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THE INFLUENCE OF DELAYS AND INJECTION TREATMENTS ON
THE DYNAMICS OF TUMOR-IMMUNE SYSTEM*

Renxiang Shilf

Abstract We propose a tumor-CD4T-cytokine-host system with two delays and injection
treatments, where two delays denote activation delays for CD4™" T cells and cytokines respec-
tively and host cells compete with tumor cells. First we prove the positivity and boundedness
of solutions without injection treatments, the positivity means that tumor cells always exist,
the boundedness means that immune cells can control the increase of tumor cells, then we
discuss the influence of two delays on the dynamics of system, that is as any of the delays is
sufficiently small, the corresponding interior positive equilibrium point is locally stable, as
the delay increases to critical value, Hopf bifurcation occurs and periodic solution bifurcates
from the equilibrium point, which means the relapse of tumor cells occurs, furthermore base
on center manifold and normal form, we study the property of Hopf bifurcation, at last, in
absence of delay, we study the influence of relative parameters on the volume of tumor cells
and feasibility of injection treatments of CD4™" T cells and cytokines on eradication of tumor
cells, that is the tumor cells can be eradicated if the dose of injection treatment of CD4* T
cells or cytokines is sufficiently large. All the results are supported by simulations.

Keywords Immunotherapy, tumor-immune-host system, delays, Hopf bifurcation, stability,
cytokine.
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1. Introduction

As we know, malignant tumor has the feature of unregulated proliferation, rapid growth and
deadly impact, which causes many deaths worldwide. American cancer report 2018 showed that
more than 15.5 million patients of tumor arise and tumor is the second cause of death in USA.
The tumor cells [35] grow uncontrollably and invade distant parts of body, our immune system
can recognize tumor antigen and initiate anti-tumor response, we call the mechanism “Tumor-
Immune-Surveillance” Hypothesis [7], which was formulated in 1957 and showed that immune
system has the ability of eliminating tumor cells before they grow with clinical feature.

There are several therapies [14, 31] toward malignant tumor, such as immunotherapy,
chemotherapy, radiation therapy, where immunotherapy depends on white blood cells, espe-
cially CD8™ T cell, Natural Killer cells and macrophages [27]. Some works [1,28] demonstrated
that immune cells can lyse tumor cells effectively. For all the vertebrates, the major histo-
compatibility complex (MHC) denotes the molecules on cell surface, which are encoded by a
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large gene family, the MHC can be divided into three subgroups: Class I-III. The Cytotoxic
T lymphocytes (CTLs), such as CD8% T cells can recognize tumor antigen [25] in association
with molecules of MHC class I on tumor cells. However some evidences have shown that tumor
cells can evade recognition by CTLs, for certain tumor cells [25] do not express MHC class I
antigen on the cell surface. CD4" T cells are always considered as a helper role, which activate
CD8™" to kill tumor cell, but some works [5,25, 38] showed that CD4" cells play more direct
role on eradicating tumor cells by producing cytokines and chemokines [25, 38|, furthermore,
in absence of CD8T T cells and Natural Killer cells, CD4" T cells can kill tumor cells, that is
tumor cells may be eradicated by tumoricidal myeloid cells or anti-angiogenic cytokines, such
as IL-4 secreted by CD4™ T cells [25, 38].

Eftimie [8] proposed a model consisting of either six or seven ordinary differential equations,
which included tumor cells, CD4™ T cells, cytokines of suppressing tumor, cytokines of promot-
ing tumor, type 1 (by Th 1 cells) cytokines, type 2 (by Th 2 cells) cytokines and other immune
cells, they studied the eradication of skin tumor by CD4% T cells, where CD4" T cells can
be divided into Thl cells and Th2 cells, by data [25] and simulation, they demonstrated the
effective role of CD4™ T cells in tumor eradication depends on the feedback between Th2 cells
and eosinphils. Mattes [25] demonstrated that CD4™ T cells can recognize tumor antigen and
secrete cytokines with profile characteristic of Th 2 cells, the cytokines can clear established lung
and visceral metastases of melanoma, which is resistant to CTLs. Perez-Diez et al. [5] compared
the role of CD4™ T cells and CD8™ cells on eradication of tumor, they concluded that CD4* T
cells play more effect than CD8™, even when tumor cells express molecules of MHC class I but
not MHC class II.

There are many works [2,6,12,13,17,29,34,39] about the dynamics of tumor-immune system,
L. Anderson [2] thought that CD4" T cells secrete cytokines to eradicate tumor cells, the
production of CD4™ cells depends on the interaction between CD4" T cells and tumor cells,
they proposed the following tumor-CD4"-cytokine system:
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where z(t) denotes the volume of tumor cells, y(¢) denotes the volume of CD4™ T cells, z(t)
denotes the volume of cytokines secreted by CD4™ T cells, they investigated the role of CD4"
T cells on eradication of tumor, studied the injection treatments of CD4" T cells and cytokines
and concluded that the doses of injection treatments are critical for eradication of tumor.

In tumor micro-environment, for the cellular differentiation, chemical transportation and
exchanged chemical signal is not instantaneous, besides immune cells take some time to identify
tumor and react properly [21], delays always exist in tumor-immune system [4,6, 19,20, 32, 33],
delay bring rich dynamics, such as Hopf bifurcation.

The interaction between immune cells and tumor cells is complicate, the immune cells require
time to react after recognizing tumor cells, Sardar et al. [33] pointed out time delays play impor-
tant role on the interaction among immune cells, cytokines and tumor cells, they can accurately
represent the intricate and delayed nature of immune response by introducing time delays into
tumor-immune system. The dynamics of delayed immune-tumor system were discussed [4,19,20)]
by many researchers, some works [19,20] thought the growth and differentiation of immune cells
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by tumor cells require time, so they introduced delay into system and demonstrated the delay
can induce periodic oscillation, Dehingia et al. [4] thought that the proliferation of hunting T
cells depends on the interaction between hunting T cells and resting T cells, they introduced
delay into system, where the delay denotes the time required for the interaction, they showed
that the delay also induces periodic oscillation of system.

For activation of immune cells by tumor cells need some time, Dong et al. [6] proposed the
following tumor-immune system with two delays:

% — aT(8)(1 = bT(1)) — nE)T(2),
DB BT B~ ) — B0 + pEOHO) (12
% = 59 + kQT(t - tg)H(t - t2) - dQH(t)’

where T'(t), E(t), H(t) denote the volume of tumor cells, effect T cells and helper T cells,
two delays 71, 70 denote activation delays of effect T cells and Helper T cells respectively, they
established the stability of tumor-free and immune-control equilibrium points and the existence
of Hopf bifurcation caused by two delays, the results showed that both delays do not affect the
stability of tumor-free equilibrium point, but destabilize the immune-control equilibrium point
and cause periodic oscillation, the authors numerically illustrated how two delays can change
the stability region of immune-control equilibrium point and display the different impacts on
the control of tumor cells.

The competition of cells exists in some species, such as mammals [24], for survival and
growth, near blood vessels, tumor cells compete with health cells for nutrients and oxygen,
the tumor cells appear from single transformed cells by mutation, the nearby host cells always
spatially inhibit them [9], the winner cells during competition fill in the vacated space of nearly
failed cells and continue to proliferate, when tumor cells win, they can propagate within normal
tissue [23], on the other hand, the health cells inhibit tumor cells and cause the death of oncogenic
mutant cells within tissue [23], competition of cells exists and plays great role on the dynamics
of biological system, introducing competition between tumor cells and host cells should be
valuable, Fujita [9] pointed out that competition of anti-tumor occurs only when the tumor
cells encounter host cells, while the immune cells do not participate, the classical Lotka-Volterra
equation was used to describe the competition between tumor cells and host cells regardless of
immune cells, which means the host cells battle with tumor cells for territories and nutrients
[26].

Activated by above works, we take some changes about system (1.1):

(i) Some works [13,36] thought that CD4" T cells are a kind of T lymphocyte cells and can
be activated by cytokines such as IFN-v, the proliferation of CD4™ T cells is up-regulated by
cytokines and the tumor cells, we take the same expression.

(ii) Similar to [6], we introduce two discrete delays, one is the activation delay of CD41 T cells,
the other is activation delay of cytokines.

(iii) For the tumor cells and normal tissue cells compete for resource and space [35], besides
signaling interactions between neoplastic and stromal tissues are important for tumor production
[10], so compare with [2], we add host cells to system (1.1), obtain the following tumor-CD4%-
cytokine-host system with two delays:
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(dx x a1xrz
E = 7"]_35(]. — E) — m — d]_flj'lU,
dy  agz(t —m)z(t — 1)
4y _ _ — dyzy,
dt by + 2(t — 1) @y (1.3)
dz  asz(t — 12)y(t — 12) ’
—_— = — C2Z,
dt bs + x(t — 72)
% =row(l — k‘%) — d3zzw,
with initial conditions
z(0) = ¢1(0) > 0,y(0) = ¢2(0) > 0,2(0) = ¢#3(6) > 0,w(0) = p4(0) > 0,
0 € [-7,0],7 = max{r, 72}, ¢;(0) € C([-7,0],RT),i=1,2,3,4 (1.4)

where z(t),y(t), z(t), w(t) denote the volume of tumor cells, CD4" T cells, cytokines and host
cells respectively, some works [8,13] thought that cytokines directly destroy tumor cells and has
limited property of lysing tumor cells, so they took Michaelis Menten kinetics % to describe
the eradication of tumor by cytokines, both the tumor cells and host cells grow logistically. r1, ro
denote the intrinsic growth rates of tumor and host cells respectively, k1, ko denote the carrying
capacity of tumor cells and host cells respectively, by, be, b3 are the half saturation constants of
response function, a; denotes the killing rate of tumor cells by cytokines, as denotes production
rate of CD4™ T cells induced by cytokines, a3 denotes production rate of cytokines secreted by
CD4™" T cells, di denotes killing rate of tumor cells by host cells, do denotes the loss rate of
CD4™" T cells by tumor cells, d3 denotes killing rate of host cells by tumor cells, ¢1, co denote
the natural death rates of CD4™ T cells and cytokines respectively, we will discuss the positivity
and boundedness of solutions of system (1.3), reveal the influence of delays on the dynamics of
system (1.3), the influence of relative parameters on the volume of tumor cells without delays.
In absence of delays, we will discuss the feasibility of injection treatments of CD4" T cells and
cytokines on eradication of tumor cells.

