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HIGHER-DIMENSIONAL MULTIFRACTAL ANALYSIS ON C1

NON-CONFORMAL REPELLERS∗

Juan Wang1,†

Abstract Let J be a repeller of an expanding and topologically mixing C1-map g, and
Φ = (ϕ1, . . . , ϕd) : J → Rd, Ψ = (ψ1, . . . , ψd) : J → (R+)d be continuous functions.
For a given compact (and possibly connected) subset C, we denote by EQ◦(Φ×Ψ)(C) and
Eequ

Q◦(Φ×Ψ)(C) the two distinct level sets defined in (1.2) and (1.3), respectively. In this

paper, we investigate the complexity of EQ◦(Φ×Ψ)(C) and Eequ
Q◦(Φ×Ψ)(C). For average con-

formal repellers, we study the generalized topological pressure and the Hausdorff dimension
of EQ◦(Φ×Ψ)(C). For non-conformal repellers, we analyze Eequ

Q◦(Φ×Ψ)(C) via the topological

pressure. Consequently, applying the result to the average conformal case yields a variational
principle for the Hausdorff dimension of Eequ

Q◦(Φ×Ψ)(C).
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1. Introduction

The present paper is motivated by [4, 6] and [16, 17]. Let g : M → M be a C1-map of an
s0-dimension smooth Riemannian manifold M. We consider a compact invariant set J ⊆ M,
that is, a compact set J ⊆ M such that g(J) = J . We say that J is a repeller of g and that g is
expanding on J if there exists C1 > 1 such that ∥Dxg(u)∥ ≥ C1∥u∥ for all x ∈ J and u ∈ TxM,
where ∥ ·∥ is the norm induced by an adapted Riemannian metric. We call that g is topologically
mixing on J if given open sets U and W with nonempty intersection with J there exists m0 ∈ N
such that

gn(U) ∩W ∩ J ̸= ∅

for every n > m0.

A finite closed cover R = {R0, R1, . . . , Rm−1} of J is called a Markov partition of J (with
respect to g) if:

(i) intRi = Ri for each i = 0, . . . ,m− 1;

(ii) intRi ∩ intRj = ∅ for i ̸= j; and

(iii) each g(Ri) is the union of a subfamily of {Rj}m−1
j=0 .
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It is well known that any repeller J of a continuously differentiable expanding map g has Markov
partition of arbitrary small diameter [14].

Let Mg(J) be the set of all g-invariant Borel probability measures concentrated on J , and
Eg(J) be the set of all ergodic invariant measures supported on J . Let Φ = (ϕ1, . . . , ϕd) : J → Rd

and Ψ = (ψ1, . . . , ψd) : J → (R+)d be continuous functions. Let

Φ×Ψ : J → Rd × (R+)d, (Φ×Ψ) (x) := (ϕ1(x), . . . , ϕd(x), ψ1(x), . . . , ψd(x))

and

Q : Rd × (R+)d → Rd, Q(a1, . . . , ad, b1, . . . , bd) :=

(
a1
b1
, . . . ,

ad
bd

)
(1.1)

be continuous maps such that Q ◦ (Φ×Ψ) is well defined. For any x, y ∈ J, denote

Φ(x)

Ψ(x)
:=

(
ϕ1(x)

ψ1(x)
, . . . ,

ϕd(x)

ψd(x)

)
,

(Φ×Ψ)(x) + (Φ×Ψ)(y) := (Φ(x) + Φ(y))× (Ψ(x) + Ψ(y)) ,

and ∫
Φdµ∫
Ψdµ

:=

(∫
ϕ1dµ∫
ψ1dµ

, . . . ,

∫
ϕdµ∫
ψddµ

)
.

We define a function P : Mg(J) → Rd by

P(µ) =

∫
Φdµ∫
Ψdµ

.

Since Mg(J) is compact and connected, and P is continuous, the image P(Mg(J)) is also
compact and connected (see Chapter 10 in [3]).

Let X be any metric space and A(xn) be the set of accumulation points of the sequence
(xn)n in X, i.e.,

A(xn) = {x ∈ X| there exists a subsequence (xnk
)k such that xnk

→ x} .

If C is a compact subset of Rd, define

EQ◦(Φ×Ψ)(C) :=

x ∈ J : A

Q ◦
n−1∑
j=0

(Φ×Ψ)(gj(x))

 ⊆ C

 (1.2)

and

Eequ
Q◦(Φ×Ψ)(C) :=

x ∈ J : A

Q ◦
n−1∑
j=0

(Φ×Ψ)(gj(x))

 = C

 , (1.3)

where

Q ◦
n−1∑
j=0

(Φ×Ψ)(gj(x)) =

(
Snϕ1(x)

Snψ1(x)
, . . . ,

Snϕd(x)

Snψd(x)

)
,



1376 J. Wang

and Snϕ = ϕ+ ϕ ◦ g + . . .+ ϕ ◦ gn−1 for any continuous function ϕ : J → R.
In recent decades, many experts and scholars have investigated the complexity of level sets

EQ◦(Φ×Ψ)(C) and Eequ
Q◦(Φ×Ψ)(C) for various dynamical systems, in terms of quantities such as

topological pressure, entropy, and dimensions. Zhou and Chen [22] studied the dynamical sys-
tems satisfying the g-almost product property and the uniform separation property. They es-
tablished a variational principle for the topological pressure of the level set Eequ

Q◦(Φ×Ψ)(C) with

the assumption that Ψ ≡ (1, 1, . . . , 1) and C is compact and connected. If Ψ ̸≡ (1, 1, . . . , 1)
and C is closed and convex, they obtained a variational principle for the topological pressure of
the level set EQ◦(Φ×Ψ)(C). They also derived the Hausdorff dimension of EQ◦(Φ×Ψ)(C) in some
C1+r iterated function systems as an application. Yin etc. [20] investigated the lower bound
and the upper bound of the topological pressure of the sets EQ◦(Φ×Ψ)(C) (here C is an open
set), in a topological dynamical system satisfying the non-uniform specification. Furthermore
if the collection of all recurrent points has the shadowing property, then the upper bound of
the topological pressure of EQ◦(Φ×Ψ)(C) attains equality. Moreover, their results held for the
robust classes of multidimensional non-uniformly expanding local diffeomorphisms and Viana
maps.

Olsen and Winter [13] studied a graph directed conformal iterated function system (IFS).
In the case of Ψ ≡ (1, 1, . . . , 1) and C is compact and connected, they computed a variational
principle for the Hausdorff dimension of Eequ

Q◦(Φ×Ψ)(C). If Ψ ̸≡ (1, 1, . . . , 1) and C = {α}, they
also proved a variational principle for the Hausdorff dimension of Eequ

Q◦(Φ×Ψ)(α). In [2], Bárány
etc investigated self-affine IFSs on the plane satisfying the strong open set condition and the
set of corresponding matrices is strongly irreducible such that the generated subgroup of the
normalized matrices is not relatively compact. They computed the Hausdorff dimension of
Eequ

Q◦(Φ×Ψ)(α) for Ψ ≡ (1, 1, . . . , 1). The authors [19] extended their result to Ψ ̸≡ 1. Moreover,

the conditional variational principle of the Hausdorff dimension of Eequ
Q◦(Φ×Ψ)(α) is given for

nonlinear skew-product perturbations of general Sierpiński carpets in [19].

Motivated by the study of the multifractal formalism of Birkhoff averages, the level set of the
Lyapunov exponents of certain special non-additive potentials on full shifts have been studied.
Mohammadpour obtained the entropy spectrum of the level sets for Lyapunov exponents for
generic matrix cocycles in the special case of locally constant linear cocycles [9, 10]. However,
the derivative cocycles are rarely locally constant for smooth dynamics. Mohammadpour and
Varandas [11] developed the topological entropy of the level sets of Lyapunov exponents for
typical fiber-bunched linear cocycles recently. Furthermore, they obtained a multifractal for-
malism for open sets of C1+r repellers and Anosov diffeomorphisms, which is an application
to dynamically defined linear cocycles. We also refer the reader to [5, 7, 15] for a detailed de-
scription of the recent progress in entropy spectrum of hyperbolic and nonuniformly hyperbolic
dynamical systems. Is it possible to prove the dimension spectra of Birkhoff averages for typical
fiber-bunched linear cocycles?

By the Oseledec multiplicative ergodic theorem, for any µ ∈ Eg(J), we can define Lyapunov
exponents λ1(µ) ≤ λ2(µ) ≤ . . . ≤ λs0(µ). In [1], the authors introduced a concept of C1

average conformal repellers which possesses only one positive Lyapunov exponent for any ergodic
measure. That is a compact expanding invariant set J is called an average conformal repeller if
for any µ ∈ Eg(J), λ1(µ) = λ2(µ) = . . . = λs0(µ). There are average conformal repellers which
are not conformal repellers (see an example in [21]). Cao [4] considered asymptotically additive
continuous potentials {φn} and {ψn} (d = 1) on C1-average conformal repellers and proved the
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dimension spectrum of the sets {
x ∈ J : A

(
φn(x)

ψn(x)

)
⊆ C

}
.

His result has given an affirmative answer to the problem posed by Olsen [12].

The first part of our main results is to study the complexity of EQ◦(Φ×Ψ)(C) on C
1-average

conformal repellers (J, g) for a compact subset C, which may not be convex. Based on Feng,
Lau and Wu’s work [6], we define the generalized topological pressure P ∗

Q◦(Φ×Ψ)(C, ·) of C with

respect to Φ and Ψ > 0 (see (2.1)). We investigate the variational principle for the generalized
topological pressure. As an application, we prove the conditional variational principle for the
dimension spectra of EQ◦(Φ×Ψ)(C). These results extend the case of C1+r-conformal repellers
where C = {α} and Ψ ≡ 1.

The second part of our main results is to study the topological pressure of Eequ
Q◦(Φ×Ψ)(C) on

C1 non-conformal repellers (J, g) for a compact and connected subset C. We use Thompson’s
method in [16, 17] to obtain the lower bound, which is the crucial part of the proof. The
upper bound can be obtained from Theorem 3.1 (2) in [22]. Moreover, if J is an average
conformal repeller, then we derived a conditional variational principle for the dimension spectra
of Eequ

Q◦(Φ×Ψ)(C). These results give a substantial extension of the well-known case that C = {α}
and Ψ ≡ 1.

We arrange the paper as follows. We formulate the main results in Section 2. Section 3
consists of some related definitions and properties. The proofs of Theorem 2.1 and Theorem 2.2
will appear in Section 4. The proofs of Theorem 2.3 and Theorem 2.4 will appear in Section 5.

2. Main results

This section provides the statements of our main results in this paper.

2.1. The generalized topological pressure and the Hausdorff dimension of the
level set EQ◦(Φ×Ψ)(C)

First of all we define the generalized topological pressure P ∗
Q◦(Φ×Ψ)(C, ·) of C with respect to

the continuous potentials Φ and Ψ > 0.

The dynamic system (J, g) induces a subshift space of finite type (ΣA, σ), where A = (aij) is
the transfer matrix of the Markov partition, namely, aij = 1 if intRi∩g−1(intRj) ̸= ∅ and aij = 0
otherwise. Mσ(ΣA) denotes the set of all σ-invariant probability measures on ΣA. The matrix
A is primitive, i.e., there is a positive integerM so that AM > 0. For n ≥ 1, ΣA,n denotes the set
of finite sequence w = i0i1 . . . in−1 such that aij ,ij+1 = 1 for all 0 ≤ j ≤ n− 2. These sequences
w are called words. The length of the word is denoted by |w|. For w = (i0i1 . . . in−1) ∈ ΣA,n, the
n-cylinder [w] is defined by {j ∈ ΣA : j0 = i0, j1 = i1, . . . , jn−1 = in−1}. It is clear that there is
one-to-one correspondence between ΣA,n and the set of n-cylinder. This gives the coding map
π : ΣA → J such that

π(w) =
⋂
n≥0

g−n(Rin), ∀w = (i0i1 . . .)
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and the following diagram

ΣA
σ−−−−→ ΣA

π

y yπ

J
g−−−−→ J

commutes. For each ω = (i0i1 . . . in−1) ∈ ΣA,n define

Rω := Ri0 ∩ g−1(Ri1) ∩ . . . ∩ g−(n−1)(Rin−1),

which is called a basic set.

If C ⊆ Rd is compact, for any s ∈ R, any positive integer n and any ε > 0, set

FQ◦(Φ×Ψ)(C;n, ε) :=

{
[w] : w ∈ ΣA,n and d

(
Q ◦

n−1∑
i=0

(Φ×Ψ)(gi(x)), C

)
< ε

for some x ∈ Rw

}
.

and

fQ◦(Φ×Ψ)(C, s;n, ε) :=
∑

[w]∈FQ◦(Φ×Ψ)(C;n,ε)

(diamRw)
s.

Then we define

PQ◦(Φ×Ψ)(C, s) := lim
ε→0

lim inf
n→∞

1

n
log fQ◦(Φ×Ψ)(C, s;n, ε)

and

PQ◦(Φ×Ψ)(C, s) := lim
ε→0

lim sup
n→∞

1

n
log fQ◦(Φ×Ψ)(C, s;n, ε).

