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HIGHER-DIMENSIONAL MULTIFRACTAL ANALYSIS ON C!
NON-CONFORMAL REPELLERS*

Juan Wang!f

Abstract Let .J be a repeller of an expanding and topologically mixing C'-map g, and
O = (¢1,...,0q) : J = REL U = (¢1,...,94) : J = (RT)? be continuous functions.
For a given compact (and possibly connected) subset C, we denote by Egoaxw)(C) and

qu:(q)X\P)(C) the two distinct level sets defined in (1.2) and (1.3), respectively. In this

paper, we investigate the complexity of Egoaxw)(C) and Eg?(q)w)(c*). For average con-

formal repellers, we study the generalized topological pressure and the Hausdorff dimension

of Ego(aoxw)(C). For non-conformal repellers, we analyze Efgqou@x\p)(C) via the topological

pressure. Consequently, applying the result to the average conformal case yields a variational
equ

principle for the Hausdorff dimension of EQO(@X‘I,)(C).
Keywords Dimension theory, multifractal analysis, pressure, non-conformal repeller.

MSC(2010) Primary: 37045, 37D35.

1. Introduction

The present paper is motivated by [4,6] and [16,17]. Let g : M — M be a C'-map of an
so-dimension smooth Riemannian manifold M. We consider a compact invariant set J C M,
that is, a compact set J C M such that g(J) = J. We say that J is a repeller of g and that g is
expanding on J if there exists C > 1 such that ||D,g(u)| > Ci||u|| for all z € J and v € T, M,
where || - || is the norm induced by an adapted Riemannian metric. We call that g is topologically
mixing on J if given open sets U and W with nonempty intersection with J there exists mg € N
such that

FU)NWNJ#o

for every n > my.
A finite closed cover #Z = {Ry, R1,...,Ryn—1} of J is called a Markov partition of J (with
respect to g) if:

(i) intR; = R; for each i =0,...,m — 1;
(ii) intR; NintR; = @ for i # j; and

m—1

(iii) each g(R;) is the union of a subfamily of {R;}7"".
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It is well known that any repeller J of a continuously differentiable expanding map g has Markov
partition of arbitrary small diameter [14].

Let Mg(J) be the set of all g-invariant Borel probability measures concentrated on J, and
&,(J) be the set of all ergodic invariant measures supported on J. Let ® = (¢1,...,¢q) : J — R?
and ¥ = (¥1,...,%q) : J — (RT)? be continuous functions. Let

OxU:J =R (RN (D xU)(2) = (d1(),...,pa(x), Y1 (), ..., %a(x))

and

a a
Q:RYx (RN S RY, Qay,...,aq,b1,...,bg) == (bibﬁ (1.1)

be continuous maps such that @ o (¢ x V) is well defined. For any x,y € J, denote

o) _ <¢1<x> @(m))
W) T\ @) a())
(@ x W)(x) + (@ x W)(y) = ((z) + D(y)) x (¥(x) +U(y).

and

J ®dp <f¢1du J dap )
JYap N\ [ondp’ 7 [tpadp)

We define a function P : M, (J) — R? by

_ [ ®dp
- vd

Since My(J) is compact and connected, and P is continuous, the image P(M,(J)) is also
compact and connected (see Chapter 10 in [3]).

Let X be any metric space and A(zy) be the set of accumulation points of the sequence
(zn)n in X, ie.,

P ()

A(zy) = {z € X| there exists a subsequence (x, )i such that z,, — x}.

If C is a compact subset of R?, define

n—1
Ego@xw)(C):=qzeJ: AlQo Z(‘I’ x ) (¢’ (x)) | €C (1.2)
§=0
and
n—1 '
Egawn(C)=qze: AlQo d(@xV)(g(x) | =Cy, (1.3)
j=0
where
n—1
o-Socomri - (3281 3588).

J=0



1376 J. Wang

and S,0 =+ pog+...+ ¢og" ! for any continuous function ¢ : J — R.

In recent decades, many experts and scholars have investigated the complexity of level sets
Ego(oxw)(C) and EE;:(@X\I/)(C) for various dynamical systems, in terms of quantities such as
topological pressure, entropy, and dimensions. Zhou and Chen [22] studied the dynamical sys-
tems satisfying the g-almost product property and the uniform separation property. They es-
tablished a variational principle for the topological pressure of the level set quozzi,x‘l,)(C) with
the assumption that ¥ = (1,1,...,1) and C is compact and connected. If ¥ # (1,1,...,1)
and C is closed and convex, they obtained a variational principle for the topological pressure of
the level set Egoaxw)(C). They also derived the Hausdorff dimension of Ego@xw)(C) in some
C*7 iterated function systems as an application. Yin etc. [20] investigated the lower bound
and the upper bound of the topological pressure of the sets Ego@xw)(C) (here C' is an open
set), in a topological dynamical system satisfying the non-uniform specification. Furthermore
if the collection of all recurrent points has the shadowing property, then the upper bound of
the topological pressure of EQO@X\I,)(C) attains equality. Moreover, their results held for the
robust classes of multidimensional non-uniformly expanding local diffeomorphisms and Viana
maps.

Olsen and Winter [13] studied a graph directed conformal iterated function system (IFS).
In the case of ¥ = (1,1,...,1) and C is compact and connected, they computed a variational

principle for the Hausdorff dimension of E;qou(q)x\y)(C). If ¥ #(1,1,...,1) and C = {a}, they

also proved a variational principle for the Hausdorff dimension of Eéqou((bx‘lj)(a). In [2], Bardny
etc investigated self-affine IFSs on the plane satisfying the strong open set condition and the
set of corresponding matrices is strongly irreducible such that the generated subgroup of the
normalized matrices is not relatively compact. They computed the Hausdorff dimension of

Eg]o‘zq)x\p) (a) for ¥ = (1,1,...,1). The authors [19] extended their result to ¥ # 1. Moreover,
the conditional variational principle of the Hausdorff dimension of EZ%‘(@X\I})

nonlinear skew-product perturbations of general Sierpinski carpets in [19].

(a) is given for

Motivated by the study of the multifractal formalism of Birkhoff averages, the level set of the
Lyapunov exponents of certain special non-additive potentials on full shifts have been studied.
Mohammadpour obtained the entropy spectrum of the level sets for Lyapunov exponents for
generic matrix cocycles in the special case of locally constant linear cocycles [9,10]. However,
the derivative cocycles are rarely locally constant for smooth dynamics. Mohammadpour and
Varandas [11] developed the topological entropy of the level sets of Lyapunov exponents for
typical fiber-bunched linear cocycles recently. Furthermore, they obtained a multifractal for-
malism for open sets of C'*" repellers and Anosov diffeomorphisms, which is an application
to dynamically defined linear cocycles. We also refer the reader to [5,7,15] for a detailed de-
scription of the recent progress in entropy spectrum of hyperbolic and nonuniformly hyperbolic
dynamical systems. Is it possible to prove the dimension spectra of Birkhoff averages for typical
fiber-bunched linear cocycles?

By the Oseledec multiplicative ergodic theorem, for any p € £,4(.J), we can define Lyapunov
exponents Aj(u) < Aa(p) < ... < Ag(p). In [1], the authors introduced a concept of C*
average conformal repellers which possesses only one positive Lyapunov exponent for any ergodic
measure. That is a compact expanding invariant set J is called an average conformal repeller if
for any p € &(J), AMi(p) = Aa(p) = ... = Ay (). There are average conformal repellers which
are not conformal repellers (see an example in [21]). Cao [4] considered asymptotically additive
continuous potentials {¢,} and {1} (d = 1) on C'-average conformal repellers and proved the
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{revia(fg) e}

His result has given an affirmative answer to the problem posed by Olsen [12].

dimension spectrum of the sets

The first part of our main results is to study the complexity of Ego@xw)(C) on C Laverage
conformal repellers (.J, g) for a compact subset C, which may not be convex. Based on Feng,
Lau and Wu’s work [6], we define the generalized topological pressure P*O(q)x‘ll)(C, -) of C' with
respect to ® and ¥ > 0 (see (2.1)). We investigate the variational principle for the generalized
topological pressure. As an application, we prove the conditional variational principle for the
dimension spectra of Ego@xw)(C). These results extend the case of C'*7-conformal repellers
where C' = {a} and ¥ = 1.

The second part of our main results is to study the topological pressure of ng( @X\I,)(C) on

C'! non-conformal repellers (.J, g) for a compact and connected subset C. We use Thompson’s
method in [16,17] to obtain the lower bound, which is the crucial part of the proof. The
upper bound can be obtained from Theorem 3.1 (2) in [22]. Moreover, if J is an average
conformal repeller, then we derived a conditional variational principle for the dimension spectra
of Eg]:( ) (C). These results give a substantial extension of the well-known case that C' = {a}
and ¥ = 1.

We arrange the paper as follows. We formulate the main results in Section 2. Section 3
consists of some related definitions and properties. The proofs of Theorem 2.1 and Theorem 2.2

will appear in Section 4. The proofs of Theorem 2.3 and Theorem 2.4 will appear in Section 5.

2. Main results

This section provides the statements of our main results in this paper.

2.1. The generalized topological pressure and the Hausdorff dimension of the
level set Egoxw)(C)

First of all we define the generalized topological pressure Péo@xw)(C’, -) of C' with respect to
the continuous potentials ® and ¥ > 0.

