur
kernel (o = 1). The parameter of four methods and the stopping criterion are the same as the
above section. The original, blurred and restored images by four methods are showed in Figures
4 and 5. The detailed results are showed in Tables 7-8, where Tcup is the CPU time, SNR and
PSNR respectively denoted the restored image SNR value and PSNR value. From Tables 7-8,
the restored image quality for the proposed method outperform the compared methods in terms
of any aspect. For proposed methods, the NBBP1 method is more competitive than the NBBP2
method.

)

6. Concluding remarks

In this paper, by constructing a new search direction, we present the two modified BB projection
methods with Quasi-Newton equation for solving constrained monotone nonlinear equations. We
prove the convergence analysis of the proposed methods. Numerical examples and application
examples are investigated to show the effectiveness and competitiveness of the proposed methods.
In practice, investigating different updates of the involved parameters §; and ~, will lead to a
new search direction satisfying the Quasi-Newton equation and hence will results in new BB
projection methods. We think this will be studied in the future since it is a hybrid direction
that is different from the existing methods.
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