If PQ◦(Φ×Ψ)(C, s) = PQ◦(Φ×Ψ)(C, s), put

P ∗
Q◦(Φ×Ψ)(C, s) := PQ◦(Φ×Ψ)(C, s) = PQ◦(Φ×Ψ)(C, s), (2.1)

which is called the generalized topological pressure of C with respect to Φ and Ψ. Our first main
result is a variational principle for P ∗

Q◦(Φ×Ψ)(C, s) as follows.

Theorem 2.1. Let g : J → J be expanding, C1-average conformal and topological mixing.
Assume that Φ = (ϕ1, ϕ2, . . . , ϕd) : J → Rd and Ψ = (ψ1, ψ2, . . . , ψd) : J → (R+)d are
continuous functions, and C is a compact subset of P(Mg(J)). Then

P ∗
Q◦(Φ×Ψ)(C, s) = sup

{
hg(µ)− s

∫
log ϕ(g, x)dµ : µ ∈ Mg(J) and P(µ) ∈ C

}
,

where ϕ(g, x) = |det(Dxg)|
1
s0 .

As an application of Theorem 2.1, we establish a conditional variational principle for the
dimension spectra of EQ◦(Φ×Ψ)(C).
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Theorem 2.2. Let g : J → J be an expanding, C1-average conformal and topological mixing
map. Assume that Φ = (ϕ1, ϕ2, . . . , ϕd) : J → Rd and Ψ = (ψ1, ψ2, . . . , ψd) : J → (R+)d are
continuous functions, and C is a compact subset of P(Mg(J)). Then

dimHEQ◦(Φ×Ψ)(C) = sup

{
hg(µ)∫

log ϕ(g, x)dµ(x)
: µ ∈ Mg(J) and P(µ) ∈ C

}
,

where ϕ(g, x) = |det(Dxg)|
1
s0 .

Remark 2.1. Assume ψi ≡ 1 for i = 1, 2, . . . , d. Then one has

dimHEΦ(C) = sup

{
hg(µ)∫

log ϕ(g, x)dµ(x)
: µ ∈ Mg(J) and

∫
Φdµ ∈ C

}
,

where EΦ(C) :=

{
x ∈ J : A

(
1

n

n−1∑
j=0

Φ(gj(x))

)
⊆ C

}
.

2.2. The topological pressure and the Hausdorff dimension of the level set
Eequ

Q◦(Φ×Ψ)(C).

Our third main result is a variation principle for the topological pressure (see the definition in
section 3.3) of the subset Eequ

Q◦(Φ×Ψ)(C), which is f -invariant but not compact.

Theorem 2.3. Let g : J → J be an expanding and topological mixing C1-map. Assume that
Φ = (ϕ1, ϕ2, . . . , ϕd) : J → Rd, Ψ = (ψ1, ψ2, . . . , ψd) : J → (R+)d and φ : J → R are continuous
functions. Let C be a compact and connected subset of P(Mg(J)). Then

P
(
Eequ

Q◦(Φ×Ψ)(C), φ
)

= inf
α∈C

sup

{
hg(µ) +

∫
φdµ : µ ∈ Mg(J) and P(µ) = α

}
.

Applying Theorem 2.3 to C1-average conformal repellers, we establish a conditional varia-
tional principle for the dimension spectra of Eequ

Q◦(Φ×Ψ)(C) as follows.

Theorem 2.4. Let g : J → J be an expanding, C1-average conformal and topological mixing
map. Assume that Φ = (ϕ1, ϕ2, . . . , ϕd) : J → Rd and Ψ = (ψ1, ψ2, . . . , ψd) : J → (R+)d are
continuous functions. Let C be a compact and connected subset of P(Mg(J)). Then

dimHE
equ
Q◦(Φ×Ψ)(C)

= inf
α∈C

sup

{
hg(µ)∫

log ϕ(g, x)dµ(x)
: µ ∈ Mg(J) and P(µ) = α

}
.

where ϕ(g, x) = |det(Dxg)|
1
s0 .

3. Preliminaries

In this section, we will recall some related definitions and propositions which are used in the
proofs of the main results.
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3.1. Dimension

First we recall the definitions of the Hausdorff dimension and the lower box dimension. For
more introduction, one can refer to [3].

Let X be a compact Riemannian manifold with a Riemannian metric. Given a subset Z of
X, for s ≥ 0 and δ > 0, define

Hs
δ(Z) := inf

{∑
i

(diam Ui)
s : Z ⊂

⋃
i

Ui, diam Ui ≤ δ

}
where diam U denotes the diameter of a subset U . The following quantity

Hs(Z) := lim
δ→0

Hs
δ(Z)

is called the s-dimensional Hausdorff measure of Z. It is easy to show that there is a jump-up
value

dimH Z := inf{s : Hs(Z) = 0} = sup{s : Hs(Z) = ∞},

which is called the Hausdorff dimension of Z. The lower box dimension of Z is defined by

dimBZ = lim inf
ε→0

logN(Z, ε)

− log ε
,

where N(Z, ε) denotes the least number of balls of radius ε that are needed to cover the set Z.
It is easy to show that dimH Z ≤ dimBZ.

Given a Borel probability measure µ on X, the Hausdorff dimension of the measure µ is
defined as

dimH µ = inf{dimH Y : Y ⊂ X, µ(Y ) = 1}.

One can also show that

dimH µ = lim
δ→0

inf {dimH Z : µ(Z) ≥ 1− δ} .

See [3] for more details.

3.2. Property of the basic sets {Rw}

Recall ϕ(g, x) = |det(Dxg)|
1
s0 . By Theorem 4.2 in [1], for any ε > 0 there exists a positive

integer Ñ0 such that if n ≥ Ñ0 and every x ∈ J , then

1 ≤

∣∣∣∣∣
∏n−1

i=0 ϕ(g, g
i(x))

m(Dxgn)

∣∣∣∣∣ ≤ enε and e−nε ≤

∣∣∣∣∣
∏n−1

i=0 ϕ(g, g
i(x))

∥Dxgn∥

∣∣∣∣∣ ≤ 1, (3.1)

where

m(Dxg) = inf
0̸=u∈TxJ

∥Dxg(u)∥
∥u∥

and ∥Dxg∥ = sup
u∈TxJ

∥Dxg(u)∥
∥u∥

.

Fixed any positive integer Ñ1 > Ñ0 large enough, for the above ε > 0 there is some δ1 > 0 such
that for every x, y ∈ M with d(x, y) < δ1,

e−Ñ1ε ≤ ∥Dxg
Ñ1∥

∥DygÑ1∥
≤ eÑ1ε, e−Ñ1ε ≤ m(Dxg

Ñ1)

m(DygÑ1)
≤ eÑ1ε (3.2)
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and

e−ε ≤ ϕ(g, x)

ϕ(g, y)
≤ eε. (3.3)

Then we have the following proposition.

Proposition 3.1. For any integer n ≥ 0, the interiors of distinct Rw, w = (i0i1 . . . in) ∈ ΣA,n+1

are disjoint. And for any ε > 0 there is a positive integer Ñ1 such that for each n ≥ Ñ1 large
enough (Here Ñ1 is as in (3.2).), {Rw}w∈ΣA,n+1

satisfies the following properties.

(i) Each Rw contains a ball of diameter rw and is contained in a ball of diameter rw.

(ii) There exists K(n, ε) > 0 with lim
ε→0

lim
n→∞

logK(n,ε)
n = 0 such that

K−1(n, ε)

n−1∏
j=0

ϕ
(
g, gj(x)

)−1 ≤ rw ≤ rw ≤ K(n, ε)

n−1∏
j=0

ϕ
(
g, gj(x)

)−1
(3.4)

for every x ∈ Rw.

Proof. For any ε > 0, any n ≥ Ñ1, each w = (i0i1 . . . in) ∈ ΣA,n+1 and every x, y ∈ Rw, by
(3.3) we obtain ∣∣∣∣ϕ(gn, x)ϕ(gn, y)

∣∣∣∣ = n−1∏
i=0

∣∣∣∣ϕ(g, gi(x))ϕ(g, gi(y))

∣∣∣∣ ≤ enε. (3.5)

Set h = (gn|Rw)
−1. For each x, y ∈ Rw, it follows from (3.1), (3.2) and (3.5) that there exists a

constant K1 > 0,

d(x, y)≥ d(gn(x), gn(y)) ·m(Dz̃h) (for some z̃ ∈ Rin)

= d(gn(x), gn(y)) ·m((Dh(z̃)h
−1)−1)

= d(gn(x), gn(y)) ·m((Dzg
n)−1) (here z = h(z̃) ∈ Rw)

= d(gn(x), gn(y)) · ∥Dzg
n∥−1

≥K1e
−3nε · d(gn(x), gn(y)) ·

n−1∏
i=0

ϕ(g, gi(x))−1.

This yields that there exists rw > 0 such that Rw contains a ball of diameter rw. On the other
hand similarly there also exists some constant K2 > 1 such that

diamRw = sup
x,y∈Rw

d(x, y)

≤ sup
x,y∈Rw

d(gn(x), gn(y)) · sup
z̃∈Rin

∥Dz̃h∥

= sup
x,y∈Rw

d(gn(x), gn(y)) · sup
z̃∈Rin

∥(Dh(z̃)h
−1)−1∥

= sup
x,y∈Rw

d(gn(x), gn(y)) · sup
z∈Rw

∥(Dzg
n)−1∥

= sup
x,y∈Rw

d(gn(x), gn(y)) · sup
z∈Rw

m(Dzg
n)−1

≤K2e
3nε · diam R ·

n−1∏
i=0

ϕ(g, gi(x))−1 (3.6)
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for every x ∈ Rw. This implies that there exists rw > 0 such that Rw contains in a ball of
diameter rw. Moreover there is some K > 1 such that

K−1 · e−3nε ·
n−1∏
i=0

ϕ(g, gix)−1 ≤ rw ≤ rw ≤ K · e3nε ·
n−1∏
i=0

ϕ(g, gix)−1

for every x ∈ Rw with n ≥ Ñ1. Taking K(n, ε) = K · e3nε, then we complete the proofs of
Statements (i) and (ii).

3.3. Topological pressure

Let (M, d) be a compact metric space and consider a map g : M → M. Now fix a potential
function φ : M → R. Given Z ⊆ M, δ > 0 and N ∈ N, let P(Z,N, δ) be the collection of
countable sets {(xi, ni) ⊆ Z × {N,N + 1, . . .}} such that Z ⊆

⋃
iBni(xi, δ), where

Bni(xi, ε) :=
{
y ∈ M : d(gj(xi), g

j(y)) < ε for all j = 0, 1, . . . , ni − 1
}
.

For each s ∈ R, consider the set functions

mp(Z, s, φ,N, δ) = inf
C∈P(Z,N,δ)

∑
(xi,ni)∈C

exp

(
−nis+ sup

x∈Bni (xi,δ)
Sniφ(xi)

)
,

mp(Z, s, φ, δ) = lim
N→∞

mp(Z, s, φ,N, δ).

This function is non-increasing in s, and takes values ∞ and 0 at all but at most one value of s.
Denoting the critical value of s by

P (Z,φ, δ) = inf{s ∈ R|mp(Z, s, φ, δ) = 0}
= sup{s ∈ R|mp(Z, s, φ, δ) = ∞}.

The topological pressure of φ on Z is P (Z,φ) := lim
δ→0

P (Z,φ, δ).

It is obvious that the following hold:

(1) P (Z1, φ) ≤ P (Z2, φ) for any Z1 ⊆ Z2 ⊆ M;

(2) P (Z,φ) = sup
i
P (Zi, φ), where Z =

⋃
i
Zi ⊆ M.

3.4. The generalized pressure distribution principle

Let (M, d) be a compact metric space and let g : M → M be a continuous transformation.
Given ε > 0, n ∈ N and a point x ∈ M, define a new metric as follows:

dn(x, y) := max
{
d(f i(x), f i(y)) : i = 0, 1, . . . , n− 1

}
.

Let Z ⊆ M. We say that a set S ⊆ Z is an (n, ε) spanning set for Z if, for every z ∈ Z, there
exists x ∈ S with dn(x, z) ≤ ε. We say that a set S ⊆ Z is an (n, ε) separated set for Z if,
for every x, y ∈ S, we have dn(x, y) > ε. See [18] for the basic properties of spanning sets and
separated sets.

The proof of the lower bound in Theorem 2.3 requires the following proposition. For details
we refer the reader to [17] and [8].
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Proposition 3.2. Let g : M → M be a continuous transformation and φ : M → R be a
continuous function. Let F ⊆ M be an arbitrary Borel set. Suppose there exists ε > 0 and s ≥ 0
such that one can find a sequence of Borel probability measures µk, a constant K > 0 and an
integer N satisfying

lim sup
k→∞

µk(Bn(x, ε)) ≤ K exp

{
−ns+

n−1∑
i=0

φ(gi(x))

}

for every ball Bn(x, ε) such that Bn(x, ε)∩F ̸= ∅ and n ≥ N . Furthermore, assume that at least
one limit measure ν of the sequence µk satisfies ν(F ) > 0. Then P (F,φ, ε) ≥ s.