The dynamic system (J, g) induces a subshift space of finite type (¥4, 0), where A = (a;;) is
the transfer matriz of the Markov partition, namely, a;; = 1 if int R;Ng~!(intR;) # @ and a;; = 0
otherwise. M,(¥4) denotes the set of all o-invariant probability measures on ¥ 4. The matrix
A is primitive, i.e., there is a positive integer M so that AM > 0. For n > 1, Y A,n denotes the set
of finite sequence w = igiq . ..4,_1 such that Qi =1 for all 0 < j < n — 2. These sequences
w are called words. The length of the word is denoted by |w|. For w = (igi1 ...in—1) € Xan, the
n-cylinder [w] is defined by {j € ¥4 : jo =140,J1 = i1, ., Jn—1 = in—1}. It is clear that there is
one-to-one correspondence between X 4, and the set of n-cylinder. This gives the coding map
7w : %4 — J such that

m(w)= (g "(Ri,), Yw=(igi1...)
n>0
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and the following diagram

Y4 —2— %a
wl lw
J 2
commutes. For each w = (ipi1...9,—1) € X4, define

Ryi=RiyNg "(Riy)N...0g V(R ),

which is called a basic set.
If C C R? is compact, for any s € R, any positive integer n and any € > 0, set

n—1
Foooxw)(Cin,€) i= {[w] :wE Mg, andd (Q o Z(CI) x U)(g'(x)), C) <e€

=0

for some x € Rw}.

and

fQo(<I>><\I/)(C7 s;m,€) 1= Z (diamR,,)®.
[w}GFQO(éx\P) (Cinye)

Then we define )
BQO(CPX\P) (07 8) := lim lim inf g IOg fQO(‘I’X‘l/) (Cv s;n, 8)

e—0 n—oo
and

- - 1
PQ0(<I>><\I/) (Cv 3) = il_I}l lim sup — IOg fQo(q)X‘Il) (Ca s n, E)‘

n—oo T

If Pooaxw)(C,5) = Pgo(@xw)(C, 8), put

PE?O(‘I)X\I/) (C,s) = BQO(@X\IJ) (C,s) = PQO(@X\I’)(C7 s), (2.1)

which is called the generalized topological pressure of C with respect to ® and V. Our first main
result is a variational principle for Péo(@x\ll)(c’ s) as follows.

Theorem 2.1. Let g : J — J be expanding, C'-average conformal and topological mizing.
Assume that ® = (¢1,¢2,...,0q) © J = R and ¥ = (P1,99,...,%q) : J — (RY)? are
continuous functions, and C is a compact subset of P(Mgy(J)). Then

Poo@xw)(C,s) = sup {hg(u) - S/log o(g,x)dp : € Mg(J) and P(p) € C} ;
where §(g, ) = |det(Dag) |

As an application of Theorem 2.1, we establish a conditional variational principle for the
dimension spectra of Ego@xw)(C)-
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Theorem 2.2. Let g : J — J be an expanding, C'-average conformal and topological mizing
map. Assume that ® = (¢1,¢2,...,¢0q) : J — R and U = (P1,4s,...,90q) : J — (RT)? are
continuous functions, and C is a compact subset of P(Mgy(J)). Then

[ log Qb}z!;(,/;))du(x) t € My(J) and P(p) € 0}7

dimp Egoaxw)(C) = sup {

1
where ¢(g, x) = |det(Dzg)| .
Remark 2.1. Assume ¢; =1 for i =1,2,...,d. Then one has

hg (1)
Jlog é(g, x)du(x)

dimp Fe(C) :sup{ D€ My(J) and /@duEC},

where Eg(C) := {w eJ: A (; nz:; q)(gj(m))> C C’}.
j=

2.2. The topological pressure and the Hausdorff dimension of the level set
EZ ().

Qo(dx )

Our third main result is a variation principle for the topological pressure (see the definition in

section 3.3) of the subset Equozzqu\p)(C)’ which is f-invariant but not compact.

Theorem 2.3. Let g : J — J be an expanding and topological mizing C'-map. Assume that
D= (p1,h2,...,0q): J =R, U = (ahy,1ha,...,0q): J—= RN and p: J — R are continuous
functions. Let C be a compact and connected subset of P(Mgy(J)). Then

P (qu(;@w)((}'), gp)

= 1r€1fc sup {hg(u) + /apdu t € Mg(J) and P(p) = a} .
Applying Theorem 2.3 to C'-average conformal repellers, we establish a conditional varia-

tional principle for the dimension spectra of quou(q)w)(C) as follows.

Theorem 2.4. Let g : J — J be an expanding, C'-average conformal and topological mizing
map. Assume that ® = (¢1,¢,...,¢0q) : J — R and U = (P1,4,...,¢0q) : J — (RT)? are
continuous functions. Let C' be a compact and connected subset of P(Mgy(J)). Then

dimpg BG4 ()
hg(#)

= inf Sup{flogqﬁ(g,ﬂ?)dﬂ(x)

acC

t € My(J) and P(p) = a} :
where ¢(g,) = |det(Dg)| .

3. Preliminaries

In this section, we will recall some related definitions and propositions which are used in the
proofs of the main results.
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3.1. Dimension

First we recall the definitions of the Hausdorff dimension and the lower box dimension. For
more introduction, one can refer to [3].

Let X be a compact Riemannian manifold with a Riemannian metric. Given a subset Z of
X, for s > 0 and § > 0, define

'Hg(Z) = inf {Z(diam UZ‘)S A UUi, diam U; < (5}

7

where diam U denotes the diameter of a subset U. The following quantity

H(Z) = lim H3(2)

—0

is called the s-dimensional Hausdorff measure of Z. It is easy to show that there is a jump-up
value

dimy Z :=inf{s: H*(Z) =0} = sup{s: H*(Z) = oo},
which is called the Hausdorff dimension of Z. The lower box dimension of Z is defined by

loge N(Z
dimzZ = lim inf V4 E) (Z.¢)
e—0 —loge

where N(Z,¢) denotes the least number of balls of radius ¢ that are needed to cover the set Z.
It is easy to show that dimy Z < dimpZ.
Given a Borel probability measure p on X, the Hausdorff dimension of the measure p is
defined as
dimpg p = inf{dimg Y : Y C X, pu(Y)=1}.

One can also show that

dimg p = lim inf {dimy Z : u(Z) > 1 - 6}.
6—0
See [3] for more details.

3.2. Property of the basic sets {R,}

1
Recall ¢(g,z) = |det(Dyg)[*0. By Theorem 4.2 in [1], for any ¢ > 0 there exists a positive

integer Ny such that if n > Ny and every x € J, then

n—1 i n—1 i
1 S Hi:(] (979 ('T)) S ens and 6—17,5 S Hi:() (g’g ((E)) S 1, (31)
m(Dgg™) [ Dzg™ |
where D D
mn(Dyg) = it P9 g p g = g 1200001
0#ueT,J  |jull weTns vl

Fixed any positive integer N7 > N large enough, for the above ¢ > 0 there is some §; > 0 such
that for every x,y € M with d(x,y) < 41,

. N .
o Nie < HngfH < eVie

< < e~Me < M9 ) Nie (3.2)
[ Dyg™ ||

) =
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and

< €°. (3.3)

Then we have the following proposition.

Proposition 3.1. For any integer n > 0, the interiors of dislfinct Ry, w = (igi1 .. .1p) €~EA7n+1
are disjoint. And for any € > 0 there is a positive integer N1 such that for each n > Ny large
enough (Here Ny is as in (5.2).), { Ry }wes .., satisfies the following properties.

(i) Each R, contains a ball of diameter r,, and is contained in a ball of diameter T.,.

(ii) There exists K(n,e) > 0 with lim lim % = 0 such that
e—0n—oo0
n—1 ) 1 n—1 ' 1
K ne)[[¢(9.4) <r, <Tw<K(ne) [[ (g4 ) (3.4)
=0 =0

for every x € Ry,.

Proof. For any ¢ > 0, any n > 1\71, each w = (igiy...i,) € Y Ant+1 and every x,y € Ry, by
(3.3) we obtain

(3.5)

’qb(g”,w) (g, (w))‘
o(9",y) o(9,9'(v))

Set h = (¢g"|g, )" !. For each z,y € Ry, it follows from (3.1), (3.2) and (3.5) that there exists a
constant K7 > 0,

d(z,y) > d(g" (), 9" (y)) - m(Dzh) (for some Z € R;,)
=d(g"(x), 9" (y)) - m((Dpzh "))
=d(¢"(x),9"(y)) - m((D- ) ") (here z = h(Z) € Ru)
=d(¢"(2),9"(y)) - | D=g" || !

> Kie ¥ - d(g"(x), 9" (y)) - H ¢(g,9'(x)) ™"

This yields that there exists r,, > 0 such that R,, contains a ball of diameter r,,. On the other
hand similarly there also exists some constant K9 > 1 such that

diamR,, = sup d(zx,y)

z,YERy,

< sup d(¢"(z),g"(y))- sup || Dzh|
z,y€ Ry gERin

= sup d(g"(x),g" () sup |[[(Duzxh™ ")
z,y€E Ry ZER;,

= sup d(g"(z),g"(y)) - sup ||(D.g") ||
z,y€ Ry 2E€Rw

= sup d(¢"(z),9"(y)) sup m(D.g")""
z,yE Ry 2ERy,

n—1 ‘
< Kpe®™ - diam 2 - [ [ ¢(g,9'(x)) " (3.6)

1=0
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for every z € R,,. This implies that there exists 7,, > 0 such that R, contains in a ball of
diameter 7,,. Moreover there is some K > 1 such that

n—1 n—1
Kt I g, 9'2) ™" < vy < T < K- [] d(g.9'2) 7"
=0 =0

for every x € R, with n > Nj. Taking K(n,e) = K - "¢, then we complete the proofs of
Statements (i) and (ii). O
3.3. Topological pressure

Let (M, d) be a compact metric space and consider a map g : M — M. Now fix a potential
function ¢ : M — R. Given Z C M, § > 0 and N € N, let P(Z, N,d) be the collection of
countable sets {(z;,n;) € Z x {N,N +1,...}} such that Z C J, By, (2s,6), where

By, (zi,¢) == {y € M : d(¢’ (%), ¢’ (y)) < e forall j =0,1,...,m; — 1}.
For each s € R, consider the set functions
mP(sza@a N7 5) = inf eXp <_ni8 + sup Snzgo(xl)) )
CeP(Z,N,5) (mi%;ec x€Bn, (z,0)
Z 6)= 1 Z N,9).
mp(Z,8,¢,0) = lim my(Z,s,¢,N,0)

This function is non-increasing in s, and takes values co and 0 at all but at most one value of s.
Denoting the critical value of s by

P(Z,,0) = inf{s € Rlm,(Z, s, p,d) = 0}
= sup{s € R|my(Z, s, p,d) = oo}.