This paper is organized as follows, first we study the existence of equilibrium points, the
positivity and boundedness of solutions of system (1.3), then around interior positive equilibrium
point, we study the influence of two delays on the dynamics of system (1.3), the influence of
relative parameters on the volume of tumor cells without delays. At last, in absence of delays,
under three cases: (1) Injection treatment of only CD4" T cells, (2) injection treatment of
only cytokines, (3) injection treatments of both CD4" T cells and cytokines, the feasibility of
injection treatment on eradication of tumor cells, all the results are supported by simulation.

2. Existence of equilibrium points, positivity and boundedness
of solutions of system

Before our discussion, we give the existence of equilibrium points:
(1) Equilibrium points Ey(0,0,0,0), E1(k1,0,0,0), E2(0,0,0, k2) always exist.

1e1 . _ kira(dika—r1) kor1(dski—r2)
(2) Equilibrium point E3(z3,0,0,ws) = (dldsklkz—mrz’ O Ry

) exists if
dlkg -ry > 0, dgk'l —Tro > 0, dldgklk)g —rirg > 0,

hold.
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Table 1. The values of parameters.
Parameter Value Unit
e 0.514 [8] day~!
k1 9.8039 x 108 [8]  day
ap 0.2 [8] cell(day) =t x (pg/ml)~!
b1 10° [18] cells
dy 1.1 x 10710 [22]  (cell day)~!
as (0.008, 1.008) [8] cell(day)~!
bo 103 [3] cells
c1 0.1 [2] day~!
da 1077 [8] (cell day)~!
as 5.4 [8] pg/ml x (cell day)™?
b3 103 [8] cells
2 34 [8] day 1
9 0.18 [22] day~!
ko 107 [22] day
ds 4.8 x 10710 [22]  (cell day)~!
(3) For equilibrium points Ey(x4,y4, 24,0), where
aT424 r1 T4
= sz = (1= T by + @),
v (ba 4+ x4)(c1 + daxs) S ( k1 (b1 +24)
and x4 satisfies
cadoxy + (bacads + bgcods — asag + c1¢2) 75
+(babscada + bacica + bgeica)xy + babscica = 0. (2.1)
Ey(z4,y4, 24,0) exists if equation (2.1) has positive root 4.
(4) For equilibrium points Es5(xs,ys, 25, ws), where
b k
Ys = M, ws = —— (dsws — 12),
asrs T2
where x5, 25 satisfy
AH(:I,‘{,)Q + Ajoxs + A1325 + Ay = 0, (2.2
A21(135)3 + A22($5)2 + Aozxs + Aoy = 0, (2 3
where
Ay = dydskiky — rire, A12 = bididzkike — dikikory — birira + kirire, A1z = —arkirg, Ay =
bikiriry — bidikikara, Agy = —cada, Aga = agag — bacada — bycady — cica, Aoz = —(babscads +
bacica + bscica), Aag = —babscica.

Es5(zs5,ys5, 25, ws) exists if equations (2.2) and (2.3) have positive roots x5, z5 and dsxs < ra.
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Now we discuss the positivity and boundedness of solutions of system (1.3).
From the first equation,

dz z a1z
ar _ 1— =) —— —djw)dt
t 7M7L(S)f w(s S
= z(t) = z(0) Jo(rn (=57~ g —dw(s)ds 0,t>0,

similarly, from the fourth equation, we get

d Lo (1— 2 _dan(s))ds
S (ra(1 = 1) = ds@)dt = w(t) = w(0)el (T A S gy g,
2
let d = min{r, 7}, when t € [0,d] =t —7 € [-71,d— 7], s0 (t —71) > 0, 2(t — 1) > 0, we
have
d

diz{ > —cry — dazy = y(t) > y(O)efot(_cl_d””(s))dS >0,

t—19 € [-T2,d— 1] = x(t — 1) > 0,y(t — 12) > 0, we have

d
d—i > —coz = 2(t) > 2(0)e” 2" > 0,

when t € [d,2d] = t—m1 € [d—711,2d — 1], for 2d — 7 < d, (t —11) > 0,2(t — 1) > 0, so

d
di; > —c1y — dawy = y(t) > y(d)ela-ar=d2e()ds 5

t—mo €d—T1,2d —19],2d — 7o < d= x(t —12) > 0,y(t — 12) >0, so

d
d—j > —cpz = 2(t) > z(d)e 2D > 0,

so when t € [nd, (n+ 1)d],n € N, y(t) > 0,z(t) > 0, that is y(t) > 0, 2(¢) > 0,¢ > 0.

From ‘é—f < mz(l = ) = limsup, o z(t) < ki, similarly, %’ < rw(l - £) =
lim sup;_, o w(t) < ka.

Define A(t) = px(t — 1) + y(t), where u > 0 satisfies asb; — paiby < 0, ag — pa; < 0, we
have

@ <rpa(t — 1) (1 - z(t = Tl)) _aap(t —m)z(t —71)

dt kq by +x(t — 1)
agr(t —m)z(t —m)
bz—{—l‘(t—Tl) cy
_ agby — paibs + (ag — pay)z(t — 1) " x(t—7)z(t — 71)
b2+ZB(t—T1) b1—|—l'(t—7'1)
rpx?(t — 1)
+ripx(t — 1) — - c1y

1
ripxz(t —

<(mp+apz(t—1)— l'ulill) — c1A(t)

(r1 + c1)? ks
47“1

IN

- ClA(t)7
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from which

1+ c1)?pk

( —cit —cit
A 1— e %) 4+ A(0)e
0 < A(t) < TR (L =) + A0)e

SO

2 k 2 k
limsup A(t) < m = limsup y(t) < w
t—+o00 4ricy t—s400 4ricy

from the third equation,

dz < asz(t — m2)y(t — 1)
dt — bg—F:L’(t—Tg)
<agy(t —T2) — coz

(11 + c1)%azpk

< _
- 4ricy 2%
we have
(11 + c1)?azpk: ot et
0<2(t) < 1— e e 0)e~2t,
() < LI () omeat) (o)
SO

2
r c1)?aspk
limsup z(t) < (r1 4 c1)7agp L
t—+00 dricieo

The proof is completed.

3. The influence of delays on the dynamics of tumor-immune
system

We discuss the influence of two delays on the dynamics of system (1.3) around positive interior
equilibrium point Es(zs, ys, 25, ws), the Jacobian matrix at Es(xs,ys, 25, ws) is

gl 0 Y23
T+ee s e 0 3.1)
YoeTA2 e g 0 ‘
1 0 0 M2
where
M= =90t e 12T by 13 = —hTs, Y4 = —days, 5 = —daws — c1, Y6 = (;fff)z,
V7= pias V8 = —C2, V9 = (fﬁiﬁz, Mo = 25, 1 = —dzws, Y12 = — 325

The characteristic equation of (3.1) is

M4 a1 X + ag)\? + azh + ag + (as)? + ag + a7)e ™
+(a8)\2 + agA + alo)e_)‘(71+72) =0, (3.2)
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where

ar = —Y1 — Y5 — Y8 — Y12, G2 = Y1V12 + Y175 + Y178 — Y3V11 + Y5712 + Y8712 + V578, a3 =
—Y1Y5Y12 — Y1812 — Y1875 + Y35 Y11 + ¥3787Y11 — V58712, G4 = Y17Y57Y87Y12 — V37V5Y87V11, 45
=279, @6 = —Y2Y4Y10 + Y2912 + V2579, Ar = Y2Y4Y10Y12 — V2V5Y9V12, @8 = —Y77Y10, A9 =
Y1Y7Y10 + Y7Y107Y12 — V2767105 @10 = —Y1Y7Y10Y12 + Y3Y7Y10711 + Y2V6 Y1012

When the delays do not exist, that is 71 = 7o = 0, the characteristic equation (3.2) becomes

A + Al)\g + AQ)\Q 4+ As\+ Ay =0, (3.3)

where
Ay =ay, As = as +as + ag, A3 = ag + ag + a9, Ay = a4 + a7 + a19, by Routh-Hurwitz criterion,
all the roots of equation of (3.3) have negative real parts when

(Hl) A1 >0,A1A5 — Az > 0, (A1A2 — Ag)Ag — A%Az; > 0.

When two delays coexist, we study the influence of two delays under 4 cases:

Case (1) 71 = 0,72 > 0, the characteristic equation (3.2) becomes
)\4 + 0111)\3 + Oélg)\Q + a3\ + aqq + (511)\2 + 512)\ + 513)67)\7—2 =0, (34)

where
Q11 = a1, g = az, Q13 = a3, a14 = a4, P11 = as + ag, B2 = ag + ag, f13 = ar + ai, let
A = twz(wz > 0) be the root of equation (3.4),

(B13 — Br1w3) cos(wats) + Brows sin(waTa) = —ws + apwi — aia, (3.5)
Biaws cos(waTe) + (Br1w3 — Bi13) sin(waTs) = a11ws — ag3wa,
from which we get
8 6 4 2 _
wy + pr1wy + praws + pi3wy + pra = 0, (3.6)
where
pi1 = afy — 2a12, pr2 = —2an1a13 + &3y — B3 + 2004, p13 = —2012004 + g + 2611513 — Bias
P14 = —B3; + o, denotes vy = w3, (3.6) becomes
v% +p1111§’ +p12v§ + p13vs + p14 = 0, (3.7)
denotes

fa(vo) = v3 + p11v5 + p1ov3 + p13va + Pra.