3.5. The specification property

A continuous map g : M → M satisfies the specification property if, for all ε > 0, there exists an
integer m(ε) such that, for any collection {Ij = [aj , bj ] ⊆ N : j = 1, 2, . . . , k} of finite intervals
with aj+1 − bj ≥ m(ε) for j = 1, 2, . . . , k − 1 and any x1, x2, . . . , xk in M , there exists a point
x ∈M such that

d(fp+aj (x), fp(xj)) < ε for all p = 0, 1, . . . , bj − aj and every j = 1, 2, . . . , k.

4. Proofs of Theorem 2.1 and Theorem 2.2

In this section, we have proved Theorems 2.1 and Theorem 2.2 respectively.

4.1. Proof of Theorem 2.1

For a compact subset C̃ ⊆ Rd × (R+)d, any positive integer n, any ε > 0 and any s ∈ R, set

FΦ×Ψ

(
C̃;n, ε

)
:=

[w] : w ∈ ΣA,n and d

 1

n

n−1∑
j=0

(Φ×Ψ)(gj(x)), C̃

 < ε for some x ∈ Rw


and

fΦ×Ψ

(
C̃, s;n, ε

)
:=

∑
[w]∈FΦ×Ψ(C̃;n,ε)

(diamRw)
s.

Then we define

PΦ×Ψ(C̃, s) := lim
ε→0

lim inf
n→∞

1

n
log fΦ×Ψ

(
C̃, s;n, ε

)
and

PΦ×Ψ(C̃, s) := lim
ε→0

lim sup
n→∞

1

n
log fΦ×Ψ

(
C̃, s;n, ε

)
.
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4.1.1. Lower bound on PQ◦(Φ×Ψ)(C, s)

The proof of the lower bound was inspired by [6]. Let P̃ : Mg(J) → Rd × (R+)d,

P̃(µ) =

(∫
Φdµ,

∫
Ψdµ

)
.

Then Q(P̃(Mg(J))) = P(Mg(J)). Taking C̃0 =
(
Q|P̃(Mg(J))

)−1
(C). Since C ⊆ P(Mg(J)) is

compact, then C̃0 is compact and Q(C̃0) = C. Combined with the continuity of Q, one has for
any ε > 0 there exists δ > 0 such that

FΦ×Ψ(C̃0;n, δ) ⊆ FQ◦(Φ×Ψ)(C;n, ε).

Therefore
PQ◦(Φ×Ψ)(C, s) ≥ PΦ×Ψ(C̃0, s). (4.1)

Lemma 4.1. For each s ∈ R and any η > 0, there is ε > 0 such that for each compact subset
Ẽ ⊂ R2d with D(Ẽ, C̃0) <

ε
3 , then

PΦ×Ψ(Ẽ, s) ≤ PΦ×Ψ(C̃0, s) + η.

(Here the metric D is the Hausdorff metric.)

Proof. For any η > 0 there is ε > 0 such that

lim inf
n→∞

log fΦ×Ψ(C̃0, s;n, ε)

n
< PΦ×Ψ(C̃0, s) + η.

Let Ẽ ⊆ R2d be compact with D(C̃0, Ẽ) < ε
3 . If FΦ×Ψ(Ẽ;n, ε3) = ∅, then FΦ×Ψ

(
Ẽ;n, ε3

)
⊆

FΦ×Ψ

(
C̃0;n, ε

)
is trivial. If FΦ×Ψ(Ẽ;n, ε3) ̸= ∅, then for each [w] ∈ FΦ×Ψ(Ẽ;n, ε3) there exists

x ∈ Rw such that

d

(
1

n

n−1∑
i=0

(Φ×Ψ)(gi(x)), Ẽ

)
<
ε

3
.

Hence

d

(
1

n

n−1∑
i=0

(Φ×Ψ)(gi(x)), C̃0

)
≤ d

(
1

n

n−1∑
i=0

(Φ×Ψ)(gi(x)), Ẽ

)
+D(Ẽ, C̃0) < ε

and [w] ∈ FΦ×Ψ

(
C̃0;n, ε

)
. This implies that FΦ×Ψ

(
Ẽ;n, ε3

)
⊆ FΦ×Ψ

(
C̃0;n, ε

)
. Thus

fΦ×Ψ

(
Ẽ, s;n,

ε

3

)
≤ fΦ×Ψ

(
C̃0, s;n, ε

)
.

Therefore

PΦ×Ψ(Ẽ, s)≤ lim inf
n→∞

log fΦ×Ψ(Ẽ, s;n,
ε

3
)

n

≤ lim inf
n→∞

log fΦ×Ψ(C̃0, s;n, ε)

n

< PΦ×Ψ(C̃0, s) + η.

This completes the proof of Lemma 4.1.
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Lemma 4.2.

PΦ×Ψ(C̃0, s)

≥ sup

{
hg(µ)− s

∫
log ϕ(g, x)dµ : µ ∈ Mg(J) and

(∫
Φdµ,

∫
Ψdµ

)
∈ C̃0

}
= sup

{
hg(µ)− s

∫
log ϕ(g, x)dµ : µ ∈ Mg(J) and P(µ) ∈ C

}
.

Proof. Let µ be any g-invariant measure on J with
(∫

Φdµ,
∫
Ψdµ

)
∈ C̃0. Proposition 2.6

in [6] told us that there exists ν ∈ Mσ(ΣA) such that

µ = ν ◦ π−1 and hσ(ν) = hg(µ).

Let us assume at first that ν is ergodic. Fixed ε > 0 and for any n ∈ N, let

Fn

(
⊆ FΦ×Ψ(C̃0;n, ε)

)
be the collection of all the n-cylinders [w] in ΣA such that there exists y ∈ Rw satisfying

d

(
1

n

n−1∑
i=0

(Φ×Ψ) (gi(y)), C̃0

)
< ε (4.2)

and ∣∣∣∣∣ 1n
n−1∑
i=0

log ϕ
(
g, gi(y)

)
−
∫

log ϕ(g, x)dµ(x)

∣∣∣∣∣ < ε. (4.3)

Claim 4.1. The sequence {Fn} satisfies lim inf
n→∞

log ♯Fn

n ≥ hg(µ).

Proof. Let
Ej :=

⋃
{[w] : [w] ∈ Fj} .

It follows from (4.2), (4.3) and the Birkhoff ergodic theorem that

ν

⋃
n≥0

⋂
j≥n

Ej

 = 1.

Hence there exists an integer N such that ν

( ⋂
j≥N

Ej

)
> 0, which implies that

dimB

⋂
j≥N

Ej

 ≥ dimH

⋂
j≥N

Ej

 ≥ dimHν ≥ hσ(ν)

logm
,

where m is the cardinality of the Markov partition R. And by the definition of the lower-box
dimension,

lim inf
n→∞

log ♯Fn

n
≥ (logm) · dimB

⋂
j≥N

Ej

 ≥ hσ(ν) = hg(µ)
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and the claim follows.
By (3.4) and (4.3), it is easy to see that for n large enough and any [w] ∈ Fn, we can choose

some y ∈ Rw such that∣∣∣∣ 1n log diamRw +

∫
log ϕ(g, x)dµ(x)

∣∣∣∣
≤

∣∣∣∣∣ 1n log diamRw +
1

n

n−1∑
i=0

log ϕ(g, y)

∣∣∣∣∣+
∣∣∣∣∣
∫

log ϕ(g, x)dµ(x)− 1

n

n−1∑
i=0

log ϕ(g, gi(y))

∣∣∣∣∣
≤ 2ε.

Recall that

PΦ×Ψ(C̃0, s) := lim
ε→0

lim inf
n→∞

log fΦ×Ψ(C̃0, s;n, ε)

n

with
fΦ×Ψ(C̃0, s;n, ε) :=

∑
[w]∈FΦ×Ψ(C̃0;n,ε)

(diam Rw)
s.

Applying Claim 4.1 and the above inequality one has

PΦ×Ψ(C̃0, s)≥ lim
ε→0

lim inf
n→∞

log ♯Fn

n
− s

∫
log ϕ(g, x)dµ(x)− 2sε

≥ hg(µ)− s

∫
log ϕ(g, x)dµ(x)− 2sε.

Let ε→ 0, we have

PΦ×Ψ(C̃0, s) ≥ hg(µ)− s

∫
log ϕ(g, x)dµ(x).

To complete the proof of Lemma 4.2, we consider now ν without assuming the ergodicity.
By Corollary 2.5 in [6], there is a sequence of ergodic measures {νn} which converges to ν in the
weak* topology and satisfies lim

n→∞
hσ(νn) = hσ(ν). Set µn := νn ◦ π−1 and then lim

n→∞
hg(µn) =

hg(µ). Let α̃ = (
∫
Φdµ,

∫
Ψdµ) and C̃0(α̃) be a connected component in C̃0 containing the point

α̃. Let Ẽn = co
(
C̃0(α̃)

⋃{(∫
Φdµn,

∫
Ψdµn

)})⋃
C̃0, where co (Ẽ) denote the closed convex

hull of Ẽ. By a similar argument as above one can show that

PΦ×Ψ(Ẽn, s) ≥ hg(µn)− s

∫
log ϕ(g, x)dµn(x).

Let n→ ∞, D(Ẽn, C̃0) → 0 and by Lemma 4.1, we have the desired inequality again.
According to (4.1) and Lemma 4.2, we can conclude that

PQ◦(Φ×Ψ)(C, s) ≥ sup

{
hg(µ)− s

∫
log ϕ(g, x)dµ : µ ∈ Mg(J) and P(µ) ∈ C

}
.

4.1.2. Upper bound on PQ◦(Φ×Ψ)(C, s)

The proof of the upper bound was inspired by Thompson [16]. Recall C̃0 =
(
Q|P̃(Mg(J))

)−1
(C)

and C̃0 is compact satisfying Q(C̃0) = C. For any ε > 0, there exists δ > 0 such that

FQ◦(Φ×Ψ)(C;n, δ) ⊆ FΦ×Ψ

(
C̃0;n, ε

)
.
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Thus
PQ◦(Φ×Ψ)(C, s) ≤ PΦ×Ψ(C̃0, s). (4.4)

Our main goal in this section is to prove the following lemma.

Lemma 4.3.

PΦ×Ψ(C̃0, s)

≤ sup

{
hg(µ)− s

∫
log ϕ(g, x)dµ : µ ∈ Mg(J) and

(∫
Φdµ,

∫
Ψdµ

)
∈ C̃0

}
= sup

{
hg(µ)− s

∫
log ϕ(g, x)dµ : µ ∈ Mg(J) and P(µ) ∈ C

}
.

Proof. Suppose C̃1, C̃2 are closed subsets of Rd × (R+)d, then obviously

FΦ×Ψ(C̃1 ∪ C̃2;n, ε) = FΦ×Ψ(C̃1;n, ε) ∪ FΦ×Ψ(C̃2;n, ε).

Therefore

fΦ×Ψ(C̃1 ∪ C̃2, s;n, ε) ≤ 2max
{
fΦ×Ψ(C̃1, s;n, ε), fΦ×Ψ(C̃2, s;n, ε)

}
.

This implies that

PΦ×Ψ(C̃1 ∪ C̃2, s) ≤ max
{
PΦ×Ψ(C̃1, s), PΦ×Ψ(C̃2, s)

}
.

Hence for any small r > 0, we have

PΦ×Ψ(C̃0, s) ≤ sup
α∈C̃0

PΦ×Ψ(Br(α), s), (4.5)

where Br(α) ⊆ Rd × (R+)d is the closed ball of radius r with the center α. In the following, we
derive an upper bound for PΦ×Ψ(Br(α), s).

Proposition 4.1. For each α ∈ C̃0 one has

PΦ×Ψ(Br(α), s)

≤ sup

{
hg(µ)− s

∫
log ϕ(g, x)dµ : µ ∈ Mg(J) and

(∫
Φdµ,

∫
Ψdµ

)
∈ Br(α)

}
.

Proof. Given any γ > 0, by the definition of PΦ×Ψ(Br(α), s), there exists ε0 > 0 such that
for any ε ∈ (0, ε0) we have

lim sup
n→∞

1

n
log fΦ×Ψ(Br(α), s;n, ε) > PΦ×Ψ(Br(α), s)−

1

2
γ.

Taking εk = ε
2k
, k ≥ 1. Set N0 = 0, then pick a sequence Nk, k ≥ 1, so that

Nk+1 > exp

[
k∑

i=0

(Ni +M)

]
(4.6)

(Recall that the positive integer M is defined in Section 2.1.) and

fΦ×Ψ

(
Br(α), s;Nk, εk

)
> exp

[
Nk

(
PΦ×Ψ(Br(α), s)− γ

)]
. (4.7)
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Let Fk := FΦ×Ψ

(
Br(α);Nk, εk

)
. Since AM > 0, for any w ∈ ΣA,n and any z ∈ {0, 1, . . . ,m−

1}, there exists σwz = (y1, . . . , yM ) ∈ ΣA,M such that wσwzz ∈ ΣA,n+M+1. Define

ΓA := {w1σ1w2σ2 . . . | wj ∈ Fj , σj ∈ ΣA,M for j ≥ 1}

and Z := π(ΓA). Let t1 = N1 and tk = tk−1 +M +Nk for k ≥ 2. By (4.6) we have

lim
k→∞

tk−1

tk
= 0 and lim

k→∞

Nk

tk
= 1.