The topological pressure of ¢ on Z is P(Z,p) := %in% P(Z,¢,9).
—
It is obvious that the following hold:

(1) P(Z1,¢) < P(Z2,¢) for any Z1 C Z C M;
(2) P(Z,¢) =sup P(Z;, ), where Z =) Z; C M.
i i

3.4. The generalized pressure distribution principle

Let (M, d) be a compact metric space and let g : M — M be a continuous transformation.
Given € > 0, n € N and a point x € M, define a new metric as follows:

dp(z,y) == max{d(fi(ac),fi(y)) 1i=0,1,...,n—1}.

Let Z C M. We say that a set S C Z is an (n,€) spanning set for Z if, for every z € Z, there
exists z € S with d,(z,2) < . We say that a set S C Z is an (n,e) separated set for Z if,
for every z,y € S, we have d,,(z,y) > . See [18] for the basic properties of spanning sets and
separated sets.

The proof of the lower bound in Theorem 2.3 requires the following proposition. For details
we refer the reader to [17] and [8].
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Proposition 3.2. Let g : M — M be a continuous transformation and ¢ : M — R be a
continuous function. Let FF C M be an arbitrary Borel set. Suppose there exists € > 0 and s > 0
such that one can find a sequence of Borel probability measures py, a constant K > 0 and an
integer N satisfying

n—1
lim sup (B (x,€)) < K exp {—ns + Z (p(gz(l‘))}

k—o0 i—0

for every ball By (z,¢) such that By(xz,e)NF # 0 and n > N. Furthermore, assume that at least
one limit measure v of the sequence py satisfies v(F) > 0. Then P(F,p,e) > s.

3.5. The specification property

A continuous map g : M — M satisfies the specification property if, for all € > 0, there exists an
integer m(e) such that, for any collection {I; = [a;,b;] CN:j=1,2,...,k} of finite intervals
with aj41 —b; > m(e) for j =1,2,...,k — 1 and any x1,x2,..., 2} in M, there exists a point
x € M such that

d(fPt% (z), fP(x;)) <e forall p=0,1,...,b; —a; andevery j=1,2,... k.

4. Proofs of Theorem 2.1 and Theorem 2.2

In this section, we have proved Theorems 2.1 and Theorem 2.2 respectively.

4.1. Proof of Theorem 2.1

For a compact subset C C R? x (R1)?, any positive integer n, any € > 0 and any s € R, set

1
(® x ¥)(¢/(x)),C | < e for some z € Ry,

n

Foxy (é;n,s) =1 [w:weXy, and d

S|
<.
Il
o

and

Joxw <C~'7 s; 7%8) = > (diamR,,)°.

[W]EFp < w(Cin.e)

Then we define

A 1 .
Pyyy(C,5) = lim liminf = log faxv (C,s;n,e)

e—0 n—oo N

and

_ s 1 s
Py (C,s) := lim limsup — log foxw (C, s;m, E) )

e—0 n—soco N
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4.1.1. Lower bound on Pg,4xw)(C, )

The proof of the lower bound was inspired by [6]. Let P : M,(J) — R x (R*)?,

P(u) = </ @d,u,/‘l’d/t).

Then QP(M, (1)) = P(My()). Taking Co = (Qlp(ry, ) (O)- Since €' C PMy(7) s

compact, then Cy is compact and Q(C’g) = (. Combined with the continuity of @), one has for
any € > 0 there exists é > 0 such that

F@x\l/(éo§n75) - FQO(<1>X\11)(C; n,€).

Therefore ~

Poo@xw)(C,8) > Pgyy(Co, ). (4.1)
Lemma 4.1. For each s € R and any n > 0, there is € > 0 such that for each compact subset
E c R* with D(E, Cy) < 5, then

Py y(E,5) < Pgyy(Co,s) + 1.
(Here the metric D is the Hausdorff metric.)
Proof. For any n > 0 there is € > 0 such that

i inf log foxw(Co, s;m,€)
n—oo n

< Bcbxqf(éoa s) + .

Let E C R bhe compact with D(C’O,E) < g If F<1>Xq,(E; n,5) = 0, then Fpyy (E; n, %) C

Foxy (C’o;n,s) is trivial. If Fq,xq,(E; n, 5) # 0, then for each [w] € Fq)Xq,(E; n, 5) there exists
r € Ry, such that

n—1

d (; S(@ x W) (g'()), E) <t
=0

Hence

n—1 n—1
d (iZ@ < W) (g’ (@), c%) <d (iz@ X W) (g (2). E) +D(E, Cy) <

=0 =0

and [w] € Fpxw (C’O;n,s) . This implies that Fpyxy (E; n, %) C Foxw (C’o;n, 6) . Thus

~ 6 ~
foxw <E,S;n, g) < foxw (00,5;7%5> :
Therefore

~ e
lOg quX\IJ(Ev sin, g)

Poyy(E, s) <liminf

n—00 n

. . .lo Co, 811, ¢
< limin g foxw(Co, 531, ¢)

n—00 n

< Py (Co, ) +1.
This completes the proof of Lemma 4.1. O



Multifractal analysis on C* repellers 1385

Lemma 4.2.
£¢XW(0078)
Zsup{hg(u) —s/log¢(g,m)du: pe Mg(J) and (/@d,u /\I/du> € Co}

=sup{hg(u) —S/logsb(g,w)dﬂi 1€ Mg(J) and P(p) € C}
)

Proof Let p be any g-invariant measure on J with (f Ody, [Wdp) € Cy. Proposition 2.6
n [6] told us that there exists v € M,(X4) such that

p=von !and h,(v) = hy(u).
Let us assume at first that v is ergodic. Fixed € > 0 and for any n € N, let
F, (Q F@x@(éo;na€))

be the collection of all the n-cylinders [w] in ¥4 such that there exists y € R,, satisfying

n—1
d (iZ@ < 0) (5'(9)) éo> <e 4.2

i=0
and

<e. (4.3)

‘iilom(g,gi(y)) —/logqb(g’w)du(w)
=0

Claim 4.1. The sequence {F,} satisfies lim inf % > hg(p).
n—oo

Proof. Let
Ej = J{lw]: [w] € F}}.

It follows from (4.2), (4.3) and the Birkhoff ergodic theorem that

UNE|=1

n>0j>n

Hence there exists an integer N such that v ( N E]-> > 0, which implies that
i>N

he (v)

logm’

dimp ﬂ E; | > dimy ﬂ E; | > dimgv >
Jj>N Jj>N

where m is the cardinality of the Markov partition &%. And by the definition of the lower-box
dimension,

lim inf log £F

n— oo n

> (logm) - dimp | () Ej | = ho(v) = he(n)
Jj=N
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and the claim follows. O
By (3.4) and (4.3), it is easy to see that for n large enough and any [w] € F},, we can choose
some y € Ry, such that

1
‘nlogdiame —l—/logqﬁ(g,x)du(:n)

n—1 n—1
1 ) 1 1 i
< | logdiamR,, + — > “log é(g,y)| + /logsb(g,x)du(ﬂf) - > “log ¢(g.9'())
i=0 =0
< 2e.

Recall that

~ 1 Ch. s
Pgg(Co,s) = ;L)r%hnnigéf 8 f«bx\I/(n 0,531, €)

with )
Joxw(Co, s3n,€) := Z (diam R,)*.
(W)€ Faxw (Coine)
Applying Claim 4.1 and the above inequality one has
~ log #F,
Py, 5 (Co,s) > lim lim inf 08 4Fn

T e—0 n—oo n

— s/log (g, z)dp(zr) — 2se
> hyl1) — 5 [ log 8(g. 2)du(z) ~ 25,

Let € — 0, we have
Paeu(Co5) = hy(p) = 5 [ log 6lg.2)d(a).

To complete the proof of Lemma 4.2, we consider now v without assuming the ergodicity.
By Corollary 2.5 in [6], there is a sequence of ergodic measures {v,} which converges to v in the
weak™® topology and satisfies li_)rn ho(vn) = he(v). Set i, := v, o1 and then li_)m hg(pin) =

n oo n—oo

hg(pt). Let & = ([ ®dp, [ ¥dp) and Co(&) be a connected component in C containing the point
&. Let E, = co (é@(d) U { ([ ®dpn, f\I/dun)}) U Co, where @ (E) denote the closed convex
hull of E. By a similar argument as above one can show that

Pao(Bn8) > hlpn) — / log ¢(g, 2)dpin ).

Let n — 0o, D(E,,Cy) — 0 and by Lemma 4.1, we have the desired inequality again. O
According to (4.1) and Lemma 4.2, we can conclude that

Paaen(€:5) 2 sup {1y =5 [Togolg. o) e My(1) and P) < €.

4.1.2. Upper bound on ?QO@X@)(C, s)

. -1
The proof of the upper bound was inspired by Thompson [16]. Recall Cy = (Q|73( My J))> (@)
and C is compact satisfying Q(C’o) = (C. For any ¢ > 0, there exists § > 0 such that

Foooxw)(C;n,0) C Foxy (éo;mE) :
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Thus B B i
Poo@xw)(C,5) < Paxw(Co, 8). (4.4)

Our main goal in this section is to prove the following lemma.

Lemma 4.3.
F@x‘l!(é[)a s)
§sup{hg(,u) - s/logqﬁ(g,w)du: pe Mg(J) and (/ @du,/@du) € C’o}

= sup {hg(,u) - s/loggb(g,w)dy tp € Mg(J) and P(p) € C’} .

