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1. Introduction

Let ∆ = {ϵ : |ϵ| < 1} be the open unit disk in the complex plane. Let H be the class of all
analytic functions Γ(ϵ) defined in the open unit disc ∆ with the power series representation as

Γ(ϵ) = ϵ+
∞∑
m=2

cmϵ
m (ϵ ∈ ∆). (1.1)

Further, let S be the subclass of H consisting of all univalent functions in ∆.

Let Γ ∈ H with expansion of the form (1.1), then qth Hankel determinant of Γ is defined for
q ≥ 1, and m ≥ 1 by

Hq,m(Γ) =

∣∣∣∣∣∣∣∣∣∣∣∣

cm cm+1 · · · cm+q−1

cm+1 cm+2 · · · cm+q

...
...

...
...

cm+q−1 cm+q · · · cm+2q−2

∣∣∣∣∣∣∣∣∣∣∣∣
.

The upper bound of the modulus of the Hankel determinants has been extensively studied in
recent time, mainly the second order case H2,2 = c2c4 − c23 and the third order case

H3,1(Γ) = 2c4c3c2 − c33 + c5c3 − c5c
2
2 − c24. (1.2)
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This problem, as most others over the class of univalent functions, is difficult to tackle with for
the general class, and instead its subclasses are studied. The sharp bounds of the third order
Hankel determinant H3,1 of analytic functions were achieved by many authors [1,4–9,11–13,16].

For Γ ∈ S, has an inverse Γ−1 given by

G(w) = Γ−1(w)

= w +

∞∑
m=2

Amw
m |w| < r0(Γ); (r0(Γ) ≥

1

4
)

= w − c2w
2 + (2c22 − c3)w

3 − (5c32 − 5c2c3 + c4)w
4

+ (14c42 + 3c23 − 21c22c3 + 6c2c4 − c5)w
5 + · · · . (1.3)

From (1.2) and (1.3), we have

H3,1(Γ
−1) = 2A4A3A2 −A3

3 +A5A3 −A5A
2
2 −A2

4

= −3c42c3 + c62 + 3c22c
2
3 + 2c2c3c4 − 2c33 − c24 − c22c5 + c3c5. (1.4)

The logarithmic coefficients µm of Γ−1 ∈ S, denoted by µm = µm(Γ
−1), are described as

log
Γ−1(w)

w
= 2

∞∑
m=1

µmw
m (|w| < 1

4
). (1.5)

Differentiating and using (1.3), we yield

µ1 = −1

2
c2,

µ2 = −1

2
(c3 −

3

2
c22),

µ3 = −1

2
(c4 − 4c2c3 +

10

3
c32),

µ4 = −1

2
(c5 − 5c4c2 + 15c3c

2
2 −

5

2
c23 −

35

4
c42).

(1.6)

Therefore,

µ3µ1 − µ22 = H2,1(GΓ−1/2) =
1

48
(12c2c4 + 13c42 − 12c22c3 − 12c23), (1.7)

µ2µ4 − µ23 = H2,2(GΓ−1/2)

=
1

288
(−72c24 + 72c3c5 + 216c2c3c4 + 198c22c

2
3 − 180c33

− 330c42c3 − 108c22c5 + 60c32c4 + 145c62).

(1.8)

The class of starlike functions with respect to symmetric points is introduced by Sakaguchi
[10] and is denoted as SS∗. These functions satisfy the analytic condition

SS∗ =

{
g : g ∈ S and

2ϵg′(ϵ)

g(ϵ)− g(−ϵ)
≺ 1 + ϵ

1− ϵ
(ϵ ∈ ∆)

}
. (1.9)
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In 2023, Faisal and co-authors [3] introduced a family SS∗
SG of symmetric starlike functions

connected with the sigmoid function as follows:

SS∗
SG =

{
g : g ∈ S and

2ϵg′(ϵ)

g(ϵ)− g(−ϵ)
≺ 2

1 + e−ϵ
(ϵ ∈ ∆)

}
. (1.10)

Tang et al. [15] introduced and studied the class SS∗
3l of starlike functions with respect to the

symmetric points connected with the three-leaf-shaped region, which is given by

SS∗
3l =

{
g : g ∈ S and

2ϵg′(ϵ)

g(ϵ)− g(−ϵ)
≺ 1 +

4

5
ϵ+

1

5
ϵ4 (ϵ ∈ ∆)

}
. (1.11)

Faisal et al. [3] calculated the sharp bounds of the logarithmic coefficients and some of their
combinations (initial coefficients, the Hankel determinants, Zalcman’s functional, etc.) for the
class SS∗

SG. Tang et al. [15] studied the bounds of the Krushkal and Zalcman inequalities, as well
as the third-order Hankel determinant for the class SS∗

3l. Tang et al. [14] obtained the bounds
of the Hankel determinants of inverse functions for the classes SS∗

SG and SS∗
3l, and proved that

|H3,1(Γ
−1)| ≤ 0.0317 for Γ ∈ SS∗

SG, and |H3,1(Γ
−1)| ≤ 0.11600 for Γ ∈ SS∗

3l. In this paper,
we found sharp bounds of these classes, also, we obtain the sharp bounds of the second order
Hankel determinant of logarithmic inverse functions for these classes.

Lemma 1.1 (Lemma 1.1 [2]). Let

ϖ(ϵ) = e1ϵ+ e2ϵ
2 + e3ϵ

3 + e4ϵ
4 + · · · (1.12)

be a Schwarz function. Then

e2 = (1− |e1|2)ν, (1.13)

e3 = ē1ν
2(1− |e1|2) + (1− |e1|2)(1− |ν|2)τ, (1.14)

e4 = ē1
2ν3(1− |e1|2)− (1− |e1|2)(1− |ν|2)(ν̄τ2 + 2τ ē1ν)

+(1− |e1|2)(1− |ν|2)(1− |τ |2)s, (1.15)

for some ν, τ, s with |ν| ≤ 1, |τ | ≤ 1 and |s| ≤ 1.

2. The third order Hankel determinants of inverse functions

Theorem 2.1. If Γ ∈ SS∗
SG, then

|H3,1(Γ
−1)| ≤ 3

128
.

The bound is sharp.

Proof. Let Γ ∈ SS∗
SG. There exists a Schwarz function ϖ, such that

2ϵg′(ϵ)

g(ϵ)− g(−ϵ)
=

2

1 + e−ϖ(ϵ)
. (2.1)

From (1.1), we have

2ϵg′(ϵ)

g(ϵ)− g(−ϵ)
= 1 + 2c2ϵ+ 2c3ϵ

2 + (−2c2c3 + 4c4)ϵ
3 + (−2c23 + 4c5)ϵ

4 + · · ·. (2.2)
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Using (1.12) together with 2
1+e−ϖ(ϵ) , we have

2

1 + e−ϖ(ϵ)
= 1 +

1

2
e1ϵ+

1

2
e2ϵ

2 + (− 1

24
e31 +

1

2
e3)ϵ

3 + (−1

8
e2e

2
1 +

1

2
e4)ϵ

4 + · · ·. (2.3)

Equating the coefficients of (2.2) and (2.3), we have

c2 =
1

4
e1, (2.4)

c3 =
1

4
e2, (2.5)

c4 = − 1

96
e31 +

1

32
e1e2 +

1

8
e3, (2.6)

c5 =
1

8
e4 −

1

32
e21e2 +

1

32
e22. (2.7)

Using (2.4)− (2.7) and (1.4), we achieve

H3,1(Γ
−1) =

1

36864
(−576e23 + 288e1e2e3 + 96e31e3 + 5e61 − 864e32 + 1152e2e4 − 60e41e2

+180e21e
2
2 − 288e21e4). (2.8)