Claim 4.2. There exists {ε′k}k≥1 such that if p ∈ Z then

d

(
1

tk
Stk(Φ×Ψ)(p), Br(α)

)
< ε′k

and lim
k→∞

ε′k = 0.

Proof. For any p ∈ Z,

1

tk
Stk(Φ×Ψ)(p)

=
1

tk

[
N1−1∑
i=0

(Φ×Ψ)(gi(p)) +

N2−1∑
i=0

(Φ×Ψ)(gt1+M+i(p)) + . . .+

Nk−1∑
i=0

(Φ×Ψ)(gtk−1+M+i(p))

+
M−1∑
i=0

(Φ×Ψ)(gt1+i(p)) +
M−1∑
i=0

(Φ×Ψ)(gt2+i(p)) + . . .+
M−1∑
i=0

(Φ×Ψ)(gtk−1+i(p))

]

=
N1 + . . .+Nk

tk
·
k−1∑
j=0

Nj+1

N1 + . . .+Nk
· 1

Nj+1

Nj+1−1∑
i=0

(Φ×Ψ)(gtj+M+i(p))

+
M

tk
·
k−1∑
j=1

1

M

M−1∑
i=0

(Φ×Ψ)(gtj+i(p))

=uk · Λk +∆k,

where

t0 := −M,

uk :=
N1 + . . .+Nk

tk
,

Λk :=
k−1∑
j=0

Nj+1

N1 + . . .+Nk
· 1

Nj+1

Nj+1−1∑
i=0

(Φ×Ψ)(gtj+M+i(p)),

∆k :=
M

tk
·
k−1∑
j=1

1

M

M−1∑
i=0

(Φ×Ψ)(gtj+i(p)).

Observation 4.1. We have lim
k→∞

uk = 1 because 1− uk = (k−1)M
tk

≤ (k−1)M
Nk

→ 0 (as k → ∞).
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Observation 4.2. We have lim
k→∞

d(0,∆k) = 0. In fact

d (0, ∆k)

= d

(
0,

M

tk

[
1

M

M−1∑
i=0

(Φ×Ψ)(gt1+i(p)) + . . .+
1

M

M−1∑
i=0

(Φ×Ψ)(gtk−1+i(p))

])

≤ M

tk
· d

(
0,

1

M

M−1∑
i=0

(Φ×Ψ)(gt1+i(p))

)
+ . . .+

M

tk
· d

(
0,

1

M

M−1∑
i=0

(Φ×Ψ)(gtk−1+i(p))

)

≤ kM

tk
· ∥Φ×Ψ∥∞.

The desired result follows from the above inequality since lim
k→∞

kM
tk

∥Φ×Ψ∥∞ = 0.

Observation 4.3. We have lim
k→∞

d(Λk, Br(α)) = 0. Indeed, since p ∈ Z, then there exists

w = (w1σ1w2σ2 . . .) ∈ ΓA such that p = π(w). For each j ∈ {1, . . . , k}, there exists xj ∈ Rwj

and yj ∈ Br(α) such that

d

 1

Nj

Nj−1∑
i=0

(Φ×Ψ)(gi(xj)), yj

 < εj .

It follows that

d

(
Λk,

N1

N1 + . . .+Nk
y1 + . . .+

Nk

N1 + . . .+Nk
yk

)

≤
k−1∑
j=0

Nj+1

N1 + . . .+Nk
d

 1

Nj+1

Nj+1−1∑
i=0

(Φ×Ψ)(gtj+M+i(p)), yj+1


≤

k−1∑
j=0

Nj+1

N1 + . . .+Nk
d

 1

Nj+1

Nj+1−1∑
i=0

(Φ×Ψ)(gtj+M+i(p)),
1

Nj+1

Nj+1−1∑
i=0

(Φ×Ψ)(gi(xj+1))


+

k−1∑
j=0

Nj+1

N1 + . . .+Nk
d

 1

Nj+1

Nj+1−1∑
i=0

(Φ×Ψ)(gi(xj+1)), yj+1



≤

N1∑
i=1

vari(Φ×Ψ) + . . .+
Nk∑
i=1

vari(Φ×Ψ)

N1 + . . .+Nk
+
N1ε1 + . . .+Nkεk
N1 + . . .+Nk

→ 0,

since lim
k→∞

Nk = ∞, lim
k→∞

varNk
(Φ×Ψ) = 0 and lim

k→∞
εk = 0, where

vari(Φ×Ψ) := sup {d ((Φ×Ψ)(x), (Φ×Ψ)(y)) : x, y ∈ Rw, w ∈ ΣA,i} .

This completes the proof of Observation 4.3, because Br(α) is convex.
Observation 4.1, 4.2 and 4.3 imply that there is {ε′k}k≥1 with lim

k→∞
ε′k = 0 such that

d

(
1

tk

tk−1∑
i=0

(Φ×Ψ)(gi(p)), Br(α)

)
= d(ukΛk +∆k, Br(α))
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= d
(
Λk + (uk − 1)Λk +∆k, Br(α)

)
≤ d

(
Λk, Br(α)

)
+ d ((uk − 1)Λk, 0) + d (∆k, 0)

≤ ε′k.

It completes the proof of Claim 4.2.
To finish the proof of Proposition 4.1, we need to define CPZ(−s log ϕ(g, ·)). Let

Qtk(Z,−s log ϕ(g, ·), δ) := inf

{∑
x∈S

exp [−s(Stk log ϕ(g, x))] : S is a (tk, δ) spanning set for Z

}

and

Ptk(Z,−s log ϕ(g, ·), δ) := sup

{∑
x∈S

exp [−s(Stk log ϕ(g, x)] : S is a (tk, δ) separated set for Z

}
.

We have
Qtk(Z,−s log ϕ(g, ·), δ) ≤ Ptk(Z,−s log ϕ(g, ·), δ), (4.8)

and see [18] for more details. Define

CPZ(−s log ϕ(g, ·), δ) := lim inf
k→∞

1

tk
logQtk(Z,−s log ϕ(g, ·), δ)

and
CPZ(−s log ϕ(g, ·)) := lim

δ→0
CPZ(−s log ϕ(g, ·), δ).

Claim 4.3. CPZ(−s log ϕ(g, ·)) ≥ PΦ×Ψ(Br(α), s)− γ.

Proof. For any ε ∈ (0, ε0), there exists 0 < δ0 < δ1 such that for any δ ∈ (0, δ0), if d(x, y) < δ
then

e−ε <
ϕ(g, x)

ϕ(g, y)
< eε.

(Here δ1 is the same as in Section 3.2.) Take a (tk, δ) spanning set Tk of Z satisfying∑
x∈Tk

exp [−s(Stk log ϕ(g, x))] ≤ Qtk(Z,−s log ϕ(g, ·), δ) · e
ε. (4.9)

It follows that gtk−1+M (Tk) is a (Nk, δ) spanning set for gtk−1+M (Z) = π(σtk−1+M (ΓA)). Recall
Fk := FΦ×Ψ(Br(α);Nk, εk) and Rw := π([w]) for any [w] ∈ Fk. Then we have Rw∩gtk−1+M (Z) ̸=
∅ for any [w] ∈ Fk. Since ⋃

y∈gtk−1+M (Tk)

BNk
(y, δ) ⊇ gtk−1+M (Z),

then for any [w] ∈ Fk there exists y ∈ gtk−1+M (Tk) such that

Rw ∩BNk
(y, δ) ̸= ∅.

Fixed any y ∈ gtk−1+M (Tk), denote

By := {[w] : [w] ∈ Fk and Rw ∩BNk
(y, δ) ̸= ∅} .
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For each [w] ∈ By and any x ∈ Rw ∩BNk
(y, δ), Proposition 3.1 told us that there exists z such

that

B

z, 1

2
K−1(Nk, ε)

Nk−1∏
j=0

ϕ(g, gj(x))−1

 ⊆ Rw

and diamRw ≤ K(Nk, ε) ·
Nk−1∏
j=0

ϕ(g, gj(x))−1. Similarly to (3.6) there is a constant K3 > 1 such

that

diamBNk
(y, δ) ≤ 2K3e

3Nkεδ ·
Nk−1∏
j=0

ϕ(g, gj(y))−1, (4.10)

where Nk > Ñ1 is large enough and Ñ1 is the same as in (3.2). Therefore

BNk
(y, δ) ⊆ B

(
y,
(
2K3e

3Nkεδ + eNkε ·K(Nk, ε)
)
·
Nk−1∏
i=0

ϕ(g, gi(y))−1

)
and

Rw ⊆ B

(
y,
(
2K3e

3Nkεδ + eNkε ·K(Nk, ε)
)
·
Nk−1∏
i=0

ϕ(g, gi(y))−1

)
.

This yields that
♯By ≤

(
4K3δe

4NkεK(Nk, ε) + 2e2NkεK2(Nk, ε)
)s0

.

So ∑
[w]∈Fk

(diamRw)
s

≤
∑

y∈gtk−1+M (Tk)

∑
[w]∈By

(diamRw)
s

≤
∑

y∈gtk−1+M (Tk)

∑
[w]∈By

(K(Nk, ε))
s ·

(
Nk−1∏
i=0

ϕ(g, gj(x))−1

)s

(where x ∈ Rw ∩BNk
(y, δ))

≤
∑

y∈gtk−1+M (Tk)

∑
[w]∈By

(eNkεK(Nk, ε))
s ·

(
Nk−1∏
i=0

ϕ(g, gj(y))−1

)s

≤
(
eNkεK(Nk, ε)

)s · [4K3δe
4NkεK(Nk, ε) + 2(eNkεK(Nk, ε))

2
]s0

×
∑

y∈gtk−1+M (Tk)

(
Nk−1∏
i=0

ϕ(g, gj(y))−1

)s

.

Combining with (4.7) one has∑
z∈Tk

exp [−s(Stk log ϕ(g, z))]

=
∑
z∈Tk

exp
[
−s(Stk−1+M log ϕ(g, z))− s(SNk

log ϕ(g, gtk−1+M (z)))
]
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≥ exp

[
(tk−1 +M) · inf

x∈J
(−s log ϕ(g, x))

]
·
∑
z∈Tk

exp
[
−s(SNk

log ϕ(g, gtk−1+M (z)))
]

= exp

[
(tk−1 +M) · inf

x∈J
(−s log ϕ(g, x))

] ∑
y∈gtk−1+M (Tk)

exp [−s(SNk
log ϕ(g, y))]

≥ exp

[
(tk−1 +M) inf

x∈J
(−s log ϕ(g, x))− (s+ 2s0)Nkε

]
· (K(Nk, ε))

−(s+s0)

×(4K3δe
2Nkε + 2K(Nk, ε))

−s0 ·
∑

[w]∈Fk

(diamRw)
s

≥ (4K3δe
2Nkε + 2(K(Nk, ε)))

−s0 · (K(Nk, ε))
−(s+s0)

× exp

[
(tk−1 +M) inf

x∈J
(−s log ϕ(g, x))− (s+ 2s0)Nkε+Nk · (PΦ×Ψ(Br(α), s)− γ)

]
.

It follows from (4.9), the definition of CPZ(−s log ϕ(g, ·), δ), lim
k→∞

Nk
tk

= 1, lim
k→∞

tk−1

tk
= 0 and

lim
n→∞

logK(n,ε)
n = 3ε that

CPZ(−s log ϕ(g, ·), δ) ≥ PΦ×Ψ(Br(α), s)− γ − (s+ 7s0)ε.

Let ε→ 0, then δ → 0. It follows that

CPZ(−s log ϕ(g, ·)) ≥ PΦ×Ψ(Br(α), s)− γ.

This completes the proof of Claim 4.3.

Proceed with the proof of Proposition 4.1. We fix γ > 0 and find some δ > 0 such that

CPZ(−s log ϕ(g, ·), δ) > CPZ(−s log ϕ(g, ·))− γ. (4.11)

Let Dk be a (tk, δ) separated set for Z such that∑
x∈Dk

exp [−s(Stk log ϕ(g, x))] ≥ Ptk(Z,−s log ϕ(g, ·), δ) · e
−γ ,

and write Ptk :=
∑

x∈Dk

exp [−s(Stk log ϕ(g, x))] . Define

σtk :=
1

Ptk

∑
x∈Dk

exp [−s(Stk log ϕ(g, x))] · δx

and let µtk := 1
tk

tk−1∑
i=0

σtk ◦ g−i.

