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1. Introduction

Let A = {e : |¢] < 1} be the open unit disk in the complex plane. Let #H be the class of all
analytic functions I'(e) defined in the open unit disc A with the power series representation as

T()=ec+ Y cme™ (€A (1.1)
m=2

Further, let S be the subclass of H consisting of all univalent functions in A.
Let ' € ‘H with expansion of the form (1.1), then qth Hankel determinant of T" is defined for
g>1,and m > 1 by

Cm  Cm+1- " Cmtg-—1

Cm+1 Cm4+2 " Cm+gq
Hq,m(r‘) =

Cm+q—1 Cm+q * " Cm+2q—2

The upper bound of the modulus of the Hankel determinants has been extensively studied in
recent time, mainly the second order case Ho 2 = cacqs — c% and the third order case

Hs1(I') = 2caczen — cg + c5c3 — C5C% — ci. (1.2)
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This problem, as most others over the class of univalent functions, is difficult to tackle with for

the general class, and instead its subclasses are studied. The sharp bounds of the third order

Hankel determinant #3 ; of analytic functions were achieved by many authors [1,4-9,11-13,16].
For I' € S, has an inverse I'"! given by

)

-

=w+ Z Apuw™  |w| <7ro(T);  (ro(T) >
m=2

= w — cow? + (25 — c3)w® — (5¢5 — beaez + cq)w?
+ (14¢5 4 3¢ — 21c3¢3 + 6eacy — c5)w® + -+ - . (1.3)

From (1.2) and (1.3), we have

Ha (DY) = 24,4345 — A3 + A5 A3 — A5 A3 — A2

= —3che3 + S+ 3ckcs 4 2caczeq — 263 — ¢ — ches + cacs. (1.4)

The logarithmic coefficients i, of I™! € S, denoted by pim, = pm (I ~1), are described as

I'(w > 1
log w( ) =2 Z mw™  (Jw| < Z) (1.5)
m=1
Differentiating and using (1.3), we yield
1
=——c
K1 52
1 3
po = —5(cs — 76%)7
200 2 1.6
1 10 (16)
p3 = —5(cs —deacs + 302)7
1 ) 35
[ 14 = 75(05 — beyc + 15¢3¢3 — §C§ — ch).
Therefore,
1
Mm3p1 — ,u% = 'szl(prl/z) = E(12CQC4 + 136;1 — 120%03 — 120%), (1.7)
papia — pi3 = Ha2(Gp-1/2)
1
(=72¢% + T2¢c3c5 4 216¢ac304 + 198¢3¢2 — 1803 (1.8)

~ 288
— 330chcs — 108c3cs + 60chcy + 145¢5).

The class of starlike functions with respect to symmetric points is introduced by Sakaguchi
[10] and is denoted as §S*. These functions satisfy the analytic condition

. g 20 lde
SS —{g.gES d g(e)_g(_€)<1_€ ( eA)}. (1.9)
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In 2023, Faisal and co-authors [3] introduced a family SS§. of symmetric starlike functions
connected with the sigmoid function as follows:

2¢eq/(€) 2
g —gl—e) Tre-

Tang et al. [15] introduced and studied the class S}, of starlike functions with respect to the
symmetric points connected with the three-leaf-shaped region, which is given by

2¢eq'(€) 4 1,
9O —9(=0) -<1+56+56 <€€A)}. (1.11)

Faisal et al. [3] calculated the sharp bounds of the logarithmic coefficients and some of their
combinations (initial coefficients, the Hankel determinants, Zalcman’s functional, etc.) for the
class SS§.. Tang et al. [15] studied the bounds of the Krushkal and Zalcman inequalities, as well
as the third-order Hankel determinant for the class §S3. Tang et al. [14] obtained the bounds
of the Hankel determinants of inverse functions for the classes SSg, and §53;, and proved that
|H31(D7H)| < 0.0317 for T' € SS%, and [Hs1(T1)| < 0.11600 for I' € SS%,. In this paper,
we found sharp bounds of these classes, also, we obtain the sharp bounds of the second order
Hankel determinant of logarithmic inverse functions for these classes.

Lemma 1.1 (Lemma 1.1 [2]). Let

SS5q = {g:gES and (EEA)}. (1.10)

SS’:}"Z:{g:QGS and

w(e) = ere + ege® + e3€ +eget + - - (1.12)

be a Schwarz function. Then

ez = (1 — |es]?)r, (1.13)
e3=ev?(1—le1)?) + (1 = |er]>)(1 = |v|?)T, (1.14)
ea=e23(1 = le1)?) — (1 = lel]>)(1 = |[v|?) (772 + 21é1v)

H(1 = e = (A = |7[*)s, (1.15)

for some v, T, s with [v| <1, |7| <1 and |s| < 1.

2. The third order Hankel determinants of inverse functions

Theorem 2.1. IfI" € §5%, then

3
< —.
[Hs 1 (I77)] < 198

The bound is sharp.

Proof. Let I' € §S5,. There exists a Schwarz function w, such that

2¢eq (€) _ 2 ' (2.1)
g(e) —g(=¢) 1+e =
From (1.1), we have
2 /
o) _ 1+ 2co€ + 2c3¢® + (—2cac3 4 4eg)€® + (—2¢3 + 4des)et + - - - (2.2)

g(€) = g(—¢)
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Using (1.12) together with ﬁ, we have
2 1 1 1 1 1 1
m =1 + 5616 =+ 56262 + (—ﬁei{’ =+ 563)63 =+ (—§62€% =+ 564)64 —+ - (23)
Equating the coefficients of (2.2) and (2.3), we have
1
Cy = 161, (2.4)
1
C3 = 162, (2.5)
1, 1 1
c4 = —%61 + 336162 + geg, (2.6)
1 1 1
5 = §e4 — 3—26%62 + @6%- (2.7)

Using (2.4) — (2.7) and (1.4), we achieve

Hg,l(l“*l) —5766% + 288¢e1e9e3 + 966?63 + 56? — 8646% +1152e9e4 — 606‘1162

= 36864
+180e%e3 — 288e%ey). (2.8)

From Lemma 1.1 and (2.8), we yield

Hz (D7) 5e8 + 576612(1 — |e1]?)2v* — 115200(1 — [v|2) (1 — |e1|*)27% — 288(1 — |e1|?)?