Proof. Suppose C;,Cs are closed subsets of RY x (R*)?, then obviously
F¢x\p(é’1 U C’g;n,s) = F¢X@(C’1; n,e) U F¢xq,(é’2; n,e).
Therefore
foxw(C1UCo, s:n,e) < 2max {fq;xq;(él, sim,€), foxw(Ca, s;n,s)} .
This implies that
Paa(C1 U Cy,5) < max {Paw(Cy,5), Paa(Ca,s)} -
Hence for any small r > 0, we have

Pgxw(Co,s) < sup Poxu(Br(), s), (4.5)
acCy

where B,(a) C R? x (RT)4 is the closed ball of radius r with the center a. In the following, we
derive an upper bound for Pexy (B, (), s).

Proposition 4.1. For each o € Cyy one has
F@X\IJ(ET(OZ):S)

§Sup{hg(,u) —3/10g¢(g,x)d,u: e My(J) and (/ CI)du,/\I/dﬂ) EBr(a)}.

Proof. Given any v > 0, by the definition of Py (B,(a),s), there exists g > 0 such that
for any € € (0,20) we have

. 1 — — _ 1
limsup — log foxw(Br(a), s;n,e) > Poxw(Br(a),s) — =7.

n—oo N 2
Taking e = 57, k > 1. Set Np = 0, then pick a sequence Ni, k > 1, so that

k

N1 > exp [Z(Ni + M)
i=0

(Recall that the positive integer M is defined in Section 2.1.) and

foxw (Er(a), s; Nk,ak) > exp [Nk (P@(\p(E,«(a), s) — ’y)] . (4.7)
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Let Fj, := Foxy (Er(a); Nk,ek) . Since AM > 0, for any w € 4, and any z € {0,1,...,m—
1}, there exists oy = (y1,...,Ym) € Xa,m such that woy,z € ¥4 pqar41. Define

T'y:= {w101w202...| w; € Fj, g € EA,M fOl“j > 1}
and Z :=mw(T'4). Let t; = Ny and ¢y, = tp—1 + M + Nj, for k > 2. By (4.6) we have

_ N,
limtk—1:0and lim —kzl.

k—oo Tk k—oo Tk

Claim 4.2. There exists {} },~, such that if p € Z then

150 @ x D)0, Bl <

and hm Ek =0.
k—o00

Proof. For any p € Z,

S50,(@ < V)()
k

N;—1 Np—1 Ni—1

1 ) . ,
LI @ mE )+ Y (@ x W) £ Y (@ x W) (g )
k| izo i=0 i=0
M-1 4 M-1 M-1 '
+ ) (@ x W) (g (p) + D (@ x T)(g7 T (p) D) (@ x T (g (p))
1=0 =0 =0
k—1 Njt1-1
Ni+...4+ Ny Nj+1 1 tid-MA4i
_ . . ® x U)(g" !
ik ]Z;Nl—i-...—l-Nk Njiq Zz; ( )9 (p)
k—1 M-1
M 1 ,
T2 (@ x ©) (g (p))
k
7j=1 =0
=uy - A + Ay,
where
tO - _M7
Ni+ ...+ Ng
Uf = tk s
k—1 Nt 1 Njt1—1
Ay = ’ : (® x U)(g" M+ (p)),
;Nl-f— + N Njp =
k—1 M-1
M 1 s
Api=——) — > (2xT)(g""(p))
b 7j=1 M =0

Observation 4.1. We have hm ur = 1 because 1 — up, = (k= 1)M < (k— 1)

k—o00

— 0 (as k — o0).
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Observation 4.2. We have klim d(0,A;) = 0. In fact
—00

d (0, Ag)
M 1 M-1 A 1 M-1
—d <o, - [M D@ X0 oty 3@ 5 D) )
M-1 M—1
= ]t\Z 4|0 % 2 (@ x W)(Q“”(l)))) ot ?f d (0, % ZZ; (@ x W)(gtkl”(p)))
< EE e x Ul

The desired result follows from the above inequality since klim %4”@ X Ulloo = 0.
—00

Observation 4.3. We have klim d(Ag, Br(a)) = 0. Indeed, since p € Z, then there exists
—00

w = (wio1w203 . ..) € T'a such that p = w(w). For each j € {1,...,k}, there exists x; € Ry,

and y; € By(a) such that

, Nl

| 5 2 @x V(g ;| <e.
J =0

It follows that

< pr Ni+...+ N \ Njj1 &
<k;—1 Nji1 a2 Njil:—l(q) (g ) 1 Nj+1—1(q> )
i Ni+...+Np | Nj1 & 9 p))s N g (xj41
k1 Njy1—1
+J§6 Ny +N]+1+ N Nj1+1 2 (> UG (541)), i1
N, Ny
) Yovar(@x W)k van(@x ) Lo

- N1+---+Nk N1—|—...+Nk

since lim Nj = oo, lim vary, (® x ¥) =0 and lim e = 0, where
k—o0 k—o0 k—o0

var;(® x V) :=sup {d ((® x ¥V)(x),(® x ¥)(y)): =,y € Ry, w € Xa,;}.

This completes the proof of Observation 4.3, because B,.(«) is convex.
Observation 4.1, 4.2 and 4.3 imply that there is {e},},, with klim gj, = 0 such that
= —00

t—1
d (1 3 (@ x W) (g (p). Br<a>> — d(uphy + Ay, Br(a))

t
kizo
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=d (Mg + (u, — 1)A + A, B ()
<d(Ag, Br(@)) +d((ux — 1)Ag, 0) +d(Ay, 0)
< ¢}
It completes the proof of Claim 4.2. O]
To finish the proof of Proposition 4.1, we need to define CP ,(—slog ¢(g,-)). Let
Q1. (Z,—slog ¢(g,-),0) := inf {Zexp s(S, logd(g,x))] : S is a (tg,0) spanning set for Z}
€S
and
P, (Z,—slog¢(g,-),d) :==sup {Zexp s(St, logp(g,x)] : S is a (tx, d) separated set for Z} .
z€eSs
We have
th(Za —S 10g ¢)(g’ ')a 5) S Ptk(Za —S IOg ¢(gv ')a 6)3 (48)

and see [18] for more details. Define

1
QZ(_Slog ¢(g7 ')7 5) = thl inf ti log th (Z7 _310g ¢(ga ')7 5)
—oo Uk

and
QZ(_SlOg qb(Qa )) = %E}%QZ(_SIOg ¢(g, )7 5)

Claim 4.3. CP,(—slog®(g,-)) > Poxw(Br(a),s) — .
Proof. For any ¢ € (0,2¢), there exists 0 < dy < d1 such that for any § € (0,d¢), if d(x,y) <

then
e < 49, 2) < €.
¢(g,)
(Here 6; is the same as in Section 3.2.) Take a (tx, ) spanning set T}, of Z satisfying
Z eXp Stk 1Og Qb(g, ))] S th (27 _Slog ¢(gv ')’ 5) : 66' (49)

xeTy,

It follows that gt*—1TM(T},) is a (Ng, d) spanning set for gt 1M (Z) = n(at—1+M(T4)). Recall
Fy = Fpxy(B,(a); N, ) and Ry, := 7([w]) for any [w] € Fy. Then we have R,Ng'—1+tM(Z) #
() for any [w] € Fj. Since

U BNk(y75) :_> gtk71+M<Z>7
yeg' k=1 (1y,)

then for any [w] € F}, there exists y € gt*—1+M(T},) such that
Rw N BNk(ya(S) 7& 9.
Fixed any y € g7 (T}), denote

By = {w] : [w] € F, and R, N By, (y,9) # T} .
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For each [w] € #, and any x € R, N By, (y,6), Proposition 3.1 told us that there exists z such

that
Ni—1

1
B |z LNy, e) qu)gg )" C Ry
Nj—1 ‘
and diamR,, < K(Ng,e)- [] #(g,¢’(x))~L. Similarly to (3.6) there is a constant K3 > 1 such
=0
that

Nj,—1

diamBy, (y,6) < 2K3e*™e<5 - [ (9,47 (v) ", (4.10)
J=0

where N}, > Nj is large enough and Nj is the same as in (3.2). Therefore

Ni—1
By, (y, 6) € B (y (2K3e*M495 + e+ - K (N, €) H ¢(g,9'( 1)

and
R,CB (y (2K3e*M95 4+ ™M - K (Ny,€)) - [] ¢(g,gi(y>>‘1> :
This yields that
1B, < (4K30e™ K (Ny, €) + 2e* M€ K?(Ny, €)™
So

Z (diamR,,)*
[w]€Fy

< Z Z (diamR,,)*

yegtk—1TM (T, [w]€By

Np—1 $
< ) > (K(Ny,e)*- ( 11 ¢(g,gj(w))1> (where @ € Ry N By, (y,0))
i=0

yegtk—1TM (T, [w]€By

Ni—1 s
< > > (MK (Ny,e))* - ( 1}) ¢(g,gj(y))_1>

yeg—1tM (1) [w]eZy

< (MK (Ny,¢e))” - [AK30e*™ e K (Ny, €) + 2(e™ee K (Nj, £))*] ™
Ni—1 _ s
Y (H ¢<g,gf<y>>—1).
yeg—1tM (1) \ =0

Combining with (4.7) one has

Z exp [—5(St, log ¢(g, 2))]

z€Ty

=Y exp [=s(Sy_, 11 log ¢(g, 2)) — s(Sn;, log (g, g (2)))]
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> exp | (ty-1 + M) - inf (—slog qﬁ(g,x))} > exp [—s(Sn, log (g, g™ (2)))]
- 2€Ty

=exp | (tg-1 + M) - inf (—slog §(g, w))] > exp[—s(Sn, logd(g,v))]
i yeg—1tM (1)

2 exp | (k- + M) Inf (=slog ¢lg, =) = (s + 230>N,€s} (K (Ng, )=o)

X (4K36e*™M 4+ 2K (Ng, €))7 - > (diamR,,)*
[w]€Fy,

> (4K3562Nk€ + 2(K(Nk, 5)))—80 . (K(Nk, 5))—(5—1—50)

xexp |(tg—1 + M) gicfelg(—ﬂog ¢(g,7)) — (s + 250)Nye + Ni, - (Poxw(Br(),s) —7)] -

tr—1

It follows from (4.9), the definition of CP (—slog¢(g,-),d), lim % =1, lim — = 0 and
k—oo “k k—oo tg
lim W = 3¢ that
n—oo
CPy(—slog¢(g,-),8) > Poxw(Br(a),s) —v — (s + Tso)e.
Let ¢ — 0, then § — 0. It follows that
CPy(—slogd(g,-)) = Paoxw(Br(a),s) — 7.