From Lemma 1.1 and (2.8), we yield

H3,1(Γ
−1) =

1

36864

[
5e61 + 576ē1

2(1− |e1|2)2ν4 − 1152νν̄(1− |ν|2)(1− |e1|2)2τ2 − 288(1− |e1|2)2

×e1ē1ν3 − 1152τ(1− |e1|2)2(1− |ν|2)ē1ν2 + 288νe1(1− |ν|2)(1− |e1|2)2τ + 1152ν

×(1− |ν|2)(1− |e1|2)2(1− |τ |2)s+ 180e21(1− |e1|2)2ν2 − 864(1− |e1|2)3ν3

−60(1− |e1|2)e41ν − 288(1− |e1|2)e21ē12ν3 − 96(1− |e1|2)e31ē1ν2 − 576τ2(1− |e1|2)2

×(1− |ν|2)2 + 96(1− |e1|2)(1− |ν|2)e31τ − 288(1− |e1|2)(1− |τ |2)(1− |ν|2)e21s
+288(1− |e1|2)(1− |ν|2)e21ν̄τ2 + 576ν(1− |e1|2)(1− |ν|2)e21ē1τ

]
.

Therefore, we achieve

H3,1(Γ
−1) =

1

36864

[
δ1 (e1, ν) + δ2 (e1, ν) τ + δ3 (e1, ν) τ

2 +Υ1 (e1, ν, τ) s
]
,

where e1, ν, τ ∈ ∆̄ and

δ1 (e1, ν) = 5e61 +
(
1− |e1|2

) [(
1− |e1|2

) (
−(864− 576|e1|2)ν3 + 576ē1

2ν4 + 180e21ν
2
)
− 60e41ν

−288e21ē1
2ν3 − 96e31ē1ν

2
]
,

δ2 (e1, ν) =
(
1− |e1|2

) (
1− |ν|2

) [(
288e1ν − 1152ē1ν

2
) (

1− |e1|2
)
+ 96e31 + 576e21ē1ν

]
,

δ3 (e1, ν) =
(
1− |e1|2

) (
1− |ν|2

) [(
−576 |ν|2 − 576

) (
1− |e1|2

)
+ 288ν̄e21

]
,

Υ1 (e1, ν, τ) =
(
1− |e1|2

) (
1− |ν|2

)(
1− |τ |2

) [
1152ν

(
1− |e1|2

)
− 288e21

]
.

Setting |e1| = e, |ν| = x, |τ | = t and utilizing |s| ≤ 1, we achieve∣∣H3,1(Γ
−1)

∣∣≤ 1

36864

(
|δ1 (e1, ν)|+ |δ2 (e1, ν)| t+ |δ3 (e1, ν)| t2 + |Υ1 (e1, ν, τ)|

)



Hankel determinants of inverse functions and inverse logarithmic coefficients 1355

≤ 1

36864
𭟋1 (e, x, t) , (2.9)

where

𭟋1 (e, x, t) = ς1 (e, x) + ς2 (e, x) t+ ς3 (e, x) t
2 + ς4 (e, x) (1− t2),

with

ς1 (e, x) = 5e6 +
(
1− e2

) [(
864x3 − 576e2x3 + 576e2x4 + 180e2x2

) (
1− e2

)
+ 60e4x

+96e4x2 + 288e4x3
]
,

ς2 (e, x) =
(
1− e2

) (
1− x2

) [(
288ex+ 1152ex2

) (
1− e2

)
+ 96e3 + 576e3x

]
,

ς3(e, x) = (1− e2)(1− x2)[(576 + 576x2)(1− e2) + 288e2x],

ς4 (e, x) =
(
1− x2

) (
1− e2

) [
1152x

(
1− e2

)
+ 288e2

]
.

We will maximize 𭟋1(e, x, t) in the closed cuboid Ξ : [0, 1]× [0, 1]× [0, 1].

By noting that

ς3(c, d) ≤ (1− e2)(1− x2)[(576x2 + 576)(1− e2) + 288e2]

= ξ1(e, x).

Therefore, we have

𭟋1 (e, x, t) ≤ ς1 (e, x) + ς2 (e, x) t+ ξ1 (e, x) t
2 + ς4 (e, x) (1− t2) (2.10)

= ψ1(e, x, t).

Differentiating ψ1(e, x, t) with respect to t, we have

∂ψ1

∂t
= ς2(e, x) + 2t[ξ1(e, x)− ς4(e, x)]

= ς2(e, x) + 1152t(1− e2)2(1− x2)(1− x)2

≥ 0.

So, ψ1(e, x, t) attains its maximum value at t = 1. Thus, we yield

𭟋1 (e, x, t)

≤ ψ1 (e, x, t)

≤ ψ1 (e, x, 1)

= ς1(e, x) + ς2(e, x) + ξ1(e, x)

= 5e6 − 96e5 + 288e4 + 96e3 − 864e2 + 576 + (−60e6 − 288e5 + 60e4 + 288e)x+ (84e6

+1248e5 + 24e4 − 2400e3 − 108e2 + 1152e)x2 + (−864e6 + 288e5 + 2304e4 − 2304e2

−288e+ 864)x3 + (576e6 − 1152e5 − 1728e4 + 2304e3 + 1728e2 − 1152e− 576)x4

= ℏ1(e, x).

The critical points of ℏ1(e, x) satisfy the system of equations
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∂ℏ1
∂e

= 30e5 − 480e4 + 1152e3 + 288e2 − 1728e+ (−360e5 − 1440e4 + 240e3 + 288)x

+(504e5 + 6240e4 + 96e3 − 7200e2 − 216e+ 1152)x2 + (−5184e5 + 1440e4 + 9216e3

−4608e− 288)x3 + (3456e5 − 5760e4 − 6912e3 + 6912e2 + 3456e− 1152)x4

= 0,

∂ℏ1
∂x

= 288e+ 60e4 − 288e5 − 60e6 + (168e6 + 2496e5 + 48e4 − 4800e3 − 216e2 + 2304e)x

+(−2592e6 + 864e5 + 6912e4 − 6912e2 − 864e+ 2592)x2 + (2304e6 − 4608e5

−6912e4 + 9216e3 + 6912e2 − 4608e− 2304)x3

= 0.

By calculating, we get
e1 ≈ 1,

x1 ≈ 1.3466,


e2 ≈ 1,

x2 ≈ −1.8253,


e3 ≈ 1,

x3 ≈ −0.5213,


e4 = 0,

x4 = 0,
e5 ≈ 0.7136,

x5 ≈ 1.3036,


e6 ≈ 1.3868,

x6 = −2.1248,


e7 ≈ 3.7363,

x7 = 2.1503,


e8 ≈ −0.0024,

x8 ≈ −0.0151,
e9 ≈ −0.6715,

x9 ≈ −11.5286,


e10 ≈ −1.9860,

x10 ≈ 0.4792.

Thus, there are no critical points in (0, 1)× (0, 1).
(1) For e = 1,

ℏ1(1, x) = 5.

(2) For e = 0,

ℏ1(0, x) = 576 + 864x3 − 576x4 ≤ 576.

(3) For x = 0,

ℏ1(e, 0) = 576− 864e2 + 96e3 + 288e4 − 96e5 + 5e6 ≤ 576.

(4) For x = 1,

ℏ1(e, 1) = 864− 1548e2 + 948e4 − 259e6 ≤ 864.

Therefore, we have

|H3,1(Γ
−1)| ≤ 864

36864
=

3

128
.

