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ERROR BOUNDS FOR RIEMANN-LIOUVILLE FRACTIONAL
INTEGRALS VIA STRONGLY H-CONVEX FUNCTIONS WITH
HIGHER ORDER DERIVATIVES

Man Huang! and Jianmiao Ruan®f

Abstract This paper is devoted to establishing new general identities associated with Rie-
mann-Liouville fractional integrals for n-times differentiable functions. By employing these
identities, we derive a series of midpoint- and trapezoid-type error bounds for approximations
involving such fractional operators. A key feature of our analysis is the assumption that the
g-th power of the n-th derivative of the function under consideration is strongly h-convex.
This approach yields estimates that depend not only on the behavior of the function at the
endpoints of the interval but also on an interior point, thereby offering enhanced generality.
Our results unify and extend several inequalities previously established in the literature for
convex, s-convex, and h-convex functions in the context of fractional integrals.
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1. Introduction

Let h : [0,1] — [0,00) be a given function, and ¢ > 0 a constant. A real function f defined on
the interval I C R is said to be strongly h-convez with modulus ¢, denoted by f € SX(h,c,I), if

fltz+ (1= t)y) < h(t)f(z) + (1 =1)f(y) = ct(l = t)(z — y)? (1.1)

holds for all z,y € I and t € (0,1). This class of functions, introduced by Angulo et al.
[1], generalizes both strongly convex functions [25] and h-convex functions [34]. Special cases
include: Strongly convex functions when h(t) = ¢; strongly s-convex functions (in the second

sense) when h(t) = t° (s € (0,1]); strongly s-convex functions (in the fourth sense) when
h(t) = t'/% (s € (0,1]); strongly Godunova-Levin functions when h(t) = 1/t; and strongly
P-functions when h(t) = 1. In the limit ¢ — 0, the strongly h-convex function reduces to

the standard h-convex function [34], which itself generalizes convex, s-convex (in the second

and fourth sense), Godunova—Levin, and P-functions. These classes play significant roles in

mathematical analysis and applications; see, e.g., [2-4,7,10,12-17,19, 20,23, 24,29-31, 37, 38].
A fundamental result in the theory of convex functions is the Hermite-Hadamard inequality:

1(57) <ot [ s < HOTIE, -
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which has been extended to numerous generalized convexity classes. In this direction, analogues
have been established for Godunova-Levin and P-functions by Dragomir et al. [11], for s-convex
functions by Dragomir and Fitzpatrick [9], for h-convex functions by Sarikaya et al. [26], and
for strongly h-convex functions by Angulo et al. [1].

The study of error estimates associated with the Hermite-Hadamard inequality has like-
wise received considerable attention. In this context, Dragomir and Agarwal [8] established
an identity pertaining to the right-hand side of (1.2) for differentiable functions, which yields
trapezoid-type estimates under the assumption that |f’| is convex. Subsequently, Pearce and
Pecarié¢ [22] refined these results as follows:

Theorem 1.1. Let f : [a,b] — R be differentiable and suppose that |f'|? is convex on [a,b] for

some 1 < g < oo. Then
fla +f (@) + |/ () 7\
‘ _a/ f(x)da < : > , (1.3)

\/()i P (T

Additional results along these lines may be found in, e.g., [36,40].
Let f be Lebesgue integrable on [a, b]. The left- and right-sided Riemann-Liouwville fractional
integrals of order a > 0 are defined as

9 f(a) = F(la) /x(x _ 0 f(@)dt, x € (a,b), (1.5)
a 1 b a—1
e f() = F(a)/ (t— 2 ' f(t)dt, € [a,b), (1.6)

where I'(a) = [7°t* te~dt is the Gamma function.
A significant result concerning the Riemann-Liouville fractional integrals was obtained by
Sarikaya et al. as follows.