Let tkj be a sequence of numbers so that µtkj converges, and µ be the limit measure. We have

µ ∈ Mg(J) and we will verify that
∫
(Φ×Ψ)dµ ∈ Br(α) (here

∫
(Φ×Ψ)dµ :=

(∫
Φdµ,

∫
Ψdµ

)
),

because∫
(Φ×Ψ)dµtkj =

1

tkj

tkj−1∑
i=0

∫
(Φ×Ψ)d

(
σtkj ◦ g

−i
)
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=
1

tkj

tkj−1∑
i=0

∫
(Φ×Ψ) ◦ gidσtkj

=
1

tkj

tkj−1∑
i=0

1

Ptkj

∑
x∈Dkj

{
exp

[
−s(Stkj log ϕ(g, x))

]
· (Φ×Ψ)(gix)

}

=
1

Ptkj

∑
x∈Dkj

exp
[
−s(Stkj log ϕ(g, x))

]
·

 1

tkj

tkj−1∑
i=0

(Φ×Ψ)(gix)


and 1

tkj

∑tkj−1

i=0 (Φ×Ψ)(gix) ∈ B(Br(α), ε
′
kj
) (see Claim 4.2) and Br(α) is convex and closed.

To show that

lim inf
j→∞

1

tkj
logPtkj

≤ hg(µ)− s

∫
log ϕ(g, ·)dµ,

we recall some key ingredients of the proof of the variational principle. (See Theorem 9.10
in [18] for more notations and details.) Let ξ be a partition of J with diameter less than ε and
µ(∂ξ) = 0. Then we obtain

Hσtk

(
tk∨
i=0

g−iξ

)
− s

∫
Stk log ϕ(g, ·)dσtk = logPtk . (see page 220 in [18])

Since µ(∂ξ) = 0, we have for any q ∈ N,

lim
j→∞

Hµtkj

(
q−1∨
i=0

g−iξ

)
= Hµ

(
q−1∨
i=0

g−iξ

)
. (see page 220 in [18])

For a fixed tk and 1 < q < tk, we have

q

tk
logPtk ≤ Hµtk

(
q−1∨
i=0

g−iξ

)
− sq

∫
log ϕ(g, ·)dµtk + 2

q2

tk
log ♯ξ. (see (⋆) in page 220 of [18])

Replacing tk by tkj and taking j → ∞, we obtain

q lim inf
j→∞

1

tkj
logPtkj

≤ Hµ

(
q−1∨
i=0

g−iξ

)
− qs

∫
log ϕ(g, ·)dµ.

Dividing by q and letting q → ∞, one has

lim inf
j→∞

1

tkj
logPtkj

≤ hg(µ)− s

∫
log ϕ(g, ·)dµ.

Combining with (4.8) we obtain

CPZ(−s log ϕ(g, ·), δ)≤ lim inf
k→∞

1

tk
Ptk(Z,−s log ϕ(g, ·), δ)

≤ lim inf
j→∞

1

tkj
logPtkj

+ γ
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≤ hµ(g, ξ)− s

∫
log ϕ(g, ·)dµ+ γ

≤ hg(µ)− s

∫
log ϕ(g, ·)dµ+ γ. (4.12)

It follows form Claim 4.3, (4.11) and (4.12) that

PΦ×Φ(Br(α), s)≤ CPZ(−s log ϕ(g, ·)) + γ

≤ CPZ(−s log ϕ(g, ·), δ) + 2γ

≤ hg(µ)− s

∫
log ϕ(g, ·)dµ+ 3γ.

This completes the proof of Proposition 4.1.

Proceed with the proof of Lemma 4.3. It follows from (4.5) and Proposition 4.1 that

PΦ×Ψ(C̃0, s)

≤ lim inf
r→0

sup
α∈C̃0

sup

{
hg(µ)− s

∫
log ϕ(g, x)dµ : µ ∈ Mg(J) and(∫

Φdµ,

∫
Ψdµ

)
∈ Br(α)

}
.

(4.13)

Let us show that the right-hand side of (4.13) does not exceed

HΦ×Ψ(C̃0) := sup

{
hg(µ)− s

∫
log ϕ(g, x)dµ : µ ∈ Mg(J) and

(∫
Φdµ,

∫
Ψdµ

)
∈ C̃0

}
.

Assume the contrary. Then for any arbitrary sequence rn → 0, there exists γ > 0 and a sequence
αn ∈ C̃0 such that

sup

{
hg(µ)− s

∫
log ϕ(g, x)dµ : µ ∈ Mg(J) and

(∫
Φdµ,

∫
Ψdµ

)
∈ Brn(αn)

}
≥HΦ×Ψ

(
C̃0

)
+ γ.

Hence there exists a sequence of invariant measures {µn} such that
(∫

Φdµn,
∫
Ψdµn

)
∈ Brn(αn)

and

hg(µn)− s

∫
log ϕ(g, x)dµn ≥ HΦ×Ψ(C̃0) +

γ

2
.

The sequence {αn} is drawn from a compact set C̃0 and hence has a convergent subsequence
αnk

→ α ∈ C̃0. Without loss of generality, we may assume that a sequence of measures µnk

converges in the weak* topology to an invariant measure µ. (Otherwise choose a convergent
subsequence.) It is clear that(∫

Φdµnk
,

∫
Ψdµnk

)
= αnk

+O(rnk
) → α as k → ∞

and µ is such that
(∫

Φdµ,
∫
Ψdµ

)
= α ∈ C̃0. Since g : J → J is expanding and J is compact,

then the entropy map is upper semi-continuous (Theorem 8.2, [18]). It follows that

hg(µ)− s

∫
log ϕ(g, x)dµ≥ lim sup

k→∞
hµnk

(g)− s lim
k→∞

∫
log ϕ(g, x)dµnk
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≥HΦ×Ψ(C̃0) +
γ

2
.

But hg(µ) − s
∫
log ϕ(g, x)dµ ≤ HΦ×Ψ(C̃0). Hence we have arrived at a contradiction. So

PΦ×Ψ(C̃0, s) ≤ HΦ×Ψ(C̃0) which finishes the proof of Lemma 4.3.

From (4.4) and Lemma 4.3, it follows that

PQ◦(Φ×Ψ)(C, s) ≤ sup

{
hg(µ)− s

∫
log ϕ(g, x)dµ : µ ∈ Mg(J) and P(µ) ∈ C

}
.

This completes the proof of Theorem 2.1.

4.2. Proof of Theorem 2.2

First of all, we present the property of the pressure function P ∗
Q◦(Φ×Ψ)(C, ·) for any compact

subset C ⊆ P(Mg(J)).

Proposition 4.2. For any compact subset C ⊆ P(Mg(J)), the pressure function P
∗
Q◦(Φ×Ψ)(C, ·)

is continuous and strictly decreasing on s. Moreover, Λ∗
Q◦(Φ×Ψ)(C) is the unique root of

P ∗
Q◦(Φ×Ψ)(C, s) = 0.

Proof. For any s, t ∈ R with t > s, Theorem 2.1 told us that

P ∗
Q◦(Φ×Ψ)(C, s)

= sup

{
hg(µ)− s

∫
log ϕ(g, x)dµ : µ ∈ Mg(J) and P(µ) ∈ C

}
= sup

{
hg(µ)− t

∫
log ϕ(g, x)dµ+ (t− s)

∫
log ϕ(g, x)dµ : µ ∈ Mg(J) and P(µ) ∈ C

}
.

(4.14)

Thus

λ2 · (t− s) ≤ P ∗
Q◦(Φ×Ψ)(C, s)− P ∗

Q◦(Φ×Ψ)(C, t) ≤ λ1 · (t− s),

where

λ1 := max
x∈J

{log ϕ(g, x)} and λ2 := min
x∈J

{log ϕ(g, x)} .

This implies that P ∗
Q◦(Φ×Ψ)(C, ·) is continuous and strictly decreasing on s. By (4.14) one has

P ∗
Q◦(Φ×Ψ)(C, 0) ≥ 0. It follows from g is C1 average conformal and Theorem A in [4] that

P ∗
Q◦(Φ×Ψ)(C, s0) ≤ 0, where dimM = s0. Thus the desired results follow.

Then we will utilize the unique root of P ∗
Q◦(Φ×Ψ)(C, s) = 0 to give an upper bound for the

Hausdorff dimension of the subset EQ◦(Φ×Ψ)(C).

Lemma 4.4. For any compact subset C ⊆ P(Mg(J)), we obtain

dimH EQ◦(Φ×Ψ)(C) ≤ Λ∗
Q◦(Φ×Ψ)(C),

where Λ∗
Q◦(Φ×Ψ)(C) is the unique root of P ∗

Q◦(Φ×Ψ)(C, s) = 0.

Proof. Let t > Λ∗
Q◦(Φ×Ψ)(C), then P

∗
Q◦(Φ×Ψ)(C, t) < 0. It follows that there exist ε > 0 and

δ > 0 such that

lim sup
n→∞

log fQ◦(Φ×Ψ)(C, t;n, ε)

n
< −δ.
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Therefore there is a number N = N(ε, δ) such that for n > N ,

fQ◦(Φ×Ψ)(C, t;n, ε) ≤ e−nδ.

Let

G(C, k, ε) :=
∞⋂
n=k

{
[w] ∈ ΣA,n : there exists x ∈ Rw satisfying

d

(
Q ◦

n−1∑
i=0

(Φ×Ψ)(gix), C

)
< ε

}
.

It is clear that for any ε > 0,

EQ◦(Φ×Ψ)(C) ⊆
∞⋃
k=1

π (G(C, k, ε)) .

We show below that for each k,

dimH π (G(C, k, ε)) ≤ t.

Let F be a collection of disjoint cylinders [w], w ∈ ΣA,n, n ≥ max{k,N} such that

Rw

⋂
π (G(C, k, ε)) ̸= ∅.

Thus each [w] in F is contained in FQ◦(Φ×Ψ)(C;n, ε) for some n ≥ N . It follows that∑
[w]∈F

(diamRw)
t ≤

∑
n≥N

∑
[w]∈FQ◦(Φ×Ψ)(C;n,ε)

(diamRw)
t

=
∑
n≥N

fQ◦(Φ×Ψ)(C, t;n, ε)

≤
∑
n≥N

e−nδ

≤ e−δ

1− e−δ

< +∞.

This implies that

dimH π (G(C, k, ε)) ≤ t.

By the property of Hausdorff dimension, we have

dimH EQ◦(Φ×Ψ)(C) ≤ t

as desired.

It follows from Lemma 4.4 that

dimH EQ◦(Φ×Ψ)(C) ≤ Λ∗
Q◦(Φ×Ψ)(C),
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where Λ∗
Q◦(Φ×Ψ)(C) is the unique solution that satisfies P ∗

Q◦(Φ×Ψ)(C, s) = 0. Combing with
Theorem 2.1, one has

dimH EQ◦(Φ×Ψ)(C) ≤ sup
µ∈Mg(J)

{
hg(µ)∫

log ϕ(g, x)dµ
: P(µ) ∈ C

}
.

On the other hand we will show

dimH EQ◦(Φ×Ψ)(C) ≥ sup
µ∈Mg(J)

{
hg(µ)∫

log ϕ(g, x)dµ
: P(µ) ∈ C

}
.

For every µ ∈ Mg(J) with P(µ) ∈ C, define

Gµ :=

{
x ∈ J :

1

n

n−1∑
i=0

δgi(x) → µ in the weak* topological as n→ ∞

}
,

where δy denotes the probability measure whose support is the single point y. It follows from
Proposition 3.1 in [4] and Lemma 4.2 in [4] that

dimH Gµ =
hg(µ)∫

log ϕ(g, x)dµ
.

(If (J, g) satisfies the specification property, then (J, g) is saturated, that is, Gµ ̸= ∅ and
htop(Gµ) = hµ(f). ) Since Gµ ⊆ EQ◦(Φ×Ψ)(C), then

dimH EQ◦(Φ×Ψ)(C) ≥ sup
µ∈Mg(J)

{
hg(µ)∫

log ϕ(g, x)dµ
: P(µ) ∈ C

}
.

This completes the proof of Theorem 2.2.

5. Proofs of Theorem 2.3 and Theorem 2.4

5.1. Proof of Theorem 2.3

Recall P̃ : Mg(J) → Rd × (R+)d, P̃(µ) =
(∫

Φdµ,
∫
Ψdµ

)
, and Q

(
P̃(Mg(J))

)
= P (Mg(J)).

5.1.1. Upper bound on P (Eequ
Q◦(Φ×Ψ)(C), φ)

For each x ∈ Eequ
Q◦(Φ×Ψ)(C), by (1.3) one has A

(
SnΦ(x)
SnΨ(x)

)
= C. It follows from Lemma 7.5 in [13]

that

C̃1(x) := A
(
1

n
Sn(Φ×Ψ)(x)

)
is continumm. Thus C̃1(x) is compact and connected. This implies that

Eequ
Q◦(Φ×Ψ)(C) ⊆

⋃
x∈Eequ

Q◦(Φ×Ψ)
(C)

Eequ
Φ×Ψ(C̃1(x)), (5.1)

where Eequ
Φ×Ψ(C̃1(x)) :=

{
x ∈ J : A

(
1

n

n−1∑
i=0

(Φ×Ψ)(gi(x))

)
= C̃1(x)

}
. Then we have the fol-

lowing lemma.
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Lemma 5.1. For each x ∈ Eequ
Q◦(Φ×Ψ)(C), we obtain

(1) Q(C̃1(x)) = C;

(2)

P
(
Eequ

Φ×Ψ(C̃1(x)), φ
)

≤ inf
α̃∈C̃1(x)

sup

{
hg(µ) +

∫
φdµ : µ ∈ Mg(J) and P̃(µ) = α̃

}
≤ inf

α∈C
sup

{
hg(µ) +

∫
φdµ : µ ∈ Mg(J) and P(µ) = α

}
.

