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Abstract By means of the weight functions, the idea of introduced parameters and Hardy’s
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1. Introduction

Suppose that p > 1, 1p +
1
q = 1, am, bn ≥ 0, 0 <

∑∞
m=1 a

p
m < ∞ and 0 <

∑∞
n=1 b

q
n < ∞. We have

the following Hardy-Hilbert′s inequality with the best possible constant factor π
sin(π/p) (cf. [11],

Theorem 315):
∞∑
m=1

∞∑
n=1

ambn
m+ n

<
π

sin(πp )

( ∞∑
m=1

apm

) 1
p
( ∞∑
n=1

bqn

) 1
q

. (1.1)

If f(x), g(y) ≥ 0, 0 <
∫∞
0 fp(x)dx < ∞ and 0 <

∫∞
0 gq(y)dy < ∞, then we have the integral

analogues of (1.1) named in Hardy-Hilbert’s integral inequality with the same best value as
follows (cf. [11], Theorem 316):∫ ∞

0

∫ ∞

0

f(x)g(y)

x+ y
dxdy <

π

sin(πp )

(∫ ∞

0
fp(x)dx

) 1
p
(∫ ∞

0
gq(y)dy

) 1
q

. (1.2)

In 2006, by using the Euler-Maclaurin summation formula, Krnić et al. [21] gave the following
extension of (1.1):

∞∑
m=1

∞∑
n=1

ambn
(m+ n)λ

<B(λ1, λ2)

( ∞∑
m=1

mp(1−λ1)−1apm

) 1
p
( ∞∑
n=1

nq(1−λ2)−1bqn

) 1
q

, (1.3)
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where, λ1, λ2 ∈ (0, 2], λ1 + λ2 = λ ∈ (0, 4], the constant factor B(λ1, λ2) is still the best value,
and

B(u, v) =

∫ ∞

0

tu−1

(1 + t)u+v
dt, u, v > 0 (1.4)

is the Beta function.

In 2016-2017, Hong et al. [14, 16] provided some equivalent statements of the extension of
(1.1) (resp. (1.2)) with several parameters related to the best value. Some related results were
considered by [9, 13, 15]. In 2019, by means of (1.3) and Abel’s partial summation formula,
Adiyasuren et al. [1] obtained an extended application of (1.3) involving two partial sums. In
2020, Mo et al. [27] gave an extension of (1.2) involving two upper limit functions. Inequalities
(1.1)-(1.2) with their extensions played an important role in analysis and its applications [2,
4, 12, 19, 22, 29, 33–36, 38]. In 2023, Hong et al. [17] obtained a more accurate half-discrete
multidimensional Hardy-Hilbert’s inequality involving one derivative function of m−order. In
2026, Huang et.al and Peng et al. [20,28] gave a few extended multidimensional Hardy-Hilbert’s
inequality involving one partial sum. Some other results were provided by [3,8,10,18,25,30,32,
37]. The above extended inequalities are all with the particular homogeneous kernels.

In the following, we’ll consider to build an extended half-discrete multidimensional Hilbert-
type inequality with the general nonhomogeneous kernel. The construction of robust weight
functions and integral inequalities in this paper provides essential analytic tools that are highly
relevant to the qualitative analysis of advanced dynamic systems; indeed, establishing sharp
inequality bounds is deeply connected to investigating the existence, uniqueness, and oscillatory
or asymptotic characteristics of solutions in nonlinear neutral, delay, and fractional differential
equations [5–7,26,31].

In this article, by means of the weight functions, the idea of introduced parameters and the
well known Hardy’s integral inequality, a new extended half-discrete multidimensional Hilbert-
type inequality with the general nonhomogeneous kernel and a multiple lower limit function is
obtained. The equivalent statements of the best possible constant factor in the new inequality
related to several parameters are provided. The equivalent forms, the operator expressions and
some particular cases are deduced.

2. Some formulas and lemmas

In what follows, we suppose that

(C1). n ∈ N :={1, 2, · · · }, m ∈ N0 := N∪{0}, p > 1 (q > 1), 1
p +

1
q = 1, α ∈ R+ = (0,∞), β ∈

(0, 1], σ, σ1 ∈ R, σ̂ = σ1
p + σ

q , f(x) is a nonnegative continuous in R+ except on finite number
of points satisfying

0 <

∫ ∞

0
xp(1+m−σ̂)−1fp(x)dx <∞,

and for k = (k1, · · · , kn) ∈ Nn, bk ≥ 0, ||k||β := (
∑n

i=1 k
β
i )

1
β , such that

0 <
∑
k

||k||q(n−ασ̂)−nβ bqk <∞.

If M > 0, ψ(u) (u > 0) is a nonnegative measurable function, then we have the following
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transfer formula (cf. [36], Lemma 9.1.5):∫
· · ·
∫
{y∈Rn

+;0<
∑n

i=1(
yi
M

)β≤1}
ψ

(
n∑
i=1

(
yi
M

)β

)
dy1 · · · dyn

=
MnΓn( 1β )

βnΓ(nβ )

∫ 1

0
ψ(u)u

n
β
−1
du. (2.1)

(i) In view of ||y||β =M [
∑n

i=1(
yi
M )β]

1
β , by (2.1), we have∫

Rn
+

Ψ(||y||β)dy

= lim
M→∞

∫
· · ·
∫
{y∈Rn

+;0<
∑n

i=1(
yi
M

)β≤1}
Ψ(M [

n∑
i=1

(
yi
M

)β]
1
β )dy1 · · · dyn

= lim
M→∞

MnΓn( 1β )