Theorem 1.2 ( [27]). Let f : [a,b] — R be an integrable convex function. Then

F(450) = v + g ) < {00, )

In addition, the work in the same paper provided the subsequent identity:

Lemma 1.1 ( [27]). Let f : [a,b] — R be differentiable and f' be integrable on [a,b]. Then

a o —a [
HO IO He D e o)+ g s = 5% [ 10 =07 =) £ ta+ 0= on) .

Consequently, error estimates for convex functions were derived. These findings were later
generalized to the settings of h-convex functions [32], m-convex functions [35], and n-fold differ-
entiable convex functions [33].

Lemma 1.2 ( [33]). Let f € C™([a,b]) and f™ € L([a,b]),n € Z*. Define

fla)+ f(b)  Tla+1)

Fulf) = 2 2(b— a)®

[Jar £ () + Jp- f(a)] (1.8)
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F9(a) + (=1)*f®(b)
+Z z 1(0&—1—2) 2 7

with the convention that an empty sum takes the value zero and an empty product takes the value
one. Then

Ru(f) = b—a)y ) /1 (1)1 — ¢yttt (W (g 4 (1 — t)b)dt.

2117 (a +14) Jo

Here L(]a,b]) denotes the class of (Lebesgue) integrable functions on [a,b], and C"([a,b]) repre-
sents the space of n-fold differentiable functions on [a,b].

As an application, the authors yielded the following estimates for R, (f).

Theorem 1.3 ( [33]). Let f € C™([a,b]), f™ € L([a,b]),n € Zt and suppose that ’f(")’q
convez for some 1 < q < 0.
(i) If1 <q < oo, then

b-ar (1 N\ (PO@ + 0"
R e (! w%1>< 2

when n s odd and
1
R < o (0@ O]
B Hz 1(Oé+ ) 2
when n is even.
(i) Ifl<g<oo and%—i—%:l, then

= 2 H(S__l(cgi i) [p(a + nlf 1)+1 (1 - 2p<oin—1) )] N

‘f ‘ +3}f(n) | 1/q S‘f(n)(a)‘q-i- ‘f(n)(b)‘q 1/q
8 + 8

Rl < s <‘f‘"><a)!q - }f<n><b)|q> 1/a

when n is odd and

2110 (o +9) 2
when n 18 even.

Remark 1.1. In the special case where n = 1, Lemma 1.2 simplifies to Lemma 1.1, and
Theorem 1.3 (i) collapses to Theorem 3 in [27] with ¢ = 1.

On the other hand, another Hermite-Hadamard-type inequality via Riemann-Liouville frac-
tional integrals was given by the following form:

Theorem 1.4 ( [28]). Let f : [a,b] — R be an integrable convex function. Then

a+b 2071 (a + 1) N fla) + f(b)
(") < F e e a0+ g ] < T
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A key equality was also formulated by the authors, namely:
Lemma 1.3 ( [28]). Let f : [a,b] — R be differentiable with f' € L([a,b]). Then

e ey 0 gy 10] -1 (457)

b—a (! alaf(1—t 1+t 1+t 1—t
=— /0(1—t) [f <2a+26>—f<2a+2b>]dt.

This gave rise to error estimates similar to (1.4). The scope of these results was later broad-
ened to encompass twice differentiable s-convex functions [21] as well as n-times differentiable
strongly h-convex functions [39)].

Lemma 1.4 ( [39]). Let f € C™([a,b]) and f™ € L([a,b]), n € Z*. Denote
a+b) 27 D(a+1) [ , N a+b
2 (1 077) = Eg g ey 10+ Tpye 0] 1 ()

—1 . ]
— [1+ (=1)7] (b — a)’ 5 (a+b
_j; 2+ [T)_ (a + k) f()<2>' (1.10)

Then

a+b (b—a) [ /1 1 ()<1+t 1—t>
L , = 1" 1 — )™ Ml —a+—>b | dt
(f 2 ) 2 [ (a + k) (=7 f, @ 2 ‘T
1—1¢ 1+¢

1 /01(1 — pyetn—l ) (;a + 2b> dt} ) (1.11)

Remark 1.2. For n = 1, Lemma 1.4 simplifies to Lemma 1.3, while the case n = 2 recovers
Lemma 1 in [21].