This completes the proof of Claim 4.3. O
Proceed with the proof of Proposition 4.1. We fix v > 0 and find some ¢ > 0 such that

CPy(—slog¢(g,-),0) > CPy(—slog¢(g,-)) — 7. (4.11)

Let Dy, be a (t,0) separated set for Z such that

Z €xp [_S(Stk log ¢(ga x))] > Ptk (Z7 —SlOg (b(ga ‘)7 5) : 677’
€Dy,

and write P, := > exp[—s(Sy log¢(g,x))]. Define

€Dy
1
Ot = Pf exp [_S(Stk IOg qb(g) l'))] : 5$
tk rEDy
tp—1 .
and let = i > oy 09"
=0

Let ty; be a sequence of numbers so that py, ~converges, and u be the limit measure. We have
J

1 € My(J) and we will verify that [(® x U)du € By(a) (here [(® x U)dp := ([ ®dp, [ Ydpu)),
because

tkjf].

/(<I> X \I’)dutkj = ti Z /((I) x U)d <O'tkj og—z')

J =0
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k—l

Z/CI)x\Il o g'doy,

]z()
tk—l

W%

{exp [=s(S1,, log 6(g,2)] - (@ x W)(g'x) |

kJ xEDk
tr.—1
1 13 :
=5 > S |=s(Sy, logélg.2)] - | — D (@ x ¥)(g'x)
" weDy, Fi =0

173

and - Ez jo (<I> x W)(g'z) € B(Er(a)ﬁ;{j) (see Claim 4.2) and B,(«) is convex and closed.
To show that
hmlnf—logPtk < hg(p) — /10g¢(9»‘)dﬂa

g0 Ui,

we recall some key ingredients of the proof of the variational principle. (See Theorem 9.10
in [18] for more notations and details.) Let £ be a partition of J with diameter less than ¢ and
w(0€) = 0. Then we obtain

173
Hey, (\/g Z{) - S/Stk log ¢(g, -)dot, =log P;,. (see page 220 in [18])

=0

Since u(0¢) = 0, we have for any ¢ € N,

qg—1
hm H,, (\/ g_zf) H, (\/ g_Zf) . (see page 220 in [18])
i=0

For a fixed t; and 1 < ¢ < ¢, we have

q—1 2
%log Py, < Hy, <\/ g Zf) — s5q / log ¢(g, ) dpu,, + 2 log g, (see (x) in page 220 of [18])
=0

Replacing ¢ by t; and taking j — oo, we obtain

k .

q—1
qhmmf — log Ptk <H, (\/ g_lf) - qS/IOg ¢(g, -)dp
Jree i=0

Dividing by ¢ and letting ¢ — 0o, one has

hmlnf—logPtk < hg(p) — /log¢(g,-)d,u

j—o0 tk].

Combining with (4.8) we obtain

QZ(_SIOg (b(ga ')7 6) S hk{nlnf lptk(Za _SIOg (b(gv ')7 6)

<liminf — log Ptk +

j—oo g,
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< hu(g,€) — 8/10g o(g,-)dp +
< hg(p) — 8/10g o(g;-)dp +. (4.12)
It follows form Claim 4.3, (4.11) and (4.12) that

F@X@(Er(a)u S) < QZ(_SIOg QZ)(Q) )) + v
<CP,(—slogd(g,-),0) +2v

< hyg(p) — 8/10g ¢(g,)dp + 3.

This completes the proof of Proposition 4.1. O
Proceed with the proof of Lemma 4.3. It follows from (4.5) and Proposition 4.1 that

Paxw(Co,s)

<liminf sup sup {hg(u) — s/loggb(g,x)d,u : € My(J) and

r—0 el

(/ @du,/\pdu> GBT(Q)}.

Let us show that the right-hand side of (4.13) does not exceed

(4.13)

Hoxw(Co) := Sup{hg(u) —S/logcé(g,x)du: 1€ My(J) and (/ <1>du,/\1’du> € éo}-

Assume the contrary. Then for any arbitrary sequence 1, — 0, there exists v > 0 and a sequence
oy, € Cp such that

Sup{hg(,u) s / log é(g, )i : 1 € My(J) and ( / Bdp, / \I/du> eBm(an)}
>Heoyw (Cb) +7.

Hence there exists a sequence of invariant measures {4, } such that ([ ®dp,,, [ Vdu,) € B, (an)
and

~ gl
hg(un) - S/IOg ¢(g, )dpn > Hexw(Co) + bR
The sequence {ap} is drawn from a compact set Co and hence has a convergent subsequence
ap, — a € Cp. Without loss of generality, we may assume that a sequence of measures jip,
converges in the weak™ topology to an invariant measure p. (Otherwise choose a convergent
subsequence.) It is clear that

(/ @dunk,/\lfdunk> =y, +O0(ry,) > a as k — oo

and p is such that ([ ®du, [ ¥du) = a € Cy. Since g: J — J is expanding and .J is compact,
then the entropy map is upper semi-continuous (Theorem 8.2, [18]). It follows that

(i) — s [ og (g, 2)dp > limsuphy, (9) — s Jim_ [ log 6(g. ),

k—00
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> Hoxw(Co) +

o2

But hy(p) — s [log ¢(g, x)dp < Hgxw(Cp). Hence we have arrived at a contradiction. So
Paxw(Co,s) < Hexw(Co) which finishes the proof of Lemma 4.3. O
From (4.4) and Lemma 4.3, it follows that

P (€:5) < sup {1y 5 [Togolg. ) € My(1) and P) < €.

This completes the proof of Theorem 2.1.

4.2. Proof of Theorem 2.2

First of all, we present the property of the pressure function P&@X\P)(C, -) for any compact
subset C' C P(My(J)).

Proposition 4.2. For any compact subset C C P(My(J)), the pressure function P*O@X\P)(C’, )

is continuous and strictly decreasing on s. Moreover, AZ?O(@X\P)(C) is the unique root of

Py (Cr8) = 0.

Proof. For any s,t € R with ¢ > s, Theorem 2.1 told us that
Poo@xw)(C, 5)

= sup {ny(u) ~ 5 [ 1o 8(g,)du s 1 € My() and Pu) € C w1
= sup {ny) ~ ¢ [10g olg. )+ (¢ ~5) [ 0w 0(g.2)d s € My (1) and P € C.

Thus
A2+ (t = 8) < Pooaxw)(C,8) = Pooaxw (Cr1) < A+ (t— s),

where
Ap = max {logp(g,x)} and Ay := migl {log ¢(g,x)}.
TE Te

This implies that Péo(d)x\ll
P50(<1>x\1/)(c’ 0) > 0. It follows from g is C' average conformal and Theorem A in [4] that
Péo(CI)X\I/)(C7 sp) < 0, where dim M = sg. Thus the desired results follow. O

Then we will utilize the unique root of P*O(q)x\p)(C’, s) = 0 to give an upper bound for the

)(C, -) is continuous and strictly decreasing on s. By (4.14) one has

Hausdorff dimension of the subset Ego@xw)(C).
Lemma 4.4. For any compact subset C C P(Mgy(J)), we obtain

dimy Egoexw)(C) < Ajo@xw)(C);

where ABO@X‘P)(C) is the unique root of Péo(q)w)(c, s)=0.

Proof. Let ¢t > A*Qo(q)xq,)(C), then Péo(q)x\l,)(C, t) < 0. It follows that there exist ¢ > 0 and
0 > 0 such that

< —0.

lo o C.t;n,e
lim sup g fQo(@xw)( )

n—00 n
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Therefore there is a number N = N (e, d) such that for n > N,

fo@xw)(C,t;n,e) < e,

Let

[e.e]
G(C,k,e) m { € Xan ¢ there exists x € Ry, satisfying

n=~k

n—1
d oZ(Dx\II g'z), C’) }

1=

It is clear that for any £ > 0,

EQO(@X\I/ U s C k‘ 5
k=1

We show below that for each k,
dimg 7 (G(C, k,e)) <t

Let F be a collection of disjoint cylinders [w], w € ¥4, n > max{k, N} such that

Ry [ )7 (G(C,k,€)) # 0.

Thus each [w] in F is contained in Fyo(exw)(C;n,¢) for some n > N. It follows that

Z (diamR,,)" < Z Z (diamR,, )"

[w]eF n>N [w]EFQO@X\p)(C;”ﬁ)

= foo@xw)(Cit;n,e)

n>N

< Z e "
n>N

< 6_6

—1—ed

< +00.

This implies that
dimg m (G(C, k,e)) <t

By the property of Hausdorff dimension, we have
dimpy Egoexw)(C) <t

as desired.
It follows from Lemma 4.4 that

dimpy Egoaxw)(C) < Ajoaxw) (),
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where Aao(@(\y)(C) is the unique solution that satisfies Péo(cbx\l/)(c’ s) = 0. Combing with
Theorem 2.1, one has

. hg (1) }
dimg Ep, C) < sup {: P eC,.
H Lig (<I>><‘1/)( ) peMo flogqb )d (1)
On the other hand we will show
: h (u) }
dimg Fpo, C) > -9\ .p ceCs.
nEguwn(©)2 s { e (1

For every € Mgy(J) with P(u) € C, define

G, = {x eJ: Z Ogi(z) — M in the weak® topological as n — oo}

where §, denotes the probability measure whose support is the single point y. It follows from
Proposition 3.1 in [4] and Lemma 4.2 in [4] that

hg (1)
dimy G, = 7"~
120 Tlog ¢(g, w)dp
(If (J,g) satisfies the specification property, then (J,g) is saturated, that is, G, # 0 and
htop(Gp) = hyu(f). ) Since G, € Ego(oxw)(C), then
: hg (1) }
dimyg Ege c) > {'73 eCy.