βnΓ(nβ )

∫ 1

0
Ψ(Mu

1
β )u

n
β
−1
du

v=Mu
1
β

=
Γn( 1β )

βn−1Γ(nβ )

∫ ∞

0
Ψ(v)vn−1dv. (2.2)

(ii) If Ψ(Mu
1
β ) = 0, u < ( bM )β (b > 0), i.e. ||y||β < b, then by (2.2), we have∫

{y∈Rn
+;||y||β≥b}

Ψ(||y||β)dy = lim
M→∞

MnΓn( 1β )

βnΓ(nβ )

∫ 1

( b
M

)β
Ψ(Mu

1
β )u

n
β
−1
du

v=Mu
1
β

=
Γn( 1β )

βn−1Γ(nβ )

∫ ∞

b
Ψ(v)vn−1dv. (2.3)

Lemma 2.1. With regards to the assumption (C1), c ∈ R+, we have the following inequalities:

Γn( 1β )

αcβn−1Γ(nβ )

n−1∏
i=1

i

αc+ i
<
∑
k

||k||−αc−nβ <
2αcΓn( 1β )

αcβn−1Γ(nβ )
, (2.4)

where, we indicate that
0∏
i=1

i
αc+i := 1.

Proof. Since for α, c > 0, β ∈ (0, 1], (−1)i−1 ∂i

∂yij
||y||−αc−nβ < 0 (i = 1, 2; j = 1, · · · , n), by

Hermite-Hadamard’s inequality (cf. [23]) and (2.3), for yi ≥ 1
2 (i = 1, · · · , n), ||y||β ≥ 1

2n
1
β ≥ 1

2 ,
it follows that ∑

k

||k||−αc−nβ <

∫
{y∈Rn

+;;yi≥
1
2
}
||y||−αc−nβ dy

≤
∫
{y∈Rn

+;;||y||β≥
1
2
}
||y||−αc−nβ dy

=
Γn( 1β )

βn−1Γ(nβ )

∫ ∞

1
2

v−αc−nvn−1dv
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=
Γn( 1β )

βn−1Γ(nβ )

∫ ∞

1
2

v−αc−1dv

=
2αcΓn( 1β )

αcβn−1Γ(nβ )
.

By the decreasing property of series and (2.2), we find∑
k

||k||−αc−nβ >

∫
{y∈Rn

+;;yi≥1}
||y||−αc−nβ dy

=

∫
Rn

+;

||y + 1||−αc−nβ dy

=
Γn( 1β )

βn−1Γ(nβ )

∫ ∞

0

vn−1dv

(v + 1)αc+n

=
Γn( 1β )B(αc, n)

βn−1Γ(nβ )

=
Γn( 1β )

βn−1Γ(nβ )

Γ(αc)Γ(n)

Γ(αc+ n)

=
1

αc

n−1∏
i=1

i

αc+ i
.

Hence, we have (2.4).
The lemma is proved.

Lemma 2.2. With regards to the assumption (C1), if h(t)t
σ1−n

α is nonnegative decreasing in
R+ and strictly decreasing in an interval I ⊂ R+, with

K(η) :=

∫ ∞

0
h(t)tη−1dt ∈ R+ (η = σ, σ1),

and we define the following weight functions:

ω(σ, k) := ||k||ασβ
∫ ∞

0
h(x||k||αβ)xσ−1dx (k ∈ Nn), (2.5)

ϖ(σ1, x) := xσ1
∑
k

h(x||k||αβ)||k||
ασ1−n
β (x ∈ R+), (2.6)

then the following expression and inequality hold:

ω(σ, k) = K(σ) (k ∈ Nn), (2.7)

ϖ(σ1, x) <
Γn( 1β )K(σ1)

αβn−1Γ(nβ )
(x ∈ R+). (2.8)

Proof. In (2.5), for fixed k, setting t = x||k||αβ , we find

ω(σ, k) = ||k||ασβ
∫ ∞

0
h(t)(

t

||k||αβ
)σ−1 1

||k||αβ
dt =

∫ ∞

0
h(t)tσ−1du = K(σ).
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Then we have (2.7).
In (2.6), for φ(v) = h(xvα)vασ1−n, by the decreasing property of series and (2.2), we have

ϖ(σ1, x) = x
n
α

∑
k

h(x||k||αβ)(x||k||αβ)σ1−
n
α

< x
n
α

∫
Rn

+

h(x||y||αβ)(x||y||αβ)σ1−
n
α

= x
n
α

Γn( 1β )

βn−1Γ(nβ )

∫ ∞

0
h(xvα)(xvα)σ1−

n
α vn−1dv

t=xvα
=

Γn( 1β )
∫∞
0 h(t)tσ1−1dt

αβn−1Γ(nβ )

=
Γn( 1β )K(σ1)

αβn−1Γ(nβ )
,

and then we have (2.8).
This proves the lemma.

Lemma 2.3. With regards to the assumption (C1), if σ1 − σ < p(1− σ), setting F̂0(x) := f(x)
(x ∈ R+), for m ∈ N, i = 1, · · · ,m, we define muliple lower limit functions as follows:

F̂i(x) :=

∫ ∞

x

(∫ ∞

ti

· · ·
∫ ∞

t2

f(t1)dt1 · · · dti−1

)
dti (x ∈ R+),

then for m ∈ N0, we have the following inequality:[∫ ∞

0
xp(1−σ̂)−1F̂ pm(x)dx

] 1
p

≤
m∏
i=1

1

i− σ̂

[∫ ∞

0
xp(1+m−σ̂)−1fp(x)dx

] 1
p

, (2.9)

where, we denote
0∏
i=1

(i− a)−1 = 1 (a < 1).

