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Abstract By means of the weight functions, the idea of introduced parameters and Hardy’s
integral inequality, a new extended half-discrete multidimensional Hilbert-type inequality
with the general nonhomogeneous kernel as well as one lower limit function is obtained. The
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are considered. The equivalent forms, the operator expressions and some particular cases
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1. Introduction

Suppose that p > 1, % + % =1,am,b, > 0,0 <> ah, <ooand 0< > 07, b} < co. We have
the following Hardy-Hilbert’s inequality with the best possible constant factor W (cf. [11],
Theorem 315):

PP (z)(ib) "

m=1n=1

If f(z),9(y) > 0,0 < [;° fP(x)de < oo and 0 < [;° g%(y)dy < oo, then we have the integral
analogues of (1.1) named in Hardy—Hllbert s integral inequality with the same best value as
follows (cf. [11], Theorem 316):

/OOO/OOOWCZ Z(/ Pz dl‘>;</ooogq(y)dy>é. (1.2)

In 2006, by using the Euler-Maclaurin summation formula, Krnié¢ et al. [21] gave the following
extension of (1.1):

ZZ m+n

m=1n=1

1 1
p > q
B(A1, A2) (Zmpl M) ) (anﬂ—w—lbg) , (1.3)
n=1
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where, A1, A2 € (0,2], A1 + A2 = X\ € (0,4], the constant factor B(A;, A2) is still the best value,
and
00 tu—l
B(u,v) = /0 Wdt, u,v >0 (1.4)
is the Beta function.

In 2016-2017, Hong et al. [14, 16] provided some equivalent statements of the extension of
(1.1) (resp. (1.2)) with several parameters related to the best value. Some related results were
considered by [9, 13, 15]. In 2019, by means of (1.3) and Abel’s partial summation formula,
Adiyasuren et al. [1] obtained an extended application of (1.3) involving two partial sums. In
2020, Mo et al. [27] gave an extension of (1.2) involving two upper limit functions. Inequalities
(1.1)-(1.2) with their extensions played an important role in analysis and its applications |2,
4,12, 19, 22,29, 33-36, 38]. In 2023, Hong et al. [17] obtained a more accurate half-discrete
multidimensional Hardy-Hilbert’s inequality involving one derivative function of m—order. In
2026, Huang et.al and Peng et al. [20,28] gave a few extended multidimensional Hardy-Hilbert’s
inequality involving one partial sum. Some other results were provided by [3,8,10, 18,25, 30,32,
37]. The above extended inequalities are all with the particular homogeneous kernels.

In the following, we’ll consider to build an extended half-discrete multidimensional Hilbert-
type inequality with the general nonhomogeneous kernel. The construction of robust weight
functions and integral inequalities in this paper provides essential analytic tools that are highly
relevant to the qualitative analysis of advanced dynamic systems; indeed, establishing sharp
inequality bounds is deeply connected to investigating the existence, uniqueness, and oscillatory
or asymptotic characteristics of solutions in nonlinear neutral, delay, and fractional differential
equations [5-7,26,31].

In this article, by means of the weight functions, the idea of introduced parameters and the
well known Hardy’s integral inequality, a new extended half-discrete multidimensional Hilbert-
type inequality with the general nonhomogeneous kernel and a multiple lower limit function is
obtained. The equivalent statements of the best possible constant factor in the new inequality
related to several parameters are provided. The equivalent forms, the operator expressions and
some particular cases are deduced.

2. Some formulas and lemmas

In what follows, we suppose that

(C1). ne N:={1,2,---}, m € Ng := NU{0},p > 1 (¢ > 1), %—F% =1L, aeR; =(0,0),0¢€

, 1|, 0,01 € R, 0 = = + =, f(2) 1s a nonnegative continuous 1n except on finite number
0,1 R, o C;l ‘; i i i in Ry fini b
of points satisfying

0< / aPFm=0)=L P (1) dx < o0,
0

and for k = (ki kn) € N™ b, > 0, [[k][5 := (X", k%), such that

7

0 < STKE" T < oo
k

If M > 0,¢(u) (u> 0) is a nonnegative measurable function, then we have the following
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transfer formula (cf. [36], Lemma 9.1.5):

n

Yi
Y (=) | dy -+ dyn,
/ /{yeRn,o<2? NESLESD! (2 M "