1
= o861 |
xere1r® —11527(1 — |e1]?)?(1 — [v)?)érr? 4 288ver (1 — |v2) (1 — |er|?)?T + 11520
x(1— A1 = ler)? (1 — |7*)s + 180€2(1 — |e1|*)?v? — 864(1 — |e1|*)%v?
—60(1 — |e1|P)efv — 288(1 — |e1[*)e2e12v® — 96(1 — |e1|*)ederv? — 57672(1 — |e1]?)?
X (1= V%2 +96(1 — |ex|*) (1 — [v]*)eiT — 288(1 — |er[*)(1 — |7[*)(1 — [v|*)els
+288(1 — |e1|*)(1 — |v|*)eivr® + 576w (1 — |e1|*) (1 — |v|*)etert].

Therefore, we achieve

1

Hza (U7 = 36864

[61 (e1,v) + 62 (e1,v) T + b5 (e1,v) 2+ Yy (e1,v,7) s]

where e, v, 7 € A and
&1 (er,v) =565 + (1 — ler|*) [(1 — |e1|?) (—(864 — 576]e1|*)v® + 57661°v* + 180e7v?) — 60ev
—288e2¢1%1° — 966?6_11/2] )
8 (e1,v) = (1= |e?) (1 -~ W) [(288e1v — 1152¢12%) (1 — |e1]?) + 96€3 + 5T6eierv]
5 (e1,v) = (1= |ea]?) (1 - W) [(—576 |2 - 576) (1= Jesf?) + 28896%] ,
Ty (e, 0,7) = (1= |e]?) (1 - |y|2) (1 - mz) (11520 (1 — |e1|2) — 288¢2] .

Setting |e1| = e, |v| =z, |7] =t and utilizing |s| < 1, we achieve

1

-1
‘HS,l(F )’ < m

(161 (ex, )] + 182 (ex, v) |t + 185 (e1, )| £ + [ T1 (er, v, 7))
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< — 2.
> 36864F1 (€,$,t), ( 9)

where
Fi(e,z,t)=q (e,z) + (e, z)t 4+ (e,2) 2 + ¢4 (e, x) (1 —t2),
with

g1 (e, ) =5eb + (1- 62) [(864303 — 576e%2® 4 5762z + 18062.’E2) (1- 62) + 60etz
+96¢*z? + 28864563] ,

@ (e.x)=(1—¢€?) (1 —a?) [(288ex + 1152ex?) (1 — €?) + 96¢> + 576¢°x]

(e, ) = (1 — ) (1 — x*)[(576 + 57622)(1 — €?) + 288¢e2x],

(e, z) = (1—2%) (1—¢?) [11522 (1 — €*) + 288¢7] .

We will maximize F (e, x,t) in the closed cuboid = : [0, 1] x [0, 1] x [0, 1].
By noting that

a(e,d) < (1—€e2)(1 — 2?)[(5762° + 576)(1 — €2) 4 288¢?]

= fl(eax)
Therefore, we have
Fi(e,z,t) <q(e,2) + e, )t +& (e,2) 1%+ (e,x) (1 — %) (2.10)
= (e, ,t).

Differentiating 11 (e, x, t) with respect to ¢, we have
0
T = aer ) + 21[er (e ) — sale, )]

=g, ) + 1152¢(1 — €2)2(1 — 22)(1 — z)?
>0

So, Y1 (e, z,t) attains its maximum value at ¢ = 1. Thus, we yield

Fi(e,z,t)
(e,z,t)

1(e,z,1)

(e,x) + x2le, z) + &1 (e, )

= 55 — 96e° + 288t + 963 — 864¢% 4 576 + (—60e® — 288¢® + 60e* + 288¢)x + (84€8
+1248¢5 + 24e* — 2400e® — 108e? + 1152€)x? + (—864€° + 288 + 2304e? — 2304¢?
—288e + 864) x> + (576e® — 1152e® — 1728 + 2304e® + 1728¢? — 1152¢ — 576)z*

= hi(e, z).

<
<

(G}
(G
S1

The critical points of h(e, z) satisfy the system of equations
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aaﬁel = 30e® — 480e? + 1152¢® 4 288¢? — 1728¢ + (—360e> — 1440e* + 240e3 + 288)x
+(504¢€® + 6240e* + 96e3 — 7200e? — 216¢ + 1152)x? 4 (—5184¢€® + 1440¢e* + 9216¢>
—4608e — 288)x> + (3456€® — 5760e* — 6912¢3 + 6912¢? + 3456¢ — 1152)x*

=0,

8h1 4 5 6 6 5 4 3 2

B 288e + 60e™ — 288e” — 60e” + (168e” + 2496e° + 48¢™ — 4800e” — 216¢“ + 2304e)x
+(—2592€8 + 864¢® + 6912e* — 6912¢? — 864e + 2592)x2 + (2304e5 — 4608¢°
—6912¢* + 9216€3 + 69122 — 4608e — 2304)x3

= 0.

\

By calculating, we get
el ~ 1, er ~ 1, e3 ~ 1, eq =0,
21 ~ 1.3466, xg ~= —1.8253, x3 ~ —0.5213, x4 =0,
es ~ 0.7136, eg ~ 1.3868, er = 3.7363, eg ~ —0.0024,
x5 ~ 1.3036, xg = —2.1248, x7 = 2.1503, xg ~ —0.0151,
eg ~ —0.6715, e1p ~ —1.9860,

Tg ~ —11.5286, T ~ 0.4792.

Thus, there are no critical points in (0,1) x (0,1).

(1) For e =1,
hi(1,z) = 5.
(2) For e =0,
71 (0, z) = 576 + 8642 — 576" < 576.
(3) For = = 0,
fir(e,0) = 576 — 864 + 96¢> 4 288¢* — 96€° + 5e8 < 576.
(4) For x =1,

fir(e, 1) = 864 — 1548¢% 4 948¢e* — 2590 < 864.