Equality will be achieved by using (2.1) together with

2ϵg′(ϵ)

g(ϵ)− g(−ϵ)
=

2

1 + eϵ2
= 1− 1

2
ϵ2 +

1

24
ϵ6 + · · ·. (2.11)
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Theorem 2.2. If Γ ∈ SS∗
3l, then

|H3,1(Γ
−1)| ≤ 12

125
= 0.096.

The bound is sharp.

Proof. Let g ∈ SS∗
3l. There exists a Schwarz function ϖ such that

2ϵg′(ϵ)

g(ϵ)− g(−ϵ)
= 1 +

4

5
ϖ(ϵ) +

1

5
(ϖ(ε))4. (2.12)

Utilizing (1.1), we have

2ϵg′(ϵ)

g(ϵ)− g(−ϵ)
= 1 + 2c2ϵ+ 2c3ϵ

2 + (4c4 − 2c2c3)ϵ
3 + (4c5 − 2c23)ϵ

4 + · · ·. (2.13)

Using the series expansion of (1.12), we get

1 +
4

5
ϖ(ϵ) +

1

5
(ϖ(ε))4 = 1 +

4

5
e1ϵ+

4

5
e2ϵ

2 +
4

5
e3ϵ

3 + (
4

5
e4 +

1

5
e41)ϵ

4 + · · ·. (2.14)

By comparing (2.13) and (2.14), we have

c2 =
2

5
e1, (2.15)

c3 =
2

5
e2, (2.16)

c4 =
2

25
e1e2 +

1

5
e3, (2.17)

c5 =
1

5
e4 +

2

25
e22 +

1

20
e41. (2.18)

Using (2.15)− (2.18) and (1.4), we have

H3,1(Γ
−1) =

1

31250
(−1250e23 + 1000e1e2e3 − 122e61 − 3000e32 − 335e41e2 + 2600e21e

2
2

−1000e21e4 + 2500e2e4). (2.19)

From Lemma 1.1 and (2.19), we obtain

H3,1(Γ
−1) =

1

31250

[
− 122e61 + 1250(1− |e1|2)2ē12ν4 − 2500(1− |ν|2)(1− |e1|2)2νν̄τ2

−2500(1− |e1|2)2(1− |ν|2)ē1ν2τ + 2500(1− |ν|2)(1− |e1|2)2(1− |τ |2)νs
−1000(1− |e1|2)2e1ē1ν3 + 2600e21(1− |e1|2)2ν2 + 1000e1(1− |e1|2)2

×(1− |ν|2)ντ − 3000(1− |e1|2)3ν3 − 335e41(1− |e1|2)ν − 1000ν3(1− |e1|2)e21ē12

+1000(1− |ν|2)(1− |e1|2)e21ν̄τ2 + 2000ν(1− |e1|2)(1− |ν|2)e21ē1τ

−1000e21(1− |e1|2)(1− |ν|2)(1− |τ |2)s− 1250τ2(1− |e1|2)2(1− |ν|2)2
]
.

Thus, we obtain

H3,1(Γ
−1) =

1

31250

[
δ4 (e1, ν) + δ5 (e1, ν) τ + δ6 (e1, ν) τ

2 +Υ2 (e1, ν, τ) s
]
,
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where

δ4(e1, ν) = −122e61 + (1− |e1|2)
[
(−3000ν3 + 2000|e1|2ν3 + 2600e21ν

2 + 1250ē1
2ν4)(1− |e1|2)

−335e41ν − 1000ē1
2e21ν

3
]
,

δ5(e1, ν) = (1− |ν|2)(1− |e1|2)
[
(−2500ē1ν

2 + 1000e1ν)(1− |e1|2) + 2000e21ē1ν
]
,

δ6(e1, ν) = (1− |e1|2)(1− |ν|2)
[
(−1250− 1250|ν|2)(1− |e1|2) + 1000c21ν̄

]
,

Υ2(e1, ν, τ) = (1− |e1|2)(1− |τ |2)(1− |ν|2)[2500ν(1− |e1|2)− 1000e21].

Setting e = |e1|, x = |ν|, t = |τ | and upon using |s| ≤ 1, we obtain∣∣H3,1(Γ
−1)

∣∣≤ 1

31250

(
|δ4 (e1, ν)|+ |δ5 (e1, ν)| t+ |δ6 (e1, ν)| t2 + |Υ2 (e1, ν, τ)|

)
≤ 1

31250
𭟋2 (e, x, t) ,

where

𭟋2 (e, x, t) = ς5 (e, x) + ς6 (e, x) t+ ς7 (e, x) t
2 + ς8 (e, x) (1− t2),

with

ς5(e, x) = 122e6 + (1− e2)
[
(3000x3 − 2000e2x3 + 2600e2x2 + 1250e2x4)(1− e2)

+335xe4 + 1000x3e4
]
,

ς6(e, x) = (1− e2)(1− x2)
[
(2500ex2 + 1000ex)(1− e2) + 2000e3x

]
,

ς7(e, x)) = (1− x2)(1− e2)
[
(1250 + 1250x2)(1− e2) + 1000e2x

]
,

ς8(e, x) = (1− e2)(1− x2)
[
1000e2 + 2500x(1− e2)

]
.

Note that

ς7(e, x))≤ (1− e2)(1− x2)[(1− e2)(1250x2 + 1250) + 1000e2] = ξ2(e, x),

thus, we get

𭟋2 (e, x, t) ≤ ς5 (e, x) + ς6 (e, x) t+ ξ2 (e, x) t
2 + ς8 (e, x) (1− t2) = ψ2(e, x, t).

Differentiating ψ2(e, x, t) with respect to t, we yield

∂ψ2

∂t
= ς6(e, x) + 2t[ξ2(e, x)− ς8(e, x)].

Upon ς6(e, x) ≥ 0 and

ξ2(e, x)− ς8(e, x) = 1250(1− x2)(1− e2)2(x− 1)2 ≥ 0,

we have ∂ψ2

∂t ≥ 0. Therefore, ψ2(e, x, t) attains its maximum value at t = 1. Thus, we achieve

𭟋2 (e, x, t)≤ ψ2 (e, x, t)

≤ ψ2 (e, x, 1)

= ς5(e, x) + ς6(e, x) + ξ2(e, x)

= 122e6 + 250e4 − 1500e2 + 1250 + (−335e6 − 1000e5 + 335e4 + 1000e)x
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+(2600e6 + 2500e5 − 4200e4 − 5000e3 + 1600e2 + 2500e)x2 + (−3000e6 + 1000e5

+8000e4 − 8000e2 − 1000e+ 3000)x3 + (1250e6 − 2500e5 − 3750e4 + 5000e3

+3750e2 − 2500e− 1250)x4

= ℏ2(e, x).

Consider

∂ℏ2
∂e

= 732e5 + 1000e3 − 3000e+ (−2010e5 − 5000e4 + 1340e3 + 1000)x+ (15600e5 + 12500e4

−16800e3 − 15000e2 + 3200e+ 2500)x2 + (−18000e5 + 5000e4 + 32000e3 − 16000e

−1000)x3 + (7500e5 − 12500e4 − 15000e3 + 15000e2 + 7500e− 2500)x4

= 0,

∂ℏ2
∂x

= 1000e+ 335e4 − 1000e5 − 335e6 + (5200e6 + 5000e5 − 8400e4 − 10000e3 + 3200e2

+5000e)x+ (−9000e6 + 3000e5 + 24000e4 − 24000e2 − 3000e+ 9000)x2

+(5000e6 − 10000e5 − 15000e4 + 20000e3 + 15000e2 − 10000e− 5000)x3

= 0.