This completes the proof of Theorem 2.2.

5. Proofs of Theorem 2.3 and Theorem 2.4
5.1. Proof of Theorem 2.3
Recall P : My(J) — R x (RT)%, P(u) = ([ ®dp, [ ¥dy), and Q (ﬁ(Mg(J))) =P (M,(J])).

5.1.1. Upper bound on P(E equ((bxq,)(C’),go)

For each z € quou((pxqj) (C), by (1.3) one has A (g:ig))) = C. It follows from Lemma 7.5 in [13]
that

Ci(z) = A (isn(cp < \p)(@)

is continumm. Thus C(z) is compact and connected. This implies that

Egaxn(C) € U Eghy(Ci(x)), (5.1)
zeE‘aqou@Xq,)(C)
- 1 n—1 . ~
where Eg', (Ci(z)) = {33 eJ: A <n > (P x \Il)(gz(a:))> = C’l(x)}. Then we have the fol-
i=0

lowing lemma.
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Lemma 5.1. For each x € quszq)xqj)(C), we obtain

(1) Q(Ci(x)) = C;
(2)

P (B (Ci(a)). )

inf sup {hg(ﬂ) + /ipdﬂ P € Mg(J) and P(u) = 5‘}
dEC’1(x)

122 sup {hg(,u) + /<pd,u tp € My(J) and P(p) = a} .

IN

A

Proof. (1) For each & € C(z), there is a subsequence {n;} such that

Thus there exists a g-invariant probability measure u € .A(n%C Sk ! Ogi(2)

([ @dp, [ ®dp). Therefore

) such that a@ =

This implies that Q(C(z)) C C.
mk¢($)

For each o € C, there is a subsequence {mj} such that klim S5 — @ Taking & €
—o00 © Mk

.A(miksmk(é x W)(z)) € Cy(x) such that

&= lim Lsmkj (@ x U)(z) = < / dp, / \I/dy)

Thus a = Q(a) € Q(Cy(x)).

for some subsequence {my;} of {m;} and some p € My(J).

Therefore C' C Q(C1()).
(2) Since Ci(z) is a non-empty closed set, combining with Theroem 3.1 (2) in [22] and

Q(él(l’)) =C, we get
P (Bty(Cil@),0)

< inf sup {hg(,u) + /god,u € My(J) and P(p) = &}
z)

aeC(
< inf, sup {hg(u) + /@du € Mg(J) and P(p) = a} :

This completes the proof of Lemma 5.1.
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It follows from (5.1) and Lemma 5.1 that

P (qu;;q)w)(()),@) =P U  Eu(Ci@).e

xEEquou@xqz) (@)

< swo P(BE(Ci).v)

zGESI:Eq)X\P) (@)

< inf, sup {00+ [ s € M) and PG =},

5.1.2. Lower bound on P (Eg?(q)xq,)(C),gp)

Since the expanding and topological mixing C'-map g : J — J has the specification property,
then the lower bound can be proved following Thompson’s method in [16,17]. For each o € C,
the upper semi-continuity of the map p +— hg(p) implies that there exists po with P(ue) = a
such that

sup {hg(u) + /godu tp € My(J) and P(p) = a} = hg(pa) —i—/godua. (5.2)

Set

C = {d = </ @dua,/llldua> ta € C and p,, satisfying (5.2)}.

Since C' is compacted and connected, then C' is compact and connected. Combining with the

definition of @ one has Q(C) = C and

inf Sup{hg(u)+/<pdu:u€Mg(J) and P(u) —d}

acC

> ing sup {hg(u) +/g0du tp € My(J) and P(p) = a} .

ac

Since Q(C) = C, then B3, (C) C Ezgqou@xq/)(c)' This implies that

P (E;q;w(é)a@> <P (Efgqo”@xm)(C)wp).
Thus, the proof of the lower bound reduces to proving the following proposition.
Proposition 5.1.
P (Eiqfw(@)w) > inf sup{hg(u) + /wdu L€ My(J) and P(p) = 07}-
aeC
Proof. Denote the right-hand side by Z~. The proof of this proposition is devided into four
parts.

Step 1. Construction of the intermediate sets S, ; for eachn € Nand i =1,2,...,M,.
Since C'is compact and connected, then for each n € N we may choose oy, 1,02, ..., a1, € C
such that

I 1 1
CcC U B <an,¢, ) and  d(an,n,, 0nt11) < —.
im1 n n
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Fixed an arbitrary v > 0, there exist fin 1, fin,2, - - -, fn, 01, € Mg(J) such that f S xWdpy; = o
and

hg(in,i) + / edpin; > Ip
foreachn e Nandi=1,2,..., M,.

Lemma 5.2 (Lemma 3.5, [16]). For eachn € N, i € {1,2,...,M,} and 6,; = L, there exists

i(n, ing) .
Nn,i € My(J) such that n,; = Z )\mnjm, where Y )\;.” =1 and 77;“Z € &4(J) satisfying
j=1

‘/(I)x\lldum—/@xllldnm <
and hg(nni) > hg(p) — %

Fixed any small v € (0,1), choose a strictly increasing sequence ¢, — oo so that each of the
sets

n,i 1 n,t
Y= {xEJ: ‘mSm(Cbx\Il)(x)—/q)x\Ildnj

1
< — for allmZﬁn}
n

satisfies nm(Ym) > 1—+ for j € {1,2,...,5(n,4)}. This is possible by Birkhoff’s ergodic
theorem.

Lemma 5.3 (Lemma 3.6, [16]). Let ' € (0,1) be sufficiently small. For each n € N, i €
{1,2,..., My}, j € {1,2,...,7(n,i)} and any sufficiently small € > 0, we can find a sequence

Mp,; with [ s, il > Ly and find sets S;-L’i, so that each S}” is ([)\;”mm], 55) separated set for
n, 7
Yj and

A2 i]—1

Soewd S el g e { Wi (o) + e - 2

. n,t
xGS;L’Z k=0 ]( ’ )

Furthermore the sequence M., ; can be choose such that 1y, ; > 2°7¢, where

19
Spi =S <2anM+Z>

is similar to ‘ m(e)’ which is defined in Section 3.5 (set My =0).

We choose ¢ sufficiently small so that Lemma 5.3 applies and var(yp, 2¢) < 7, var(® x ¥, 2¢) <
v, where var(p,2e) = sup {|p(x) — ¢(y)| : d(x,y) < 2¢} and var(® x ¥,2¢) := sup{d((® x
U)(2), (2 xV)(y)) : d(z,y) < 2¢}. Let y; € S for j = 1,2,...,j(n,i). We use the specification
property to define x = (y1,¥2; - .-, Yj(n,)) such that

“ 5
d[Af’lmm] (yb f l(:L')) 22” ! Mj+i
-1
for all € {1,2,...,j(n,4)}, where a1 = 0 and a; = 3_ [N["17] + (I — 1)sn for 1 € {2,3,...,
j=1

j(n,i)}. Let

Sn,i = {Jj‘ = (L’(yl, e 7yj(n,l)) “ Yy € S;L7Z and j = 1,2, c. ,j(n,l)}
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J(nyi) .
and Mp,; = Z [)\;Lﬂmn,i] + (](na ’L) - 1)‘9”71"
j=1

Lemma 5.4. For eachn € N andi € {1,2,..., M,} one has

(1) lim ™= 1,

n—o0 ’I’)’Ln’i

(2) Sp,i is a (mp,,4€) separated set;

(3) $Sni = 4SS0t . ﬁs%i’i).

Proof. (1) Since i, ; > 2°¢ and Z;(:nlz) A;” =1, then

Comas o I, ]+ () — 1) s
lim — = lim —
n—oo mn,i n—oo mn,i
](nvl) T, A .
— lim 7=1 A[)\] Tlﬂ]
n—oo mn i
=1.

(2) For Qach T =215 Yji(n,i)) € Sni and z = z(w1, ..., Wj(n4)) € Sni With x # z, where
Yj,w; € S;-L’l and j =1,2,...,7(n,i). Since x # z, then there is ¢y € {1,2,...,7(n,i)} such that
Yo, 7# We,- We obtain

9 9

R ayp = R Qg -
d[)\fomn,i] (yZOJ f 0 (x)) < 22?;01 M]+Z’ d[)\éomn,i] (wZ()y f 0 (Z)) < 22?;01 MJ+17

and dpy, s, ;] (Yey> we,) > He. Combining these inequalities we have

dm,, ;(z,2) > d[Afomn,i] (f%o (), f*0(2))
> d[Agommi] (yfmwﬁo) - d[Agomn,i] (yfoa [ (.T)) - d[)\gomn,i} (wfoa foo (Z))

e €
>5e- 2%
=972
= 4e.
The proof of (3) is trivial. Then we complete the proof of the lemma. O

Lemma 5.5 (Lemma 3.7, [16]). Let v > 0 be sufficiently small as in Lemma 5.3. Then

(1) for sufficiently large n and each i € {1,2,..., My}, we obtain

j(nyi N i, ] —1

H) dexp| Y w(df@) | Zexp {mn,i <hg(,un,i)+ / @dﬂn,z’—Vﬂ;

=1 pesr k=0
J

(2) if x € Sy, then

1 2 €
d{ —8S,, (& x ¥ ] < = OXV, ———— |.
( el )(‘”)’““”) n+< " azz-zww')
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Step 2. Construction of the intermediate sets {Cj}ren. Define

{Skte = {511,512, -+, S1,:m1,521, 522,552 Mys -+, 15 Sn2s -« o, SnMis -+ -} s

{mi}e = {mi1,mi2, ..., MM, M21,M22, ..., M2 Moy o s My 1, M2y« -+ s Moy My« - -} 5
{agtr ={a1, 212, .., 000,021,022, ..., 02 Mys -, O 1,002, - o s Qi Mys - - -}
(it = i, a2y oo 1M 2,05 12,25 - - s B2, Mo s - - > HingLs 25 - -+ s o Moo - - -} »

{Sk}k = {8171,8172, . 7817]\/[1,8271,8272,. . .,827]\/[2, . .,sn’1,3n72, . 75n,Mn7 .. } .