Remark 1.3. When n =1 or 2,

o (120 < BRI D e @)+ g i) -7 (SF0). )

From the lemma, the following inequalities pertaining to strongly h-convex functions were
obtained.

Theorem 1.5 ( [39]). Let h be a nonnegative integrable function on [01,], f € C"([a,b]) and
f™ e L([a,b]),n € ZT. Suppose that ‘f(")}q € SX(h,c,[a,b]) for some 1 < q < .
(i) If1<q < oo, then

o <f a+ b>‘ < gletn)/a—n=1(q 4+ n)Y/49(p — a)"
"\ 2 B [Ty (o + k)

x { {12 @[+ 7 | 1)

™ ()| m]?  clat+n+3)(b-a)? }I/q
+ |:I1‘f (a)‘ +1.2’f (b)’ 2a+n+2(a+n+1)(a+n+2) ,

)Q_ cla+n+3)(b—a)? ]1/(;
200 2(a+n+ 1) (a+n+2)
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where
1/2 1/2
T :/ tot=Ln(t)dt, 12:/ tot=1p(1 — t)dt.
0 0

(ii) If1<q<oocmd%+%:1, then

o (fa+b> _ (b —a)" ( 1 >1/P
m\7 g ootV (a+ k) \pla+n—1)+1

« ( [ wwae|ro@|+ [ o] f<n><b>\"_0<b—a>2)1/q
1 0

/2 12

1/q
. </01/2 h(t)dt‘f(”)(a)’q +/1/12 h(t)dt ‘f(n)(b)‘q B C<bl_2a)2>

Remark 1.4. By setting ¢ — 0 in Theorem 1.5, one obtains Theorem 5-6 in [28] when n =1
and h(t) = t, together with Theorem 2—4 in [21] when n = 2 and h(t) = t°.

Recently, more general identities and error estimates were introduced in [5, 6], where the

variable values may be chosen freely and are not restricted solely to the endpoint or midpoint
of [a, b].

Lemma 1.5 ( [5]). Let f € C'([a,b]) and f' € L([a,b]). Then Vx € [a, b],

F(ba_—i—al) [(z—a)' @ fla+b—2)+ (b—2)' " *J% fla+b—2)] — fla+b—2)
— (x_a)Q ! gy gl — a .
I — /0(1 t) /(b + (1 —t)(a+b—x))dt
2 1
_(bb__z) /0 (1=t f'(ta+ (1 —t)(a+b—z))dt, (1.13)

Lemma 1.6 ( [6]). Let f € C'([a,b]) and f' € L([a,b]). Then Vx € [a,b],

RO T ay=ogs o Fl@) + (& = @) Ty e D) ~ Flatb—2)

= (xb__‘;)z /01 t*f'(tla+b—x)+ (1 —t)b)dt
(b—=)°

b—a

/1t“f’(t(a+b—x) + (1= t)a)dt. (1.14)
0

Remark 1.5. Lemma 1.6 reduces to Lemma 1.3 with = (a + b)/2.

By employing the preceding two lemmas, new error estimates for differentiable convex func-
tions were obtained in [5,6]. Subsequently, in 2021, these results were extended to differentiable
h-convex functions by Mahreen and Budak [18].