By calculating, we yield
e1 ≈ 1,

x1 ≈ 1.2576,


e2 ≈ 1,

x2 ≈ −2.0063,


e3 ≈ 1,

x3 ≈ −0.2513,


e4 = 0,

x4 = 0,
e5 ≈ 0.6412,

x5 ≈ 1.6980,


e6 ≈ 1.4100,

x6 ≈ −3.2088,


e7 ≈ −0.0089,

x7 ≈ −0.0289,


e8 ≈ −0.6707,

x8 ≈ −18.3099.

Therefore, there are no critical points in (0, 1)× (0, 1).
(5) For e = 1,

ℏ2(1, x) = 122.

(6) For e = 0,

ℏ2(0, x) = 1250 + 3000x3 − 1250x4 ≤ 3000.

(7) For x = 0,

ℏ2(e, 0) = 1250− 1500e2 + 250e4 + 122e6 ≤ 1250.

(8) For x = 1,

ℏ2(e, 1) = 3000− 4150e2 + 635e4 + 637e6 ≤ 3000.

Thus, we have

|H3,1(g)| ≤
3000

31250
=

12

125
.
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Equality will be obtained by using (2.12) together with

2ϵg′(ϵ)

g(ϵ)− g(−ϵ)
= 1 +

4

5
ϵ2 +

1

5
ϵ8. (2.20)

Theorem 2.3. If Γ ∈ SS∗, then
|H3,1(Γ

−1)| ≤ 1.

The bound is sharp.

Proof. For Γ ∈ SS∗, there exists a Schwarz function ϖ such that

2ϵg′(ϵ)

g(ϵ)− g(−ϵ)
=

1 +ϖ(ϵ)

1−ϖ(ϵ)
⇔ 2ϵg′(ϵ)(1−ϖ(ϵ)) = (g(ϵ)− g(−ϵ))(1 +ϖ(ϵ)). (2.21)

Using the series representation for g and w in (2.21), a simple calculation gives

c2 = e1, (2.22)

c3 = e21 + e2, (2.23)

c4 =
1

2
(2e31 + 3e1e2 + e3), (2.24)

c5 =
1

2
(e4 + 5e21e2 + 2e22 + 2e41 + e1e3). (2.25)

Using (2.22)− (2.25) and (1.4), we yield

H3,1(Γ
−1) =

1

64
(−16e23 − 64e32 + 32e2e4 + 16e21e

2
2). (2.26)

From (2.26) and Lemma 1.1, we have

H3,1(Γ
−1) =

1

36864

[
16ē1

2ν4(1− |e1|2)2 − 32ē1(1− |ν|2)ν2(1− |e1|2)2τ − 64ν3(1− |e1|2)3

+16e21ν
2(1− |e1|2)2 − 32(1− |ν|2)(1− |e1|2)2νν̄τ2 − 16τ2(1− |ν|2)2(1− |e1|2)2

+32sν(1− |τ |2)(1− |e1|2)2(1− |ν|2)
]
.

So, we have

H3,1(Γ
−1) =

1

64

[
δ7 (e1, ν) + δ8 (e1, ν) τ + δ9 (e1, ν) τ

2 +Υ3 (e1, ν, τ) s
]
,

where

δ7 (e1, ν) =
(
1− |e1|2

)2 [
16e21ν

2 − 64(1− |e1|2)ν3 + 16ē1
2ν4

]
,

δ8 (e1, ν) = −32
(
1− |e1|2

)2
(1− |ν|2)ē1ν2,

δ9 (e1, ν) = −16
(
1− |e1|2

)2
(1− |ν|4),

Υ3 (e1, ν, τ) = 32(1− |e1|2)2(1− |τ |2)(1− |ν|2)ν.

Setting |τ | = t, |ν| = x, |e1| = e, and utilizing |s| ≤ 1, we have∣∣H3,1(Γ
−1)

∣∣≤ 1

64

(
|δ7 (e1, ν)|+ |δ8 (e1, ν)| t+ |δ9 (e1, ν)| t2 + |Υ3 (e1, ν, τ)|

)
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≤ 1

64
𭟋3 (e, x, t) , (2.27)

where

𭟋3 (e, x, t) = ς9 (e, x) + ς10 (e, x) t+ ς11 (e, x) t
2 + ς12 (e, x) (1− t2),

with

ς9 (e, x) =
(
1− e2

)2
[16e2x2 + 64(1− e2)x3 + 16e2x4],

ς10(e, x) = 32(1− e2)2(1− x2)ex2,

ς11 (e, x) = 16
(
1− e2

)2
(1− x4),

ς12 (e, x) = 32x(1− x2)
(
1− e2

)2
.

Differentiating 𭟋3(e, x, t) with respect to t, we acieve

∂𭟋3

∂t
= ς10(e, x) + 2t

[
ς11(e, x)− ς12(e, x)

]
= ς10(e, x) + 32(1− e2)2(1− x2)(x2 − 2x+ 1)t

≥ 0.

Thus, 𭟋3(e, x, t) attains its maximum value at t = 1. Thus, we obtain

𭟋3 (e, x, t)≤𭟋3 (e, x, 1)

= ς9(e, x) + ς10(e, x) + ς11(e, x)

= 16e4 − 32e2 + 16 + (16e6 + 32e5 − 32e4 − 64e3 + 16e2 + 32e)x2 + (−64e6

+ 192e4 − 192e2 + 64)x3 + (16e6 − 32e5 − 48e4 + 64e3 + 48e2 − 32e− 16)x4

= ℏ3(e, x).

The critical points of ℏ3(e, x) satisfy the system of equations

∂ℏ3
∂e

= 64e3 − 64e+ (96e5 + 160e4 − 128e3 − 192e2 + 32e+ 32)x2 + (−384e5

+768e3 − 384e)x3 + (96e5 − 160e4 − 192e3 + 192e2 + 96e− 32)x4

= 0,

∂ℏ3
∂x

= (32e6 + 64e5 − 64e4 − 128e3 + 32e2 + 64e)x+ (−192e6 + 576e4 − 576e2 + 192)x2

+(64e6 − 128e5 − 192e4 + 256e3 + 192e2 − 128e− 64)x3

= 0.

By calculating, we yield
e1 = 0,

x1 = 0,


e2 ≈ 1,

x2 ≈ 0,


e3 ≈ −1,

x3 ≈ x3,


e4 ≈ −1.2901,

x4 ≈ x4,


e5 ≈ 3.4401,

x5 ≈ 0.7924,


e6 ≈ −0.8686,

x6 ≈ −0.8718.
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Therefore, there are no critical points in (0, 1)× (0, 1).
(9) For e = 1,

ℏ3(1, x) = 0.

(10) For e = 0,

ℏ3(0, x) = 16 + 64x3 − 16x4 ≤ 64.

(11) For x = 0,

ℏ3(e, 0) = 16− 32e2 + 16e4 ≤ 16.

(12) For x = 1,

ℏ3(e, 1) = 64− 160e2 + 128e4 − 32e6 ≤ 64.

Thus, we achieve

|H3,1(Γ
−1)| ≤ 64

64
= 1.

Equality will be obtained by using (2.21) together with

2ϵg′(ϵ)

g(ϵ)− g(−ϵ)
=

1 + ϵ2

1− ϵ2
= 1 + 2ϵ2 + 2ϵ4 + · · ·. (2.28)

3. Hankel determinants of logarithmic coefficients of inverse func-
tions

Theorem 3.1. If Γ ∈ SS∗
SG, then

|H2,1(GΓ−1/2)| ≤
1

64
.

The result is sharp for the function given by (2.11).