We choose a sequence Ny that increases to oo sufficiently quickly so that

Nl(ml + 81) + ...+ Nk(mk + Sk)

. Mpg1 + Skt
lim —ftL T ok+l

=0, i =0. 5.3
k—o0 Nk ’ klargo NkJrl ( )
Let z1,22,...,2N, € Si. We use the specification property to define y = y(z1,z2,...,2n,)

such that dp,, (71, f*(y)) < 5 for alll € {1,2,..., Ny} and a; = (I — 1)(my + si). Define
Cr = {y(z1,22,...,2N,) 12y € S for [ =1,2,..., N} .

Let ¢ = Npmy + (Nk — 1)sp.

Lemma 5.6. Cy is a (cg,3¢) separeted set and §Cy, = (ﬁSk)Nk.

Proof. For each y = y(z1,...,2n,) € C; and z = z(wy,...,wy,) € Cp with y # z, where
xzj,wj € Sy and j = 1,2,...,N;. Since y # z, then there is fo € {1,2,..., Ny} such that
Zg, 7 wy,. Thus

iy, (20, F0 (y)) < —

3
9ok’ dmk (wéoa fazo (z)) < 27 and dmk (xfovwfo) > de.

Combining these inequalities we have

dey, (Y, 2) 2 dm,, (f*0(y), f*0(2))
> dmk (xfov wgo) - dmk (xfoa faéo (y)) - dmk (wfm faeo (Z))

e €
>4e - =
=797
= 3e.
The statement {Ci = (jjSk)N * is trivial. Thus we finish the proof of the lemma. O

Step 3. Construction of the intermediate sets {7j}ren. We define 7 inductively. Let
71 = Ci. We construct Ti41 from Ty as follows. Let z € Ty, and y € Cgy1. Let

ty=c1 and tgy1 =tk + Spr1 + Crg1

Using specification we can find a point z = z(z,y) that satisfies the following

3

and  de,,, (y, f*H41(2)) < oy

dy, (x, 2) SR

€
< 2k+1
Define
Tiv1 ={z2(z,y) :x € T, and y € Ci41}.
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Lemma 5.7. Ty is a (ty,2¢e) separated set and §Tp = #Cy - ... - 4Cx. In particular if z,2" € Tg,

then we have -
B (-5 B (4. ) =9

Proof. If £k = 1, then 73 = C;. The conclusion follows from Lemma 5.6. If k > 1 for each
p,q € Ti, there exist z,y € Tp—1 and z,w € Ci such that p = p(z, 2), ¢ = ¢(y,w) and

g g
dtk—l <p>$) < k> de(ftk71+Sk(p)7z) < ok’

g 13
dtk—1(Q7y) < 27]@ Ck, (ftk71+8k (q)7w) < 27

and d., (z,w) > 3e. This implies that

di, (P, q) > dey, (f71F(p), f17%(q))
> de, (z,0) = de, (2, f*717 (p)) = de, (ST (q), w)

e €
>3 —-—=—-=
2 2
= 2¢.
The second statement is a straightforward consequence of the first statement. O

Lemma 5.8. Let z = z(x,y) € Tp+1. Then one has
_ € — €
Biuun (2 3¢) € B (2551
Proof. Let 2’ € By, (2,5). Then

di, (2 2) < dy, (2, 2) + dy, (2, 2)
< dtk+1 (Z,a Z) + dtk (Zv :E)

< € €

= 9k + 9k+1

< _E

— 9k-1°

O
Step 4. Construction of the fractal F' and a special sequence of measures .
Let Fr, = U Btk(x,Q,f—_l). By Lemma 5.8, we have Fjy.1 C Fj. Since we have a de-
€Ty

creasing sequence of compact sets, the intersection F' = [ F} is non-empty. Further, ev-

k
ery point p € F' can be uniquely represented by a sequence p = (91’92’33’ ...), where p, =

(pil,...,pﬁ'vi) € {1,2,...,#5;}Vi. Recall each y(]zz) = y(m;li,...,x;&) € C; be defined as in

Step 2 where SC;,- € S;for £ =1,2,...,N;. Let z1(p) = y(pl) and, proceeding inductively, let

4
zit1(p) = 2(zi(p),y(p,, ) € Tit1 be defined as in Step 3, here zi(p) € 7; and y(p, ;) € Cit1.-
We can also write z;(p) as z(pl, Y2 ). Each point in 7; can be uniquely represented by a finite
word (p,,...,p;). Then define p := 7r( ) by

p_thl (ZZ ? 9i— 1)

ieN

It is clear from our construction that we can uniquely represent every point in F' in this way.
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Lemma 5.9 (Lemma 3.11 in [16]). Given z = 2(p,,...,p,) € Tg, for all i € {1,2,...,k} and
alll € {1,2,...,N;}, we have

dmi (x;?fti—1+5i—1+(l—1)(5i+mi)(Z)) < 2.

We now define the measures on F' that yield the required estimates for the pressure distribu-
tion principle. For each z € T, we associate a number £(z) € (0,+00). Using these numbers as
weights, we define, for each k, an atomic measure centered on Ti. Precisely, if z = 2(21’ e Qk),
then we define

L(z):= E(Bl) o E(Qk),
where if p. = (pil, ... ,pZ]'Vi) € {1,2,...,45;}"i, then

L'(BZ.) = ﬁexp {Smi log ¢ (g, x;;)} .
=1

We define v, := > L(z)-0,. We normalise vy to obtain a sequence of probability measures .
2€Tk
More precisely, we let py := (1/kk) vk, where ky, is the normalising constant given by

Kl 1= Z L(z).

2€Tk

Lemma 5.10. (1) Suppose that v is a limit measure of the sequence of probability measures
pg. Then v(F) = 1.
(2) F C Bl (C).
(3) For sufficiently large n, let By, (q,5) be an arbitrary ball which intersects F. Then

n—1
lim sup p1y,(Bn (g, %)) < exp {—n (Ze — 2var(p,2¢) — 37) + Y _ log é(g, gi(fﬂ))} :

k—o00 =0

Proof. The proof of statement (1) is provided in Lemma 3.10 in [17] or Lemma 3.13 in [16].
We refer to Lemma 3.17 in [17] or Lemma 3.20 in [16] for the proof of (3). So it suffices to
prove (2). Let us choose a point p € F. There exists p = (p,,p,,.-.) such that 7(p) = p. Let

Yk == y(p,) € C and zj, = 2zx(p) = 2(ps---,p,) € Tr. We will prove p € E;qf\l,(é), that is
A(LS, (@ x T)(p)) = C.

Part I. Our first step is to prove A(2S5,(® x ¥)(p)) C C. The next lemma provides the
upper bound of d <i5’t,€(<l> x W) (p), ak). Recall t1 = ¢1 and t}, = tx_1 + s + ¢ for each k > 1.

Lemma 5.11. Let v > 0 be as above. Then for each sufficiently large k € N, one has

1
d (tkstk@ x wp),ak) < 4y (| x U] + 1) + 392,

Proof. Let a; = (j — 1)(my + s;) and yx, = y(p,) = y(a:fl, ... xF ) € Cy, where xfj € Sy for

’ iNk

j=1,2,..., Ng. It follows from d,,, (a:f], f%(yx)) < 57 and Lemma 5.5 (2) that

d (sck<<1> < V). o [ ©x wm)



Multifractal analysis on C* repellers

1405

Nj—1

J=1 Jj=1

Ny,
<d Zsmk(é X W) (% (yk)), Ck/(I) X Wdpy, | + (Nk — 1)s - ||@ x ¥

j=1
N N
< d DS (B X D)% (yk))s D Sy (@ x )(af)
j=1 j=1
Ny
+d [ 3 S, (@ x W) (k) ck/CI) X Udpy | + (N — 1)sp, - | @ x T
j=1
Ny
< 30 d(Smn (@ X (Y (), Sy (@ x W) (ah))
=1
J .
+ d <Smk(q) x W) (), mk/‘l> X ‘I’duk> + 255 (Ni = 1) - |2 x ¥
j=1

2
< myNy, <2var(<I> X 0, 2%) + n(k)> +25,(N — 1) - || @ x U]

for some integer n(k) — oo if k — oco. This implies that
1

d (cSCk((I) X \If)(yk), /(I) X qjdﬂk)
k

my N,
Skk

g 2 Sk(Nk—l)
2 dx U — -2||® x ¥|.
(2@ w5+ 2 ) + 2D e

Let p’ = f'*~(p) and 2}, = f*7 (). Using dy, (p, 2) < 5=, one has

Ck

dck (p/7 yk) < de (p/7 z;f) + dck (Z;ca yk)