M”F" 7_1d
T BTG / ¥(u u. (2.1)
(i) Tn view of [[yl[s = M, (4)%]7, by (2.1), we have

/ W (|[ylls)dy

Yi 1
= hm/ / M (2P 8)dyy - - - dyy,
Jim eRT0<n . (35y9<1) O ( [Z:(M)] )dy1

)

o 8 L
_A}EPOOM(Z)/O U(Mu? ) “au
)

/ (gl )y = Jim
Yllp)oy = m  — i
{yeR||yl|5>b} M—oo ["T(%

G /boo W (v)o" tdv. (2.3)

Lemma 2.1. With regards to the assumption (C), ¢ € Ry, we have the following inequalities:

Fn - 2acrn(l)
—Qac—n ﬁ

k _ 2.4

acfn— 1I‘% H ZH HB < acﬁn—ll"(%)’ ( )

i=1 k

where, we indicate that H = 1.

=1

Proof. Since for a,c > 0,8 € (0,1],(=1)""1 al ||y\|go‘c "<0@G=125=1,---,n), by

ac+z

Hermite-Hadamard’s inequality (cf. [23]) and (2. ), fory; > % (i=1,---,n), [[ylls > 3n 5 > 1
it follows that

Sl < lglledy
k {y

€RY w5}

</ il
{veRL ;llyllp=>51}

I"(5) [
U—ac—nvn—ldv
B 1r<g>/
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By the decreasing property of series and (2.2), we find

k> [ ol "dy
zk: ’ fyeR ’

T osyi>1}

- / Iy + 1][3°¢"dy
R .

+

- Fn(%) > iy
)/0 (

= 571_1{‘(% v+ 1)ac+n
_I"(3)Blac.n)
= W

Hence, we have (2.4).
The lemma is proved.

O]

Lemma 2.2. With regards to the assumption (Cy), if h(t)t‘”*g is nonnegative decreasing in

R and strictly decreasing in an interval I C Ry, with

K(n) = /0 T heldt € Ry (5= 0.00),

and we define the following weight functions:

oo
w(o, k) = IIIﬁII%"/0 h(z||k][§)z"" dz (k€ N"),

w(or,x) =27 Y hlz|[k|IB)IKIIF" " (z € Ry),
k

then the following expression and inequality hold:

w(o,k) = K(o) (ke N"),
(4K (o)
aB"TI(3)

Proof. In (2.5), for fixed k, setting ¢ = z||k[|3, we find

w(oy,x) < (x € Ry).

1

1LIF

(o) = K57 [ ) (e

)cr—l

a
B

(2.5)

(2.6)

dt = /Oo h(t)t° tdu = K (o).
0
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Then we have (2.7).
In (2.6), for p(v) = h(zv®)v*?1~", by the decreasing property of series and (2.2), we have

w(on,x) =z Y h(|k||g)(||k|I3)" =
k

<<xajg (] Jy]|2) ] [y]|2)7

l

= I?)g / h(zv®) (z0®)7 a0 L

t=av® r" (% f tUl Lat
aﬁn—1r<%>

(K

af ()
and then we have (2.8).
This proves the lemma. O

Lemma 2.3. With regards to the assumption (Cy), if o1 — o < p(1 — o), setting Fy(z) == f(x)
(x € Ry), forme N,i=1,--- ,m, we define muliple lower limit functions as follows:

/ (/t f (t1)dty - - dtH) dt; (z € Ry),

then for m € Ny, we have the following inequality:
[Taemt ] (2.9

= p- )1Fp s
{/0 T dx] Hz

=1

=

q>

0
where, we denote [[(i —a)™' =1 (a < 1).
i=1

Proof. Form =0, ﬁg(x) = f(x), (2.9) keeps the form of an equality; form € N, i =1,--- ,m,
by the following Hardy’s integral inequality (cf. [11], Theorem 330):

[ ([ s aes (2] [Forwaas e

(h(z)(=z 0) € L(R4), r < 1), for 0 = 22 + 0 <1 (01 — 0 < p(1 — 0)), setting r = p(i —m —
143) +1 (< 1), and h(z) = F;—1(2), [ h(t)dt = Fi(z), it follows that