Therefore, we have

864 3
< 2 = 2
[Ha(T7)] = 36864 128

Equality will be achieved by using (2.1) together with

2¢eq'(€) 2 1, 14
_ it ey 2.11
g(€) —g(—e)  1+¢ 3¢ T T (2.11)
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Theorem 2.2. IfT" € 853, then
12
< — =
M (D)) < 12 = 0.096.
The bound is sharp.
Proof. Let g € §53;,. There exists a Schwarz function w such that
2¢eq/ () 4 1 4
——————— =14 —w(e) + —(w(e))". (2.12)
g(€) —g(—e) 5 5
Utilizing (1.1), we have
_ 2909 =1+ 2co€ 4 2c3€% + (4deg — 2c9¢3)€ + (des — 2¢3) € (2.13)
g(€) —g(—€)
Using the series expansion of (1.12), we get
4 1 4 4 4 4 1
1+ 5w(e) + 5(w(a))“ =1+ et gege2 + 56363 + (564 + ge‘{)e‘* 4. (2.14)
By comparing (2.13) and (2.14), we have
2
co = —eq, (2.15)
)
2
o= - (2.16)
2.17
cy = o5 —ejen + — 5 ( )
1 2 , 1
== 2.1
s 5e4+ 25€2+ 20 (2.18)
Using (2.15) — (2.18) and (1.4), we have
1
Ha (DY) = m(—uweg + 1000e1e0e3 — 1228 — 3000e5 — 335¢jes + 2600e2e3
—1000€2e4 + 2500e2¢e4). (2.19)

From Lemma 1.1 and (2.19), we obtain

1

Ha(T) = 31250

—2500(1 — |e1?)%(1 — |v[H)err®r 4+ 2500(1 — |v[*)(1 — |e1|?)?(1 — |7})vs
—1000(1 — |e1|?)%eré1® + 26003 (1 — |e1|*)?v? + 1000 (1 — |e1|?)?
|
(

x(1 -

—1000e3(1 — |e1[)(1 = [v[A) (1 = |7]*)s — 12507%(1 — |e1|*)?(1 —

Thus, we obtain

1

Haa (071 = 31250

—122¢8 +1250(1 — |e1)?)%e %0t — 250001 — |v[2) (1 — |e1]?)?vir

[64 (e1,v) + 65 (e1,v) T + b6 (e1,v) 2+ Yy (e1,v,7) s]

v v —3000(1 — |e1*)3v® — 335¢}(1 — |e1]?)v — 10000 (1 — |e1]?)ete;?
+1000(1 — [v]*)(1 — |e1|*)e2or? 4+ 20000 (1 — |e1|?) (1 — |v|*)e2err
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where

S1(e1,v) = —122¢§ + (1 — |e1[*) [(—30000° 4 2000|e1|** + 2600e7v? + 125061 °v*)(1 — |e1|?)
—335efv — 1000€; *eir*],

o5(er,v) = (1= |v*)(1 = |61]2)[(—2500€1V2 4+ 1000e1v) (1 — |e1|*) + QOOOe%élu],

S6(e1,v) = (1 — ler|*)(1 — [v[*) [(—1250 — 1250|v|*)(1 — |e1|?) 4 1000ci7],

Toler,v,7) = (1 — ler|*)(1 — |7*)(1 — |v|*)[25000(1 — |e1]?) — 1000e7].

Setting e = |e1|, = |v|, t = |7| and upon using |s| < 1, we obtain

_ 1
[Ha1 (0] < groeg (100 (ex,0) |+ 135 (ex, )| + |86 (1, 0) [ 2 + T2 (€1, v, 7))
e — t
< 31950’ 2601
where
Fole,z,t) = (e,z) + g6 (e, x) t + g7 (e, ) 2 + g (e, z) (1 — t2),
with
ss(e, ) = 1225 + (1 — €2)[(30002% — 2000e%2? + 2600e22? + 1250e%z*)(1 — €?)
+335ze + 10002,
s6(e,x) = (1 — €?)(1 — 2®)[(2500ez + 1000ex)(1 — e*) + 2000e>z],
sr(e,x)) = (1 — 2?)(1 — €*)[(1250 + 12502%)(1 — €®) + 1000e?z],
ss(e,x) = (1 — €?)(1 — 2%)[1000e* + 2500z(1 — €?)].
Note that
gr(e,z)) < (1 —e?)(1 —2H)[(1 — e?)(125022 + 1250) + 1000e%] = &(e, 2),
thus, we get

Fa (67 x, t) < <5 (6, I) + <6 (67 LU) t+ £2 (67 SU) t2 + 8 (67 .’1}') (1 - t2) = ¢2(67 z, t)
Differentiating 12 (e, x,t) with respect to t, we yield

% = gs(e, ) + 2t[&a(e, ) — cs(e, x)].

Upon ¢s(e, z) > 0 and
&(e,z) — (e, z) = 1250(1 — 22)(1 — e*)?(z — 1)? > 0,

we have % > 0. Therefore, 19(e, x,t) attains its maximum value at t = 1. Thus, we achieve

Fa(e,z,t) <ta(e,z,t)
< (e, 7,1)
= (e x) +c6(e, ) + &ale, @)
= 122¢5 + 250e* — 1500e? + 1250 + (—335¢® — 1000€” + 335¢* + 1000e)z
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+(2600e5 + 2500e® — 4200e* — 5000¢® + 1600e? + 2500¢)z> + (—3000e5 + 1000€°
+8000e* — 8000e? — 1000e + 3000)2> + (1250€° — 2500e® — 3750e* + 5000
+3750e? — 2500e — 1250)z*

= ha(e, ).
Consider
Oh
5 2 — 732¢° + 1000e® — 3000e + (—2010e® — 5000e? + 1340¢® + 1000)z + (15600€° + 12500¢*
(&
—16800e® — 15000e? + 3200e + 2500)22 + (—18000e® + 5000e* + 32000e> — 16000e
—1000)z3 + (7500e® — 12500e* — 15000e3 + 15000e2 + 7500e — 2500)2*
= 0,
i f
88 2 = 1000e + 335¢* — 1000€” — 335¢® + (5200€% + 5000e> — 8400e* — 10000€? + 3200
i

+5000¢)x + (—9000e8 + 3000€> + 24000e* — 24000e2 — 3000e + 9000)x>
+(5000e% — 10000e® — 15000e* 4 20000 4 15000e2 — 10000e — 5000)2>
=0.