Theorem 1.6 ( [18]). Let f € C'([a,b]) and f' € L([a,b]). If |f'|? is an h-convex function on
[a,b], then Yz € [a,b], the following fractional integral inequalities hold:
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(i) If1 <q < oo, then

et

— [(x—a)l_aJl?_f(a—}—b—J:) +(b—:p)1_aJ§‘+f(a+b—x)} — fla+b—x)

1-1/q N2
Sbia (ajl) [(mb_c(;) (13‘f/(b)‘q+I4‘f/(a+b_x)‘q)l/q

(b—x)
b—a

+ (I?)‘f,(a)}q—l-ZLL‘f’(a+b_x)‘Q)1/Q:| ’

where
7, = /1(1 _Vh(t)dt, Ty = /1(1 — VR — )t
0 0

(i) Ifl<g<ocandl/p+1/qg=1, then

‘F(boz_—i-al) [(z—a)' ™ fla+b—x)+ (b—2)' " *J% fla+b—2)] — fla+b— )
1 @ e L / a\1/q
<52 () oo Qo+ s o)

+(b—2)* (|f(@)|"+|f(a+b- m)\q)l/q} (/01 h(t)dt> v .

Remark 1.6. If we take h(t) = t in the above theorem, then Theorem 1.6 (i) reduces to
Theorem 4 and Theorem 1.6 (ii) reduces to Theorem 3 in [5].

Theorem 1.7 ( [18]). Let f € C'([a,b]) and f' € L([a,b]). If |f'|? is an h-convex function on
[a,b], then Yz € [a,b], the following fractional integral inequalities hold:
(i) If1 < g < oo, then

’F(baj_al) [(b B x)lia‘](oéﬂrb—x)—f(a) + (x - a)lfaJ(OZerb—x)Jr f(b)] — fla+b—x)

1 1 i 2 / q rey |9y /e
<b—a<a+1> [(x—a) (Zs | f(a+b—a)|" + Zs | /(b))

o2 (B + b - )| + T £ @)])].

where

1 1
15:/ toh(t)dt, 16:/ th(1 — t)dt.
0 0

(i) Ifl<g<ooandl/p+1/q=1, then

’F D [ 0y F(@) 4 (2= 0) Sy SB)] — flat )

1/p
<o () e e b rm

1/q

Ho— 2 (o= + 7@ ([ o)
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Remark 1.7. By taking h(t) =t in Theorem 1.7, part (i) is reduced to Theorem 2.7 and part
(ii) to Theorem 2.5 in [5].

Examining the theorems above, it is evident that Theorem 1.3 and Theorem 1.5 provide
trapezoid- and midpoint-type estimates that depend only on |f(™(a)| and |f(™ (b)|, whereas
Theorem 1.6 and Theorem 1.7 show that the generalized midpoint-type estimates depend on
the values of |f("]| at both endpoints and at an additional point within (a,b). On the basis
of these motivations, the current work extends these results to n-times differentiable strongly
h-convex functions and derives more general error estimates pertaining to these inequalities.

2. New identities for Riemann-Liouville fractional integrals

In this section, we derive several novel identities concerning Riemann-Liouville fractional inte-
grals, which will form the cornerstone of the error estimates presented later.

Let f be an n-times differentiable function on [a, b], n € ZT. We define the following auxiliary
functions:

On(f,x) :F(boz_—l—l) [(z — a)' T fla+b—x)+(b—2) T fa+b— z)] = fla+b—2)
1 = r ot C V@ () — (g — )L )
by (. H2:1<a+k>> (b=2)" D (@) = (a = 2) )]
(2.1)
eulf.r) =2 D yimge ) F(@) 4 (- a) Ty e f)] -~ Flat b )
1 n—1 (l’ _ b)i+1 _ ($ _ a)i—i—l ) Wb
+biaz’:1 szl(a—i—k) et -
(2.2)

For n = 1, the sums vanish, yielding the simpler forms:

o1(f,x) = F(baj—al) [(z—a) T fla+b—2)+ (b—2)"J% fla+b—21)] — fla+b—2a),
e1(fiz) = F(boz_+al) [(b — x)lfaJ&er_x)_f(a) + (z — a)lfaj&+b—x)+f(b)j| — fla+b—wx),

which mean that

d)l(fa (1) + ¢1(f7 b) = Qpl(fa CL) + Spl(f7 b)
Remark 2.1. In view of (1.8), (1.10) and (2.2), one may verify that