Proof. For m = 0, F̂0(x) = f(x), (2.9) keeps the form of an equality; for m ∈ N, i = 1, · · · ,m,
by the following Hardy’s integral inequality (cf. [11], Theorem 330):∫ ∞

0
x−r

(∫ ∞

x
h(t)dt

)p
dx ≤

(
p

1− r

)p ∫ ∞

0
xp−rhp(x)dx (2.10)

(h(x)(≥ 0) ∈ L(R+), r < 1), for σ̂ = σ1−σ
p + σ < 1 (σ1 − σ < p(1 − σ)), setting r = p(i −m −

1 + σ̂) + 1 (< 1), and h(x) = F̂i−1(x),
∫∞
x h(t)dt = F̂i(x), it follows that[∫ ∞

0
xp(1+m−i−σ̂)−1F̂ pi (x)dx

] 1
p

≤ 1

m+ 1− i− σ̂

[∫ ∞

0
xp(2+m−i−σ̂)−1F̂ pi−1(x)dx

] 1
p

.

Substitution of i = 1, · · · ,m in the above inequality, by simplifications, we obtain[∫ ∞

0
xp(1−σ̂)−1F̂ pm(x)dx

] 1
p

≤
m∏
i=1

1

m+ 1− i− σ̂

[∫ ∞

0
xp(1+m−σ̂)−1F̂ p0 (x)dx

] 1
p
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=

m∏
i=1

1

i− σ̂

[∫ ∞

0
xp(1+m−σ̂)−1fp(x)dx

] 1
p

,

namely, (2.9) holds.
This proves the lemma.

Lemma 2.4. With regards to the assumptions of (C1) and Lemma 2.2, for m ∈ N0, we have
the following inequality:

I :=
∑
k

∫ ∞

0
h(x||k||αβ)F̂m(x)bkdx

<

(
Γn( 1β )K(σ1)

αβn−1Γ(nβ )

) 1
p

K
1
q (σ)

[∫ ∞

0
xp(1−σ̂)−1F̂ pm(x)dx

] 1
p

[∑
k

||k||q(n−ασ̂)−nβ bqk

] 1
q

. (2.11)

Proof. By Hōlder’s inequality (cf. [23]), (2.5) and (2.6), we have

I =
∑
k

∫ ∞

0
h(x||k||αβ)

x(1−σ)/qF̂m(x)
||k||(n−ασ1)/pβ

 ||k||(n−ασ1)/pβ bk

x(1−σ)/q

 dx
≤

{∫ ∞

0

∑
k

h(x||k||αβ)
x(1−σ)(p−1)

||k||n−ασ1β

F̂ pm(x)dx

} 1
p

×

∑
k

∫ ∞

0
h(x||k||αβ)

||k||(n−ασ1)(q−1)
β

x1−σ
bqkdx


1
q

=

{∫ ∞

0

[
xσ1

∑
k

h(x||k||αβ)||k||
ασ1−n
β dy

]
xp(1−σ̂)−1F̂ pm(x)dx

} 1
p

×

{∑
k

[
||k||ασ1β

∫ ∞

0
h(x||k||αβ)xσ−1dx

]
||k||q(n−ασ̂)−nβ bqk

} 1
q

=

[∫ ∞

0
ϖ(σ1, x)x

p(1−σ̂)−1F̂ pm(x)dx

] 1
p

[∑
k

ω(σ, k)||k||q(n−ασ̂)−nβ bqk

] 1
q

. (2.12)

Since by (2.9) and H :=
∫∞
0 xp(1+m−σ̂)−1fp(x)dx < ∞, it follows that L :=

∫∞
0 xp(1−σ̂)−1

F̂ pm(x)dx < ∞. If L = 0, then F̂m(x) = 0 a.e. in R+, which means that f(x) = 0 a.e. in R+,
and H = 0. It contradicts the fact that H > 0. Hence, we have 0 < L < ∞. In view of (2.12),
(2.7) and (2.8), we have (2.11).

This proves the lemma.

3. Main results

By (2.11) and (2.9), we have

Theorem 3.1. With regards to the assumption (C1), if h(t)t
σ1−n

α is nonnegative decreasing in
R+ and strictly decreasing in an interval I ⊂ R+, with

K(η) :=

∫ ∞

0
h(t)tη−1dt ∈ R+ (η = σ, σ1),
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then for σ1 − σ < p(1 − σ), we have the following extended half-discrete multidimensional
Hilbert-type inequality with the nonhomogeneous kernal and one multiple lower limit function:

I =
∑
k

∫ ∞

0
h(x||k||αβ)F̂m(x)bkdx

<
m∏
i=1

1

i− σ̂

(
Γn( 1β )K(σ1)

αβn−1Γ(nβ )

) 1
p

K
1
q (σ)

×
[∫ ∞

0
xp(1+m−σ̂)−1fp(x)dx

] 1
p

[∑
k

||k||q(n−ασ̂)−nβ bqk

] 1
q

. (3.1)

In particular, for σ1 = σ (< 1), in view of the assumption (C1), we have

0 <

∫ ∞

0
xp(1+m−σ)−1fp(x)dx <∞, 0 <

∑
k

||k||q(n−ασ)−nβ bqk <∞,

and the following inequality∑
k

∫ ∞

0
h(x||k||αβ)F̂m(x)bkdx

<
m∏
i=1

1

i− σ

(
Γn( 1β )