IS
S dtk(p7 Zk) + 2714;

e 9
oh—1 T 9k
3

2k72‘

IN

IN

Recall oy, := [ @ x Wdpy. Therefore
1
1@ x D)), o)
Ck

<d <1Sck(<1> VYD), S, ( W)(yk)> +d < S (@ X W) (), O‘k>

Ck Ck cr
9 mka 9 2 Sk(Nk — 1)
§Var(¢)><\11,2k7_2)+ . <2var(<I>><\If,2k)—|—n(k)> =+ o 2H¢)X\I/H
From the assumptions of (5.3) and my > 2% we can verify that
N, N —1
lim % =1, tim 7Y — 1 and 1 2D )

k—oo tg k—oo  Ck k—o0 Ck

Ny
=0 S @< W)+ Y Su(® x W), o [ x Vi
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Thus for arbitrary v > 0 and sufficiently large k, we have
N N —1 2
E 1<y, |TEE 1] <y, oM )<% <7
tk n(k)
and var(® x ¥, 2¢) < . Therefore
1 1 ,
d{ —=54(2x ¥)(p), —S5c, (P xV)(p)
22 Ck
1 1 .1 ,
= (5 e (® X W)(p) + S, (B X W)), S, (@ x W)(p)
k k Ck
1 1 N1 ,
<d ?Stk_ck((b X \I/)(p>70 +d 7SCk(¢) x \Ij)(p)7 7501@((1) x \Ij)(p)
k tk Ck
<P w4+ [ o x|
te th
<2v[|® x ¥
Hence
1
(5 Sul® X 90, o)
1 1 , 1 ,
<d 75151@((1) X \I/)(p), 7561@((1) X \I/)(p) +d 75%((1) X \I/)(p )7 Qg
23 Ck Ck
2
<4y||® x U + var(® x W, %) F(147) <2var(<1> X, 2%) n n(k)>
<4y (| x W) +1) + 39
Then we finished the proof of Lemma 5.11. O

To prove A(%Sn(‘I) x U)(p)) C C, we must prove that d (%Sn(é X \Il)(p),é’) — 0. For

each large integer n, let k& be the unique number which satisfies t < n < txi1.
{0,1,..., Ng11 — 1} be the unique number so that

te + (Mgg1 + Sk+1)J < n < tp + (Mpgg1 + sp+1) (G + 1),

Let 5 €

Then n =t + (Mpg41 + Sk+1)J + ¢, where 0 < g < mp41 + Sp+1.- Let a = (mpy1 + Sky1)j. We

have

d (isn(cp < ) (p), é)

<d (jlsn@ <) (D), S al® q,)(p>) +d (1stk+a<<1> < W)(p), i

tk + a tk +a
+ d(ak-‘rlv é)
1 1 1
=d (nSn(q) x ¥)(p), ﬁstﬁa((l) X \Il)(p)> +d <tk - aSthra(@ x U)(p), ak+1

)

Lemma 5.12 is to estimate the upper bound of d <#Stk+a((l> x ¥)(p), ak+1>. And Lemma

tr+a
5.13 is to estimate the upper bound of d (%Sn(d) x ¥)(p), ﬁé}ﬁa(@ X \Il)(p))
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Lemma 5.12. For sufficiently large k € N one has

1
d (Wstﬁa(@ x ¥)(p), Oék+1> < 5y||® x U 4 9y + 342

Proof. Since clearly

1 123 a 1

e Susal® X W) = 5, (@ X W)+ o Sal® X W) (0)),

then one has

d ( 51y ral® X V) (p), a,m)
d tk S CI) X \I’)( ) a 15’ ((I) % \I/)(ftk( )) 43 I a
= =y ’ o o
tr +atg tk: tht+aa p e +a k+1 et a k+1
a 1 tr a
- (tk+atk tk % >( ) th+aa ( X )(f (p))7 tk+aak+ tk+aak+1>
tk a tk a
+d _k v
(tk-i-a +t +a tk+aak+1+tk+aak+1>
b a 1 .
d (b \I’ d -9, (P \Ij k ,
< (su@x 0. an) + ot (350 < D), an)

tr
76[

<d (tkStk((I) x ¥)(p), ak> +d (iSa(CD x ) (fH* (p)), akH) +d (ag, Qppr).
Note that

1
;Sa(q) x W) (% (p))
1< )
= 5 Z Ssk+1((I) X \I/)(ftk+(8k+1+mk+l)(l 1) (p))
=1
J
+ é lz_; Smk+1 (I) x ¥ (ftk+5k+1+(sk+1+mk+1)(l 1)(])))
J

1 —
= aZSSkH((I) X \I/)(ftk+(8k+1+mk+l)(l 1)(]?))
=1

iy 1 btk 1+ (k1 Hmip 1) (1-1)
O x U kTSk+1 k+1 k+1
Z o “Smi (2 X U)(f »))

V41
mk

and

1 1
Ofy1 = =Qky1 + =Qfy1 + ...+ Qg1 -
J J J

J
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1
DIy Lyt D), oy, )
=1

uu—l

Jjm k+1

Combining with ag+; = k41 + Is k“ ai+1, Lemma 5.9 and Lemma 5.5, one has

a (isa@ <) e

1
pd%kt1 [® x ¥ + - j Zd <mk+ Sy (@ x V) (firFmertmic) (=0 () Oék+1)
=1

] 2
< 2‘73’“7“;@ X W+ Bvar(® x W, 22) & o

for some integer n(k) — oo if kK — oco. Since lim

J5k+1
k—o0 a

= 0, then for sufficiently large k

2
<~vand 0 < —= < 7.

This, together with var(® x ¥,2¢) < v and Lemma 5.11, shows

‘ 2)5k41

1
d <W5tk+a(‘1) x U)(p), Oék+1> < 59]|® x U 4+ 97 + 342

Thus, the desired result follows.
Lemma 5.13. For sufficiently large n € N one has

1

ﬁstwa(@ x q’)(?)) <)@ x .

i (25u@ x 9)()

Proof. Since

1S @x W), 15,0 x 1))
1 1 1
— (SO X W)+ @ X D), LS. x D)
< (8@ < W), L5,@x V) + x|

gy n l l 1
< lz_;nd(nﬂ @x V(D). @ x DG E)) + 18 <]
2

| /\

1> ¥,
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then

d <isn(® WD), S \If><p>)

<d <1sn(<1> x U)(p), ! T Sn—1(® X W)(p))

n n —

n — n—2

+d< ! 1Sn—1(q) X \I})(p), ! Sn—Q((I) X \I’)(p)> Tt

1 1
+d (W[Stk+a+1(q) X \Ij)(p)’ ﬁstk-i-a(q) X \I/)(p))

2 2 2
<@ x|+ ——|2x V|| +...+ ——||P x V|
n n—1 try +a+1
_t —
< POl x v
tr +a
< M1+ Skt 2@ x W.
ty +a
Combining with lim m"?iﬂ’““ = lim Dl — 0 then for sufficiently large k € N one has
k—o0 kta k—o0 N
1 1
d ESn(QJ x ¥)(p), ta tetra(® X U)(p) | <v[|@ x .
Thus Lemma 5.13 follows. [

Letting n — oo, k — co. It follows from Lemma 5.12 and Lemma 5.13 that

1 ~
d (nsn@ < T)(p), c) < 6@ x W[ + 9y + 342

for sufficiently large n. Since « is arbitrary,

lim d (1Sn(<I> x U)(p), é) =0.

n—00 n

Therefore we obtain A(LS,(® x ¥)(p)) C C.

Step II. We will prove C' C A(L25,(® x U)(p)). Let a € C. Fix n € N large enough.

~ M,
Since & € C C |J B (ank, 1), there exists an integer g, such that & € B(ang,,~). Now let
k=1
k=M 4+ Ms+...+ M, 1+ q,. It follows immediately from Lemma 5.11 that

1
d <tStk((I) x ) (p), ak> < Ay||P x V|| + 4y + 342,
k

whence

d (tlkstk(q» X T)(p), a) <d <;5tk(q> X T)(p), ak> +d(ag, @)

1
< 49| @ x U|| + 4y + 392 + ~.
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Letting n — oo, & — oo. Thus if v — 0 then iStk(q) x W¥)(p) — &. This shows that

aeA (%Sn(CD x W)(p)). Then we complete the proof of Lemma 5.10. O
Applying Proposition 3.2, we have P(F, @) > Z~—2var(yp, 2¢) —37. Recall that ¢ was chosen
sufficiently small, so that var(y,2¢) < 7. It follows that
P(EGH,(C),¢) > P(F,¢) > Tp — 5.

Since v was arbitrary, the proof of Proposition 5.1 is complete. O

5.2. Proof of Theorem 2.4

We first examine the proof regarding lower bounds. Theorem B in [4] told us that

dimy E’eq“(q>x‘l,)(0) = s,, where s, is the unique root of the equation

P (qu;z@xqz)(c), —slog ¢) =

Combining with Theorem 2.3 that

airelgsup {hg(,u) — S« /log d(g,x)dp(zx) : pe My(J) and P(p) = a} = 0.

For each € > 0, there is some oy € C such that

sup {hg(u) — Sy /log (g, z)dp(z) : pe Mg(J) and P(p) = ao} <e.

This implies that for each p € My(J) with P(p) = ap,

hg(p) — 5*/log pdp < e.

Thus
s, > hg('UJ) — €
= Jlog édn

for each p € My(J) with P(u) = . Therefore

S >SuP{fl( )¢_d; e Mgy and P(u):ao}

>O1érelgsup{m pwE€ Mg and P(p) = }

Since € > 0 is arbitrary, then

hg ()
> s .
S > 1nf sup{fl o o € Mgy and P(p) a}

We now proceed to prove the upper bound. It follows from Theorem 2.3 that

inf sup {h (1) — s« /log d(g,x)dp(zx) : pe My(J) and P(p) = oz} = 0.

acC
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For each o« € C' one has

sup {hg(u) — 5, /log (g, x)dp(z) : pe Mg(J) and P(p) = 04} > 0.

This implies that there exists p, € Mg(J) with P(us) = o, and

hg () — Sx /log odp, > 0.

Thus
hg(ps)

Sp < T —
[ log ¢dp
for some 1, € My(J) with P(us) = a. Therefore
he (1)
Sx SSUp{fl(fgqﬁd,u i p € Mg and P(p) = a}
for each a € C. This yields that

: hg(1)
5*%22 sup{floggwuzue/\/lg andP(,u):a}.

It completes the proof of Theorem 2.4.
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