(H2): There exist finite positive roots for fo(vy) = 0, without generality, denote va1, vaa, va3,
V94, We have wop, = /vor, k = 1,2,3,4 and the critical value

6 _ 1 Arecos (angk + Biawsy, + Bisw3, + 314) N 21j
2k 4 2 ?
Wok CHUJQk + ClQWQk + C3 wok

(k:17273’4’j2071a2"")

where
Bi1 = B, Bi2 = a11fi2 — a12B811 — Bi13, Biz = a12f13 — a13B12 + aafii, Bia = —ao1afbs,



1320 R. Shi

C11 = %, C12 = —2B11813 + 8%, C13 = 5%3, differentiate the left side of (3.4) with respect to
T, we have

d\ )l AN + 30110 + 2019 + a3 n 20112 + B2 T

( A+ ap A3 4+ a2+ ash+ag) | ABUAZ+ Biod+ Biz) A

dr

. 0
let 790 = ming—1234 Tz(k,), when 75 = 75, we have

Re(j:z)mim
4wl + (33, — 6a12)w§0 + (—4aq1ars + 2035 + dagg)wiy + (—2a12004 + ad3)
Wby + (af) — 2012)why + (—2a11a13 + afy + 2a14)why + (—2012014 + afy)wdy + ady
—28}1wiy + (2811813 — BTa)
Bhwiy + (—2B11613 + Biy)wiy + 575

from (3.6), we have

why + (af) — 2012)why + (2011003 + afy + 2014)wig + (—2012004 + af3)wsy + aiy
= B2 1wy + (2811513 + Bia)wio + Bis,

from which we have

o f3(wBy)
dry ™= By + (—2B0 s + Bh)wl + B

Re(

therefore Re(%);;:mo # 0 when (H3): f§(w3,) # 0, so for system (1.3), if (Hy), (Hz), (H3) hold,
the interior positive equilibrium point Fs5(zs, ys, 25, ws) is asymptotically stable for 7 € (0, 79),
Hopf bifurcation occurs and a periodic solution bifurcates from FEs(xs, ys, 25, ws) at 7o = Top.

(2) 72 = 0,71 > 0, the characteristic equation (3.2) becomes
At a1 X 4 agpA? + agsh + aoa + (B A + Baad + Bag)e N =0, (3.8)

where

Qo1 = a1, Q2 = a2 + as, a3 = a3z + ag, aoq = aq + ay, Bo1 = ag, a2 = ag, P23 = ajo, let
A = iwi (w1 > 0) be the root of equation (3.8),

(B2 — Borw?) cos(wiT1) + Brows sin(wii) = —wi + agewd — aay, (3.9)
Baawi cos(wiTr) — (Baz — Barw?) sin(wi 1) = anwf — agswi,
from which we get
i 0 1 : =0 3.10
Wi + p21w] + p2aw] + paswi + pas =0, (3.10)
where
P21 = a3) — 2092, P2 = —20a21003 + a39 — B3 + 204, Doz = —2a2024 + O35 + 289123 — B35,

P24 = a3, — B35, denotes v1 = w?, (3.10) becomes

vl + pa1v? + paovi + pasvr + pas = 0, (3.11)
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denotes

fi(v1) = v + pa1v} + poovi + pazvr + poa.

(Hy): There exist finite positive roots for fi(vy) = 0, without generality, denote the roots as
V11, V12, V13, V14, SO Wik = +/U1k, k = 1,2, 3,4, the critical value

4 .
L) _ arccos(lew?k + Boswiy, + Basw?iy, + Bos,  2mj
O w Corwiy, + Coow?y + Cas Wik

(k:1727374,j2071a"')

where

Bo1 = (21, Baz = 122 — 22821 — P23, B2z = 22823 — 23822 + 2421, Boy = —24 23,
Co1 = B3, Cag = —2[21 823 + B3, Caz = 335, differentiate the left side of (3.8) with respect to
71,

(@)_1 _ AN 4 3am A\ 4 2099 + a3 n 2021 A + B2 T
dry A+ a2 A3 + a2 4+ aosA + aa) AP A? + Boad + Paz) AT

(0)

let T10 = mink:172,374 le

, when 7 = 119, we get

d\ 4
dry
4w?0 + (303, — 6a22)wil0 + (—4agiass + 203, + 4a24)w%0 + (—2a92024 + oz%g)
T Wl 4 (a3 — 2a29)wl, + (—2001003 + A3y + 2024 wiy + (—2002004 + a35)wE, +
—2f35,wiy + (2821823 — B3,)
B3wiy + (—2B21823 + B3,)wiy + B35
_ fi(wio)
By1wiy + (—2B21823 + B35)wiy + B35
therefore Re(%)#zﬂo # 0 when (Hj): fi(w?,) # 0, so for system (1.3), if (Hi),(Hy), (Hs)
hold, the interior positive equilibrium point Ej(xs,ys, 25, ws) is asymptotically stable when
71 € (0,710), Hopf bifurcation occurs and a periodic solution bifurcates from Es(xs,ys, 25, ws)
when T1 = T10-
(3) 1 € (0,710), 72 > 0, 72 is considered as bifurcation parameter, let A = iwj(ws > 0) be
the root of equation (3.2),

Re(

)Tl =T10

Es1 cos(wima) + Esgsin(wim) = Ess,

(3.12)
E32 COS(wg’Tg) — E31 Sin(wékTg) = E34,
where
E31 = (a10—ag(w})?) cos(wii ) +agws sin(wim ) +ar—as(ws)?, Esg = agw} cos(wiT )+ (ag(ws)? —
a1o) sin(wim) + agws, E33 = —(wi)? + a2 (wd)? — ay, B3y = a1(w})? — agws, from which we get
Fi(w3) + Fo(w3) cos(wsT) + F3(ws) sin(wym1) = 0, (3.13)
where

Fi(wy) = (w§)8 + (a3 — 2a2)(w§)6 + (—2aja3 + a% — a% — ag + 2a4)(w§)4 + (2agay1p — 2aza4 + a%
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+ 2asar — a% — ad)ws — a3y + a3 — a2,
Fy(wy) = —2a5a8(w§)4 + (2asa10 + 2a7ag — 2a6a9)(w§)2 — 2ara10,

F3(w3) = (2asag — 2agag)(wh)? + (2asa1o0 — 2arag)ws.
(He): There exist finite positive roots of equation (3.13) w3, , (k = 1,2,--- ,l2), the critical
value of delay is

*(j) _

Es1E33+ E3a B3, 27)
oy = arccos( )+

E% + E3, Wy,

k_]-z 7127]’:071727'”7

differentiate the left side of (3.2) with respect to 7, we get

1 flO()\) + f11()\)€_)‘72 + f12(>\)6_>‘(71+7'2)

A\ oL
S\ flg()\)e_ATQ 4 f14()\)e—>‘(71+72)

dr

(

where

fio(N) = AN +3a1X% +2a2) +as, f11(N) = —as1eA?+(2a5 — ag2) A+ (a6 —ar72), fiz(N) = —(11+
79)ag A2+ (2ag — (11 +72)ag) A+ ag—a1o(T1+72), fi3(N) = as > +agA+ar, fia(N) = agh2+ag +ay,
let 75p = ming=12... 1, Tz*ko , when 7 = 735, we have

dx 1 P31 +iF3  F31F334 F3F3
Re(—) ok = Re B - 2 2 )
dr9 =20 F33 + 1F34 F33 + F34
where
F31 = —3a1(wi)? + as + (a5 (wie)? + as — ar7sy) cos(wioTsy) + (2as5 — agTsn)wio sin(wiy )

+ (2ag — agT) — agTsy)wsg sin(wigTay) cos(wiyT1) + (2ag — agTi — agTay)wsg COs(wWsyTs)
x sin(wiom) + (—a1075 + ag + ag71(why)? + asTi(wig)? — aiom) cos(wisy) cos(wieTi)
+ (a10735 + a10m — ag — agTi(wyy)® — agTy(wWsy)?) sin(wsyTs) sin(wiem),
Fyy = 2a9w3) — 4(“50)3 + (2a5 — agTsy) w3y cos(wiyT3y) + (ar73y — ag — a575‘0(w§0)2) sin(w3y730)
+ (—ag — agmi (wiy)? — agT3y(wi)* + a10m1 + a1073,) cos(wiyT3g) sin(wiyT)
+ (—ag — agmi (wiy)? — agTog(wiy)? + a1073y + a1071) sin(wiy75y) cos(wiyT)
+ (2ag — agTi — agTsy)wsg cos(wiyTsy) cos(wigTi)
+ (agT1 + agTay — 2ag)wi sin(wiy ) sin(wiy 1),
(—(w3o)?as + wigar) sin(wsTsy) — (wWi)?as cos(wsTsy)
+ (= (W20)3a8 + winaio) cos(winTsy) sin(wigm) + (Wigaio — (wiy)as) sin(wsyTs,) cos(wsym)
—( 50) ag cos(w3yT30) cos(wiyTi) + (w§0)2a9 sin(w3y75) sin(w3y71),
F3y = (W§0)2a6 sin(w3g730) + (arwsy — as(wiy)?) cos(wsTsy) + (wWip)?ag cos(wiTsy) sin(wigT)
(w 20) ag sin(w3)73) cos(w3yT1) + (arowiy — GS(‘U;O)B) cos(w3yT3) cos(w3yT1)
((WQO)SGS — wipaio) sin(w3yTs) sin(wze ).

(H7): F31F33 + F39F3y # 0, therefore if (Hy), (Hg), (Hy) hold, so for system (1.3), the
interior positive equilibrium point Es(xs, ys, 25, ws) is asymptotically stable when m € (0, 75),
Hopf bifurcation occurs and a periodic solution bifurcates from Es(xs, ys, 25, ws) when 1o = 73.