Proof. Let Γ ∈ SS∗
SG. From (2.4)− (2.6) and (1.7), we have

H2,1(GΓ−1/2) =
1

12288
(96e1e3 − 24e21e2 − 192e22 + 5e41). (3.1)

From (3.1) and Lemma 1.1, we obtain

H2,1(GΓ−1/2) =
1

12288
[96(1− |e1|2)e1ē1ν2 + 96e1(1− |e1|2)(1− |ν|2)τ − 24e21(1− |e1|2)ν

+5e41 − 192(1− |e1|2)2ν2].

By putting e = |e1|, |ν| = x and upon utilizing |τ | ≤ 1, we achieve

|H2,1(GΓ−1/2)| ≤
1

12288
[96(1− e2)e2x2 + 96e(1− e2)(1− x2) + 24e2(1− e2)x+ 5e4
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+192(1− e2)2x2]

= ℏ4(e, x).

Differentiating ℏ4(e, x) with respect to x, we obtain

∂ℏ4
∂x

=
1

512
[e2(1− e2) + 8x(1− e2)(1− e)(2 + e)] ≥ 0.

Therefore, ℏ4(e, x) attains its maximum value at x = 1. Thus, we achieve

|H2,1(GΓ−1/2)| ≤ ℏ4(e, 1) =
1

12288
[192− 264e2 + 77e4] ≤ 192

12288
=

1

64
.

Theorem 3.2. If Γ ∈ SS∗
SG, then

|H2,2(GΓ−1/2)| ≤
1

128
.

The outcome is sharp for the function given by (2.11).

Proof. Let g ∈ SS∗
SG. By using (2.4)− (2.7) and (1.8), we obtain

H2,2(GΓ−1/2) =
1

1179648
(−4608e23 + 4608e3e2e1 + 1248e31e3 + 73e61 − 9216e32 − 720e41e2

+1440e21e
2
2 − 3456e21e4 + 9216e2e4). (3.2)

From (3.2) and Lemma 1.1, we have

H2,2(GΓ−1/2) =
1

1179648

[
73e61 + 4608ē1

2ν4(1− |e1|2)2 − 9216τ2νν̄(1− |ν|2)(1− |e1|2)2

−9216τ ē1ν
2(1− |ν|2)(1− |e1|2)2 + 9216sν(1− |ν|2)(1− |e1|2)2(1− |τ |2)

−4608e1ē1ν
3(1− |e1|2)2 + 1440ν2e21(1− |e1|2)2 + 4608τνe1(1− |e1|2)2(1− |ν|2)

−9216ν3(1− |e1|2)3 − 720e41ν(1− |e1|2)− 3456e21ē1
2ν3(1− |e1|2) + 3456τ2e21ν̄

×(1− |ν|2)(1− |e1|2) + 6912τe21ē1ν(1− |e1|2)(1− |ν|2)− 3456se21(1− |τ |2)
×(1− |e1|2)(1− |ν|2)− 1248ν2e31ē1(1− |e1|2)− 4608τ2(1− |ν|2)2(1− |e1|2)2

+1248τe31(1− |e1|2)(1− |ν|2)
]
.

Thus, we have

H2,2(GΓ−1/2) =
1

1179648

[
δ10 (e1, ν) + δ11 (e1, ν) τ + δ12 (e1, ν) τ

2 +Υ4 (e1, ν, τ) s
]
,

where

δ10(e1, ν) = 73e61 + (1− |e1|2)
[
(4608ē1

2ν4 + 4608|e1|2ν3 + 1440e21ν
2 − 9216ν3)(1− |e1|2)

−720e41ν − 3456e21ē1
2ν3 − 1248ē1e

3
1ν

2
]
,

δ11(e1, ν) = (1− |ν|2)(1− |e1|2)
[
(−9216ν2ē1 + 4608νe1)(1− |e1|2) + 6912νe21ē1 + 1248e31

]
,

δ12(e1, ν) = (1− |e1|2)(1− |ν|2)
[
3456ν̄e21 + (1− |e1|2)(−4608− 4608|ν|2)

]
,
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Υ4(e1, ν, τ) = (1− |ν|2)(1− |τ |2)(1− |e1|2)[−3456e21 + 9216ν(1− |e1|2)].

Setting t = |τ |, x = |ν|, e = |e1| and upon using |s| ≤ 1, we yield

|H2,2(GΓ−1/2)| ≤
1

1179648

(
|δ10 (e1, ν)|+ |δ11 (e1, ν)| t+ |δ12 (e1, ν)| t2 + |Υ4 (e1, ν, τ)|

)
≤ 1

1179648
𭟋4 (e, x, t) ,

where

𭟋4 (e, x, t) = ς13 (e, x) + ς14 (e, x) t+ ς15 (e, x) t
2 + ς16 (e, x) (1− t2),

with

ς13(e, x) = 73e6 + (1− e2)
[
(4608e2x4 + 4608e2x3 + 1440e2x2 + 9216x3)(1− e2) + 720xe4

+3456x3e4 + 1248e4x2
]
,

ς14(e, x) = (1− x2)(1− e2)
[
(9216ex2 + 4608ex)(1− e2) + 6912e3x+ 1248e3

]
,

ς15(e, x)) = (1− x2)(1− e2)
[
(4608 + 4608x2)(1− e2) + 3456xe2

]
,

ς16(e, x) = (1− e2)(1− x2)
[
3456e2 + 9216(1− e2)x

]
.

Note that

ς15(e, x))≤ (1− e2)(1− x2)[(1− e2)(4608x2 + 4608) + 3456e2] = ξ3(e, x),

thus, we get

𭟋4 (e, x, t) ≤ ς13 (e, x) + ς14 (e, x) t+ ξ3 (e, x) t
2 + ς16 (e, x) (1− t2) = ψ3(e, x, t).

Differentiating ψ3(e, x, t) with respect to t, we have

∂ψ3

∂t
= ς14(e, x) + 2t[ξ3(e, x)− ς16(e, x)].

Upon ς13(e, x) ≥ 0 and

ξ3(e, x)− ς16(e, x) = 4608(x− 1)2(1− x2)(1− e2)2 ≥ 0,

we have ∂ψ3

∂t ≥ 0. Thus, ψ3(e, x, t) attains its maximum value at t = 1. Thus, we yield

𭟋4 (e, x, t)≤ ψ3 (e, x, t)

≤ ψ3 (e, x, 1)

= ς13(e, x) + ς14(e, x) + ξ3(e, x)

= 73e6 − 1248e5 + 1152e4 + 1248e3 − 5760e2 + 4608 + (−720e6 − 2304e5 + 720e4

−2304e3 + 4608e)x+ (192e6 + 10464e5 + 1824e4 − 19680e3 − 2016e2 + 9216e)x2

+(1152e6 + 2304e5 + 3456e4 + 2304e3 − 13824e2 − 4608e+ 9216)x3 + (4608e6

−9216e5 − 13824e4 + 18432e3 + 13824e2 − 9216e− 4608)x4

= ℏ5(e, x).
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Consider

∂ℏ5
∂e

= 438e5 − 6240e4 + 4608e3 + 3744e2 − 11520e+ (−4320e5 − 11520e4 + 2880e3 − 6912e2

+4608)x+ (1152e5 + 52320e4 + 7296e3 − 59040e2 − 4032e+ 9216)x2 + (6912e5

+11520e4 + 13824e3 + 6912e2 − 27648e− 4608)x3 + (27648e5 − 46080e4 − 55296e3

+55296e2 + 27648e− 9216)x4

= 0,

∂ℏ5
∂x

= 4608e− 2304e3 + 720e4 − 2304e5 − 720e6 + (384e6 + 20928e5 + 3648e4 − 39360e3

−4032e2 + 18432e)x+ (3456e6 + 6912e5 + 10368e4 + 6912e3 − 41472e2 − 13824e

+27648)x2 + (18432e6 − 36864e5 − 55296e4 + 73728e3 + 41472e2 − 36864e− 18432)x3

= 0.