αβn−1Γ(nβ )

) 1
p

K(σ)

×
[∫ ∞

0
xp(1+m−σ)−1fp(x)dx

] 1
p

[∑
k

||k||q(n−ασ)−nβ bqk

] 1
q

. (3.2)

Theorem 3.2. With regards to the assumption of Theorem 3.1, if σ1 = σ (< 1), there exists
constants b ∈ (σ, 1) and Mb > 0, such that

h(t) ≤Mbt
−b (t ∈ (0,∞)), (3.3)

then the constant factor
m∏
i=1

1

i− σ̂

(
Γn( 1β )K(σ1)

αβn−1Γ(nβ )

) 1
p

K
1
q (σ)

in (3.1) is the best possible.

Proof. We need to prove that the constant factor in (3.2) is the best possible.

There exists δ0 ∈ (0, 1 − σ), such that b ∈ (σ + δ0, 1). For any 0 < ε < pδ0(< p(1 − σ)), we
set

f̃(x) :=


m∏
i=1

(i− σ − ε
p)x

σ−m+ ε
p
−1
, 0 < x ≤ 1,

0, x > 1,

(m ∈ N0),

b̃k := ||k||
α(λ2− ε

q
)−n

β (k ∈ Nn).
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Then we find F̃0(x) = f̃(x), and for m ∈ N,

F̃m(x) =

∫ ∞

x

(∫ ∞

tm

· · ·
∫ ∞

t2

f̃(t1)dt1 · · · dtm−1

)
dtm

=


∫ 1

x

(∫ 1

tm

· · ·
∫ 1

t2

t
σ−m+ ε

p
−1

1 dt1 · · · dtm−1

)
dtm, 0 < x ≤ 1,

0, x > 1,

=

x
σ+ ε

p
−1 − Pm−1(x), 0 < x ≤ 1,

0, x > 1,

where, Pm−1(x) is indicated as a nonnegative polynomial of (m− 1)-degree satisfying

P
(i)
m−1(1) = (x

σ+ ε
p
−1

)(i)|x=1 (i = 0, · · · ,m− 1).

We denote P−1(x) := 0, the above expression satisfies for m ∈ N0.
Since Pm−1(x) → Constant (x→ 0+), there exists a positive constant C, such that

Pm−1(x) ≤ C (x ∈ (0, 1]). (3.4)

If there exists a positive constant M, with

M ≤
m∏
i=1

1

i− σ

(
Γn( 1β )

αβn−1Γ(nβ )

) 1
p

K(σ) (3.5)

such that (3.2) is valid when we replace the constant factor by M , then in particular, by (2.4)
(for c = ε), we have

Ĩ :=
∑
k

∫ ∞

0
h(x||k||αβ)F̃m(x)̃bkdx

< M

[∫ ∞

0
xp(1+m−σ)−1f̃p(x)dx

] 1
p

[∑
k

||k||q(n−ασ)−nβ b̃qk

] 1
q

= M
m∏
i=1

(i− σ − ε

p
)

(∫ 1

0
x−1+εdx

) 1
p

(∑
k

||k||−αε−nβ

) 1
q

<
M

ε

m∏
i=1

(i− σ − ε

p
)

(
2αεΓn( 1β )

αβn−1Γ(nβ )

) 1
q

.

By (2.3) and Fubini theorem (cf. [24]), we have

Ĩ =
∑
k

||k||
α(σ− ε

q
)−n

β

∫ 1

0
h(x||k||αβ)(x

σ+ ε
p
−1 − Pm−1(x))dx = A− (A1 +A2),

where, we define

A :=
∑
k

||k||−αε−nβ

[
||k||

α(σ+ ε
p
)

β

∫ ∞

0
h(x||k||αβ)x

σ+ ε
p
−1
dx

]
,
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A1 :=
∑
k

||k||
α(σ− ε

q
)−n

β

∫ ∞

1
h(x||k||αβ)x

σ+ ε
p
−1
dx,

A2 :=
∑
k

||k||
α(σ− ε

q
)−n

β

∫ 1

0
h(x||k||αβ)Pm−1(x)dx.

By (2.7) and (2.4), we find

εA= ε
∑
k

||k||−αε−nβ ω(σ +
ε

p
, k)

= εK(σ +
ε

p
)
∑
k

||k||−αε−nβ

>
Γn( 1β )

αβn−1Γ(nβ )
K(σ +

ε

p
)
n−1∏
i=1

i

αε+ i
.

For b > σ + δ0, by the assumption and (2.4), we find

0<A1

≤Mb

∑
k

||k||
α(σ− ε

q
)−n

β

∫ ∞

1
(x||k||αβ)−bx

σ+ ε
p
−1
dx

≤Mb

∑
k

||k||−α(b−σ)−nβ

∫ ∞

1
x−b+σ+δ0−1dx

<
Mb

b− σ − δ0
·

2α(b−σ)Γn( 1β )

α(b− σ)βn−1Γ(nβ )

≤M1

<∞.

In view of the assumption and (2.4), it follows that

0≤A2

≤ CMb

∑
k

||k||ασ−nβ

∫ 1

0
(x||k||αβ)−bdx

= CMb

∑
k

||k||−α(b−σ)−nβ

1

1− b

≤ CMb

1− b
·

2α(b−σ)Γn( 1β )

α(b− σ)βn−1Γ(nβ )

≤M2

<∞.