00 N % 1 00 PN p
/ l,p(1+m—z—a)—1Fp(l,)d$ < _ / xp(?—l—m—z—a)—le (ZL‘)diL‘
0 ¢ —m —+ 1— Z — 0 0 i-1
Substitution of ¢ = 1,--- ;m in the above inequality, by simplifications, we obtain

m

1 1
00 A P 1 00 1~ »
p(l—o)—le P < / p(l-l—m—a)—lFP
[/0 x m(a:)d:v] =] m+1—i—3[0 x o (x)dx

=1
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m 1 . R %
11— U R L
. 11— 0 0
=1
namely, (2.9) holds.
This proves the lemma. ]

Lemma 2.4. With regards to the assumptions of (C1) and Lemma 2.2, for m € Ny, we have
the following inequality:

I —Z/ (ol [3) Fon ()l
IROLIO AU T snma)nrg]
< <a,3n—1r(g)> Ki(o) [/O Fr )d] S el | 1)

Proof. By Holder’s inequality (cf. [23]), (2.5) and (2.6), we have

o L aaa g, @) | | RIS P,
1= [ wlelll) Hku(ﬁn,m)/p s |
)(p=1) z
SYANCLRY W o Fhl@)ds
H Hn ao1)(g—1) é

Sp3 | el = b

P

_ { / [ Zh<wukug>ukug“—“dy] xﬂlaﬂﬁ,ﬁ(x)dx}
0 k
1
) R q
x {Z [ukuwl / h(xrk\r;;)x“—ldm} k] 707 bz}

k

Q=

1
:{ /0 w(al,x)xp(l_a)_lﬁ,%(x)dx]p[Zw(a,k)||k:||qﬁ(n_aa)_"bZ] . (2.12)

k
Since by (2.9) and H := [;* PU+m=0)=1p(1)dxr < oo, it follows that L := I pP(1-0)-1
Fh(x)dr < oco. If L = 0, then F,,(z) = 0 a.e. in R4, which means that f(z) = 0 a.e. in Ry,
and H = 0. It contradicts the fact that H > 0. Hence, we have 0 < L < co. In view of (2.12),

(2.7) and (2.8), we have (2.11).
This proves the lemma. O

3. Main results

By (2.11) and (2.9), we have

Theorem 3.1. With regards to the assumption (Cy), if h(t)t”lfg is nonnegative decreasing in
R and strictly decreasing in an interval I C Ry, with

K= [ b it e Ry (n=,0)
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then for o1 — o < p(l — o), we have the following extended half-discrete multidimensional
Hilbert-type inequality with the nonhomogeneous kernal and one multiple lower limit function:

fzg;éhummﬁw@mm

mog (LK)
< H i—0 ( aﬁflp(gl) ) Ki(o)

i=1

x[/ooxpﬂma 1P () } [chy\ﬁ" oB)—n bq] . (3.1)

0

In particular, for o1 = o (< 1), in view of the assumption (Ci), we have

0< /0 PIHm=0)1 fp(3)d < 00,0 < 3 ]I < oo,
k

and the following inequality

xum“mﬂw ][ZWW“”]. (3:2)

Theorem 3.2. With regards to the assumption of Theorem 3.1, if o1 = o (< 1), there exists
constants b € (o,1) and My > 0, such that

h(t) < Myt™" (t € (0, 00)), (3.3)

mo (TBE )\ s
Hz ( Bn lr(gl)> KQ(U)

=1

then the constant factor

in (3.1) is the best possible.

Proof. We need to prove that the constant factor in (3.2) is the best possible.
There exists dg € (0,1 — o), such that b € (¢ + dp, 1). For any 0 < £ < pdp(< p(1 — o)), we
set

m

_ H(i—a—%)x‘f—m+%_1, 0<z<1,
f(z) =4 =1 (m € No),
0, z > 1,

)\gfi)fn

~ a( n
by o= Ikl (k € N).
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Then we find Fy(z) = f(z), and for m € N,

:/ / f (t1)dt - dtm_1> dtm
x tm
0’ m—&-f—
/ / dty - - 'dtm1> dty, 0 <z <1,
to

0, x > 1,

m 1( ) O<zx < 1,
0, z > 1,
where, P,,_1(x) is indicated as a nonnegative polynomial of (m — 1)-degree satisfying
Pr(r:)fl(]‘) = ($0+§_1)(i)’x=1 (Z = 07 e, M — 1)