By calculating, we yield
e1 = 0,

x1 = 0,


e2 ≈ 1.0574,

x2 ≈ −0.4220,


e3 ≈ 1.2451,

x3 ≈ 0.7568.

Therefore, there are no critical points in (0, 1)× (0, 1).
(13) For e = 1,

ℏ5(1, x) = 73.

(14) For e = 0,

ℏ5(0, x) = 4608 + 9216x3 − 4608x4 ≤ 9216.

(15) For x = 0,

ℏ5(e, 0) = 4608− 5760e2 + 1248e3 + 1152e4 − 1248e5 + 73e6 ≤ 9216.

(16) For x = 1,

ℏ5(e, 1) = 9216− 7776e2 − 6672e4 + 5305e6 ≤ 9216.

Thus, we have

|H2,2(GΓ−1/2)| ≤
9216

1179648
=

1

128
.

Theorem 3.3. If Γ ∈ SS∗
3l is of the form (1.1), then

|H2,1(GΓ−1/2)| ≤
1

25
.

The inequality is sharp for the function given by (2.20).
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Proof. Let Γ ∈ SS∗
3l. From (2.15)− (2.17) and (1.7), we obtain

H2,1(GΓ−1/2) =
1

3750
(75e1e3 − 30e21e2 − 150e22 + 26e41). (3.3)

Using Lemma 1.1 and (3.3), we achieve

H2,1(GΓ−1/2) =
1

3750
[75(1− |e1|2)e1ē1ν2 + 75(1− |ν|2)(1− |e1|2)e1τ − 30e21ν(1− |e1|2)

−150(1− |e1|2)2ν2 + 26e41].

Setting |ν| = x, |e1| = e and upon using |τ | ≤ 1, we have

|H2,1(GΓ−1/2)| ≤
1

3750
[75(1− e2)e2x2 + 75(1− x2)(1− e2)e+ 30e2x(1− e2) + 150(1− e2)2x2]

= ℏ6(e, x).

Differentiating ℏ6(e, x) with respect to x, we get

∂ℏ6
∂x

=
1

3750
[30(1− e2)e2 + 150x(1− e2)(−e2 − e+ 2)] ≥ 0.

Thus, ℏ6(e, x) attains its maximum value at x = 1. Therefore, we yield

|H2,1(GΓ−1/2)| ≤ ℏ6(e, 1) =
1

3750
[150− 198e2 + 74e4] ≤ 150

3750
=

1

25
.

Theorem 3.4. Let Γ ∈ SS∗
3l. Then

|H2,2(GΓ−1/2)| ≤
4

125
.

The bound is sharp the function given by (2.20).

Proof. Let Γ ∈ SS∗
3l. By using (2.15)− (2.18) and (1.8), we yield

H2,2(GΓ−1/2) =
1

225000
(−2250e23 + 3600e1e2e3 + 4680e21e

2
2 + 4500e2e4 − 7200e32 − 1275e41e2

−2700e21e4 − 211c61 + 600e31e3). (3.4)

From (3.4) and Lemma 1.1, we get

H2,2(GΓ−1/2)

=
1

225000

[
− 211e61 + 2250ν4ē1

2(1− |e1|2)2 − 4500νν̄(1− |ν|2)(1− |e1|2)2τ2

−4500ē1ν
2(1− |e1|2)2(1− |ν|2)τ + 4500νs(1− |τ |2)(1− |ν|2)(1− |e1|2)2

−3600e1ē1ν
3(1− |e1|2)2 + 3600τνe1(1− |ν|2)(1− |e1|2)2 + 4608e21ν

2(1− |e1|2)2

−7200(1− |e1|2)3ν3 − 1275e41(1− |e1|2)ν − 2700ν3e21ē1
2(1− |e1|2) + 2700e21

×(1− |ν|2)(1− |e1|2)ν̄τ2 + 5400τe21ē1ν(1− |e1|2)(1− |ν|2) + 600τe31(1− |ν|2)
×(1− |e1|2)− 2700se21(1− |τ |2)(1− |ν|2)(1− |e1|2)− 2250τ2(1− |e1|2)2(1− |ν|2)2
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−600e31ē1(1− |e1|2)ν2
]
.

Thus, we have

H2,2(GΓ−1/2) =
1

225000

[
δ13 (e1, ν) + δ14 (e1, ν) τ + δ15 (e1, ν) τ

2 +Υ5 (e1, ν, τ) s
]
,

where

δ13(e1, ν) = −211e61 + (1− |e1|2)
[
(2250ē1

2ν4 + 3600|e1|2ν3 − 7200ν3 + 4680e21ν
2)(1− |e1|2)

−1275e41ν − 600e31ē1ν
2 − 2700e21ē1

2ν3
]
,

δ14 (e1, ν) = (1− |ν|2)(1− |e1|2)
[
(−4500ē1ν

2 + 3600e1ν)(1− |e1|2) + 5400e21ē1ν + 600e31
]
,

δ15(e1, ν) = (1− |e1|2)(1− |ν|2)[(1− |e1|2)(−2250− 2250|ν|2) + 2700e21ν̄],

Υ5 (e1, ν, τ) = (1− |e1|2)(1− |τ |2)(1− |ν|2)
[
4500ν

(
1− |e1|2

)
− 2700e21

]
.

By writing |ν| = x, e = |e1|, |τ | = t and using |s| ≤ 1, and using the triangle inequality, we yield

|H2,2(GΓ−1/2)| ≤
1

225000

(
|δ13 (e1, ν)|+ |δ14 (e1, ν)| t+ |δ15 (e1, ν)| t2 + |Υ5 (e1, ν, τ)|

)
≤ 1

225000
𭟋5 (e, x, t) , (3.5)

where

𭟋5 (e, x, t) = ς17 (e, x) + ς18 (e, x) t+ ς19 (e, x) t
2 + ς20 (e, x) (1− t2),

with

ς17(c, d) = 211e6 + (1− e2)[(2250e2x4 + 7200x3 − 3600e2x3 + 4680e2x2)(1− e2) + 1275e4x

+600e4x2 + 2700e4x3],

ς18 (e, x) = 600
(
1− e2

) (
1− x2

) [(
75ex2 + 6ex

) (
1− e2

)
+ 9e3x+ e3

]
,

ς19 (e, x) = 450
(
1− x2

) (
1− e2

) [(
5 + 5x2

) (
1− e2

)
+ 6xe2

]
,

ς20 (e, x) = 900
(
1− e2

) (
1− x2

) [
3e2 + 5x

(
1− e2

)]
.

It is clear that for x ∈ [0, 1],

ς19 (e, x)≤ 450
(
1− e2

) (
1− x2

) [(
5 + 5x2

) (
1− e2

)
+ 6e2

]
= ξ4(e, x).

Then, we have

𭟋5 (e, x, t) ≤ ς17(e, x) + ς18(e, x)t+ ξ4(e, x)t
2 + ς20(e, x)(1− t2) = ψ4(e, x, t).