(4) 72 € (0,720), 71 > 0, 71 is considered as bifurcation parameter, let A\ = iwj(w] > 0) be
the root of equation (3.2),

Ey1 cos(wim) + Egosin(wi) = Eys,
E42 COS(wl ) E41 sm( ) E44,

(3.14)

where

Epn = —ag(w?)? cos(wim) + agwi sin(wim) + aigcos(wim), Fi = ag(w})?

sin(wiTe) + agw]
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x cos(wiTe)—ayg sin(wime), B4z = —(wi‘)‘l—l—ag (wik)Q—a4—|—(a5(wf)2—a7) cos(wjT2)—asw; sin(wia),

By = a1(w})? — aswi + (a7 — as(wi)?) sin(wim) — agw? cos(wim), from which we have
G1(w]) + Ga(wy) cos(wiTe) + G3(w]) sin(wiT2) = 0, (3.15)

where
G1(w}) = (W)B + (a2 — 2a2)(w})8 + (—2a1a3 + a3 + a2 — a2 + 2a4)(w})* + (2asa10 — 2a2a4
+ a3 — 2a5a7 + af — ag)(w})® — afy + af + a7,
Gao(w}) = —2a5(w})® + (—2a1a6 + 2aza5 + 2a7)(wi)* + (—2a2a7 + 2aza¢ — 2a4a5)(w})? + 2a4a7,
G3(wi) = (—2a1a5 + 2ag)(w})® + (2a1a7 — 2a2a6 + 2azas)(wi)3 + (—2azar + 2a4a6)wi.
(Hg): There exist finite positive roots wj,, (k = 1,2,--- ,11) for equation (3.15), the critical
value is

(i 1 EnE EpE 2mq )
TUE]):TBICCOS( a1 ;3_'_ 22 44)"‘ 7:77 (k:172a"'>l1732071727"'>
Wi, Ej + By Wi

differentiate the left side of (3.2) with resect to 71, we get

dA 1 _ 1M+ Far(N)e 72 4 fop(N)eATiH72)

(Tﬁ) A faz(N)em A1 t2) 7

where

fgo(A) = 4)\3 + 3CL1)\2 + 2a2)\ + as, f21()\) = —T2a5)\2 + (2&5 — Tgaﬁ))\ + (a6 - T2a7>, fQQ(A) =
*(’7’1 + TQ)CLg)\Q + (2&8 — (7’1 + 7'2)0,9))\ + ag — (7'1 + 7'2)0,10, fgg()\) = CLg)\Q =+ ag)\ + ao, let
Tio = ming—12.... 1, Tl*ko), when 71 = 77, we have

d\ | 4 Foy +iFy,  FulFys+ FioFy

R - * = _— [}
e(dTl )7'1:7'10 e<F43 + i Fyq F423 + F424

the computation of Fyy, Fyo, Fy3, Fy4 is similar to case (3), we omit here.

(Hy): Fy1Fy3+FyoFyy # 0, therefore if (Hy), (Hsg), (Hog) hold, the interior positive equilibrium
point Es(zs5,ys, 25, ws) is asymptotically stable when 7 € (0, 77,), Hopf bifurcation occurs and
a periodic solution bifurcates from Es(xs,ys, 25, ws) when 7 = 7.

4. Direction and stability of Hopf bifurcation

Bases on center manifold theorem and normal form, we study property of Hopf bifurcation about
case (4): o € (0,79), 71 > 0.

Transfer equilibrium point E5(xs, ys, 25, ws) to origin by uy(t) = x(t) — x5, ua(t) = y(t) — ys,
us(t) = z(t) — z5, ua(t) = w(t) — ws, system (1.3) becomes

du1
o yiu1 + yous + yauq + I,
dUQ
% = Y4u1 + YsuU2 + ’yﬁul(t — 7’1) + ’)/7U3(t — 71) + Fb,
(4.1)
du
cTtB = ygu3 + Youi(t — 1) + yioua(t — 72) + F3,
du
2= Y111 + Yi2ua + Fy,

dt
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where

Fy = Lu? + luyug + lyugug + Lud + lsudus,

Fy = k:lu%(t — 7'1) + kouqug + ]Cg’u,l(t — Tl)u:),(t — Tl) + k4u§’(t — 7'1) + ki5U%(t — 7’1)U3(t — Tl),
F3 = mlu%(t — 7’2) + mgul(t — TQ)UQ(t — 7'2) + mgui’(t — 7‘2) + m4u%(t — TQ)UQ(t — 7'2),

F4 = nlui + Nouquy,

where

I} = -y aabizs g __aby g g, = _abies g — __aabi p — __asbyzs

1 k1 (b1+25)3° 2 (b1425)2° 3 1, U4 (b1+z5)%° 5 (b1425)3° 1 (bs+25)3°
_ _ azbs __ _azbazs _ _ _asgb __ _asbsys _ a3bs

ky = —da, k3 = (ba+x5)2° 4 = (bz+z5)%° 5 — (ba+x5)3° mp = (b3+x5)3° ma = (bz+z5)2°
_ _asbsys _ ____asbs — _ra - _

M3 = Grasyds MU= ~ (ytaey® M = — 5y N2 = —ds.

We conclude that Hopf bifurcation around equilibrium point FEs(zs,ys, 25, ws) occurs as
T1 = T}y, without generality, assume 7}, > 7o, let 7 = 7y + p, t = s71, then u(sm) = Ui (s),
ug(sty) = ua(s), us(sty) = us(s), ug(sm) = u4(s), denote uy(s), ua(s), us(s), us(s) as ui(t),
ua(t), us(t), ug(t), system (4.1) can be written as FDE in C = C([-1,0], R*):

u(t) = Lyu(t) + f(p, ue), (4.2)

where u(t) = (u1(t), uz(t), us(t),usa(t)) € RY, L,(¢) : C — R* and f(u,w;) are given by

* T2
Lu(¢) = (i + 1) (A16(0) + A2¢(—T7) + Aszp(—1)), (4.3)
10
where
v1 0 v2 s 0 000 0000
00 0 000 0~v70
Ay = Y4 V5 Ay = Ay = Y6 U7
0 04 O Y9 Y1000 0000
Y11 0 0 12 0 000 0000
and
1
) fa
f(p, @) = (m19 + 1) ;
/3
fa
where

f1 = 11¢7(0) + 12¢1(0)93(0) + 1361 (0)p4(0) 4 1467(0) + I5¢7(0)¢3(0),

f2 = k161(=1) + k2¢1(0)$2(0) + ka1 (—1)@3(—1) + ks (1) + k57 (—1)ds(~1),
f3=m1¢t (=) + magn (—7)da(— ) + msdi (= 72) + magt(— ) da(— ),

f1=n1¢3(0) + n2¢1(0)$4(0),

by Riesz representation theorem, there exists a function 7(6, ) of bounded variation for 6 €
[—1,0] such that L,¢ = ff’l dn(u, 0)(0), where ¢ € C([—1,0], R?), we choose

T2
£
T10
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(7-1*0 + M)(Al + A2 + A3)7 0= Oa
T2

(Ti0 + 1) (A2 + A43),0 € [-—-,0),
n(0, ) = - 710
(7_1*0 + M)A37 0 e (_17 _T)7
T10
0,0 =—1.
For ¢ € CY([-1,0], R*), define
do(6)

and

system (4.2) becomes
Uy = A(p)ug + R(p)ue,
for 6 € [-1,0], ¢ € C*([0,1], (R*)*), define

di)(s)
ds ’

0
/_1 dn' (t,0)¢(—s),5s =0

s € (0,1],
A*ip(s) =

and a bilinear inner production

0 0
(¥(s), 6(0)) = ¥(0)$(0) — /_1 6:01/7(5 — 0)dn(0)p(£)dg,

where n(6) = n(0,0), then A(0), A* are adjoint operator, we know =iwj,7], are eigenvalues
of A(0), thus they are also eigenvalues of A*, we computer the eigenvector of A(0) and A*
corresponding to iwj,7y, and —wiTy-

Suppose ¢(6) = (1, g2, q3,q4) T e™10710% is the eigenvector of A(0) corresponding to iw},7f,, we
get

Yoyayiz — iyavawiy + (fi1 + ifi2)e"“@ioTio

q2 = * ; P
Ti2(wi)? — Y2512 + (V2 swiy + Y2v12wi)
L M2 — 37 — (wio)? — i(nwip + Y12wi)
—Y2712 + 172wy ’
Y11
q4 =

—
W1 — N2
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where

fi1 = 17 (Wio)? + 126 m2 + 1371 — M2, fi2 = MWl + 2wl — V276w,

on the other hand, suppose ¢*(s) = D(1, g3, 3, q})e“1070%, we get

. _ Y27y10€™ 0™

T s = (W10)? — yrm0e™io i)+ i(95wiy + 9swiy)
. _ Y25 + iYWl

B (W0) — 578 + 106 T — (3wl + ysiy)
x___ 1B

= iwig + 712 ’

from (¢*,q) =1, (¢*,q) = 0, we get
1

D= - .
14+ @@ + @305 + a0 + (Gyo + T5q2710)T2e“10™ + (G5v6 + G5 q377) THpe “i0Tio

We computer the center manifold Cy at p = 0, let u; be the solution of system (4.2), define
2(t) = (¢, ue), W(t,0) = ue(0) — 2Re(2(t)q(0)),

on the center manifold Cp, we get
2 52

W(t,0) = W(z,2,0) = WQO(G)% Wi (0)27 + Woz% .

where z, Z are local coordinates for center manifold Cy in the direction of ¢* and ¢*. Note that
W (t,0) is real if u; is real, we consider only real solution, for solution u; € Cy of (4.2), since

p=0,
2(t) = (q", A(0)ur) + (¢, R(0)uy)
= Z“")ToTl*OZ(ZL/) + <(j*(0)7 f(07 W(Z7 z, 0) + 2Re(ZQ(9))>
= inOTTOZ(t) + q* (0>f(07 W(Z7 2 9) + QRQ(Z, Q(O)))
= iwioT102(t) + 4(0) fo(z, 2),

write this equation as

£(t) = iwigmio2(t) + 9(, 2),

where
9(2,2) = q" fo(z,2) = 920222 + 9112z + 902222 + 921222!Z +-- (4.4)
we get
9(2,2) = 7°(0) fo(z,2) = Drip(L, @3, G5, G1) (f1, fo. f3, f0) (4.5)
from
w0

q(0) = (1,92, 43, qa)e ,
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we get

ur(0) = (u1:(0), uar(0), ust(0), uar(0)) = W (t, 0) + 2q(0) + 2q(6),

22 z2
wie(0) = 2 + 2+ Wi (005 + W7 (0)22 + W, (005 +0(] 2,2 ),

_ @ @ e 1 1@ 2 3
u2:(0) = oz + @z + Wy, (0)5 + W17 (0)zz + Wy, (0)5 +0(| z,z1]7),