Based on the above results, we have the following inequality

Γn( 1β )K(σ + ε
p)

αβn−1Γ(nβ )

n−1∏
i=1

i

αε+ i
− ε(A1 +A2) < εĨ < M

m∏
i=1

(i− σ − ε

p
)

(
2αεΓn( 1β )

αβn−1Γ(nβ )

) 1
q

.
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For ε→ 0+, in view of Fatou lemma (cf. [24]) and ε(A1 +A2) → 0, we have

Γn( 1β )K(σ)

αβn−1Γ(nβ )
≤M

m∏
i=1

(i− σ)

(
Γn( 1β )

αβn−1Γ(nβ )

) 1
q

,

namely,
m∏
i=1

1

i− σ

(
Γn( 1β )

αβn−1Γ(nβ )

) 1
p

K(σ) ≤M.

In view of (3.5), it follows that

M =
m∏
i=1

1

i− σ

(
Γn( 1β )

αβn−1Γ(nβ )

) 1
p

K(σ)

is the best value in (3.2) (namely, for σ1 = σ in (3.1)).

This proves the theorem.

Theorem 3.3. With regards to the assumption of Theorem 3.1, if 0 ≤ σ1 − σ < p(1 − σ), the
same constant factor in (3.1) is the best possible, then we have σ1 = σ.

Proof. For σ1 − σ < p(1 − σ), we have σ̂ = σ1−σ
p + σ < 1; for σ̂ = σ−σ1

q + σ1, σ − σ1 ≤ 0,

we observe that h(t)tσ̂−
n
α = t

σ−σ1
q (h(t)tσ1−

n
α ) is also nonnegative decreasing in R+ and strictly

decreasing in an interval I ⊂ R+.

By Hölder’s inequality (cf. [23]), we obtain

0<K(σ̂)

=

∫ ∞

0
h(u)u

σ1
p
+σ

q
−1
du

=

∫ ∞

0
h(u)(u

σ1−1
p )(u

σ−1
q )du

≤
(∫ ∞

0
h(u)uσ1−1du

) 1
p
(∫ ∞

0
h(u)uσ−1du

) 1
q

=K
1
p (σ1)K

1
q (σ)

<∞. (3.6)

Since the constant factor

m∏
i=1

1

i− σ̂

(
Γn( 1β )K(σ1)

αβn−1Γ(nβ )

) 1
p

K
1
q (σ)

in (3.1) is the best possible. compareing with the constant factors in (3.1) and (3.2) (by substi-
tution of σ = σ̂), we have

m∏
i=1

1

i− σ̂

(
Γn( 1β )K(σ1)

αβn−1Γ(nβ )

) 1
p

K
1
q (σ) ≤

m∏
i=1

1

i− σ̂

(
Γn( 1β )

αβn−1Γ(nβ )

) 1
p

K(σ̂),
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namely, K(σ̂) ≥ K
1
p (σ1)K

1
q (σ). Hence, (3.6) keeps the form of an equality. The necessary and

sufficient condition for taking an equal sign is that there exist constants A and B, such that
they are not both zero, and (cf. [23]) Auσ1−1 = Buσ−1 a.e. in R+. Assuming that A ̸= 0, we
have uσ1−σ = B

A a.e. in R+. It follows that σ1 − σ = 0, and then σ1 = σ.
This proves the theorem.
For n = 1 in Theorem 3.1-Theorem 3.3 with the assumptions, if h(t)tσ1−

1
α is nonnegative

decreasing in R+ and strictly decreasing in an interval I ⊂ R+, then we have

Corollary 3.1. The following inequality holds:

∞∑
k=1

∫ ∞

0
h(xkα)F̂m(x)bkdx <

m∏
i=1

1

i− σ̂
(
1

α
K(σ1))

1
pK

1
q (σ)

×
[∫ ∞

0
xp(1+m−σ̂)−1fp(x)dx

] 1
p

[ ∞∑
k=1

kq(1−ασ̂)−1kqk

] 1
q

. (3.7)

In particular, for σ1 = σ (< 1), we have

0 <

∫ ∞

0
xp(1+m−σ)−1fp(x)dx <∞, 0 <

∞∑
k=1

kq(1−ασ)−1bqk <∞,

and the following inequality:

∞∑
k=1

∫ ∞

0
h(xkα)F̂m(x)bkdx

<

m∏
i=1

1

i− σ

K(σ)

α1/p

[∫ ∞

0
xp(1+m−σ)−1fp(x)dx

] 1
p

[ ∞∑
k=1

kq(1−ασ)−1bqk

] 1
q

. (3.8)

Corollary 3.2. If σ1 = σ (< 1), there exists constants b ∈ (σ, 1) and Mb > 0, such that (3.3)
holds, then the constant factor

m∏
i=1

1

i− σ̂
(
1

α
K(σ1))

1
pK

1
q (σ)

in (3.7) is the best possible. On the other hand, if 0 ≤ σ1 − σ < p(1 − σ), the same constant
factor in (3.3) is the best possible, then we have σ1 = σ.