Tl =001 Y50, pulla) + en(0) = ~2Ra(). (23

2
We now present the main identities of this section.

Lemma 2.1. Let f € C™([a,b]) and f™ € L([a,b]), n € ZT. Then Yz € [a,b], we have

on(f,

. 7# 4 1 1 7fn—l B ta+n—1 (n) B . .
on(f, )—b_a[< )*/0 <(n_1)! Z:%(er))f (tb+ (1 —t)(a+b—x))dt
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1 1 25n—1 ta+n—1 ()
—(b—x)" / - Yta+ (1—t)(a+b—x))dt|. (24
e A o v it v Y= EA RN (R ICRL L R CR)
Proof. The case n = 1 corresponds to Lemma (2.4). For n > 2, we proceed by iterative
integration by parts.

/1 1=t f'tb+ (1 —t)(a+b—x))dt
0

= <1_ ! )f’(b)+(a—x) /01 <t— ;ﬁl) f'tb+ (1 —t)(a+b—x))dt

1 1

'(0) + (a — ) (2 - (a+1><a+2)> f"(b)

. ) P+ (1 t)(a+ b — a))dt

_ <1 - ai 1) £(b) + (a—2) (; - W) 1)

—i—---—l—(a—x)n_Q((n_ll)!— ! >f(n_1)(b)

Pi(a+ k)

. _— 1 tnfl B ta+n71 (n) B " .
+(a—2) /0((n_1)! Z;i<a+k))f (th+ (1~ )(a+b—))dt,

which means that

/1 (1—t*) f'(tb+ (1 —t)(a+b—x))dt
0

n—1

N a—ay (oL ) e .

R (' Hzl<a+k>>f " .
B - 1 tnfl B ta+n71 (n) B " .

Ha—a) /O(M_l)! Z;i<a+k))f (th+ (1 — )(a + b— z))dt.

Similarly,

/1 (1—1%) f(ta+ (1 —t)(a+b—2))dt
0

n—1 . 1 1 '
=> -2y ( )> 19 (a) (2.6)

it HZ:1(04 +k

ooyt | T T ) f g (1 f)(a b o)
+(b—z)"” — "Nta+ (1 —t)(a+b—x))dt.

o \(n—=1) Z;i(a + k)

Then we complete the proof by (1.13), (2.1), (2.5) and (2.6). O

Lemma 2.2. Let f € C"([a,b]) and f™ € L([a,b]), n € ZF. Then Vx € [a,b], the following
identity holds:

1

Ty

1
o E {@: —a)"t! /0 =L ™) (1 + b — ) 4 (1 — t)b)dt
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—(z —b)" ! /1 LM (g 4+ b — 2) + (1 — t)a)dt| . (2.7)
0

Proof. Obviously, (2.7) reduces to (1.14) as n = 1. For n > 2, it follows from integration by
parts that

/1 t*f'(t(a+b—x)+ (1 —t)b)dt

0

r —a 1
:a—lklf,(CH_b_x)—i_oH—l/o 1o (ta+ b — x) + (1 — )b)dt
1 / r—a 1
s A G ik Rl e sy B Gl intd
(x —a)?