By calculating, we yield
61%17 62%17 63%17 64:07
r1 ~ 1.2576, T9 = —2.0063, r3 ~ —0.2513, x4 =0,

es = 0.6412, e6 ~ 1.4100, (67 ~ —0.0089, es ~ —0.6707,

x5 ~ 1.6980, z6 A~ —3.2088, z7 a2 —0.0289, zs ~ —18.3099.

Therefore, there are no critical points in (0,1) x (0,1).

(5) For e =1,
ho(1,2) = 122.
(6) For e =0,
hg (0, ) = 1250 4 300023 — 12502 < 3000.
(7) For z =0,
ha(e, 0) = 1250 — 1500€? + 250e* 4 1225 < 1250.
(8) For z =1,

hia(e, 1) = 3000 — 4150e? + 635¢* + 6375 < 3000.

Thus, we have

3000 12

<
M51(9)] < 37555 = 125
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Equality will be obtained by using (2.12) together with

2¢g/(€) 49 13
A e R
g(e) —g(—e) 5 5
Theorem 2.3. IfI' € §5*, then
\7—[3,1(1“_1)] <1.

The bound is sharp.

Proof. For I' € §5*, there exists a Schwarz function w such that

2g'(0) _ 1+ w(d)
o~ 90~ ~ 1-=(0)

Using the series representation for g and w in (2.21), a simple calculation gives

Cy = €y,

2
c3 = €] +€2,

1
cy = 5(26% + 3e1e2 + e3),
1
c5 = 5(64 + 5e2ey + 2€2 + 2 + eqes).

Using (2.22) — (2.25) and (1.4), we yield

1
— (—16¢3 — 64e3 + 32e9e4 + 16€3€3).

Ha(T™) = 64

From (2.26) and Lemma 1.1, we have

1

Haa(T) = 36364

+16e22(1 — |e1]®)? = 32(1 — |[v]?) (1 — |er]?)?vir? — 167%(1 — |v]|?)?(1

+32s0(1 = |7[%)(1 — [ea ) (1 — [v]*)].

So, we have

7-[371(1“*1) = 6i4 [(57 (e1,v) 4 6 (e1,v) T + g (e1,v) 7% 4+ Y3 (e1, v, T) s] ,
where
(e1,v) = (1— |61]2)2 [16e102 — 64(1 — |e1|*)v* + 1661%01]
5 (e1,v) = =32 (1 = |er?)” (1 — [v]P)err?,

)é
8o (e1,v) = =16 (1 — |ea]?)* (1 — [v[*)
)

T3 (e1,v,7) = 32(1 — |er*)*(1 = [7*) (1 — [v*)r.

Setting |7| =t, |v| =z, |e1| = e, and utilizing |s| < 1, we have

1
[Hs 1 (DY) < — (167 (ex,v)| + |05 (e1,v)| t + |69 (e1, V)| t* + | T3 (e1, v, 7))

~ 64

& 2eg'(e)(1 — w(e)) = (g(e) — g(—€)) (L + w(e)).

(2.20)

(1661704 (1 — |e1|*)? — 3261 (1 — )2 (1 — |ea*)?T — 6403(1 — |e[*)?
= lea?)?
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1
<1, 2.27
= 64 3(€,$,t), ( )

where
Fs(e,@,t) =g (e,x) + <10 (€,2) t + <11 (e,2) ° + iz (e, ) (1 — 1),
with
s (e,2) = (1— 62)2 [16€%2? + 64(1 — €2)z® 4 16e%27],
sio(e, ) = 32(1 — €2)2(1 — 22)ea?,
€,) —16(1—62) 1—ac
e,x) =32z(1—2%) (1—e )2.

s11 (
G2 (

Differentiating F 3(e, x,t) with respect to ¢, we acieve

Tl sio(e, x) + 2t [§11(e, x) — s12(e, a;)]
=qole,z) +32(1 — e*)?(1 — 2?) (2% — 22 4 1)t

>0
Thus, F 3(e,z,t) attains its maximum value at ¢ = 1. Thus, we obtain

Fs(e,xt)<Fs(ex,1)
=go(e, ) + s10(e, x) +s11(e, x)
= 16e" — 32e? + 16 + (16€° + 32¢° — 32¢* — 64€> + 16€* + 32¢)z? + (—64¢°
4 192e* — 1922 + 64)2® 4 (165 — 32¢° — 48¢* + 64¢> + 48¢* — 32¢ — 16)?
= hs(e, z).

The critical points of hg(e, z) satisfy the system of equations

(
8;3 = 64e3 — 64e + (96€5 + 160e* — 128¢3 — 1922 + 32¢ + 32)x? + (—384¢€d
e
+768e> — 384e)x> + (96€® — 160e* — 1923 + 192¢% + 96e — 32)z?
= ()’
h
88 3 — (32¢0 + 64¢7 — 64e* — 12863 + 32¢ + 64e)x + (—192¢5 4 576¢* — 576¢2 + 192)x>
X
+(64e5 — 1287 — 192¢* + 256€3 + 192¢? — 128 — 64)z3
=0.

By calculating, we yield

e1 =0, s~ 1, s~ —1, es ~ —1.2901, e ~ 3.4401, e¢ ~ —0.8686,

z1 =0, To ~ 0, T3 ~ T3, T4 = X4, x5 ~ 0.7924, re ~ —0.8718.
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Therefore, there are no critical points in (0,1) x (0,1).