It is easy to see that

∂ψ4

∂t
= ς18(e, x) + 2t[ξ4(e, x)− ς20(e, x)]

= ς18(e, x) + 4500t(1− x2)(x2 − 2x+ 1)(1− e2)2

≥ 0.
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So, ψ4(e, x, t) attains its maximum value at t = 1. Thus, we yield

𭟋5 (e, x, t)≤ ψ4 (e, x, t)

≤ ψ4(e, x, 1)

= ς17(e, x) + ς18(e, x) + ξ4(e, x)

= 211e6 − 600e5 − 450e4 + 600e3 − 1800e2 + 2250 + (−1275e6 − 1800e5 + 1275e4

−1800e3 + 3600e)x+ (4080e6 + 5100e5 − 6060e4 − 9600e3 + 1980e2 + 4500e)x2

+(−6300e6 + 1800e5 + 17100e4 + 1800e3 − 18000e2 − 3600e+ 7200)x3

+(2250e6 − 4500e5 − 6750e4 + 9000e3 + 6750e2 − 4500e− 2250)x4

= ℏ7(e, x).

The optimal points of ℏ7 has to satisfy

∂ℏ7
∂e

= 1266e5 − 3000e4 − 1800e3 + 1800e2 − 3600e+ (−7650e5 − 9000e4 + 5100e3 − 5400e2

+3600)x+ (244805 + 25500e4 − 242403 − 28800e2 + 3960e+ 4500)x2 + (−37800e5

+9000e4 + 68400e3 + 5400e2 − 36000e− 3600)x3 + (13500e5 − 22500e4 − 27000e3

+27000e2 + 13500e− 4500)x4

= 0,

∂ℏ7
∂x

= 3600e− 1800e3 + 1275e4 − 1800e5 − 1275e6 + (8160e6 + 10200e5 − 121204 − 19200e3

+3960e2 + 9000e)x+ (−18900e6 + 5400e5 + 51300e4 + 5400e3 − 54000e2 − 10800e

+21600)x2 + (9000e6 − 18000e5 − 27000e4 + 36000e3 + 27000e2 − 18000e− 9000)x3

= 0.

By calculating, we have
e1 ≈ 1,

x1 ≈ 1.3574,


e2 ≈ 1,

x2 ≈ −1.9921,


e3 ≈ 1,

x3 ≈ −0.3653,


e4 ≈ −1,

x4 ≈ −0.7744,
e5 = 0,

x5 = 0,


e6 ≈ 3.5894,

x6 ≈ 4.0582,


e7 ≈ −0.0842

x7 ≈ −0.1003,


e8 ≈ −0.7811,

x8 ≈ −4.9377,
e9 ≈ −1.0053,

x9 ≈ 0.4785,


e10 ≈ −1.2931,

x10 ≈ −0.2609,


e11 ≈ −1.5374,

x11 ≈ 1.3718.

So, there is no solution of this system in (0, 1)× (0, 1).
(17) For e = 1,

ℏ7(1, x) = 211.
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(18) For e = 0,

ℏ7(0, x) = 2250 + 7200x3 − 2250x4 ≤ 7200.

(19) For x = 0,

ℏ7(e, 0) = 2250− 1800e2 + 600e3 − 450e4 − 600e5 + 211e6 ≤ 2250.

(20) For x = 1,

ℏ7(e, 1) = 7200− 11070e2 + 5115e4 − 1034e6 ≤ 7200.

Thus, we yield

|H2,2(GΓ−1/2)| ≤
7200

225000
=

4

125
.

Theorem 3.5. If Γ ∈ SS∗, then

|H2,1(GΓ−1/2)| ≤
1

4
.

The bound is sharp for the function given by (2.28).

Proof. Let Γ ∈ SS∗. From (2.22)− (2.24) and (1.7), we achieve

H2,1(GΓ−1/2) =
1

48
(6e1e3 − 12e22 − 18e21e2 + e41). (3.6)

From (3.6) and Lemma 1.1, we get

H2,1(GΓ−1/2) =
1

48
[6e1ē1ν

2(1− |e1|2)− 18e21ν(1− |e1|2) + 6e1(1− |ν|2)(1− |e1|2)τ

+e41 − 12ν2(1− |e1|2)2].

Setting |e1| = e, |ν| = x, and upon using |τ | ≤ 1, we yield

|H2,1(GΓ−1/2)| ≤
1

48
[6(1− e2)x2e2 + 18xe2(1− e2) + 6(1− e2)e(1− x2) + e4 + 12(1− e2)2x2]

= ℏ8(e, x).

By differentiating ℏ8(e, x) with respect to x, we achieve

∂ℏ8
∂x

=
1

48
[18(1− e2)e2 + 12x(1− e2)(−e2 − e+ 1)] ≥ 0.

So, ℏ8(e, x) attains its maximum value at x = 1. Thus, we have

|H2,1(GΓ−1/2)| ≤ ℏ8(e, 1) =
1

48
[12− 11e4] ≤ 12

48
=

1

4
.
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Theorem 3.6. If Γ ∈ SS∗, then

|H2,2(GΓ−1/2)| ≤
3

8
.

The equality holds for the function given by (2.28).

Proof. Let Γ ∈ SS∗. From (2.22)− (2.25) and (1.8), we obtain

H2,2(GΓ−1/2) =
1

288

(
36e3e2e1 − 18e23 − 36e22e

2
1 + 48e31e3 − 78e41e2 + e61 − 108e32

+36e2e4 − 18e21e4
)
. (3.7)

From (3.7) and Lemma 1.1, we get

H2,2(GΓ−1/2)

=
1

288

[
e61 + 18ē1

2ν4(1− |e1|2)2 − 36ν̄ν(1− |e1|2)2(1− |ν|2)τ2 − 36ν2ē1(1− |e1|2)2

×(1− |ν|2)τ + 36sν(1− |e1|2)2(1− |τ |2)(1− |ν|2)− 36ν3e1ē1(1− |e1|2)2 + 36τνe1

×(1− |e1|2)2(1− |ν|2)− 36(1− |e1|2)2ν2e21 − 108(1− |e1|2)3ν3 − 78e41(1− |e1|2)ν
−18ē1

2ν3e21(1− |e1|2) + 18e21ν̄(1− |ν|2)(1− |e1|2)τ2 + 36τ ē1e
2
1ν(1− |e1|2)(1− |ν|2)

−48e31(1− |e1|2)ē1ν2 − 18e21(1− |τ |2)(1− |e1|2)(1− |ν|2)s− 18τ2(1− |ν|2)2(1− |e1|2)2

+48e31(1− |ν|2)(1− |e1|2)τ
]
.

Therefore, we achieve

H2,2(GΓ−1/2) =
1

288

[
δ16 (e1, ν) + δ17 (e1, ν) τ + δ18 (e1, ν) τ

2 +Υ6 (e1, ν, τ) s
]
,

where

δ16(e1, ν) = e61 + (1− |e1|2)
[
(18ν4ē1

2 − (108− 72|e1|2)ν3 − 36ν2e21)(1− |e1|2)− 78νe41

−48ν2e31ē1 − 18ν3e21ē1
2
]
,

δ17 (e1, ν) = (1− |ν|2)(1− |e1|2)
[
(−36ν2ē1 + 36νe1)(1− |e1|2) + 36νe21ē1 + 48e31

]
,

δ18(e1, ν) = (1− |e1|2)(1− |ν|2)[(1− |e1|2)(−18− 18|ν|2) + 18ν̄e21],

Υ6 (e1, ν, τ) = (1− |e1|2)(1− |τ |2)(1− |ν|2)
[
36

(
1− |e1|2

)
ν − 18e21

]
.