1
+(a+1)(a+2)/0 2 (o + b — z) + (1 — t)b)dt

r—a

1 , 1
:mf(a%—b—x)—kmf (a+b—x)
n (ﬂf—a)2 f”’(a+b—m)+~--+wf("_l)(a+b—ﬂf)
(a+1)(a+2)(a+3) ii(a+ k)
(z—at

1
Ttk /0 =) (Ha + b — ) + (1 — £)b)dt,
k=1

which tells us that

/1 t*f'(tla+b—x)+ (1 —t)b)dt

0

L f9(a - .
ZHk1a+k) b= (2

_ n—1 1
(f_1(62+ 5 /0 et (a4 b — x) + (1 — t)b)dt.
k=1

By the same way, we have

/1 t*f'(tla+b—x)+ (1 —t)a)dt

0

x—b (l)a —
anla+k) (a+b—z) (2.9)

k=1

Thus we finish the proof by (1.14), (2.2), (2.8) and (2.9). O

Remark 2.2. (i) Lemma 2.1 and 2.2 reduce to Lemma 1.5 and 1.6, respectively, when n = 1.
(ii) In light of Remark 2.1, Lemma 2.2 generalizes Lemma 1.2.
(iii) Setting =z = (a + )/2 in Lemma 2.2 and noting the relationships fta + 35tb =
(1- t)“TJ“b +ta, Fra+ Ly = (1—t)2td a£b 4 th, one can show that Lemma 2.2 ylelds a var1ant of
Lemma 1.4.
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To facilitate parameterized analysis, we set © = pa + (1 — p)b for 0 < p < 1 in (2.1) and
(2.2) and rewrite the functions ¢, (f, z), ¢n(f, z) respectively as

() = [0 = ' 11 =t )+ I S = 0+ )]
= fI(1 = pwa+ pb]
n—1
—}jw—av<;—rrj_H®>k—nﬁwl—m“ﬁwkw—uﬂv@mﬂ,
= : k=11
1 (2.10)
Fulfo) =g [ iy~ @)+ (L= 1 TG iSO
— fI(1 = p)a + pb] (2.11)
n—1 _q) AT S B A | '
- 0-a) [(rlli M() +k>( ) ]f(’)[(l—ﬂ)a+ub]-
i=1 k=1

Remark 2.3. From the definitions and Remark 2.1, it follows that

5 (15) =00 (1550) 8 (£3) =en (1°5) =2 (£950). 1)
B (.0 + G (1) = ~29%(9). (2.13)

Substituting = pa + (1 — )b into the identities of (2.4) and (2.7) yields the following
lemmas.

Lemma 2.3. Let f € C™([a,b]) and f™ € L([a,b]), n € Z*. Then VYu € [0,1], we have

B 1 n—1 a+n—1
%Uﬂ»—w—aw{hwﬁﬂl—mmdﬂ Qi—nf‘ JQ +m>
: k=1\¢

X fM[(1 = t)(1 — p)a + (t — pt + p)bldt (2.14)
it /1 TN 0t — ot Dt (1— Hyublde
YL \em T T e} T I
Lemma 2.4. Let f € C™([a,b]) and f™ € L([a,b]), n € Z*. Then VYu € [0,1], we have

7]% {(1 —M)n—i-l /01(1 _t)a+n—1f(n)[(1 _ t)(l _ M)a+ (t_ﬂt'f‘u)b]dt

&n(fv N) =

1
+(=1)" / (1 =)L (ut — p+ 1)a+ (1 — t),ub]dt} : (2.15)
0
Remark 2.4. Setting ; = 1/2 in the proceeding lemma, using (1.11), (2.15) and (2.12), one

can check that Lemma 2.4 reduces to Lemma 1.4.

3. Error estimates for higher order differentiable strongly
h-convex functions

This section is devoted to deriving error bounds for the fractional integral operators introduced
earlier, under the assumption that the g-th power of the n-th derivative is strongly h-convex.
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Letn€Z", 0 <a<oo,1<p,q<ooandpu € [0,1]. For brevity, we introduce the following

notation:
1 1
n! [l (a+k) (n+2)! v (a+ k)
1 1
C p—

(9 =P+ D =D (ap 4 np—p+1) (k@ + b))

Y

1 \'"Ve 1 1
= ( > n—1 , &= 1 P
a+n p—1 (@ + k) (ozp+np—p+1)< 221(044']‘5))
Ti() = / "l tyde, To() = / " et .
0 0