(9) For e =1,
hs(1l,x)=0.
(10) For e = 0,
fi3(0, z) = 16 4 642> — 162 < 64.
(11) For x =0,
hs(e,0) = 16 — 32¢% + 16e? < 16.
(12) For z =1,

his(e,1) = 64 — 160e? + 128e* — 325 < 64.

Thus, we achieve

64
rh<—=1
Mz ()] < 61
Equality will be obtained by using (2.21) together with
2¢g'(e) 1+ é
gle) —g(—¢e) 1—¢

=142 42+ (2.28)

O]

3. Hankel determinants of logarithmic coefficients of inverse func-
tions

Theorem 3.1. IfI" € §5§,, then
Haa(Grr/2)] < o
’ 64
The result is sharp for the function given by (2.11).
Proof. Let I' € §S%.. From (2.4) — (2.6) and (1.7), we have
Hy1(Gp-1/2) = ﬁ(966163 — 24e2ey — 192¢2 4 5ef). (3.1)

From (3.1) and Lemma 1.1, we obtain

1
Ho1(Gp1/2) = m[%(l — le1P)ererv® 4 96e1 (1 — |er|*)(1 — |v[*)T — 24e2(1 — |es]*)v

+5e] — 192(1 — |eg[2)22.

By putting e = |eq|, |v| = x and upon utilizing || < 1, we achieve

1
|Hy1(Gp-1/2)| < %[96(1 —e?)ex? + 96e(1 — ) (1 — 2?) 4 24€*(1 — €?)z + 5et
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+192(1 — %))
= hy(e, z).

Differentiating h4(e, x) with respect to x, we obtain

oh. 1
aT: = 5@[@2(1 —e®) +8z(1—e2)(1—e)(2+e)] > 0.
Therefore, hs(e, ) attains its maximum value at z = 1. Thus, we achieve

192 1

1 2 4
1/2)| < = ——[192 - S 19988 ~ 61’
|H271(GF 1/2)] < (e, 1) 12288 [192 — 264e” + 77e"] < 12288 64

Theorem 3.2. IfI' € §5%, then

1
_ <.
|Ha2(Gp-1/2)] < 198

The outcome is sharp for the function given by (2.11).
Proof. Let g € $S%.. By using (2.4) — (2.7) and (1.8), we obtain

1
Hoo(Gp-1/2) = m(—%oseg + 4608ese0eq + 124833 + 73€8 — 9216e3 — 720e]es

+1440e3e3 — 3456€3e4 + 9216e0e4). (3.2)

From (3.2) and Lemma 1.1, we have

1 5 —_
TTro6ag | 7361 + 4608671 (1 — [ea]?)* — 92167°0(1 = [v[*)(1 — |ex |*)?

—92167¢12(1 — [v2) (1 — |e1]?)? + 921650 (1 — |v[2) (1 — |e1]?)*(1 — |7]?)
—4608e1610°(1 — |e1|?)? + 1440022 (1 — |eq|*)? + 46087ver (1 — |eq|*)(1 — |v[?)
—921613(1 — |e1|?)? — 720efv (1 — |e1|?) — 3456e261203(1 — |er|?) + 34567230
x(1—|v[*) (1 = |er]?) + 69127e2e1v(1 — |e1|*) (1 — |v]?) — 3456s€3(1 — |7|?)

X (1 —|e1|?)(1 = |v|?) — 1248%e361 (1 — |e1|?) — 460872 (1 — |v|*)2(1 — |e1]?)?

H2’2(GF—1 /2) =

+12487¢e3(1 — |e1]?) (1 — |v]?)].

Thus, we have

1
HQ,Q(GF—1/2) = m [(510 (61,V) + 611 (61,1/)7‘ + 019 (61,1/) ’7‘2 + Ty (el,V,T) S] ,

where

S10(e1,v) = 73ef + (1 — |e1|*) [(4608¢1 % + 4608|e1|*v” + 1440eiv* — 92160°)(1 — |e1|?)
—7206‘11V — 3456e%¢61%v° — 12486’1e:i‘y2],

dr1(er,v) = (1 — |1 — |e1|*) [(—9216v2€1 + 4608ver)(1 — |e1]?) + 6912veder + 1248¢}],

d12(e1,v) = (1 — |e1|*) (1 — |v|*) [34567€] + (1 — |e1|?)(—4608 — 4608|v|*)],
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Yyuler,v,7) = (1 = [v*)(1 = |72 (1 = |e1|?)[—3456€3 + 92160 (1 — |e1|?)].

Setting t = |7|, = |v|, e = |e1] and upon using |s| < 1, we yield

1
(H22(Gp-1/2)| < 1179618 (1610 (e, v)| + [611 (e, v) |t + |12 (e1, V)| £ + | T4 (e1, v, 7))
< — t
< Tr7oeas’ + (&)
where
Fale,o,t) =c3(e,z) + 14 (e, x) t + 615 (e, ) 12 + 16 (e, ) (1 — t2),
with

si3(e,x) = 735 + (1 — €?)[(4608¢%x* + 4608¢%2® + 1440¢%2? + 92162°)(1 — €?) + 720ze*
+34562°¢? + 1248¢*2?],

su(e,x) = (1 — 2?)(1 — €?)[(9216ex? + 4608ex) (1 — €2) + 69123z + 1248¢°],

si5(e,2)) = (1 — 2?)(1 — €*)[(4608 + 46082?)(1 — €?) + 3456z¢?],

aele,z) = (1 —e))(1—2?) [345662 +9216(1 — 62)30].

Note that
csle, ) < (1 —e?) (1 — 2?)[(1 — €?)(4608x2 + 4608) + 3456€2] = &3(e, ),
thus, we get
Fa(e,z,t) <cs(e,x) +cua(e,x)t + &3 (e, x) 2 + ¢ (e,x) (1 — t2) = s(e, z,t).