22 _ 72 _
uze(0) = g3z + @2 + Wiy (005 + WY (0)22 + Wy (005 +0(] 2,2 [°),
22 _ 72 _
win(0) = qaz + @4z + Wiy (005 + WY (0)22 + W, (005 +0(] 2,2 ),
2
u1t(—2) = ze” ™0™ 4 ze™io™ 4 WQ(S)(—T—E)i + Wl(ll)(—T—f)zz
1o o 2 T10
-2
1), T2.Z2 _
W ()5 +0( 2,2 P),
T10
2
uzi(— ) = qore” i 4 zeion + WP (- ) 4 Wi (- 22z
T10 Ty 2 T10
(2) T2 z2 _ 13
W) +0( 2,7 ),
10
2
U3t(—2) — gzze — w2 1 3 Feiwiom +W2(3)( Tf )Z Wl(l)(_Lf)Zz
T10 T 2 T10
D -TZ 40 2,7 ),
T 2
2
U4t(—2) — quze — w2 + Feiwiom +W2(3)(_Lf)i +W1(f)(—7——3)22
T10 T 2 T10
4, T2\ Z _
W L0 2P
T10
—iwi T = w7 (1) 22 (1) >
uy(—1) = ze 1070 4 Ze'™10T0 4 TV (—1)? + W' (—1)zz
2
1 z _
W (-5 +0( 2,2 P),
O Sk 2
ugt(—1) = gaze 10710 4 Goze'“10710 4 Wég)(—l)% + Wl(%)(—l)zi
2

2 z _
W5 (15 +0( 2,2 ),
uge(—1) = gzze™ 1070 4 Ggze' 100 4 W,y (—1)? + W (—1)zz
52
3 < _
+WE ()5 +0( 22 ),
— Wy T, ~ = W T (4) 22 (4) >
uge(—1) = quze” 100 4 gy Ze' 100 + W' (— ) + Wi (—1)zz

(@), 2 3
+Wos (_UE +0(] 2,2 ]),
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from (4.4) and (4.5), we get

K112’2 + K92z + K13§2 + K14222

_ _ e s K212:2 + KoozZ + K2352 + K2422§
9(z,%) = D7iy(1, 43, G5, q3) ¥

K3122 + K302Z + K33§2 + K34Z22

K122 + Kaozz + Ky37? + Ky42%2

where

K11 = 11¢M(0) + 12¢®)(0) + 3¢ (0),

Ky = 211q<1>(0) + 12(@®(0) + ¢®(0)) + 13(¢™ (0) + ¢9(0)),

Ki3 = l1¢™M(0) + 126 (0) + 136 (0),

Kia = LWL (0) + 2w (0)) + (3w (00a®(0) + W (0)g®(0) + W (0) + Lwid (0))
+ls< Wi (0) + Wi (0) + %W<1><o>q<4><o> + WD (0)g@(0)) + 3Lsg™M(0) + 1524 (0)

3)(0)),
fm( D(=1))2 + kaq®(0) + k3g®(0) (¢ (= 1))?,
ng =2k - k2<q<2>< )+ q<2>< ) + k3(¢®(0) + ¢ (0)),
23 = k(@) (=1))2 + kag®(0) + ksq®) (—1)g (1),

K24=k1<2 W (~1)gW (1) + W (= 1)gD (=1)) + ko (AW (0) + WS <>+W”<o>q<2><o>
+ w2><o>< )(0)) + ks AWy (—1)g (—1 >+Wfi”>< g™ (1) + Way) (~1)a® (-1)
+Wn 1)g®(=1)) + kgD (=1) + k5 (24 (—1) + ¢ (0)gD (1)),

K1 = mi (W (—22))2 + mag™ (=2 )g®) (- 2),

(-
)(~2
K32:2m1—|—m ( 2( ) + 2)(0))
Ksz = mq(q (—TTT?O)) + magt )(—%)d(l)(—%)a
Kon = ma (W (=72)a ) (~72) + 2W)) (— 7 >q<1><—%>>+m2<%W£é><—:§O>q—<2><—:§O>
AW (= 22)g) 2+ W (- 2) g0 (= 22)+ WD (- 2 )g® (= 22)) + Bmag (— )
+m4<2q (- 2+ 32 (0)gM (- 2)),
Ky = nq(q" ( ))2+n2q )(0),
Ky = 2”161 J(0)g™ )+n2( @(0) + g9(0)),
Kys = n1(q%(0))? + n2g™®(0), \ 1 \ \
K1 = n (2W,(0)g™ (0) + Wiy (0)g™ (0)) + na (W (0)g) (0) + Wiy (0) + Lwisg (0)
1
+ W (0)g™(0)),
comparing the coefficients with (4.4), we obtain

T10

920 = 211y D(K11 + @ Ko + K31 + @1 K1), g11 = 10D (K12 + G5 Koo + 3 K32 + ¢ Ka2),
902 = 2710 D(K13 + @5 K23 + @3 K33 + @3 K43), g21 = 2770 D (K14 + Go Koa + @3 K34 + 5 K44),

with
W20(0) _ Z*QQO* q(O)eiwi‘OTl*OG + Zgioz*q—(o)e—iwfo‘rl*oe + E1€2iw1‘07'1*09’
Wi0T10 3WioTio
Z’ * Z._ sk %
Wll(e) _ _ 911* q(O) wioTiof 4+ %6(0)6_“‘}107—106 ‘|‘E2,

WipTTo “10T10
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where E1,FE5 are determined by

2wy — 0 —72 —3

—4 — e 0T iwiy — 5 —yre” 20T 0
—yge 20T —yppe 202 24wF, — s 0 - K3
11 0 0 2wy — Y12 K

and
o 0 72 Ky
Y4+ 5 7 0 2 Koo
2 :
Yo Y1078 0 Ko
vi1 0 0 712 K2

according to above calculation, we can obtain the following values:

C1(0)

po ==

Ty =

from [11], we obtain

i | go2 |, g2
-9 2 _ 15020 Jel
St (911920 | g11 | 3 )+ 5
Re(C1(0))
_— = 2Re(C1(0
Re}\'(ﬁ*o) 762 6( 1( ))7
ImC1(0) + poImN (74y)
WipT1p 7

(i) The bifurcation is supercritical (subcritical) as g > 0(< 0).

(ii) The bifurcating periodic solution is unstable (stable) as 53 > 0(< 0).

(iii) The period of bifurcating periodic solution increases (decreases) as 1o > 0(< 0), where
T determines the period of bifurcating periodic solution.

5. The influence of infusion of CD4" T cells and cytokines in
absence of delays

In this Section, we study the influence of injection treatments of both CD4* T cells and cytokines
on the volume of tumor cells in absence of delays, introducing the injection treatments, system

(1.3) becomes

dx ai1xz

% = 7"133(1 — kwfl) — 4[)1 s - dlxwa

d

A cy — dowy + I,

dz asxy i )
— = —C9z

at  bst+ax

dw

=row(l — E) — d3zzrw,

\E k2
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where doses of infusion treatments of CD4% T cells and cytokines are described by constants
I; > 0 and Is > 0 respectively, so the injection treatments are constant on time, Hu and R.-J.
Jang [13] and Yu, et al. [37] also take the same treatment, the stability of tumor-extinction
equilibrium points (0, *, *, x) of system (5.1) should be interesting, for the stability means that
tumor-eradication can be realized by injection treatments.

Immunotherapy (cytokine immunotherapy, cellular immunotherapy, etc.) is a rapid de-
veloping approach in cancer treatment, it help immune system to inhibit tumor cells. For the
mathematical model of chemotherapy, it is important to frame an optimal control problem about
the minimum dose of drug, chemotherapy has damaging side effects, which can weaken immune
system of patients, the patients may be prone to infection, so using theory of optimal control is
important for chemotherapy/immunotherapy toward tumor. There are works [15, 16, 30] about
optimal control in medical model, the optimal control is very important to better visualize the
intricate dynamics of tumor-immune system. Here we discuss the minimum dose of injection
treatment of cytokines on eradication of tumor cells and study the stability of tumor-extinction
equilibrium points under three injection treatments:

(1) I > 0,13 = 0, that is infusion treatment of only CD4™ cells, there are tumor-extinction
equilibrium points F11(0 L g ,0), F12(0 o Lo, k2), the Jacobian matrix at Fqy is

1 e

rm 0 0 0
dol
—zl—cloo
! (5.2)
I
B9 g0
b301
0 0 0 7o

the eigenvalues are r1, —c1, —co, T2, so it is always a saddle, similarly the eigenvalues of E15 are

— dika, —c1, —ca, —T9, so it is locally asymptotically stable when r1 < diks, that is if the
growth rate of tumor cells is small, the killing rate of tumor cells by host cells or the carrying
capacity of host cells is large, the tumor cells can be eradicated when the volume of tumor cells
is small.

From the second equation of (5.1) and limsup,_, . x(t) < k1, we get % > —c1y — dowy + I,
so liminf; o y(t) > cﬁfﬁ, that is the CD4™ cells always exist and the volume is larger than
leﬁ for injection treatment of only CD4™ cells.

With condition ro > dski, r1 < dlkg, we discuss the globally asymptotically stability of
tumor-extinction equilibrium point E12(0, 1 ,0, k2), that is if the host cells grow fast and tumor
cells grow slowly, the tumor cells can be eradlcated for large initial volume, we have

Theorem 5.1. For injection treatments of only CDAT T cells, that is Iy > 0,1 = 0, the
tumor-extinction equilibrium point E12(0 0, k2) is globally asymptotically stable if ro > dskq,
r1 < diko holds.