We denote P_;(x) := 0, the above expression satisfies for m € Ny.
Since Py,—1(x) — Constant (z — 07), there exists a positive constant C, such that

Ph_1(z) <C (z € (0,1]). (3.4)

If there exists a positive constant M, with

" g
M < H — <a5n grig)) K(o) (3.5)

such that (3.2) is valid when we replace the constant factor by M, then in particular, by (2.4)
(for ¢ =€), we have

i —Z/ 2l 1k3) Fon(2)bdz
- M[/OOO p(1+m=a)=1 () ] [ZWCHB” ao)

Q=
Q=

_ 4 i—O’—E 11,*14*6 T ; —ae—n

= u]fe—o—) ([ oeas) @quﬂ )
e (2T

< Eg(l—a—p (aﬁ”_lr(g)>

By (2.3) and Fubini theorem (cf. [24]), we have
~ a(c—£)—n 1 o ol E_
= YOI [ bl = Paca(@)de = A - (41 + 42),
k O

where, we define

ae—n a(c+3) oL E
A= Z\Ikl\g . [Hkllg /0 h(x||k]|§)2" 7 dz |
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a(o— o z° £-1
A= SRS / (x| K]|3)a+ 5 d,
k

a(o— 1
Ari= SR [ balbl5) P ()
k

By (2.7) and (2.4), we find
eA=e > |kl "w(o + =, k)
A p
€ —QEeE—nN
=cK(o+ ];)Z LA

(B) -
>
aff"— 1F(% J+ 1_[1 ag+i
For b > o + &, by the assumption and (2.4), we find

O<A1

a(c—%)—n [ an—b o+E—1
<M, 3 kS / (2] [K]|2) 025 da
k

oo
<My YDkl [ g
k

My, 20T
b—o—do alb—o)f"'I(3)

<M

< o0.

In view of the assumption and (2.4), it follows that
0< Ay
1
<o STIIE [ ki) i

1

—a(b—0o)
—CMbZHk” ( m

< CM[, ) 2¢ o= U)Fn(ﬁ)
S1-b a(b-o0)p10(3)
< M,

< oQ.

Based on the above results, we have the following inequality

M) Ko+t
aﬁ"—lF(%) ]-;[1@54-

=1

A+ A I<M —0 —
(A1 +Az) <el < Hz o = 1I‘(%)
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For € — 07, in view of Fatou lemma (cf. [24]) and €(A4; + A) — 0, we have

)

(K@) )\
el Vi (

namely,

AT (3 \”
AJ‘Lk—a<m%4n@> K(o)

is the best value in (3.2) (namely, for o1 = o in (3.1)).
This proves the theorem. ]

Theorem 3.3. With regards to the assumption of Theorem 3.1, if 0 < 01 — o < p(1 — o), the
same constant factor in (3.1) is the best possible, then we have o1 = 0.

Proof. Foro; —o <p(l—o0 ),Wehaveaz%—i—a <1;for8:%+01,0—01§0,

we observe that h(t)t7 & = —t (R(t)t7*~a) is also nonnegative decreasing in R, and strictly
decreasing in an interval I C R.
By Hoélder’s inequality (cf. [23]), we obtain

0< K(o

/ h(wu? 7 du

_A h(w) (w7 ) (T ) du

§<Amhmmm4m0;<lmhmm“%m>;

= Ko (01)K1(0)
< 0. (3.6)

Since the constant factor

in (3.1) is the best possible. compareing with the constant factors in (3.1) and (3.2) (by substi-
tution of o = &), we have

w L OOREE L m  od) \
Hi—&(aﬁ"*l“(%)) K (U)S i_a\(algn—lr(g) K(U)v
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1 1
namely, K (o) > Kr(01)K4(0). Hence, (3.6) keeps the form of an equality. The necessary and
sufficient condition for taking an equal sign is that there exist constants A and B, such that
they are not both zero, and (cf. [23]) Aut~! = Bu®~! a.e. in R,. Assuming that A # 0, we

have 4177 = % a.e. in Ry. It follows that o1 — 0 = 0, and then o1 = 0.
This proves the theorem. ]