Differentiating 3(e, x,t) with respect to t, we have

5 — Guale, ) + 2fesle,2) — srs(es )]

Upon ¢i3(e,z) > 0 and

&3(e, ) — cig(e, ©) = 4608(x — 1)*(1 — 2?)(1 — €*)? > 0,

we have % > 0. Thus, ¥3(e, x,t) attains its maximum value at ¢ = 1. Thus, we yield

Fa(e,x,t)<is(e x,t)

<3 (e,x,1)

=q3(e, ) +cuale, r) + &3(e, @)

= 73e5 — 1248e° + 1152¢* + 1248¢3 — 5760e? + 4608 + (—720e® — 2304¢° + 720¢*
—2304¢® 4 4608e)x + (192¢5 4 10464 + 1824¢* — 19680¢e® — 2016¢* + 9216¢)2?
+(1152¢5 + 2304 + 3456€* 4 2304e® — 13824¢% — 4608e + 9216) 2> + (4608€8
—9216€° — 13824¢* + 18432¢3 + 13824¢% — 9216e — 4608)2*

= hs(e, x).
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Consider
régg'22438654*6240644*4608634*3744624*1152064*(44320654*1152064%*2880634*691262
+4608)x + (1152¢® + 52320e* 4 7296¢® — 59040e? — 4032¢ + 9216)x? + (6912¢°
+11520e* + 138243 4 6912¢2 — 27648 — 4608)2 + (27648¢® — 46080e* — 55296¢3
+55296€2 + 27648¢ — 9216)x*
= ()7
855 3 4 5 6 6 5 4 3
Sy = 1608e —2304e” + T20¢" — 2304e” — 720e + (3848 + 20928¢” + 3648¢e* — 39360e
—4032¢? + 18432¢)x + (3456€° + 6912e° 4 10368¢e* + 69123 — 41472¢? — 13824e
+27648)x2 + (184326 — 36864¢® — 55296 + 737283 + 41472¢? — 36864e — 18432)23
=0.

By calculating, we yield
e1 =0, eo ~ 1.0574, e3 ~ 1.2451,
Tl = O, Ty ~ —0.4220, €T3 ~ 0.7568.

Therefore, there are no critical points in (0,1) x (0,1).

(13) For e =1,
hs(1,z) = 73.
(14) For e = 0,
fis (0, z) = 4608 4 92162 — 460821 < 9216
(15) For = = 0,

fis(e,0) = 4608 — 5760e* 4 1248¢ + 1152e? — 1248¢° + 73¢5 < 9216.
(16) For = =1,
his(e, 1) = 9216 — 7776e — 6672¢* 4+ 53055 < 9216.

Thus, we have

9216 1
G B 2 < _—
[H2,2(Gr-1/2)] < 1179648 128

Theorem 3.3. IfI' € 85, is of the form (1.1), then
1

25
The inequality is sharp for the function given by (2.20).

[H2,1(Gr-1/2)] <
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Proof. Let I' € §S3. From (2.15) — (2.17) and (1.7), we obtain

Ho1(Gp-1/2) = ————(T5e1e3 — 30e3eq — 150e3 + 26¢7). (3.3)

1
3750
Using Lemma 1.1 and (3.3), we achieve

1
ﬁ[ﬁ)(l — le1]®)ererv? + 75(1 — [v)2)(1 — |e1|*)erT — 30e3v(1 — |e1|?)

—150(1 — |eq|*)%% + 26¢]].

Hle(qu/Q) =

Setting |v| = z, |e1| = e and upon using |7| < 1, we have

71 (75(1 — €2)ex? + 75(1 — 2%)(1 — e)e + 30e%z(1 — €?) + 150(1 — €2)%2?]

6(e, ).

Differentiating fg(e, z) with respect to z, we get

[H2,1(Gp-1/2)| <

;\‘C)J

oh 1
8; = g [30(1 — e 2)e? + 1502 (1 — ) (—e? — e 4+ 2)] > 0.
Thus, fig(e, ) attains its maximum value at = = 1. Therefore, we yield

|Hay(Gp1/2)| < figle, 1) = 150 — 108¢2 + T4e] < - = —.

3750[

Theorem 3.4. LetI' € §53,. Then

[H22(Gr-1/2)| < —= o5

The bound is sharp the function given by (2.20).
Proof. Let I' € §S3,. By using (2.15) — (2.18) and (1.8), we yield

Hoo(Gr-1/2) = ————(—2250€3 + 3600e1 eze3 + 4680e2e3 + 4500eze4 — 7200e3 — 1275¢] ea

225000
—2700e2e4 — 211§ + 600e3e3). (3.4)

From (3.4) and Lemma 1.1, we get

Ha2(Gr-1/2)

= oo | — 21168+ 22500621~ Jer ) — 450005(1 ~ [0)(1 ~ [ex )7
—45006’11/2(1 — |61\2)2(1 — |I/|2)T +4500vs(1 — |T]2)(1 — ]1/]2)(1 - ]61|2)2
—3600e1610° (1 — |e1]*)? + 36007ver (1 — |v|*)(1 — ]el|2)2 + 4608e312(1 — |e1]*)?
—7200(1 — |e1]?)3v3 — 1275e1(1 — |ey|2)v — 2700032612(1 — |eq|?) + 27002
(1 —[v)(1 = |er[) 772 + 54007e3éiv(1 — |er|*) (1 — |v|?) + 6007€e3 (1 — |v]?)
x (1 = lea]?) = 2700sef (1 — |7%)(1 = [v*)(1 = [e1[*) = 22507%(1 — [e1*)*(1 — [v[*)?
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—600e3é1 (1 — |eq|*)?

Thus, we have

1

Hoo(Gr-1/2) = 235000 [513 (e1,v) + 614 (e1,v) T + 615 (e1,v) 72 + Y5 (e1, v, T) s] ,

where

S13(er,v) = —211ef + (1 — |e1|*) [(2250€1 *v* + 3600|e1 [*® — 72000° + 4680e31°)(1 — |e1|?)
—1275¢1v — 600ei e — 2700e7 6117 ],

S1a (e1,v) = (1 = [v*)(1 — |e1|?) [(—4500€102 + 3600e1)(1 — |eq|*) + 5400eieiv + 600¢€; ]

Si5(er,v) = (1 —|er|) (1 = |v/H)[(1 = |e1]?)(—2250 — 2250|v|?) 4 2700e3 7],

Ts(er,v,7) = (1 — ler|?)(1 = |7[3)(1 — [v]?) [4500v (1 — |e1|?) — 2700€3] .