4. Equivalent forms and operator expressions

Theorem 4.1. With regards to the assumption of Theorem 3.1, we have the following inequality
equivalent to (3.1):

J :=

{∑
k

∥k∥pασ̂−nβ

[∫ ∞

0
h(x||k||αβ)F̂m(x)dx

]p} 1
p

<
m∏
i=1

1

i− σ̂

(
Γn( 1β )K(σ1)

αβn−1Γ(nβ )

) 1
p

K
1
q (σ)

[∫ ∞

0
xp(1+m−σ̂)−1fp(x)dx

] 1
p

. (4.1)
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In particular, for σ1 = σ (< 1), we obtain the following inequality equivalent to (3.2):{∑
k

∥k∥pασ−nβ

[∫ ∞

0
h(x||k||αβ)F̂m(x)dx

]p} 1
p

<
m∏
i=1

1

i− σ

(
Γn( 1β )

αβn−1Γ(nβ )

) 1
p

K(σ)

[∫ ∞

0
xp(1+m−σ)−1fp(x)dx

] 1
p

. (4.2)

Proof. Suppose that (4.1) is value. By Hölder inequality (cf. [23]), we have

I =
∑
k

(
∥k∥

ασ̂−n
p

β

∫ ∞

0
h(x||k||αβ)F̂m(x)dx

)(
∥k∥

n
p
−ασ̂

β bk

)

≤ J

[∑
k

∥k∥q(n−ασ̂)−nβ bqk

] 1
q

. (4.3)

Then by (4.1), we obtain (3.1).
In contrast, suppose that (3.1) is valid. We set

bk := ∥k∥pασ̂−nβ

[∫ ∞

0
h(x||k||αβ)F̂m(x)dx

]p−1

, k ∈ Nn.

If J = 0, then (4.1) is true; if J = ∞, then (4.1) is not true, implying that J < ∞. For
0 < J <∞, based on (3.1), we obtain∑

k

∥k∥q(n−ασ̂)−nβ bqk = Jp = I

<
m∏
i=1

1

i− σ̂

(
Γn( 1β )K(σ1)

αβn−1Γ(nβ )

) 1
p

K
1
q (σ)

×
[∫ ∞

0
xp(1+m−σ̂)−1fp(x)dx

] 1
p

[∑
k

∥k∥q(n−ασ̂)−nβ bqk

] 1
q

, (4.4)

[∑
k

∥k∥q(n−ασ̂)−nβ bqk

] 1
p

= J

<
m∏
i=1

1

i− σ̂

(
Γn( 1β )

βn−1Γ(nβ )
K(σ1)

) 1
p

K
1
q (σ)

[∫ ∞

0
xp(1+m−σ̂)−1fp(x)dx

] 1
p

.

Thus, (4.1) is true, which is equivalent to (3.1).
The theorem is proved.

Theorem 4.2. With regards to the assumption of Theorem 3.2, if σ1 = σ(< 1), then the
constant factor

m∏
i=1

1

i− σ̂

(
Γn( 1β )K(σ1)

αβn−1Γ(nβ )

) 1
p

K
1
q (σ)

in (4.1) is the best possible. On contrast, if 0 ≤ σ1 − σ < p(1− σ), the same constant factor in
(4.1) is the best possible, then we have σ1 = σ.
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Proof. According to Theorem 3.2, for σ1 = σ, the constant factor

m∏
i=1

1

i− σ̂

(
Γn( 1β )K(σ1)

αβn−1Γ(nβ )

) 1
p

K
1
q (σ)

in (3.1) is the best possible. The same constant in (4.1) remains the best possible. Alternatively,
based on (4.3) (for σ1 = σ), it is a contradiction that the constant factor in (3.2) is not the best
possible.

In addition, if the constant factor in (4.1) is the best possible, then using the equivalence
between (4.1) and (3.1), and by considering Jp = I (see (4.4)), the constant factor in (3.1) is
the best possible. Based on the assumption and Theorem 3.3, we derive that σ1 = σ.

The theorem is proved.
For n = 1 in Theorem 4.1-Theorem 4.2 with the assumptions, if h(t)tσ1−

1
α is nonnegative

decreasing in R+ and strictly decreasing in an interval I ⊂ R+, then we have

Corollary 4.1. Wee have the following inequality equivalent to (3.7):{ ∞∑
k=1

kpασ̂−1

[∫ ∞

0
h(xkα)F̂m(x)dx

]p} 1
p

<
m∏
i=1

1

i− σ̂

(
1

α
K(σ1)

) 1
p

K
1
q (σ)

[∫ ∞

0
xp(1+m−σ̂)−1fp(x)dx

] 1
p

. (4.5)

In particular, for σ1 = σ (< 1), we have the following inequality equivalent to (3.8):{ ∞∑
k=1

kpασ−1

[∫ ∞

0
h(xkα)F̂m(x)dx

]p} 1
p

<
m∏
i=1

1

i− σ

K(σ)

α1/p

[∫ ∞

0
xp(1+m−σ)−1fp(x)dx

] 1
p

. (4.6)

Corollary 4.2. If σ1 = σ (< 1), there exists constants b ∈ (σ, 1) and Mb > 0, such that (3.3)
holds, then the constant factor

m∏
i=1

1

i− σ̂

(
1

α
K(σ1)

) 1
p

K
1
q (σ)

in (4.5) is the best possible. On the other hand, if 0 ≤ σ1 − σ < p(1 − σ), the same constant
factor in (4.5) is the best possible, then we have σ1 = σ.