For n = 1 in Theorem 3.1-Theorem 3.3 with the assumptions, if h(t)t”l_é is nonnegative
decreasing in R4 and strictly decreasing in an interval I C R, then we have

Corollary 3.1. The following inequality holds:

Z/OOO h(xk®) P (2)brdz < [ | ! (éK(al))EKE(U)
k=1 =1

i—0o

1

17 o :
x[ /O xp<1+m—3>—1fp(x)dxr [qu(l—@—lkg] . (3.7)

k=1

In particular, for o1 = o (< 1), we have

0< /0 aPIHEm=0) =1 f2(g)dx < 00,0 < > kI 1pl < oo,
k=1

and the following inequality:

o 00 N
> / h(xk®) Fp () bpda
k=170
1
m q

1
1 K(O’) o p(1+m—c)—1 pp P | q(1—aoc)—114q
<11 i—o allp [/0 v frds ;k ] .

=1

Corollary 3.2. If oy = o (< 1), there ezists constants b € (0,1) and My > 0, such that (3.3)
holds, then the constant factor

[N

1

K(01))r K(0)

Q|+

I1=5

=1

in (3.7) is the best possible. On the other hand, if 0 < o1 — o < p(1 — o), the same constant
factor in (3.3) is the best possible, then we have o1 = o.

4. Equivalent forms and operator expressions

Theorem 4.1. With regards to the assumption of Theorem 3.1, we have the following inequality
equivalent to (3.1):

Ji= {Z et | [ h<xr|k|§>ﬁm<x>dxr}
k

1 Fn(%)K(Jl) % % Oo p(14+m—5)—1 pp %
<' : (aﬁ”—lf(g)> Ka(o) [/0 x fP(z)dx| . (4.1)

1
P
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In particular, for o1 = o (< 1), we obtain the following inequality equivalent to (3.2):

{Ekj e | [ h(m\lk!\%)fm(@dxr};

m (il % 00 1
<Hi—10<a6”—<1?)(g)> K (o) [/0 pll+m=oc) ~HfP(x)d ] . (4.2)

=1

Proof. Suppose that (4.1) is value. By Holder inequality (cf. [23]), we have

= (uw [ hiallilg) Emtorts ) (1615 )

J[anuﬁ” o k] - (4.3)
k

Then by (4.1), we obtain (3.1).
In contrast, suppose that (3.1) is valid. We set

. 00 N p—1
_ |57 [/O h(:r||k:||g)Fm(x)da:} keN™.

If J = 0, then (4.1) is true; if J = oo, then (4.1) is not true, implying that J < oo. For
0 < J < 00, based on (3.1), we obtain

SRS b = = 1

mog (T(A)K(on)\
<ll;= <aﬁn—1r(g)> K

=1

Q=

QI

(o)

1

XUO () ] !Z\Iksnﬁ” S k] , (4.4)
[ZHkHﬁ” o ] -
k

D=

1
o 1 Fn(%) bl % p(+m—5)-1 z
<11 —K(o1)| Ki(o) a? fP(z)dx
2:1Z F(E) 0
Thus, (4.1) is true, which is equivalent to (3.1).
The theorem is proved. ]

Theorem 4.2. With regards to the assumption of Theorem 3.2, if o1 = o(< 1), then the

constant factor )
T (TMEK(@)\” .
1_[Z (aﬁn IT(2 )) Ka(o)

=1

in (4.1) is the best possible. On contrast, if 0 < o1 — o < p(1 — o), the same constant factor in
(4.1) is the best possible, then we have o1 = 0.
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Proof. According to Theorem 3.2, for o1 = o, the constant factor

moy (TK(e)\ P .
Hi—&(aﬂn—lr(@) Ka(o)

i=1

in (3.1) is the best possible. The same constant in (4.1) remains the best possible. Alternatively,
based on (4.3) (for o1 = o), it is a contradiction that the constant factor in (3.2) is not the best
possible.

In addition, if the constant factor in (4.1) is the best possible, then using the equivalence
between (4.1) and (3.1), and by considering JP = I (see (4.4)), the constant factor in (3.1) is
the best possible. Based on the assumption and Theorem 3.3, we derive that o1 = o.