By writing |v| = x,e = |e1|, |7| =t and using |s| < 1, and using the triangle inequality, we yield

[Ha2(Gr-1/2)| < 295000 (1613 (e1, v)| + [614 (e1, V)| t + 015 (€1, V)| £* + | L5 (e1, v, 7))

F5 (6,117,15)7

< 3.5
— 225000 (3:5)

where

Fs (e z,t) =7 (e,x) +as (e, x)t +qo (e, z) t* + o0 (€, z) (1 — 1?),
with

si7(c,d) = 2118 + (1 — €2)[(2250e2x* 4 72002 — 3600e2x> 4- 4680e%2?)(1 —
+600e*z? 4 2700e*2?),

cis (e, ) =600 (1 —e ) (1-2 ) [(75636 + 6ex) (1 — ) + 9e3z + 63] ,

clg(e,x):450(1—a:)(1—62)[(5+5:ﬂ)( e)—|—6xe]

ggo(e,x)—QOO(l—e)( :U2) [362+5m(1—e)].

It is clear that for z € [0, 1],

e?) 4+ 1275¢x

s19 (e, ) <450 (1 — €®) (1 — 2?) [(5+ 52?) (1 — €?) + 6€*] = &4(e, ).

Then, we have

Fs(e,z,t) <crle )+ csle, o)t + E(e, 2)t? + cole, ) (1 — t2) = hy(e, x, 1).

It is easy to see that

a(;i‘l =qis(e, x) + 2t[&s(e, x) — so0(e, )]

= qis(e, ) + 4500¢(1 — 2%)(z® — 22 + 1)(1 — €?)?
> 0.
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So, ¥4(e, z,t) attains its maximum value at ¢ = 1. Thus, we yield

Fs5(e x,t) <iy(e x,t)

<u(e,z,1)

=qi7(e, @) +sis(e, ) + Eale, )

=211e% — 600e® — 450e* + 600e — 1800e? + 2250 + (—1275¢5 — 1800e” + 1275¢*
—1800€? + 3600e)z + (40808 + 5100 — 6060 — 9600e> + 1980e? + 4500¢) 22
+(—6300e5 + 1800¢® 4 17100e” + 1800e® — 18000e? — 3600e + 7200)2>
+(2250e5 — 4500¢® — 6750e* 4- 9000e® + 6750e? — 4500e — 2250) 2

= hy(e, z).

The optimal points of A7 has to satisfy

%'27 = 1266¢® — 3000e* — 1800¢® + 18002 — 3600¢ + (—7650e> — 9000e? + 5100e® — 5400¢>
+3600)z + (244807 + 25500e* — 242403 — 28800e? + 3960e + 4500)22 + (—37800¢°
+9000e* + 68400e3 + 54002 — 36000e — 3600)x> + (13500e® — 22500e* — 2700063
4270002 + 13500e — 4500)x*

= (),

% = 3600e — 1800e3 + 1275¢* — 1800e® — 1275€°® + (8160e°® 4 10200e® — 12120* — 19200€?
+3960e? + 9000¢)x + (—18900e5 + 5400 + 51300e* 4 5400e3 — 54000e? — 10800e
+21600)z2 + (9000e5 — 18000e® — 27000e* + 36000e> + 27000e? — 18000e — 9000)z3

= 0.

3
By calculating, we have

e1~ 1, e ~ 1, es ~ 1, eq ~ —1,

x1 ~ 1.3574, x9 = —1.9921, xg ~ —0.3653, xq = —0.7744,
es = 0, e ~ 3.5894, er ~ —0.0842 eg ~ —0.7811,

x5 =0, g ~ 4.0582, x7 ~ —0.1003, rg ~ —4.9377,

eg ~ —1.0053, e1o ~ —1.2931, e11 ~ —1.5374,

T9 ~ 0.4785, 10 ~ —0.2609, 11 ~ 1.3718.

So, there is no solution of this system in (0,1) x (0, 1).
(17) For e = 1,

hiz(1,2) = 211.
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(18) For e = 0,
fi7 (0, ) = 2250 4 720023 — 22502 < 7200.

(19) For = = 0,

fiz(e,0) = 2250 — 1800e? + 600e® — 450e* — 600e” 4 2118 < 2250.

(20) For x =1,
fiz(e,1) = 7200 — 11070e? + 5115¢* — 1034¢° < 7200.

Thus, we yield

7200 4
Ho2(Gr-1/2)| < =—.
[Hoa(Gra /2)] = 225000 125

Theorem 3.5. IfI' € §5%, then

[Ha,1(Gp-1/2)] <

=

The bound is sharp for the function given by (2.28).
Proof. LetI' € $S*. From (2.22) — (2.24) and (1.7), we achieve

1
Hy1(Gp-1/2) = @(66163 — 123 — 18€2ey + €f).

From (3.6) and Lemma 1.1, we get

1
Ho1(Gr-1/2) = —[6616_11/2(1 — \el|2) — 186%1/(1 — \61]2) + 6ey (1 — |1/|2)(1 — |el\2)7

48
—I—e‘lL — 12U2(1 - |el|2)2}.

Setting |e1| = e, |v| = z, and upon using |7| < 1, we yield

(3.6)

|Ho1(Gp-1/2)] < —[6(1 — e*)z?e® +18ze*(1 — €%) + 6(1 — e?)e(1 — 2?) + e* + 12(1 — €?)%2?]

4

1
8
8

(e, 2).
By differentiating fg(e, ) with respect to x, we achieve

Tt = Gl180 — )e? +120(1 — )~ — e+ 1) 2 0.