Setting functions ϕi(x) := xp(1+i−σ̂)−1 (i = 0,m), ψ(k) := ∥k∥q(n−ασ̂)−nβ , wherefrom,

ψ1−p(k) = ∥k∥pασ̂−nβ (x ∈ R+, k ∈ Nn),

we define the real normed linear spaces as follows:

Lp,ϕi(R+) :=

{
f = f(x); ∥f∥p,ϕi :=

(∫ ∞

0
ϕi(x) |f(x)|p dx

) 1
p

<∞

}
,
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lq,ψ :=

b = {bk1,···kn}; ∥b∥q,ψ :=

(∑
k

ψ(k) |bk|q
) 1

q

<∞

 ,

lp,ψ1−p :=

c = {ck1,···kn}; ∥c∥q,ψ :=

(∑
k

ψ1−p(k) |ck|p
) 1

p

<∞

 ,

L̂(R+) := {F̂m = F̂m(x) ∈ Lp,ϕ0(R+); f(x)(≥ 0) is

continuous unless at finite points in R+, f ∈ Lp,ϕm(R+)}.

For any F̂m ∈ L̂(R+), setting ck :=
∫∞
0 h(x||k||αβ)F̂m(x)dx, k ∈ Nn, (4.1) isrewritten as

follows:

∥c∥p,ψ1−p ≤
m∏
i=1

1

i− σ̂

(
Γn( 1β )K(σ1)

αβn−1Γ(nβ )

) 1
p

K
1
q (σ) ∥f∥p,ϕm <∞,

namely, c ∈ lp,ψ1−p .

Definition 4.1. Define an extended half-discrete multidimensional Hilbert-type operator T :
L̂(R+) −→ lp,ψ1−p as follows: For any F̂m ∈ L̂(R+), there exists a unique representation c =

T F̂m ∈ lp,ψ1−p , such that for any k ∈ Nn, (T F̂m)(k) = ck. Define the formal inner product of

T F̂m and b ∈ lq,ψ, and the norm of T as follows:(
T F̂m, b

)
:=
∑
k

bk

∫ ∞

0
Kλ(x, ||k||αβ)F̂m(x)dx (= I),

∥T∥ := sup
F̂m (̸=0)∈L̂(R+)

∥∥∥T F̂m∥∥∥
p,ψ1−p

∥f∥p,ϕm
.

By Theorem 4.1-Theorem 4.2, we have

Theorem 4.3. With regards to the assumption of Theorem 3.2, if F̂m(≥ 0) ∈ L̂(R+), b(≥ 0) ∈
lq,ψ, ∥b∥q,ψ > 0, ∥f∥p,φm

> 0, then the following equivalent operator inequalities hold:

(
T F̂m, b

)
<

m∏
i=1

1

i− σ̂

(
Γn( 1β )K(σ1)

αβn−1Γ(nβ )

) 1
p

K
1
q (σ) ∥f∥p,ϕm ∥b∥q,ψ , (4.7)

∥∥∥T F̂m∥∥∥
p,ψ1−p

<

m∏
i=1

1

i− σ̂

(
Γn( 1β )K(σ1)

αβn−1Γ(nβ )

) 1
p

K
1
q (σ) ∥f∥p,ϕm . (4.8)

Furthermore, if σ1 = σ (< 1), there exists constants b ∈ (σ, 1) and Mb > 0, such that (3.3)
holds, then the constant factor

m∏
i=1

1

i− σ̂

(
Γn( 1β )K(σ1)

αβn−1Γ(nβ )

) 1
p

K
1
q (σ)

in (4.7) and (4.8) is the best possible, namely,

∥T∥ =
m∏
i=1

1

i− σ

(
Γn( 1β )

αβn−1Γ(nβ )

) 1
p

K(σ).
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In contrast, if 0 ≤ σ1 − σ < p(1 − σ), the same constant factor in (4.7) or (4.8) is the best
possible, then we have σ1 = σ.

5. Some examples

Example 5.1. Some particular kernels are provided in the following:

(i) Setting h(xy) = 1
(xy+1)s (0 < η < s), we find

K(η) =

∫ ∞

0

tη−1

(t+ 1)s
dt = B(η, s− η) ∈ R+.

(ii) Setting h(xy) = ln(xy)
(xy)s−1 (0 < η < s), we find

K(η) =

∫ ∞

0

tη−1 ln t

ts − 1
dt =

[
π

s sin(πη/s)

]2
∈ R+.

(iii) Setting h(xy) = 1
(max{xy,1})s (0 < η < s), we find

K(η) =

∫ ∞

0

tη−1

(max{t, 1})s
dt

=

∫ 1

0
tη−1dt+

∫ ∞

1

tη−1dt

ts

=
s

η(s− η)

∈ R+.

Remark 5.1. For any h(t) in Example 5.1 (i)-(iii), we can find that for any b ∈ (0, s), h(t)tb → 0
(t→ 0+ or t→ ∞). Since h(t) (t ∈ (0,∞)) is continuous, it follows that there exists a constant
Mb > 0, such that h(t)tb ≤ Mb (t ∈ (0,∞)), namely, (3.3) holds. In Example 5.1 (i)-(iii),
setting s = λ > 0, η = σ1, σ ∈ (0, λ),for 0 < σ < min{1, λ}, there exists a positive constant
b ∈ (σ, 1), satisfying (3.3), and for σ1 ≤ n

α , h(t)t
σ1−n

α is nonnegative decreasing in R+ and
strictly decreasing in an interval I ⊂ R+.