The theorem is proved. O

For n = 1 in Theorem 4.1-Theorem 4.2 with the assumptions, if h(t)t"l_é is nonnegative
decreasing in R4 and strictly decreasing in an interval I C R4, then we have

Corollary 4.1. Wee have the following inequality equivalent to (3.7):

{g froo—1 [/Ooo h(xko‘)ﬁm(x)dx]p};

m

<11 - _1 = (iK(al)) g Ki(o) [ /0 T gplim—g)-1 fp(x)dx} . (4.5)

i=1

In particular, for o1 = o (< 1), we have the following inequality equivalent to (3.8):

{ > koot [/ h(zk®)F, )d:r] }
< }_[1 o al/P [/0 xp(Hm_U)_lfp(x)dx} ’ . (4.6)

Corollary 4.2. If 0y = 0 (< 1), there exists constants b € (0,1) and My > 0, such that (3.3)
holds, then the constant factor

[ (Laten) s

=1

in (4.5) is the best possible. On the other hand, if 0 < o1 — o < p(1 — o), the same constant
factor in (4.5) is the best possible, then we have o1 = o.

Setting functions ¢;(x) := zP1H=9)=1 (; = 0,m), ¢ (k) := Hk:H%(niag)in, wherefrom,

VP (k) = [|k]5" (z € Ry, k€ N7,

we define the real normed linear spaces as follows:

Lpg;(R+) :—{ F@) [ f 1, = (/ $i(@) [ f( )\pdm>1 <oo}
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(Z¢ ’bk\q>q<00 :

lyw = b= {bk -k, }; |

1
p
Lppr-v = € = {Chy,bn }5 llcllg g : (Zwl 2 ‘Ck|p> <00 P,

LR = {F = Pu(a) € Ly gy (Ra); f(2)(> 0) is
continuous unless at finite points in Ry, f € L 4., (Ry)}.

For any F,, € L(R,), setting ¢ := Jooh x||k\|ﬂ m(z)dz,k € N™, (4.1) isrewritten as
follows:

[

m r(3)K(o1) ) ?
Iellr-s < TT 7= (aﬂ( )lr((gl))> K5(0) £, < o0

namely, ¢ € [, y1-»p.

Definition 4.1. Define an extended half-discrete multidimensional Hilbert-type operator T :
L(Ry) — I, y1-» as follows: For any Fy, € L(R), there exists a unique representation ¢ =

TF,, € lpp1-», such that for any k € N", (Tﬁm)(k) = ¢j. Define the formal inner product of
Tﬁm and b € [y, and the norm of T" as follows:

(1F.b) Zbk/ (@, | K]13) B (2)da (= 1),

75,
IT) = sup .
Fn(£0)€EL(Ry) ”pr@m
By Theorem 4.1-Theorem 4.2, we have

Theorem 4.3. With regards to the assumption of Theorem 3.2, if Fy(>0) € L(RL), b(> 0) €
lgaps Hqu’w > 0, Hpr,@m > 0, then the following equivalent operator inequalities hold:

- mo (K ()P
(TFnb) < 1;[1 i—5 ( aB"IT(3) ) K (o) [1£llp.6.
5 m (YK
HTFme,wlfp < Hl i— o ( aBfn1T(%) )

Furthermore, if o1 = o (< 1), there exists constants b € (0,1) and M, > 0, such that (3.3)
holds, then the constant factor

a0 (4.7)

K5 (0) £l (4.8)

in (4.7) and (4.8) is the best possible, namely,

m (il %
IT =TT+ <a5n—(1?)<g>> K(o).

i=1
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In contrast, if 0 < 01 — o < p(1 — o), the same constant factor in (4.7) or (4.8) is the best
possible, then we have o1 = 0.

5. Some examples

Example 5.1. Some particular kernels are provided in the following:

(i) Setting h(zy) = (0 <n < s), we find

(wy+1)

[e.e] t’l] 1
K(n) = ———dt=1hB — R..
(77) /0 (t—l— 1)3 (77,5 77) €y

(ii) Setting h(zy) = (;z()iy_)l (0 <n<s), we find

oo yn=11n¢ T 2
K = —_—dt= | —m8— R..
) /0 1 Lsin(ﬂn/S)] <R+

m(0<77<8),weﬁnd

0 tn—l
Kn) = /0 (e {t, 117

1 o] —1
th—dt
:/ t"—ldt+/
0 1 te

S

(iii) Setting h(zy) =

n(s —n)
ER,.