So, hg(e, ) attains its maximum value at = 1. Thus, we have

1 12 1
H. 1/2) < 1) = —[12 -1l < = = .
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Theorem 3.6. IfI' € §5%, then

[Ho2(Gp-1/2)] <

ool w

The equality holds for the function given by (2.28).
Proof. Let I' € SS*. From (2.22) — (2.25) and (1.8), we obtain

Hyo(Gp-1/2) = 36eze0e; — 18e2 — 36e3e? + 48¢eTes — T8ejes + € — 108e3

288 (
+36ese4 — 18eTeys). (3.7)

From (3.7) and Lemma 1.1, we get
Ha2(Gr-1/2)

1
= 58 e$ 4+ 18¢1%v1(1 — |e1]?)? — 360v(1 — |e1]?)?(1 — |v]?) 72 — 360261 (1 — |e1]?)?
X (1 — |v[))7 +36s0(1 — |e1]|2)2(1 — |7)?)(1 — |v]?) — 361%e161(1 — |er|*)? + 367ve;
2\2 2 2.2 2 27\3. 3 4 2
x(1—le1]*)“(1 — |v|*) — 36(1 — |el| ) el — 108(1 — |e1]?)°v° — 78ei (1 — |e1|*)v
—188121/36%(1 — |61|2) + 186%17(1 — |1/| )(1— |el\2)7'2 + 367’6_16%1/(1 — |el|2)(1 — |V|2)
—48e}(1 — |e1[?)erv® — 18ef (1 — |7*)(1 — |e1[*) (1 — |v|*)s — 187%(1 — [v]*)*(1 — |e1]*)?

+48¢et (1 — [V]*)(1 — |ea|*)7
Therefore, we achieve

Hoo(Gr-1/2) = [516 (e1,v) + 617 (e1,v) T + 615 (e1,v) 72 4+ Y¢ (e1, v, T) s] ,

288

where

di6(er,v) = €§ + (1 — |er|*) [(18v%61? — (108 — T2[e1|*)v® — 361%€7)(1 — |e1|?) — T8ve]
—481° 6161 — 181/361612],

617 (e1,v) = (1 — |[V)?)(1 = |e1]?) [(—361/26_1 + 36ve1)(1 — |e|?) + 36vete; + 486%] ,

dis(er,v) = (1= le*) (1 = [V[A)[(1 = lea|*)(~18 — 18|v|*) + 18ed],

Yo (e1,v,7) = (1 — [e1]) (X — |7[)(A — |v[*) [36 (1 — |e1]*) v — 18¢3] .

By writing |7| =t,e = ]61\, |v| = x and using |s| < 1, we have

[Ho2(Gr-1/2)| < 55 (|516 (e1, V)| + |017 (ex, v)| t + [618 (e1, V)| £* + | Y6 (e, v, 7)])

288
< 535000 ¢ (&% 1) (38)
where
Fele,x,t) =i (e, ) + o (e, )t + o3 (€, ) 12 + o4 (e, ) (1 — t2),
with

Gi(c,d) = €8+ (1 — e)[(18e2x? + 10823 — 72e%23 + 36e222)(1 — €?) + T8¢’z
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+48¢t2? + 18¢e123),

G2z (e,2) =12(1 — 62) (1- z?) [(36:E2 + 3ex) (1 - 62) + 3e3x + 463] ,
Go3 (e,2) =18 (1 — x2) (1- e?) [(1+ z?) (1 - 2) + xe2] ,
Goa (e,7) = 18 (1 — €?) (1 — 2?) [62 +2z (1 - 62)] :

It is clear that for z € [0, 1],
Go3 (e, ) <18 (1 — 62) (1- :):2) [(:nQ +1)(1- 62) + 62] = &5(e, x).
Then, we have
Fe(e,z,t) < e, x) + saale, x)t + E5(e, 2)t* + cale, z)(1 — t2) = Ys(e, z, t).

It is easy to see that

% = §22(€, .r) —+ 2t[§5(€, ZC) — §24(€7 ZL’)]

= Gon(e,x) + 36t(z? — 22 + 1)(1 — 2%)(1 — €%)?
> 0.

So, ¥5(e, z,t) attains its maximum value at ¢ = 1. Thus, we have

Fes (eaxvt) < ¢5 (67 Jj,t)
<s(e,x,1)
=1(e,x) + saa(e, z) + & (e, )
— 0 — 48 + 483 — 182 + 18 + (—78e° + T8¢t — 36€> + 36e)x + (—1265 + 846D
—6et — 120e3 + 182 + 36e)z? 4 (—90e° 4 270e* 4 36¢3 — 288¢% — 36e + 108)z>
+(18¢5 — 36€° — 54et + 72¢3 + 54e? — 36e — 18)x!
= hg(e, x).

The optimal points of Ag has to satisfy

' %Zg = 6e® — 240e? + 144 — 36e + (—468€5 + 312¢> — 108e? + 36)z 4 (—72¢° + 420e* — 24€3

—360e? + 36e + 36)x2 + (—540€5 + 1080e3 + 108¢? — 576e — 36)z> + (108¢° — 180e*
—216€3 + 216e? + 108¢ — 36)z*

=0,

%Zf’ = 36e — 36€> + 78¢" — 780 + (—24€8 + 168¢° — 12¢? — 240e3 + 36¢% 4 72¢)x 4 (—270¢5

+810e* 4 108e — 8642 — 108e + 324)x2 4 (728 — 144€5 — 216e* + 288¢> + 216¢2
—144e — 72)a3

=0.

By calculating, we have
€1 = 17 62:17 63:17 64:_17 65:07

r1 = 2.3421, To = —2.8104, r3 = —0.5317, x4 = 0.4020, 5 =0,
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eg = 3.3422, er = —0.0540 es = —0.8563, eg = —1.1744,

ze = 10.7582, x7 = —0..0710, rg = —5.4291, T9 = 3.9895.
So, there is no solution of this system in (0, 1) x (0, 1).
(21) For e =1,

ho(1,x) = 1.
(22) For e = 0,
fig(0, z) = 18 4 108z — 18z* < 108.
(23) For = = 0,
fig(e,0) = 18 — 18¢% 4 48¢® — 48 + € < 18.

(24) For z =1,

fig(e, 1) = 108 — 234¢? + 288¢* — 161€° < 108.

Thus, we yield
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