’c’

Proof. from system (5.1), we have 4 S <rx(l- kl)—dlxw, Gt = r2w(l—12) —dsaw, consider

system
ad _ =rA(l - é) d1AB,
dB ‘

B
— =1r9B(1 — —) —d3AB
dt T2 ( kQ) 3 )
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with initial condition A(0) = z(0) > 0, B(0) = y(0) > 0, we have

A(t) = A(0)elo M O=T BN By gyl 2055 -dsA@)ds

from 44 < A1 — ,ﬁ), Cgf <ryB(1-— ) we have

limsup A(t) < kp, limsup B(t) < ko,
t——+o00 t—-+o0
that is the solutions of system (5.3) are positive and bounded.
By comparison argument, x(t) < A(t), w(t) > B(t) for t > 0, system (5.3) always has
equilibrium points (k1,0), (0, k2), the interior positive equilibrium point

kirg(dike —11) kori(dsky —12)
didskiks — rire’ didskike — 179
exists if 71 > dykg, 9 > dski or 1 < diks, 9 < dski holds, by condition ro > dgkq, r1 < diko,

the interior positive equilibrium point (A;, By) does not exist, the Jacobian matrixes at (k1,0),
(0, ko) are

(A1, B1) = (

—T1 —dlkl T‘l—dlkg 0

0 7"2—d3k31 —d3k‘2 —T9

respectively, so the eigenvalues of (k1,0) are —ry, ro—dsky, the eigenvalues of (0, k2) are r1 —d; ko,
—ra, so (ki1,0) is always saddle and (0, k2) is locally asymptotically stable.
Taking {(A4, B) = -5, we have

0 dA 0 ,dB

aj(%l(fl B)) + 8B( 7 (A, B))
_ 8 T1 A 8 T9 B
_8714(5(1 1?1) d1)+67B(Z(1 1?2) d3)
__ " T2
 Bki Ak
<0,

Dulac criterion ensures that system (5.3) does not have nontrivial positive periodic solutions, by
Poincare-Bendixson Theorem, for interior positive equilibrium point does not exists, so the equi-
librium point (0, k2) is global asymptotically stable in the first quadrant, that is lim;_, o A(t) =
0, limyy400 B(t) = ko, so limsup;_, o x(t) < 0, liminf, , cw(t) > ko, limy_oo z(t) = 0,
limy—, { oo w(t) = ko, from which we conclude limt%+oo y(t) = £ , limy 4 oo 2() = 0, that is when
ro > dgki, r1 < diko, equilibrium point Eis = (O, o L0, ko) is global asymptotically stable. O

(2) I =0, Iy > 0, that is infusion treatment of only cytokines, there are tumor-extinction
equilibrium points E91(0,0 I 0), Ea2(0, 0,2 - 2 ko), the Jacobian matrix at Fa is

) e

I
-2 9 0 0
5102
CLQIQ
—— - 0 0
b262 “ (54)

0 0 —c20
0 0 0 7
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the eigenvalues of Foq are r; — Zig; , —C1, —Co, T2, SO it is always a saddle, similarly the eigenvalues
of Fyy are r; — Zigj — dyky, —c1, —cg, —T9, so it is locally asymptotically stable when r; <
le clj + di ko, that is if the growth rate of tumor cells is small, the tumor cells can be eradicated

by infusion of only cytokines when the volume of tumor cells is small.
From the third equation of (5.1), we get § Q > —czz + Iy, so liminfy_ o 2(t) > 12 , that is the
cytokines always exist and the volume is larger than 2 for injection treatment of only cytokines.
Now We discuss the globally asymptotically stablhty of tumor-extinction equilibrium point
Ex (0, 0, o 2 ko), that is the tumor cells can be eradicated for large initial volume, define I§ =

rica(bi+ki1)

o , we have:

Theorem 5.2. For injection treatment of only cytokines, that is Iy = 0,1o > 0, the tumor-
extinction equilibrium point E2(0, 0,12 o 2 ko) is globally asymptotically stable if Io > IS holds.

Proof. for limsup, ., #(t) < ki and liminf; 4o 2(t) > é, there exist ¢; > 0, when t > ¢,
a1(2+e)

x(t) < ki, z(t) > i—; + € hold, where € > 0 is sufficiently small, for I > I3, r1 — —2— <0
12+
holfls, so when t > tq, Cé—f <roz-— g“f; <z(r;— %) holds, that is Céf < vz, where v = r{ —
2+
% < 0, from which we conclude limy_, o 2(t) = 0, limy— 400 y(t) = 0, limy_, o0 2(t) = %,
limy_ o0 w(t) = ko, besides 12 > 05 = — 8l gk <oy - 0O gk <0, that s
r < leclj + dika, so Ea(0, 0,2 - 2 ko) is globally asymptotically stable. O

(3) Iy > 0, Iy > 0, that is infusion treatments of both CD4™" cells and cytokines, there are
tumor-extinction equilibrium points E3; (O 0) Es35(0 L I ,k2), the Jacobian matrix at

Ye1? cp? Ter?eg?
E31 (0,2, 2,0) is
I
-2 9 0 0
b102
I dol
azly azl; el 00
baco c1 (5.5)
I
B0~y 0
b3C1
0 0 0 r
the elgenvalues of E31 are r1 — b é —cq, —Co, 7o, it ia always a saddle, similarly the eigenvalues of

—d1ky, —c1, —co, —T9, so it is locally asymptotically stable when r; < ‘“I2 —i—dl ko,
that is When the growth rate of tumor cells is small, the tumor cells can be eradicated by mfusmn
of both CD4™" T cells and cytokines when the volume of tumor cells is small.

From the second, third equation (5.1) and limsup, ., . x(t) < ki,

we get liminf; o y(t) > qfﬁv liminf; 4o 2(¢) > I2 , that is CD4™ T cells and cytokines
always exist and the volumes of them are larger than
both CD4" T cells and cytokines.

Similarly for the globally asymptotically stability of tumor-extinction equilibrium point

Es55(0, %, %, k), that is the tumor cells can be eradicated for large initial volume, we have

o d T and for injection treatments of

Theorem 5.3. For injection treatments of both CDA" T cells and cytokines, that is Iy > 0, Iy >
0, the tumor-extinction equilibrium point Fs33(0, 2, g ka) is globally asymptotically stable if
I > I5 holds.
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Proof. similar to Theorem 5.2, for Iy > I§, we get lim o0 x(t) = 0, limy oo y(t) = %,

limy o0 2(8) = 2, limy oo w(t) = kg and 71 < P2 + diky, so Esp(0, 2, 2, k;) is globally

asymptotically stable. O

6. Simulation

Based on values of parameters of table-1, taking as = 0.99, the time unit is a day, we compute
the equilibrium points of system (1.3):

(1) Equilibrium points Fy(0,0,0,0), E1(9.8039 x 108,0,0,0), E2(0,0,0,10%) always exist.

(2) For diko —r1 = —0.404 < 0, dgkl —rg = 0.29058 > 07 dldgklkg —rire = —0.040755 < O,
so equilibrium points E3(z3,0,0,ws3) does not exists.

(3) Equation (2.1) becomes

3.4 x 107023 — 1.939227 + 6803.424 + 3.4 x 10° = 0,

which has two positive roots: x4 = 3976.9499, x49 = 5.66819 x 10°, so there are two equilibrium
points Ey(x4,y4,24,0): E41(3976.9499,2.1055 x 10°,2.67 x 10°,0), E4(5.66819 x 10°,1.08 x
107,1.7127 x 106,0).

(4) Equation (2.2) and (2.3) become

—0.04075522 + 7.128988 x 107z5 — 3.529404 x 10725 + 7.12939 x 10'2 = 0,
—3.4 x 107523 + 1.939222 — 6803.425 — 3.4 x 10° = 0,

which have two solutions (xs1,251) = (3976.9499,2.10032 x 10°), d3ws; — ro = —0.179998 <
0,(z52, 252) = (5.66819 x 10°,1.3465 x 109), d3zse — 2 = —0.1797279 < 0, so there are two
interior positive equilibrium points Es(zs,ys, 25, ws): F51(3976.9499,1.6549 x 10°,2.10032 x
10°,9.9998 x 108), E52(5.66819 x 10°,8.49316 x 106, 1.3465 x 10°,9.98488 x 10%).

In absence of delays, the eigenvalues of F5; are —34.01978, —0.17999, —0.03258 + 0.122754,
the eigenvalues of E5o are 0.39835, —0.05662, —0.1798, —34.15532, so Ej5; is local asymptotically
stable, E5o is always a saddle.

6
az200 1.75 =19
4000 e 1.7
>~ 3800 1 =
1.65
3600 1
1.6
o 500 1000 o 500 1000
days days
~10°% ~10%8
2.2 10
2.15 1
— = 9.99995
~ =21 =
2.05 1
9.9999
2
o 500 1000 o 500 1000
days days

Figure 1. With ode45 solver, when 71 = 7 = 0, time evolution of tumor cells z, CD4™ T cells y, cytokines z
and host cells w.
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Figure 2. With ode23 solver, when 71 = 7 = 0, (a) phase portrait diagram of tumor cells z, CD4" T cells y

and cytokines z; (b) phase portrait diagram of tumor cells z, CD4" T cells y and host cells w.
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Figure 3. With dde23 solver, when 71 = 0,72 = 1 < 720, time evolution of tumor cells z, CD4" T cells v,

cytokines z and host cells w.

4400

9.99998
9.99996
= 9.99994
H
9.99992
9.9999

9.99988
1.75

(b)

Figure 4. With dde23 solver, when 71 = 0,72 = 1 < 720, (a) phase portrait diagram of tumor cells z, CD4" T
cells y and cytokines z; (b) phase portrait diagram of tumor cells z, CD4% T cells y and host cells w.
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Figure 5. With dde23 solver, when 71 = 0,72 = 3.95 > 720, time evolution of tumor cells 2, CD4™ T cells y,

cytokines z and host cells w.
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Figure 6. With dde23 solver, when 71 = 0,72 = 3.95 > 7o, (a) phase portrait diagram of tumor cells z, CD4™"
T cells y and cytokines z; (b) phase portrait diagram of tumor cells z, CD4" T cells y and host cells w.
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Figure 7. With dde23 solver, when 72

cytokines z and host cells w.
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= 0,71 = 4 < Ti0, time evolution of tumor cells z, CD4™ T cells v,
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4500 4500

(a) (b)

Figure 8. With dde23 solver, when 72 = 0,71 = 4 < T10, (a) phase portrait diagram of tumor cells z, CD4" T
cells i and cytokines z; (b) phase portrait diagram of tumor cells z, CD4" T cells y and host cells w.

For positive equilibrium point E5q1, A1 = 34.264945, A, = 8.36828, A3 = 0.950654, Ay =
0.098767, A1 Ay — Az = 285.7881 > 0, (A1 4s — A3)A3 — A2A4 = 155.72393 > 0, (H;) holds,
with initial condition (3776,1.75 x 10%,2.2 x 10°,10%) and ¢ € [0,1000], we get Es; is locally
asymptotically stable, which is illustrated by Figure 1 and Figure 2.

With ¢ € [0,1000], we give the influence of delays on the dynamics of system (1.3) around
E51:

For case (1), with history function (3776,1.75 x 105,2.2 x 10°,10%),6 € [~7»,0], we obtain
90 = 3.4, when 75 = 1 < T99, E51 is locally asymptotically stable, when 75 = 3.95 > 19g, Hopf
bifurcation occurs and a periodic solution bifurcates from Fs;, which is illustrated by Figure 3,
Figure 4, Figure 5 and Figure 6.