Remark 5.1. For any A(t) in Example 5.1 (i)-(iii), we can find that for any b € (0, s), h(t)t* — 0
(t — 0% or t — 00). Since h(t) (t € (0,00)) is continuous, it follows that there exists a constant
M, > 0, such that h(t)t® < M, (t € (0,00)), namely, (3.3) holds. In Example 5.1 (i)-(iii),
setting s = A > 0,7 = 01,0 € (0,\),for 0 < o < min{l, A}, there exists a positive constant
b € (0,1), satisfying (3.3), and for o1 < %, h(t)t°1 "% is nonnegative decreasing in R and
strictly decreasing in an interval I C Ry.

Example 5.2. By using Example 5.1 (i)-(iii) with Remark 5.1 to (3.2) and (4.2), in view of the
assumption (C1), o € (0,min{1,A}) N (0, Z], we obtain the following three couples equivalent
inequalities with the best possible constant factors:

x)brdz
Z/ (1 +$W€H )2

R
A ()
XB(O’,)\— 0) |:/OO Lp(I+m— o) lfp de:| [Z ||k‘|ﬁn ao) —np k] ! 7 (5.1)
0

pac—n o ﬁm(x)dm ’ %
{%’k”ﬁ [/0 <1+x||k||g>A”
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<i17f[1i_10 x (WI:(lér)(g));B((”_“) UOOO ZPHm=a)=1 §p (1) iy %7 (5.2)
;/0 ln(ﬂﬁ!k\ﬁ; (ﬂi)bk

<ﬁz‘—la (aﬂﬁéi@)p bsﬁilw;)f
X [/Oooxp (1+m—0)=1 £p ;) } Z||k]|6" ao) r, (5.3)
{; INE " [ / ) ln(jyi’zfr)zfm_(?dm]p};

Al (aﬁifiiia);{Asni}w;ﬂ/fw“”m“)1f”<x>dxf’ 2
z,;/ooo (a1, aﬁﬁ})
m n(l >

1155 (o)
e s [ [ ] !ijl\kllq(” o) bz]q, (5.5)
{Ek: k5" [ /Ooo (maiq(,?yféyg)kr}p

S | 2

Example 5.3. For n = o = 1 in Example 5.2, o € (0, min{1,\}) N (0,
three couples equivalent inequalities with the best possible constant factors:

Z/ 1+xk
<H—B(a A —0) x [/mﬂmm 9)=1 P ()

(B lres])

1
1 o p
< H , X B(o, A — o) gPFm=a) =1 ep (x|
o 0

1—0
=1

( )dx
1+ zk)

Pl

1], we have the following

(5.7)
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© In(zk) =
Z/ x)‘k‘)‘—l Fp(x)brdz

LR T 2 o0 P
p(l+m—o)—1 ¢p
<= s <[] =

> n(xk dx "y
{5 | [t )

k=1

1

LS T 21 P
p(1+m—o)—1 ¢p

<Hi—ax[)\sin(“f)} [/0 v f(x)dx} ’

i=1

o0

Z/OOO max{l :z;k:}) (max(1, ek}
<Hi_100()\/\_0)x[/000 p(1+m=0)=1 £p( ;) ] [ijqla) 1bq] :
S i [ [ e TV

1
1 A o b
p(1+m—o)—1 ¢p
<Ei—aa()\—0) {/0 x f(x)dx] .

6. Conclusion

1
[quﬂ—")—lbg], (5.9)
k=1

(5.10)

(5.11)

(5.12)

In this paper, by means of the weight functions, the idea of introduced parameters and Hardy’s
integral inequality, an extended half-discrete multidimensional Hilbert-type inequality with the
general nonhomogeneous kernel as h(z[|k[[3) (o« > 0,8 € (0,1]) and a multiple lower limit
function is obtained in Theorem 3.1. The equivalent statements of the best value in the new
inequality related to several parameters are considered in Theorem 3.2-Theorem 3.3. The equiv-
alent forms and the operator expressions are provided in Theorem 4.1-Theorem 4.3. Some
particular cases are deduced in Corollary 3.1-Corollary 3.2, Corollary 4.1-Corollary 4.2, and

Example 5.2-Example 5.3.
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