Example 5.2. By using Example 5.1 (i)-(iii) with Remark 5.1 to (3.2) and (4.2), in view of the
assumption (C1), σ ∈ (0,min{1, λ}) ∩ (0, nα ], we obtain the following three couples equivalent
inequalities with the best possible constant factors:∑

k

∫ ∞

0

F̂m(x)bkdx

(1 + x||k||αβ)λ

<

m∏
i=1

1

i− σ

(
Γn( 1β )

αβn−1Γ(nβ )

) 1
p

×B(σ, λ− σ)

[∫ ∞

0
xp(1+m−σ)−1fp(x)pdx

] 1
p

[∑
k

||k||q(n−ασ)−nβ bqk

] 1
q

, (5.1)

{∑
k

∥k∥pασ−nβ

[∫ ∞

0

F̂m(x)dx

(1 + x||k||αβ)λ

]p} 1
p
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<
m∏
i=1

1

i− σ
×

(
Γn( 1β )

αβn−1Γ(nβ )

) 1
p

B(σ, λ− σ)

[∫ ∞

0
xp(1+m−σ)−1fp(x)dx

] 1
p

, (5.2)

∑
k

∫ ∞

0

ln(x||k||αβ)F̂m(x)bk
xλ||k||αλβ − 1

dx

<

m∏
i=1

1

i− σ

(
Γn( 1β )

αβn−1Γ(nβ )

) 1
p [ π

λ sin(πσλ )

]2

×
[∫ ∞

0
xp(1+m−σ)−1fp(x)dx

] 1
p

[∑
k

||k||q(n−ασ)−nβ bqk

] 1
q

, (5.3)

{∑
k

∥k∥pασ−nβ

[∫ ∞

0

ln(x||k||αβ)F̂m(x)dx
xλ||k||αλβ − 1

]p} 1
p

<
m∏
i=1

1

i− σ
×

(
Γn( 1β )

αβn−1Γ(nβ )

) 1
p [ π

λ sin(πσλ )

]2 [∫ ∞

0
xp(1+m−σ)−1fp(x)dx

] 1
p

, (5.4)

∑
k

∫ ∞

0

F̂m(x)bkdx

(max{1, x||k||αβ})λ

<

m∏
i=1

1

i− σ

(
Γn( 1β )

αβn−1Γ(nβ )

) 1
p

× λ

σ(λ− σ)

[∫ ∞

0
xp(1+m−σ)−1fp(x)dx

] 1
p

[∑
k

||k||q(n−ασ)−nβ bqk

] 1
q

, (5.5)

{∑
k

∥k∥pασ−nβ

[∫ ∞

0

F̂m(x)dx

(max{1, x||k||αβ)λ

]p} 1
p

<
m∏
i=1

1

i− σ

(
Γn( 1β )

αβn−1Γ(nβ )

) 1
p λ

σ(λ− σ)

[∫ ∞

0
xp(1+m−σ)−1fp(x)dx

] 1
p

. (5.6)

Example 5.3. For n = α = 1 in Example 5.2, σ ∈ (0,min{1, λ})∩ (0, 1], we have the following
three couples equivalent inequalities with the best possible constant factors:

∞∑
k=1

∫ ∞

0

F̂m(x)bk
(1 + xk)λ

dx

<

m∏
i=1

1

i− σ
B(σ, λ− σ)×

[∫ ∞

0
xp(1+m−σ)−1fp(x)dx

] 1
p

[ ∞∑
k=1

kq(1−σ)−1bqk

] 1
q

, (5.7)

{ ∞∑
k=1

kpσ−1

[∫ ∞

0

F̂m(x)dx

(1 + xk)λ

]p} 1
p

<
m∏
i=1

1

i− σ
×B(σ, λ− σ)

[∫ ∞

0
xp(1+m−σ)−1fp(x)dx

] 1
p

, (5.8)
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∞∑
k=1

∫ ∞

0

ln(xk)

xλkλ − 1
F̂m(x)bkdx

<
m∏
i=1

1

i− σ

[
π

λ sin(πσλ )

]2
×
[∫ ∞

0
xp(1+m−σ)−1fp(x)dx

] 1
p

[ ∞∑
k=1

kq(1−σ)−1bqk

] 1
q

, (5.9)

{ ∞∑
k=1

kpσ−1

[∫ ∞

0

ln(xk)F̂m(x)dx

xλkλ − 1

]p} 1
p

<
m∏
i=1

1

i− σ
×
[

π

λ sin(πσλ )

]2 [∫ ∞

0
xp(1+m−σ)−1fp(x)dx

] 1
p

, (5.10)

∞∑
k=1

∫ ∞

0

F̂m(x)bk
(max{1, xk})λ

dx

<
m∏
i=1

1

i− σ

λ

σ(λ− σ)
×
[∫ ∞

0
xp(1+m−σ)−1fp(x)dx

] 1
p

[ ∞∑
k=1

kq(1−σ)−1bqk

] 1
q

, (5.11)

{ ∞∑
k=1

kpσ−1

[∫ ∞

0

F̂m(x)dx

(max{1, xk})λ

]p} 1
p

<

m∏
i=1

1

i− σ

λ

σ(λ− σ)

[∫ ∞

0
xp(1+m−σ)−1fp(x)dx

] 1
p

. (5.12)

6. Conclusion

In this paper, by means of the weight functions, the idea of introduced parameters and Hardy’s
integral inequality, an extended half-discrete multidimensional Hilbert-type inequality with the
general nonhomogeneous kernel as h(x||k||αβ) (α > 0, β ∈ (0, 1]) and a multiple lower limit
function is obtained in Theorem 3.1. The equivalent statements of the best value in the new
inequality related to several parameters are considered in Theorem 3.2-Theorem 3.3. The equiv-
alent forms and the operator expressions are provided in Theorem 4.1-Theorem 4.3. Some
particular cases are deduced in Corollary 3.1-Corollary 3.2, Corollary 4.1-Corollary 4.2, and
Example 5.2-Example 5.3.
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