Proof. (1) For each α̃ ∈ C̃1(x), there is a subsequence {nk} such that

α̃ = lim
nk→∞

1

nk
Snk

(Φ×Ψ)(x).

Thus there exists a g-invariant probability measure µ ∈ A( 1
nk

∑nk−1
i=0 δgi(x)) such that α̃ =

(
∫
Φdµ,

∫
Ψdµ). Therefore

Q(α̃) =

∫
Φdµ∫
Ψdµ

= lim
nk→∞

Snk
Φ(x)

Snk
Ψ(x)

∈ C.

This implies that Q(C̃1(x)) ⊆ C.

For each α ∈ C, there is a subsequence {mk} such that lim
k→∞

Smk
Φ(x)

Smk
Ψ(x) = α. Taking α̃ ∈

A( 1
mk
Smk

(Φ×Ψ)(x)) ⊆ C̃1(x) such that

α̃ = lim
j→∞

1

mkj

Smkj
(Φ×Ψ)(x) =

(∫
Φdµ,

∫
Ψdµ

)

for some subsequence {mkj} of {mk} and some µ ∈ Mg(J). Thus α = Q(α̃) ∈ Q(C̃1(x)).

Therefore C ⊆ Q(C̃1(x)).

(2) Since C̃1(x) is a non-empty closed set, combining with Theroem 3.1 (2) in [22] and
Q(C̃1(x)) = C, we get

P
(
Eequ

Φ×Ψ(C̃1(x)), φ
)

≤ inf
α̃∈C̃1(x)

sup

{
hg(µ) +

∫
φdµ : µ ∈ Mg(J) and P̃(µ) = α̃

}
≤ inf

α∈C
sup

{
hg(µ) +

∫
φdµ : µ ∈ Mg(J) and P(µ) = α

}
.

This completes the proof of Lemma 5.1.
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It follows from (5.1) and Lemma 5.1 that

P
(
Eequ

Q◦(Φ×Ψ)(C), φ
)
≤ P

 ⋃
x∈Eequ

Q◦(Φ×Ψ)
(C)

Eequ
Φ×Ψ(C̃1(x)), φ


≤ sup

x∈Eequ
Q◦(Φ×Ψ)

(C)

P
(
Eequ

Φ×Ψ(C̃1(x)), φ
)

≤ inf
α∈C

sup

{
hg(µ) +

∫
φdµ : µ ∈ Mg(J) and P(µ) = α

}
.

5.1.2. Lower bound on P
(
Eequ

Q◦(Φ×Ψ)(C), φ
)

Since the expanding and topological mixing C1-map g : J → J has the specification property,
then the lower bound can be proved following Thompson’s method in [16, 17]. For each α ∈ C,
the upper semi-continuity of the map µ 7→ hg(µ) implies that there exists µα with P(µα) = α
such that

sup

{
hg(µ) +

∫
φdµ : µ ∈ Mg(J) and P(µ) = α

}
= hg(µα) +

∫
φdµα. (5.2)

Set

C̃ :=

{
α̃ =

(∫
Φdµα,

∫
Ψdµα

)
: α ∈ C and µα satisfying (5.2)

}
.

Since C is compacted and connected, then C̃ is compact and connected. Combining with the
definition of Q one has Q(C̃) = C and

inf
α̃∈C̃

sup

{
hg(µ) +

∫
φdµ : µ ∈ Mg(J) and P̃(µ) = α̃

}
≥ inf

α∈C
sup

{
hg(µ) +

∫
φdµ : µ ∈ Mg(J) and P(µ) = α

}
.

Since Q(C̃) = C, then Eequ
Φ×Ψ(C̃) ⊆ Eequ

Q◦(Φ×Ψ)(C). This implies that

P
(
Eequ

Φ×Ψ(C̃), φ
)
≤ P

(
Eequ

Q◦(Φ×Ψ)(C), φ
)
.

Thus, the proof of the lower bound reduces to proving the following proposition.

Proposition 5.1.

P
(
Eequ

Φ×Ψ(C̃), φ
)
≥ inf

α̃∈C̃
sup

{
hg(µ) +

∫
φdµ : µ ∈ Mg(J) and P̃(µ) = α̃

}
.

Proof. Denote the right-hand side by IC̃ . The proof of this proposition is devided into four
parts.

Step 1. Construction of the intermediate sets Sn,i for each n ∈ N and i = 1, 2, . . . ,Mn.
Since C̃ is compact and connected, then for each n ∈ N we may choose αn,1, αn,2, . . . , αn,Mn ∈ C̃
such that

C̃ ⊆
Mn⋃
i=1

B

(
αn,i,

1

n

)
and d(αn,Mn , αn+1,1) ≤

1

n
.
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Fixed an arbitrary γ > 0, there exist µn,1, µn,2, . . . , µn,Mn ∈ Mg(J) such that
∫
Φ×Ψdµn,i = αn,i

and

hg(µn,i) +

∫
φdµn,i ≥ IC̃ − γ

for each n ∈ N and i = 1, 2, . . . ,Mn.

Lemma 5.2 (Lemma 3.5, [16]). For each n ∈ N, i ∈ {1, 2, . . . ,Mn} and δn,i =
1
n , there exists

ηn,i ∈ Mg(J) such that ηn,i =
j(n,i)∑
j=1

λn,ij ηn,ij , where
j(n,i)∑
j=1

λn,ij = 1 and ηn,ij ∈ Eg(J) satisfying∣∣∣∣∫ Φ×Ψdµn,i −
∫

Φ×Ψdηn,i

∣∣∣∣ < 1

n

and hg(ηn,i) ≥ hg(µ)− 1
n .

Fixed any small γ ∈ (0, 1), choose a strictly increasing sequence ℓn → ∞ so that each of the
sets

Y n,i
j :=

{
x ∈ J :

∣∣∣∣ 1mSm(Φ×Ψ)(x)−
∫

Φ×Ψdηn,ij

∣∣∣∣ < 1

n
for all m ≥ ℓn

}
satisfies ηn,ij (Y n,i

j ) > 1 − γ for j ∈ {1, 2, . . . , j(n, i)}. This is possible by Birkhoff’s ergodic
theorem.

Lemma 5.3 (Lemma 3.6, [16]). Let γ′ ∈ (0, 1) be sufficiently small. For each n ∈ N, i ∈
{1, 2, . . . ,Mn}, j ∈ {1, 2, . . . , j(n, i)} and any sufficiently small ε > 0, we can find a sequence

m̂n,i with [λn,ij m̂n,i] ≥ ℓn and find sets Sn,i
j , so that each Sn,i

j is
(
[λn,ij m̂n,i], 5ε

)
separated set for

Y n,i
j and

∑
x∈Sn,i

j

exp


[λn,i

j m̂n,i]−1∑
k=0

φ(gk(x))

 ≥ exp

{
[λn,ij m̂n,i]

(
hg(η

n,i
j ) +

∫
φdηn,ij − 4γ′

j(n, i)

)}
.

Furthermore the sequence m̂n,i can be choose such that m̂n,i > 2sn,i, where

sn,i = s

(
ε

2
∑n−1

j=0 Mj+i

)
is similar to ‘ m(ε)’ which is defined in Section 3.5 (set M0 = 0).

We choose ε sufficiently small so that Lemma 5.3 applies and var(φ, 2ε) < γ, var(Φ×Ψ, 2ε) <
γ, where var(φ, 2ε) := sup {|φ(x)− φ(y)| : d(x, y) < 2ε} and var(Φ × Ψ, 2ε) := sup{d((Φ ×
Ψ)(x), (Φ×Ψ)(y)) : d(x, y) < 2ε}. Let yj ∈ Sn,i

j for j = 1, 2, . . . , j(n, i). We use the specification
property to define x = x(y1, y2, . . . , yj(n,i)) such that

d
[λn,i

l m̂n,i]
(yl, f

al(x)) <
ε

2
∑n−1

j=0 Mj+i

for all l ∈ {1, 2, . . . , j(n, i)}, where a1 = 0 and al =
l−1∑
j=1

[λn,ij m̂n,i] + (l − 1)sn,i for l ∈ {2, 3, . . . ,

j(n, i)}. Let

Sn,i =
{
x = x(y1, . . . , yj(n,i)) : yj ∈ Sn,i

j and j = 1, 2, . . . , j(n, i)
}
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and mn,i =
j(n,i)∑
j=1

[λn,ij m̂n,i] + (j(n, i)− 1)sn,i.

Lemma 5.4. For each n ∈ N and i ∈ {1, 2, . . . ,Mn} one has

(1) lim
n→∞

m̂n,i

mn,i
= 1;

(2) Sn,i is a (mn,i, 4ε) separated set;

(3) ♯Sn,i = ♯Sn,i
1 · ♯Sn,i

2 · . . . · ♯Sn,i
j(n,i).

Proof. (1) Since m̂n,i ≥ 2sn,i and
∑j(n,i)

j=1 λn,ij = 1, then

lim
n→∞

mn,i

m̂n,i
= lim

n→∞

∑j(n,i)
j=1 [λn,ij m̂n,i] + (j(n, i)− 1) sn,i

m̂n,i

= lim
n→∞

∑j(n,i)
j=1 [λn,ij m̂n,i]

m̂n,i

= 1.

(2) For each x = x(y1, . . . , yj(n,i)) ∈ Sn,i and z = z(w1, . . . , wj(n,i)) ∈ Sn,i with x ̸= z, where

yj , wj ∈ Sn,i
j and j = 1, 2, . . . , j(n, i). Since x ̸= z, then there is ℓ0 ∈ {1, 2, . . . , j(n, i)} such that

yℓ0 ̸= wℓ0 . We obtain

d[λℓ0
m̂n,i] (yℓ0 , f

aℓ0 (x)) <
ε

2
∑n−1

j=0 Mj+i
, d[λℓ0

m̂n,i] (wℓ0 , f
aℓ0 (z)) <

ε

2
∑n−1

j=0 Mj+i
,

and d[λℓ0
m̂n,i] (yℓ0 , wℓ0) > 5ε. Combining these inequalities we have

dmn,i(x, z) ≥ d[λℓ0
m̂n,i] (f

aℓ0 (x), faℓ0 (z))

≥ d[λℓ0
m̂n,i] (yℓ0 , wℓ0)− d[λℓ0

m̂n,i] (yℓ0 , f
aℓ0 (x))− d[λℓ0

m̂n,i] (wℓ0 , f
aℓ0 (z))

≥ 5ε− ε

2
− ε

2
= 4ε.

The proof of (3) is trivial. Then we complete the proof of the lemma.

Lemma 5.5 (Lemma 3.7, [16]). Let γ > 0 be sufficiently small as in Lemma 5.3. Then

(1) for sufficiently large n and each i ∈ {1, 2, . . . ,Mn}, we obtain

j(n,i)∏
j=1

∑
x∈Sn,i

j

exp

[λn,i
j m̂n,i]−1∑

k=0

φ(gk(x))

 ≥ exp

[
mn,i

(
hg(µn,i) +

∫
φdµn,i − γ

)]
;

(2) if x ∈ Sn,i, then

d

(
1

mn,i
Smn,i(Φ×Ψ)(x), αn,i

)
<

2

n
+ var

(
Φ×Ψ,

ε

2
∑n−1

j=0 Mj+i

)
.
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Step 2. Construction of the intermediate sets {Ck}k∈N. Define

{Sk}k = {S1,1, S1,2, . . . , S1,M1 , S2,1, S2,2, . . . , S2,M2 , . . . , Sn,1, Sn,2, . . . , Sn,Mn , . . .} ,
{mk}k = {m1,1,m1,2, . . . ,m1,M1 ,m2,1,m2,2, . . . ,m2,M2 , . . . ,mn,1,mn,2, . . . ,mn,Mn , . . .} ,
{αk}k = {α1,1, α1,2, . . . , α1,M1 , α2,1, α2,2, . . . , α2,M2 , . . . , αn,1, αn,2, . . . , αn,Mn , . . .} ,
{µk}k = {µ1,1, µ1,2, . . . , µ1,M1 , µ2,1, µ2,2, . . . , µ2,M2 , . . . , µn,1, µn,2, . . . , µn,Mn , . . .} ,
{sk}k = {s1,1, s1,2, . . . , s1,M1 , s2,1, s2,2, . . . , s2,M2 , . . . , sn,1, sn,2, . . . , sn,Mn , . . .} .