For case (2), with history function (3776,1.75 x 10°,2.2 x 105,10%),6 € [~71, 0], we obtain
110 = 8.1, when 71 = 4 < 10, E51 is locally asymptotically stable, when m = 13.7 > 79, Hopf
bifurcation occurs and a periodic solution bifurcates from Fs1, which is illustrated by Figure 7,
Figure 8, Figure 9 and Figure 10.

For case (3), with history function (3776,1.75x10%,2.2x10°,10%),0 € [~7,0], 7=max{7, 72},
fixing 7 =7 € (0, 710), we obtain 75, = 0.95, when 7 = 0.2 < 75,, E5; is locally asymptotically
stable, when ™ = 2.1 > 75,, Hopf bifurcation occurs and a periodic solution bifurcates from
Esq, which is illustrated by Figure 11, Figure 12, Figure 13 and Figure 14.

For case (4), with history function (3776,1.75x10°,2.2x10°,10%),6 € [~7,0], 7=max{7, 72},
fixing 70 = 2 € (0,720), we obtain 7j, = 3.6, when 71 = 3 < 77, E5; is locally asymptotically
stable, when 7 = 7 > 7, Hopf bifurcation occurs and a periodic solution bifurcates from Esq,
which is illustrated by Figure 15, Figure 16, Figure 17 and Figure 18.

With ¢ € [0,1000], we give the influence of delays on the volumes of tumor cells, CD4" T
cells, cytokines and host cells around FEs1:

When 71 = 0,73 € (0,4), with history function (3776,1.75 x 10%,2.2 x 10°,10%),6 € [~7,0],
as T increases from 0 to 3.4, the volumes of tumor cells, CD4™ T cells, cytokines and host cells
keep stable, as 70 = 3.4, periodic oscillations occur, the amplitudes of oscillations increase as
increases, which are illustrated by Figure 19(a)(b) and Figure 20(a)(b).

When 75 = 0,71 € (0,14), with history function (3776, 1.75 x 10%,2.2 x 10°,10%),6 € [~, 0],
as 71 increases from 0 to 8.1, the volumes of tumor cells, CD4™ T cells, cytokines and host cells
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Figure 9. With dde23 solver, when m = 0,7 = 13.7 > 710, time evolution of tumor cells 2, CD4™ T cells y,
cytokines z and host cells w.
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5000 5000

Figure 10. With dde23 solver, when 72 = 0,71 = 13.7 > 719, (a) phase portrait diagram of tumor cells x, CD4"
T cells y and cytokines z; (b) phase portrait diagram of tumor cells z, CD4" T cells y and host cells w.
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Figure 11. With dde23 solver, when 71

cells y, cytokines z and host cells w.

7 € (0,710), 72 = 0.2 < 739, time evolution of tumor cells z, CD4" T
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5000 5000

(a) (b)

Figure 12. With dde23 solver, when 71 = 7 € (0, 710), 72 = 0.2 < 759, (a) phase portrait diagram of tumor cells
x, CD4% T cells y and cytokines z; (b) phase portrait diagram of tumor cells 2, CD4" T cells y and host cells w.
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Figure 13. With dde23 solver, when 71 = 7 € (0, T10), 72 = 2.1 > 73;, time evolution of tumor cells z, CD4% T
cells y, cytokines z and host cells w.

5500

(a) (b)

Figure 14. With dde23 solver, when 71 = 7 € (0, 710), 72 = 2.1 > 759, (a) phase portrait diagram of tumor cells
x, CD4% T cells y and cytokines z; (b) phase portrait diagram of tumor cells 2, CD4" T cells y and host cells w.
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Figure 15. With dde23 solver, when 2 = 2 € (0,720),71 = 3 < Ti,, time evolution of tumor cells z, CD4* T
cells y, cytokines z and host cells w.
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Figure 16. With dde23 solver, when 72 = 2 € (0, 720), 71 = 3 < 710, (a) phase portrait diagram of tumor cells z,
CD4* T cells y and cytokines z; (b) phase portrait diagram of tumor cells z, CD4" T cells y and host cells w.

6
5000 1.75 =10
4500 1 1.7
= 4000 = 1.5
3500 1.6
3000 1.55
o 500 1000 o 500 1000
days days
5 8
5o =10 10 = 10
2.15
9.99995
= =21 1=
9.9999
2.05 1
2 9.99985
o 500 1000 o 500 1000
days days

Figure 17. With dde23 solver, when 72 = 2 € (0,720), 71 = 7 > Tip, time evolution of tumor cells z, CD4%T T
cells y, cytokines z and host cells w.



1340 R. Shi

5000 5000

4500 4500

4000 .
3500 i 3500
y() 155 3000 x(t) y(t) 155 3000 x(t)

4000

(a) (b)

Figure 18. With dde23 solver, when 72 = 2 € (0,720), 71 = 7 > 70, (a) phase portrait diagram of tumor cells z,
CD4" T cells y and cytokines z; (b) phase portrait diagram of tumor cells z, CD4" T cells y and host cells w.

keep stable, as 7 = 8.1, periodic oscillations occur, the amplitudes of oscillations increase as 7
increases, which are illustrated by Figure 21(a)(b) and Figure 22(a)(b).

When 71 = 7 € (0,719), 72 € (0,2.5), with history function (3776, 1.75x108,2.2x10°,10%),0 €
[—7,0], 7 = max{7y, T2}, as T2 increases from 0 to 0.95, the volumes of tumor cells, CD4™ T cells,
cytokines and host cells keep stable, as 79 = 0.95, periodic oscillations occur, the amplitudes of
oscillations increase as 1o increases, which are illustrated by Figure 23(a)(b) and Figure 24(a)(b).

When 75 = 2 € (0,79), 71 € (0,7), with history function (3776, 1.75 x 10%,2.2 x 10°,10%),6 €
[—7,0], 7 = max{T1, T2}, as 71 increases from 0 to 3.6, the volumes of tumor cells, CD4" T cells,
cytokines and host cells keep stable, as 71 = 3.6, periodic oscillations occur, the amplitudes of
oscillations increase as 71 increases; which are illustrated by Figure 25(a)(b) and Figure 26(a)(b).

6
6000 . . . . : : . 1871C

5500

5000 '

4500

Tumor

4000 F+ « ¢ v v e e e e e e e e e ' ' 1
3500

3000

2500 15
0

(a) (b)

Figure 19. With dde23 solver, when 7 = 0,72 € (0,4), (a) the influence of delay 72 on the volume of tumor
cells; (b) the influence of delay 7> on the volume of CD4™ T cells.

In absence of delays, with initial condition (3776,1.75 x 10°,2.2 x 10°,10%) and ¢ € [0, 1000],
we give the influence of relative parameters on the volume of tumor cells of system (1.3) around
Esq:

The influence of production rate of CD4% T cells ag € (0.8,1) and production rate of cy-
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Figure 20. With dde23 solver, when 71 = 0,72 € (0,4), (a) the influence of delay 72 on the volume of cytokines;
(b) the influence of delay 72 on the volume of host cells.
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Figure 21. With dde23 solver, when 72 = 0,71 € (0,14), (a) the influence of delay 71 on the volume of tumor
cells; (b) the influence of delay 71 on the volume of CD4™ T cells.

tokines a3 € (4.5,6.5) on the volume of tumor cells are illustrated by Figure 27(a) and Figure
27(b) respectively, we conclude that both the production rate of CD4" T cells and cytokines
reduce the volume of tumor cells.

The influence of natural death rate of CD4™ T cells ¢; € (0.01,0.12) and natural death rate
of cytokines ¢y € (25,40) on the volume of tumor cells are illustrated by Figure 28(a) and Figure
28(b) respectively, we conclude that both the death rate of CD4™ T cells and cytokines increase
the volume of tumor cells.

The influence of killing rate of tumor cells by cytokines a; € (0.1,0.5) and intrinsic growth
rate of host cells 7o € (0.1,0.5) on the volume of tumor cells are illustrated by Figure 29(a)
and Figure 29(b) respectively, we conclude that both the killing rate of tumor cells by cytokines
and intrinsic growth rate of host cells only cause slight oscillation and nearly do not change the
volume of tumor cells.

The influence of intrinsic growth rate of tumor cells r; € (0.15,0.6) and loss rate of CD4" T
cells by tumor cells da € (107%,107%) on the volume of tumor cells are illustrated by Figure 30(a)
and Figure 30(b) respectively, we conclude that as r; € (0.15,0.18), there is periodic oscillation
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Figure 22. With dde23 solver, when 72 = 0,71 € (0, 14), (a) the influence of delay 71 on the volume of cytokines;

(b) the influence of delay 71 on the volume of host cells.
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Figure 23. With dde23 solver, when 71 = 7,72 € (0,2.5), (a) the influence of delay 72 on the volume of tumor
cells; (b) the influence of delay 7 on the volume of CD4™ T cells.

for tumor cells, as r; = 0.18, Hopf bifurcation occurs and periodic oscillation disappears, as
r1 € (0.18,0.6), the volume of tumor cells keeps stable, the loss rate of CD4™ T cells by tumor
cells increases the volume of tumor cells.

In absence of delays, we give the influence of injection treatments of both CD4™ T cells and
cytokines on the volume of tumor cells:

Without injection treatment of CD4™ T cells and cytokines, for different initial conditions:
(8.5 x103,105,1.5 x 10°,9.5 x 10%) and (8.5 x 10,105, 1.5 x 10°,9.5 x 10%), when day€ [0, 300],
the stable volumes of tumor cells are 4800 at day 180 and 9.8 - 10® at day 40 respectively, from
which we conclude that when the initial volume of tumor cells is lower, the stable volume of
tumor cells is also lower, which is illustrated by Figure 31(a) and Figure 31(b).