By writing |τ | = t, e = |e1|, |ν| = x and using |s| ≤ 1, we have

|H2,2(GΓ−1/2)| ≤
1

288

(
|δ16 (e1, ν)|+ |δ17 (e1, ν)| t+ |δ18 (e1, ν)| t2 + |Υ6 (e1, ν, τ)|

)
≤ 1

225000
𭟋6 (e, x, t) , (3.8)

where

𭟋6 (e, x, t) = ς21 (e, x) + ς22 (e, x) t+ ς23 (e, x) t
2 + ς24 (e, x) (1− t2),

with

ς21(c, d) = e6 + (1− e2)[(18e2x4 + 108x3 − 72e2x3 + 36e2x2)(1− e2) + 78e4x
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+48e4x2 + 18e4x3],

ς22 (e, x) = 12
(
1− e2

) (
1− x2

) [(
3ex2 + 3ex

) (
1− e2

)
+ 3e3x+ 4e3

]
,

ς23 (e, x) = 18
(
1− x2

) (
1− e2

) [(
1 + x2

) (
1− e2

)
+ xe2

]
,

ς24 (e, x) = 18
(
1− e2

) (
1− x2

) [
e2 + 2x

(
1− e2

)]
.

It is clear that for x ∈ [0, 1],

ς23 (e, x)≤ 18
(
1− e2

) (
1− x2

) [(
x2 + 1

) (
1− e2

)
+ e2

]
= ξ5(e, x).

Then, we have

𭟋6 (e, x, t) ≤ ς21(e, x) + ς22(e, x)t+ ξ5(e, x)t
2 + ς24(e, x)(1− t2) = ψ5(e, x, t).

It is easy to see that

∂ψ5

∂t
= ς22(e, x) + 2t[ξ5(e, x)− ς24(e, x)]

= ς22(e, x) + 36t(x2 − 2x+ 1)(1− x2)(1− e2)2

≥ 0.

So, ψ5(e, x, t) attains its maximum value at t = 1. Thus, we have

𭟋6 (e, x, t)≤ ψ5 (e, x, t)

≤ ψ5(e, x, 1)

= ς21(e, x) + ς22(e, x) + ξ5(e, x)

= e6 − 48e5 + 48e3 − 18e2 + 18 + (−78e6 + 78e4 − 36e3 + 36e)x+ (−12e6 + 84e5

−6e4 − 120e3 + 18e2 + 36e)x2 + (−90e6 + 270e4 + 36e3 − 288e2 − 36e+ 108)x3

+(18e6 − 36e5 − 54e4 + 72e3 + 54e2 − 36e− 18)x4

= ℏ9(e, x).

The optimal points of ℏ9 has to satisfy

∂ℏ9
∂e

= 6e5 − 240e4 + 144e2 − 36e+ (−468e5 + 312e3 − 108e2 + 36)x+ (−72e5 + 420e4 − 24e3

−360e2 + 36e+ 36)x2 + (−540e5 + 1080e3 + 108e2 − 576e− 36)x3 + (108e5 − 180e4

−216e3 + 216e2 + 108e− 36)x4

= 0,

∂ℏ9
∂x

= 36e− 36e3 + 78e4 − 78e6 + (−24e6 + 168e5 − 12e4 − 240e3 + 36e2 + 72e)x+ (−270e6

+810e4 + 108e3 − 864e2 − 108e+ 324)x2 + (72e6 − 144e5 − 216e4 + 288e3 + 216e2

−144e− 72)x3

= 0.

By calculating, we have
e1 = 1,

x1 = 2.3421,


e2 = 1,

x2 = −2.8104,


e3 = 1,

x3 = −0.5317,


e4 = −1,

x4 = 0.4020,


e5 = 0,

x5 = 0,



1372 D. Guo, Z. Li & X. Luo
e6 = 3.3422,

x6 = 10.7582,


e7 = −0.0540

x7 = −0..0710,


e8 = −0.8563,

x8 = −5.4291,


e9 = −1.1744,

x9 = 3.9895.

So, there is no solution of this system in (0, 1)× (0, 1).
(21) For e = 1,

ℏ9(1, x) = 1.

(22) For e = 0,

ℏ9(0, x) = 18 + 108x3 − 18x4 ≤ 108.

(23) For x = 0,

ℏ9(e, 0) = 18− 18e2 + 48e3 − 48e5 + e6 ≤ 18.

(24) For x = 1,

ℏ9(e, 1) = 108− 234e2 + 288e4 − 161e6 ≤ 108.

Thus, we yield

|H2,2(GΓ−1/2)| ≤
108

288
=

3

8
.
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in the carathéodory class, Filomat, 2020, 34(6), 2061–2072.

[3] M. I. Faisal, I. Al-Shbeil, M. Abbas, M. Arif and R. K. Alhefthi, Problems concerning
coefficients of symmetric starlike functions connected with the sigmoid function, Symmetry,
2023, 15(7), 1292.

[4] D. Guo, H, Tang, X. Luo and Z. T. Li, The sharp bounds of hankel determinant for the
four-leaf-type bounded turning functions, J. Appl. Anal. Comput., 2025, 15(2), 958–972.

[5] D. Guo, X. Wang and X. Luo, The sharp bounds of the third-order Hankel determinant of
inverse functions for certain univalent functions, AIMS Math., 2026, 11(9), 31267–31293.

[6] M. F. Khan, J. Ro and M. G. Khan, Sharp estimate for starlikeness related to a tangent
domain, AIMS Math., 2024, 9(8), 20721–20741.



Hankel determinants of inverse functions and inverse logarithmic coefficients 1373

[7] D. Liu, A. Ahmad, H. Ikhlas, S. Hussain, S. Noor and H. Tang, On sharp coefficients and
hankel determinants for a novel class of analytic functions, Axioms, 2025, 14(3), 191.

[8] B. Nandhini and B. Sruthakeerthi, On sharp estimates of the bounded turning functions
associated with a bean shaped domain, Complex Anal. Oper. Theory, 2025, 19(2), 36.

[9] B. Rath, K. S. Kumar, D. V. Krishna and A. Lecko, The sharp bound of the third Hankel
determinant for starlike functions of order 1/2, Complex Anal. Oper. Theory, 2022, 16(5),
65.

[10] K. Sakaguchi, On a certain univalent mapping, J. Math. Soc. Japan, 1959, 11(1), 72–75.

[11] L. Shi and M. Arif, Sharp bounds on the third Hankel determinant for the Ozaki close-to-
convex and convex functions, Lith. Math. J., 2023, 63(4), 487–504.

[12] L. Shi, M. Arif, M. Abbas and M. Ihsan, Sharp bounds of Hankel determinant for the inverse
functions on a subclass of bounded turning functions, Mediterr. J. Math., 2023, 20(3), 156.

[13] H. M. Srivastava, B. Rath, K. Sanjay Kumar and D. V. Krishna, Some sharp bounds of the
third-order Hankel determinant for the inverses of the Ozaki type close-to-convex functions,
Bull. Sci. math., 2024, 191, 103381.

[14] H. Tang, M. Abbas, Reem K. Alhefthi and M. Arif, Problems involving combinations of
coefficients for the inverse of some complex-valued analytical functions, AIMS math., 2024,
9(10), 28931–28954.

[15] H. Tang, M. Arif, M. Abbas, et al., Analysis of coefficient-related problems for starlike
functions with symmetric points connected with a three-leaf-shaped domain, Symmetry, 2023,
15(10), 1837.

[16] P. Zaprawa, M. Raza and M. Amin, Hankel determinants for non-bazilevic functions, Anal.
Math. Phys., 2025, 15(4), 97.

Received August 2025; Accepted October 2026; Available online October 2026.


	Introduction
	The third order Hankel determinants of inverse functions
	Hankel determinants of logarithmic coefficients of inverse functions