We choose a sequence Nk that increases to ∞ sufficiently quickly so that

lim
k→∞

mk+1 + sk+1

Nk
= 0, lim

k→∞

N1(m1 + s1) + . . .+Nk(mk + sk)

Nk+1
= 0. (5.3)

Let x1, x2, . . . , xNk
∈ Sk. We use the specification property to define y = y(x1, x2, . . . , xNk

)
such that dmk

(xl, f
al(y)) < ε

2k
for all l ∈ {1, 2, . . . , Nk} and al = (l − 1)(mk + sk). Define

Ck = {y(x1, x2, . . . , xNk
) : xl ∈ Sk for l = 1, 2, . . . , Nk} .

Let ck = Nkmk + (Nk − 1)sk.

Lemma 5.6. Ck is a (ck, 3ε) separeted set and ♯Ck = (♯Sk)
Nk .

Proof. For each y = y(x1, . . . , xNk
) ∈ Ck and z = z(w1, . . . , wNk

) ∈ Ck with y ̸= z, where
xj , wj ∈ Sk and j = 1, 2, . . . , Nk. Since y ̸= z, then there is ℓ0 ∈ {1, 2, . . . , Nk} such that
xℓ0 ̸= wℓ0 . Thus

dmk
(xℓ0 , f

aℓ0 (y)) <
ε

2k
, dmk

(wℓ0 , f
aℓ0 (z)) <

ε

2k
and dmk

(xℓ0 , wℓ0) > 4ε.

Combining these inequalities we have

dck(y, z) ≥ dmk
(faℓ0 (y), faℓ0 (z))

≥ dmk
(xℓ0 , wℓ0)− dmk

(xℓ0 , f
aℓ0 (y))− dmk

(wℓ0 , f
aℓ0 (z))

≥ 4ε− ε

2
− ε

2
= 3ε.

The statement ♯Ck = (♯Sk)
Nk is trivial. Thus we finish the proof of the lemma.

Step 3. Construction of the intermediate sets {Tk}k∈N. We define Tk inductively. Let
T1 = C1. We construct Tk+1 from Tk as follows. Let x ∈ Tk and y ∈ Ck+1. Let

t1 = c1 and tk+1 = tk + sk+1 + ck+1.

Using specification we can find a point z = z(x, y) that satisfies the following

dtk(x, z) <
ε

2k+1
and dck+1

(y, f tk+sk+1(z)) <
ε

2k+1
.

Define
Tk+1 = {z(x, y) : x ∈ Tk and y ∈ Ck+1}.
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Lemma 5.7. Tk is a (tk, 2ε) separated set and ♯Tk = ♯C1 · . . . · ♯Ck. In particular if z, z′ ∈ Tk,
then we have

Btk

(
z,

ε

2k

)
∩Btk

(
z′,

ε

2k

)
= ∅.

Proof. If k = 1, then T1 = C1. The conclusion follows from Lemma 5.6. If k > 1 for each
p, q ∈ Tk, there exist x, y ∈ Tk−1 and z, w ∈ Ck such that p = p(x, z), q = q(y, w) and

dtk−1
(p, x) <

ε

2k
, dck(f

tk−1+sk(p), z) <
ε

2k
,

dtk−1
(q, y) <

ε

2k
, dck(f

tk−1+sk(q), w) <
ε

2k

and dck(z, w) ≥ 3ε. This implies that

dtk(p, q) ≥ dck
(
f tk−1+sk(p), f tk−1+sk(q)

)
≥ dck(z, w)− dck(z, f

tk−1+sk(p))− dck(f
tk−1+sk(q), w)

≥ 3ε− ε

2
− ε

2
= 2ε.

The second statement is a straightforward consequence of the first statement.

Lemma 5.8. Let z = z(x, y) ∈ Tk+1. Then one has

Btk+1

(
z,

ε

2k

)
⊆ Btk

(
x,

ε

2k−1

)
.

Proof. Let z′ ∈ Btk+1

(
z, ε

2k

)
. Then

dtk(z
′, x) ≤ dtk(z

′, z) + dtk(z, x)

≤ dtk+1
(z′, z) + dtk(z, x)

≤ ε

2k
+

ε

2k+1

≤ ε

2k−1
.

Step 4. Construction of the fractal F and a special sequence of measures µk.
Let Fk =

⋃
x∈Tk

Btk(x,
ε

2k−1 ). By Lemma 5.8, we have Fk+1 ⊆ Fk. Since we have a de-

creasing sequence of compact sets, the intersection F =
⋂
k

Fk is non-empty. Further, ev-

ery point p ∈ F can be uniquely represented by a sequence p = (p
1
, p

2
, p

3
, . . .), where p

i
=

(pi1, . . . , p
i
Ni
) ∈ {1, 2, . . . , ♯Si}Ni . Recall each y(p

i
) = y(xi

pi1
, . . . , xi

piNi

) ∈ Ci be defined as in

Step 2 where xi
piℓ

∈ Si for ℓ = 1, 2, . . . , Ni. Let z1(p) = y(p
1
) and, proceeding inductively, let

zi+1(p) = z(zi(p), y(pi+1
)) ∈ Ti+1 be defined as in Step 3, here zi(p) ∈ Ti and y(p

i+1
) ∈ Ci+1.

We can also write zi(p) as z(p1, . . . , pi). Each point in Ti can be uniquely represented by a finite
word (p

1
, . . . , p

i
). Then define p := π(p) by

p =
⋂
i∈N

Bti

(
zi(p),

ε

2i−1

)
.

It is clear from our construction that we can uniquely represent every point in F in this way.
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Lemma 5.9 (Lemma 3.11 in [16]). Given z = z(p
1
, . . . , p

k
) ∈ Tk, for all i ∈ {1, 2, . . . , k} and

all l ∈ {1, 2, . . . , Ni}, we have

dmi

(
xipil
, f ti−1+si−1+(l−1)(si+mi)(z)

)
< 2ε.

We now define the measures on F that yield the required estimates for the pressure distribu-
tion principle. For each z ∈ Tk, we associate a number L(z) ∈ (0,+∞). Using these numbers as
weights, we define, for each k, an atomic measure centered on Tk. Precisely, if z = z(p

1
, . . . , p

k
),

then we define
L(z) := L(p

1
) · . . . · L(p

k
),

where if p
i
=
(
pi1, . . . , p

i
Ni

)
∈ {1, 2, . . . , ♯Si}Ni , then

L(p
i
) :=

Ni∏
l=1

exp
{
Smi log ϕ

(
g, xipil

)}
.

We define νk :=
∑
z∈Tk

L(z) · δz. We normalise νk to obtain a sequence of probability measures µk.

More precisely, we let µk := (1/κk) νk, where κk is the normalising constant given by

κk :=
∑
z∈Tk

L(z).

Lemma 5.10. (1) Suppose that ν is a limit measure of the sequence of probability measures
µk. Then ν(F ) = 1.

(2) F ⊆ Eequ
Φ×Ψ(C̃).

(3) For sufficiently large n, let Bn(q,
ε
2) be an arbitrary ball which intersects F . Then

lim sup
k→∞

µk(Bn(q,
ε

2
)) ≤ exp

{
−n
(
IC̃ − 2var(φ, 2ε)− 3γ

)
+

n−1∑
i=0

log ϕ(g, gi(x))

}
.

Proof. The proof of statement (1) is provided in Lemma 3.10 in [17] or Lemma 3.13 in [16].
We refer to Lemma 3.17 in [17] or Lemma 3.20 in [16] for the proof of (3). So it suffices to
prove (2). Let us choose a point p ∈ F . There exists p = (p

1
, p

2
, . . .) such that π(p) = p. Let

yk := y(p
k
) ∈ Ck and zk := zk(p) = z(p

1
, . . . , p

k
) ∈ Tk. We will prove p ∈ Eequ

Φ×Ψ(C̃), that is

A( 1nSn(Φ×Ψ)(p)) = C̃.

Part I. Our first step is to prove A( 1nSn(Φ × Ψ)(p)) ⊆ C̃. The next lemma provides the

upper bound of d
(

1
tk
Stk(Φ×Ψ)(p), αk

)
. Recall t1 = c1 and tk = tk−1 + sk + ck for each k > 1.

Lemma 5.11. Let γ > 0 be as above. Then for each sufficiently large k ∈ N, one has

d

(
1

tk
Stk(Φ×Ψ)(p), αk

)
≤ 4γ (∥Φ×Ψ∥+ 1) + 3γ2.

Proof. Let aj = (j − 1)(mk + sk) and yk = y(p
k
) = y(xki1 , . . . , x

k
iNk

) ∈ Ck, where xkij ∈ Sk for

j = 1, 2, . . . , Nk. It follows from dmk
(xkij , f

aj (yk)) <
ε
2k

and Lemma 5.5 (2) that

d

(
Sck(Φ×Ψ)(yk), ck

∫
Φ×Ψdµk

)
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= d

 Nk∑
j=1

Smk
(Φ×Ψ)(faj (yk)) +

Nk−1∑
j=1

Ssk(Φ×Ψ)(faj+mk(yk)), ck

∫
Φ×Ψdµk


≤ d

 Nk∑
j=1

Smk
(Φ×Ψ)(faj (yk)), ck

∫
Φ×Ψdµk

+ (Nk − 1)sk · ∥Φ×Ψ∥

≤ d

 Nk∑
j=1

Smk
(Φ×Ψ)(faj (yk)),

Nk∑
j=1

Smk
(Φ×Ψ)(xkij )


+ d

 Nk∑
j=1

Smk
(Φ×Ψ)(xkij ), ck

∫
Φ×Ψdµk

+ (Nk − 1)sk · ∥Φ×Ψ∥

≤
Nk∑
j=1

d
(
Smk

(Φ×Ψ)(faj (yk)), Smk
(Φ×Ψ)(xkij )

)

+

Nk∑
j=1

d

(
Smk

(Φ×Ψ)(xkij ), mk

∫
Φ×Ψdµk

)
+ 2sk(Nk − 1) · ∥Φ×Ψ∥

≤ mkNk

(
2var(Φ×Ψ,

ε

2k
) +

2

n(k)

)
+ 2sk(Nk − 1) · ∥Φ×Ψ∥

for some integer n(k) → ∞ if k → ∞. This implies that

d

(
1

ck
Sck(Φ×Ψ)(yk),

∫
Φ×Ψdµk

)
≤ mkNk

ck

(
2var(Φ×Ψ,

ε

2k
) +

2

n(k)

)
+
sk(Nk − 1)

ck
· 2∥Φ×Ψ∥.

Let p′ = f tk−ck(p) and z′k = f tk−ck(zk). Using dtk(p, zk) ≤ ε
2k−1 , one has

dck(p
′, yk) ≤ dck(p

′, z′k) + dck(z
′
k, yk)

≤ dtk(p, zk) +
ε

2k

≤ ε

2k−1
+

ε

2k

≤ ε

2k−2
.

Recall αk :=
∫
Φ×Ψdµk. Therefore

d

(
1

ck
Sck(Φ×Ψ)(p′), αk

)
≤ d

(
1

ck
Sck(Φ×Ψ)(p′),

1

ck
Sck(Φ×Ψ)(yk)

)
+ d

(
1

ck
Sck(Φ×Ψ)(yk), αk

)
≤ var(Φ×Ψ,

ε

2k−2
) +

mkNk

ck

(
2var(Φ×Ψ,

ε

2k
) +

2

n(k)

)
+
sk(Nk − 1)

ck
· 2∥Φ×Ψ∥.

From the assumptions of (5.3) and mk ≥ 2sk , we can verify that

lim
k→∞

ck
tk

= 1, lim
k→∞

mkNk

ck
= 1 and lim

k→∞

sk(Nk − 1)

ck
= 0.



1406 J. Wang

Thus for arbitrary γ > 0 and sufficiently large k, we have∣∣∣∣cktk − 1

∣∣∣∣ < γ,

∣∣∣∣mkNk

ck
− 1

∣∣∣∣ < γ,

∣∣∣∣sk(Nk − 1)

ck

∣∣∣∣ < γ,
2

n(k)
< γ

and var(Φ×Ψ, 2ε) < γ. Therefore

d

(
1

tk
Stk(Φ×Ψ)(p),

1

ck
Sck(Φ×Ψ)(p′)

)
= d

(
1

tk
Stk−ck(Φ×Ψ)(p) +

1

tk
Sck(Φ×Ψ)(p′),

1

ck
Sck(Φ×Ψ)(p′)

)
≤ d

(
1

tk
Stk−ck(Φ×Ψ)(p), 0

)
+ d

(
1

tk
Sck(Φ×Ψ)(p′),

1

ck
Sck(Φ×Ψ)(p′)

)
≤ tk − ck

tk
∥Φ×Ψ∥+

∣∣∣∣cktk − 1

∣∣∣∣ · ∥Φ×Ψ∥

≤ 2γ∥Φ×Ψ∥.

Hence

d

(
1

tk
Stk(Φ×Ψ)(p), αk

)
≤ d

(
1

tk
Stk(Φ×Ψ)(p),

1

ck
Sck(Φ×Ψ)(p′)

)
+ d

(
1

ck
Sck(Φ×Ψ)(p′), αk

)
≤ 4γ∥Φ×Ψ∥+ var(Φ×Ψ,

ε

2k−2
) + (1 + γ)

(
2var(Φ×Ψ,

ε

2k
) +

2

n(k)

)
≤ 4γ (∥Φ×Ψ∥+ 1) + 3γ2.