For I; > 0,15 = 0, that is injection treatment of only CD4% T cells, for different initial
conditions (8.5 x 103,106, 1.5 x 10°,9.5 x 10%), (8.5 x 10%,10°, 1.5 x 10°,9.5 x 10%) and the same
injection treatment of CD4™ T cells I; = 10°, when day€ [0, 30], we conclude that the stable
volumes of tumor cells are 1500 at day 30 and 9.8 x 10® at day 30 respectively, for the same
initial condition (8.5 x 10°,10%,1.5 x 105,9.5 x 108), as the injection treatment I; = 1.6 x 108
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Figure 24. With dde23 solver, when 71 = 7,72 € (0,2.5), (a) the influence of delay 72 on the volume of cytokines;
(b) the influence of delay 72 on the volume of host cells.
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Figure 25. With dde23 solver, when 7 = 2,71 € (0,7), (a) the influence of delay 71 on the volume of tumor
cells; (b) the influence of delay 7 on the volume of CD4™ T cells.

is sufficiently large, when daye [0,30], the tumor cells can be eradicated at day 14, which are
illustrated by Figure 32(a), Figure 32(b) and Figure 32(c) respectively.

For I = 0, Iy > 0, that is injection treatment of only cytokines, for different initial conditions
(8.5 x 103,105,1.5 x 10°,9.5 - 10%), (8.5 x 10%,10%, 1.5 x 10°,9.5 x 10%) and the same injection
treatment of cytokines Ir = 10%, when daye [0,200], we conclude that the stable volumes
of tumor cells are 4800 at day 160 and 9.8 x 10® at day 40, for the same initial condition
(8.5x105,10°%,1.5 x 10%,9.5 x 10%), as the injection treatment Iy = 10? is sufficiently large, when
daye [0,20], the tumor cells can be eradicated at day 2, which are illustrated by Figure 33(a),
Figure 33(b) and Figure 33(c) respectively.

For I; > 0,1 > 0, that is injection treatments of both CD4" T cells and cytokines, for
the same initial condition (8.5 x 10%,10% 1.5 x 10%,9.5 x 10®), as both injection treatments
I; = 10*, I, = 10° are small, when day€ [0,200], the stable volume of tumor cells 9.8 x 108 is
large at day 30, as both injection treatments increase to I = 107, I, = 108, when daye [0, 200],
the stable volume of tumor cells 9.8 x 10% is also large at day 30, as both injection treatments
I1 = 107, Iy = 6 x 108 are sufficiently large, when day¢ [0, 20], the tumor cells can be eradicated
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Figure 26. With dde23 solver, when 72 = 2,71 € (0,7), (a) the influence of delay 71 on the volume of cytokines;
(b) the influence of delay 71 on the volume of host cells.
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Figure 27. With ode45 solver, in absence of delay, (a) the influence of production rate of CD4" T cells
az € (0.8,1) on the volume of tumor cells; (b) the influence of production rate of cytokines as € (4.5,6.5) on the
volume of tumor cells.

at day 5, which are illustrated by Figure 34(a), Figure 34(b) and Figure 34(c) respectively.

All the figures are drawn by software MATLAB, when time ¢ is sufficiently large, the volume
(Tumor cells, CD4™ T cells, Cytokines, Host cells) keeps invariant, that is stability, the volume
(Tumor cells, CD4™ T cells, Cytokines, Host cells) has maximum and minimum, that is periodic
oscillation, when the volume of tumor cells is zero, that is tumor eradication.

7. Conclusion

In this paper, we propose a tumor-CD4"-cytokine-host model with two delays and injection
treatments, where two delays denote activation delays for CD4™ T cells and cytokines respec-
tively, we compute the equilibrium points, prove the positivity and boundedness of solutions,
the positivity means that tumor cells always exist without treatment, boundedness means that
the immune cells can control the increase of tumor cells.

In tumor micro-environment, delay really exist for the molecule production, differentiation,



The influence of delays and injection treatments 1345

8000 7000

7000 6500
6000 -
6000
5500

5000 5000 |

4000 4500

Tumor
Tumor

3000 4000
3500
2000
3000 -

1000 [ 2500 F

0 2000
25 30 35 40

4 G2

(a) (b)

Figure 28. With ode45 solver, in absence of delay, (a) the influence of natural death rate of CD4™ T cells
c1 € (0.01,0.12) on the volume of tumor cells; (b) the influence of natural death rate of cytokines ¢z € (25,40) on
the volume of tumor cells.
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Figure 29. With ode45 solver, in absence of delay, (a) the influence of tumor-killing rate by cytokines a1 €
(0.1,0.5) on the volume of tumor cells; (b) the influence of intrinsic growth of host cells ro € (0.1,0.5) on the
volume of tumor cells.

proliferation and transportation is not instantaneous, the dynamics of delayed tumor-immune
system should be more real, under four cases: (1) ;1 = 0,72 > 0, (2) » = 0,71 > 0, (3)
71 € (0,710),72 > 0, (4) 72 € (0,720),71 > 0, we discuss the influence of two delays on the
dynamics of system (1.3) around interior positive equilibrium point Fs;, besides we also discuss
the influence of delays on the volumes of tumor cells, CD4™ T cells, cytokines and host cells,
from which we conclude that equilibrium point Ej; is stable when the delay is sufficiently small,
Hopf bifurcation occurs and periodic solution bifurcates from equilibrium point Fs; when any of
the delays reaches the critical value, the results show that delay can destabilize the equilibrium
point and cause periodic oscillation, stability of equilibrium point means that the proliferation
of tumor cells is controlled, periodic oscillation means that relapse of tumor cells occurs, that is
the tumor cells are invasive or malignant for large delays, the situations of patients depend on
the delays, so controlling relative delay should be important for immunotherapy toward tumor
cells.

In absence of delays, we give the influence of relative parameters on the volume of tumor
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Figure 30. With ode45 solver, in absence of delay, (a) the influence of intrinsic growth rate of tumor cells
r1 € (0.15,0.6) on the volume of tumor cells; (b) the influence of loss rate of CD4" T cells by tumor cells

de € (1078,107°%) on the volume of tumor cells.
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Figure 31. With ode45 solver, in absence of delays, without injection treatment, (a) the influence of initial
values (8.5 x 10%,10%,1.5 x 10°,9.5 x 10®) on the volume of tumor cells at day 300; (b) the influence of initial
values (8.5 x 10%,10%,1.5 x 10°,9.5 x 10%) on the volume of tumor cells at day 300.

cells around interior positive equilibrium point Fs51, besides we discuss the feasibility of injection
treatments of CD4™ T cells and cytokines on eradication of tumor cells, from which we conclude
that both the initial condition and the doses of injection treatment play important role on
the volume of tumor cells, the tumor cells can be eradicated if the dose of injection treatment
of CD4" T cells or cytokines is sufficiently large, all the results are supported by simulation.
Comparing to works [2,36], we introduce host cells into tumor-immune system, comparing to
works [2,13,36,37], we introduce two delays into tumor-immune system and study the influence
of two delays on the dynamics of system, our work should be improvement of above works.

From the results, we conclude:

(i) Delay causes rich dynamics for tumor-immune system, when the delay is sufficiently small,
the interior positive equilibrium point Fs5; is locally asymptotically stable, as any of the delay
reaches to critical value, Hopf bifurcation occurs and periodic solution bifurcates from FEj51, the
amplitude of oscillation increases as the delay increases.
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Figure 32. With ode45 solver, in absence of delays, (a) the influence of injection treatment of only CD4™"
T cells I; = 10°,I; = 0 and initial values (8.5 x 10%,10%,1.5 x 10°,9.5 x 108) on the volume of tumor cells
at day 30; (b) the influence of injection treatment of only CD4" T cells I; = 10° I = 0 and initial values

(8.5 % 10°%,10°, 1.5 x 10°,9.5 x 10®) on the volume of tumor cells at day 30; (c) the influence of injection treatment

of only CD4™ T cells I; = 1.6 x 10%, I> = 0 and initial values (8.5 x 10%,10° 1.5 x 10?,9.5 x 10®) on the volume

of tumor cells at day 30.
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Figure 33. With oded5 solver, in absence of delays, (a) the influence of injection treatment of only cytokines
I, = 0,I> = 10" and initial values (8.5 x 10%,10°%,1.5 x 10°,9.5 x 10®) on the volume of tumor cells at day 200;
(b) the influence of injection treatment of only cytokines I = 0, = 10* and initial values (8.5 x 10%,10%,1.5 x
10°,9.5 x 10%) on the volume of tumor cells at day 200; (c) the influence of injection treatment of only cytokines
I = 0,I> = 10° and initial values (8.5 x 10%,10°, 1.5 x 10°,9.5 x 10®) on the volume of tumor cells at day 20.

(ii) In absence of delay, some parameters play important role on the volume of tumor cells,
that is production rates of CD4™ T cells and cytokines reduce the volume of tumor cells, natural
death rates of CD4™ T cells and cytokines, loss rate of CD4™ T cells by tumor cells increase the
volume of tumor cells, so immunity inhibits the tumor cells, on the other hand, intrinsic growth
rate of tumor cells can cause periodic oscillation, killing rate of tumor cells by cytokines and
intrinsic growth rate of host cells play little influence on the volume of tumor cells.

(iii) In absence of delays, we discuss the injection treatments of both CD4" T cells and
cytokines, the results show that initial condition has important influence on the stable volume
of tumor cells, the tumor cells can be eradicated if the dose of injection treatment of CD4*
T cells or cytokines is sufficiently large, so injection treatment is valid immunotherapy toward
tumor.

As we konw, the immune checkpoint [12,34,36,37] always exists in tumor-immune system,
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Figure 34. With ode45 solver, in absence of delays, with the same initial condition (8.5 x 10°,10°, 1.5 x
10°,9.5 x 10%), (a) the influence of injection treatments of both CD4™ T cells and cytokines I = 10*, I = 10° on
the volume of tumor cells at day 200; (b) the influence of injection treatments of both CD41 T cells and cytokines
I = 107, I> = 10® on the volume of tumor cells at day 200; (c) the influence of injection treatments of both cD4t
T cells and cytokines I) = 107, I = 6 x 10® on the volume of tumor cells at day 20.

which inhibits the role of immune cells against tumor cells, J.-L. Yu et al. [36] revealed that
blockade of immune checkpoint is revolutionary strategy against tumor cells, so introducing
immune checkpoint into tumor-immune system (1.3) should be valuable, we will discuss the
dynamics of tumor-immune system with delays and immune checkpoint in the future.
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