Then we finished the proof of Lemma 5.11.

To prove A( 1nSn(Φ × Ψ)(p)) ⊆ C̃, we must prove that d
(

1
nSn(Φ×Ψ)(p), C̃

)
→ 0. For

each large integer n, let k be the unique number which satisfies tk ≤ n < tk+1. Let j ∈
{0, 1, . . . , Nk+1 − 1} be the unique number so that

tk + (mk+1 + sk+1)j ≤ n < tk + (mk+1 + sk+1)(j + 1).

Then n = tk + (mk+1 + sk+1)j + q, where 0 ≤ q < mk+1 + sk+1. Let a = (mk+1 + sk+1)j. We
have

d

(
1

n
Sn(Φ×Ψ)(p), C̃

)
≤ d

(
1

n
Sn(Φ×Ψ)(p),

1

tk + a
Stk+a(Φ×Ψ)(p)

)
+ d

(
1

tk + a
Stk+a(Φ×Ψ)(p), αk+1

)
+ d(αk+1, C̃)

= d

(
1

n
Sn(Φ×Ψ)(p),

1

tk + a
Stk+a(Φ×Ψ)(p)

)
+ d

(
1

tk + a
Stk+a(Φ×Ψ)(p), αk+1

)
.

Lemma 5.12 is to estimate the upper bound of d
(

1
tk+aStk+a(Φ×Ψ)(p), αk+1

)
. And Lemma

5.13 is to estimate the upper bound of d
(

1
nSn(Φ×Ψ)(p), 1

tk+aStk+a(Φ×Ψ)(p)
)
.
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Lemma 5.12. For sufficiently large k ∈ N one has

d

(
1

tk + a
Stk+a(Φ×Ψ)(p), αk+1

)
≤ 5γ∥Φ×Ψ∥+ 9γ + 3γ2.

Proof. Since clearly

1

tk + a
Stk+a(Φ×Ψ)(p) =

tk
tk + a

1

tk
Stk(Φ×Ψ)(p) +

a

tk + a

1

a
Sa(Φ×Ψ)(f tk(p)),

then one has

d

(
1

tk + a
Stk+a(Φ×Ψ)(p), αk+1

)
= d

(
tk

tk + a

1

tk
Stk(Φ×Ψ)(p) +

a

tk + a

1

a
Sa(Φ×Ψ)(f tk(p)),

tk
tk + a

αk+1 +
a

tk + a
αk+1

)
≤ d

(
tk

tk + a

1

tk
Stk(Φ×Ψ)(p) +

a

tk + a

1

a
Sa(Φ×Ψ)(f tk(p)),

tk
tk + a

αk +
a

tk + a
αk+1

)
+ d

(
tk

tk + a
αk +

a

tk + a
αk+1,

tk
tk + a

αk+1 +
a

tk + a
αk+1

)
≤ tk
tk + a

d

(
1

tk
Stk(Φ×Ψ)(p), αk

)
+

a

tk + a
d

(
1

a
Sa(Φ×Ψ)(f tk(p)), αk+1

)
+

tk
tk + a

d(αk, αk+1)

≤ d

(
1

tk
Stk(Φ×Ψ)(p), αk

)
+ d

(
1

a
Sa(Φ×Ψ)(f tk(p)), αk+1

)
+ d (αk, αk+1) .

Note that

1

a
Sa(Φ×Ψ)(f tk(p))

=
1

a

j∑
l=1

Ssk+1
(Φ×Ψ)(f tk+(sk+1+mk+1)(l−1)(p))

+
1

a

j∑
l=1

Smk+1
(Φ×Ψ)(f tk+sk+1+(sk+1+mk+1)(l−1)(p))

=
1

a

j∑
l=1

Ssk+1
(Φ×Ψ)(f tk+(sk+1+mk+1)(l−1)(p))

+
1

j

j∑
l=1

jmk+1

a

1

mk+1
Smk+1

(Φ×Ψ)(f tk+sk+1+(sk+1+mk+1)(l−1)(p))

and

αk+1 =
1

j
αk+1 +

1

j
αk+1 + . . .+

1

j
αk+1︸ ︷︷ ︸

j

.
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Thus

d

(
1

a
Sa(Φ×Ψ)(f tk(p)), αk+1

)
≤ 1

a

j∑
l=1

sk+1 · d
(

1

sk+1
Ssk+1

(Φ×Ψ)(f tk+(sk+1+mk+1)(l−1)(p)), 0

)

+
1

j

j∑
l=1

d

(
jmk+1

a

1

mk+1
Smk+1

(Φ×Ψ)(f tk+(sk+1+mk+1)(l−1)+sk+1(p)), αk+1

)
.

Combining with αk+1 =
jmk+1

a αk+1 +
jsk+1

a αk+1, Lemma 5.9 and Lemma 5.5, one has

d

(
1

a
Sa(Φ×Ψ)(f tk(p)), αk+1

)
≤ 2

jsk+1

a
∥Φ×Ψ∥+ 1

j

j∑
l=1

d

(
1

mk+1
Smk+1

(Φ×Ψ)(f tk+(sk+1+mk+1)(l−1)(p)), αk+1

)
≤ 2

jsk+1

a
∥Φ×Ψ∥+ 3var(Φ×Ψ, 2ε) +

2

n(k)

for some integer n(k) → ∞ if k → ∞. Since lim
k→∞

2jsk+1

a = 0, then for sufficiently large k∣∣∣∣2jsk+1

a

∣∣∣∣ < γ and 0 <
2

n(k)
< γ.

This, together with var(Φ×Ψ, 2ε) < γ and Lemma 5.11, shows

d

(
1

tk + a
Stk+a(Φ×Ψ)(p), αk+1

)
≤ 5γ∥Φ×Ψ∥+ 9γ + 3γ2.

Thus, the desired result follows.

Lemma 5.13. For sufficiently large n ∈ N one has

d

(
1

n
Sn(Φ×Ψ)(p),

1

tk + a
Stk+a(Φ×Ψ)(p)

)
≤ γ∥Φ×Ψ∥.

Proof. Since

d

(
1

n+ 1
Sn+1(Φ×Ψ)(p),

1

n
Sn(Φ×Ψ)(p)

)
= d

(
1

n+ 1
Sn(Φ×Ψ)(p) +

1

n+ 1
(Φ×Ψ)(gn(p)),

1

n
Sn(Φ×Ψ)(p)

)
≤ d

(
1

n+ 1
Sn(Φ×Ψ)(p),

1

n
Sn(Φ×Ψ)(p)

)
+

1

n+ 1
∥Φ×Ψ∥

≤
n−1∑
l=0

1

n
d

(
n

n+ 1
(Φ×Ψ)(gl(p)), (Φ×Ψ)(gl(p))

)
+

1

n+ 1
∥Φ×Ψ∥

≤ 2

n+ 1
∥Φ×Ψ∥,
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then

d

(
1

n
Sn(Φ×Ψ)(p),

1

tk + a
Stk+a(Φ×Ψ)(p)

)
≤ d

(
1

n
Sn(Φ×Ψ)(p),

1

n− 1
Sn−1(Φ×Ψ)(p)

)
+ d

(
1

n− 1
Sn−1(Φ×Ψ)(p),

1

n− 2
Sn−2(Φ×Ψ)(p)

)
+ . . .

+ d

(
1

tk + a+ 1
Stk+a+1(Φ×Ψ)(p),

1

tk + a
Stk+a(Φ×Ψ)(p)

)
≤ 2

n
∥Φ×Ψ∥+ 2

n− 1
∥Φ×Ψ∥+ . . .+

2

tk + a+ 1
∥Φ×Ψ∥

≤ n− tk − a

tk + a
2∥Φ×Ψ∥

≤ mk+1 + sk+1

tk + a
· 2∥Φ×Ψ∥.

Combining with lim
k→∞

mk+1+sk+1

tk+a = lim
k→∞

mk+1+sk+1

Nk
= 0, then for sufficiently large k ∈ N one has

d

(
1

n
Sn(Φ×Ψ)(p),

1

tk + a
Stk+a(Φ×Ψ)(p)

)
≤ γ∥Φ×Ψ∥.

Thus Lemma 5.13 follows.

Letting n→ ∞, k → ∞. It follows from Lemma 5.12 and Lemma 5.13 that

d

(
1

n
Sn(Φ×Ψ)(p), C̃

)
≤ 6γ∥Φ×Ψ∥+ 9γ + 3γ2

for sufficiently large n. Since γ is arbitrary,

lim
n→∞

d

(
1

n
Sn(Φ×Ψ)(p), C̃

)
= 0.

Therefore we obtain A( 1nSn(Φ×Ψ)(p)) ⊆ C̃.

Step II. We will prove C̃ ⊆ A
(
1
nSn(Φ×Ψ)(p)

)
. Let α̃ ∈ C̃. Fix n ∈ N large enough.

Since α̃ ∈ C̃ ⊆
Mn⋃
k=1

B
(
αn,k,

1
n

)
, there exists an integer qn such that α̃ ∈ B(αn,qn ,

1
n). Now let

k =M1 +M2 + . . .+Mn−1 + qn. It follows immediately from Lemma 5.11 that

d

(
1

tk
Stk(Φ×Ψ)(p), αk

)
≤ 4γ∥Φ×Ψ∥+ 4γ + 3γ2,

whence

d

(
1

tk
Stk(Φ×Ψ)(p), α̃

)
≤ d

(
1

tk
Stk(Φ×Ψ)(p), αk

)
+ d(αk, α̃)

≤ 4γ∥Φ×Ψ∥+ 4γ + 3γ2 +
1

n
.
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Letting n → ∞, k → ∞. Thus if γ → 0 then 1
tk
Stk(Φ × Ψ)(p) → α̃. This shows that

α̃ ∈ A
(
1
nSn(Φ×Ψ)(p)

)
. Then we complete the proof of Lemma 5.10.

Applying Proposition 3.2, we have P (F,φ) ≥ IC̃−2var(φ, 2ε)−3γ. Recall that ε was chosen
sufficiently small, so that var(φ, 2ε) < γ. It follows that

P (Eequ
Φ×Ψ(C̃), φ) ≥ P (F,φ) ≥ IC̃ − 5γ.

Since γ was arbitrary, the proof of Proposition 5.1 is complete.

5.2. Proof of Theorem 2.4

We first examine the proof regarding lower bounds. Theorem B in [4] told us that
dimH Eequ

Q◦(Φ×Ψ)(C) = s∗, where s∗ is the unique root of the equation

P
(
Eequ

Q◦(Φ×Ψ)(C),−s log ϕ
)
= 0.

Combining with Theorem 2.3 that

inf
α∈C

sup

{
hg(µ)− s∗

∫
log ϕ(g, x)dµ(x) : µ ∈ Mg(J) and P(µ) = α

}
= 0.

For each ε > 0, there is some α0 ∈ C such that

sup

{
hg(µ)− s∗

∫
log ϕ(g, x)dµ(x) : µ ∈ Mg(J) and P(µ) = α0

}
≤ ε.

This implies that for each µ ∈ Mg(J) with P(µ) = α0,

hg(µ)− s∗

∫
log ϕdµ ≤ ε.

Thus

s∗ ≥
hg(µ)− ε∫
log ϕdµ

for each µ ∈ Mg(J) with P(µ) = α0. Therefore

s∗ ≥ sup

{
hg(µ)− ε∫
log ϕdµ

: µ ∈ Mg and P(µ) = α0

}
≥ inf

α∈C
sup

{
hg(µ)− ε∫
log ϕdµ

: µ ∈ Mg and P(µ) = α

}
.

Since ε > 0 is arbitrary, then

s∗ ≥ inf
α∈C

sup

{
hg(µ)∫
log ϕdµ

: µ ∈ Mg and P(µ) = α

}
.

We now proceed to prove the upper bound. It follows from Theorem 2.3 that

inf
α∈C

sup

{
hg(µ)− s∗

∫
log ϕ(g, x)dµ(x) : µ ∈ Mg(J) and P(µ) = α

}
= 0.
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For each α ∈ C one has

sup

{
hg(µ)− s∗

∫
log ϕ(g, x)dµ(x) : µ ∈ Mg(J) and P(µ) = α

}
≥ 0.

This implies that there exists µ∗ ∈ Mg(J) with P(µ∗) = α, and

hg(µ∗)− s∗

∫
log ϕdµ∗ ≥ 0.

Thus

s∗ ≤
hg(µ∗)∫
log ϕdµ∗

for some µ∗ ∈ Mg(J) with P(µ∗) = α. Therefore

s∗ ≤ sup

{
hg(µ)∫
log ϕdµ

: µ ∈ Mg and P(µ) = α

}
for each α ∈ C. This yields that

s∗ ≤ inf
α∈C

sup

{
hg(µ)∫
log ϕdµ

: µ ∈ Mg and P(µ) = α

}
.

It completes the proof of Theorem 2.4.
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