For any j € [0,1), define
= [ [<n SHI e :Dm_ll o
) = / [<n () Ters U :fc)m_l] n =

For any 1 € (0,1, define
e O R = ree 1 G M L

G = [ [(n S - k;}<1a+k> (1- Z)WL_I] 1=

Note that

K1(0) = Ka(1), K2(0) = K1(1).
When h(t) = t, these expressions simplify to:

n+p  atntp
n+1)! e+ k)

/Cl(u)=(1—u)<( >,u€[0,1),

Kg(u)=(1—u)2<(ni1)!— gi}(laJrk))’”E[O’l)’
N 1

/C1<M) =p ((n+1)' Zi%(a+k)> y M E (071}7

- B n+1—ﬂ_a+n+1—,u

Now we state our main results.

(3.1)

(3.2)

(3.5)

(3.6)

(3.9)

(3.10)

(3.11)

(3.12)
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Theorem 3.1. Let f € C™([a,b]) and f™ € L([a,b]),n € Z*. Suppose that }f(”)r}
SX(h,c,[a, ), 1 < g < o0.
(i) If1 < q < oo, then for any x € [a, ],

A e [fo oo + o)

(b — )"t [/cl(c))

1/q

|on(f, )| <

F™(a+b— x)‘q —cB(x — a)2]

£ (a) ‘q + K (0)

™) (q+b— x)‘q —cB(b— 9:)2} 1/q} .

(i) Ifl<g<oo and%qL%:l, then for any x € [a,b),

WﬂﬂxﬂéfYZ{@_ayﬂ[(

ro-ort | (] +

F™ (a1 b— a;)‘q> /01 n(tydt — <& = G)Q] v

(a4 b x)‘q> /01 M)t — c(b ; x)T 1/q} |

o) +

Proof. By Lemma 2.1, we have

L T —a)t! ! tnt _ gotnl
6n(f,0)| < = b ) A QH—U! Eﬂa+@>

e ) 1 n—1 B taJrnfl (n) " B . .
+(b )+/0 ((n—l)! g;i(a+k)> £ (ta+ (1= )(a+b ))‘dt]. (3.13)

™) (b4 (1 - t)(a+b—x))‘ dt

(i) If ¢ = 1, then we infer from the fact of |f(™)| € SX(h, ¢, [a,b]) that
/1 tn—l totn— 1
(n=1! T (et k)

" 1 ta—l—n 1
(n—l o 1a+k)>
% [n(e) f<N(b)}+h1—t ‘f a+b—x)))—ct(l—t)(x—a)2]dt

7 (0)| + K2(0)

FOEb+ (1= 1) (a+b— )| db

(
K1(0)

<>(a+b—x>) — Bz — ). (3.14)

By a similar argument, we have

1 tnfl taJrnfl
A Qn—nf‘ Eﬂa+M)

< K1(0) f(”)(a)‘ + K2 (0) ‘f(")(a . x)‘ — B(b—z)?. (3.15)

[ (ta+ (1= )@+ b - )|t

Thus we complete the proof by (3.13)-(3.15) for ¢ = 1.
If 1 < g < 00, then the power-mean inequality and the fact of || € SX (h, ¢, [a,b]) imply

that
/1 P ) a4 (1 t)(at b )| dt
o \(n—=1) Z:1(a+k)
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S(AIQJTLV‘HE§:im>“>PUQ
o . 1/
« </01 FO 4+ (1~ t)(a+b )| (&_ 11)! - H;f_;(a i k)) dt)
< A4 {/01 ((:@__11)! - Zt:;:jr k)) h(t)dt

1 tn—l ta+n—1
+ Qn—nf‘ Lha+m>h“_”ﬁ

£ ()

)q

f(")(a—i-b—x)’q

e(w — )2 n B a+n Ve
YT [T (a1 b
=AY (11 0) | £ @)+ Ka(0) | £ a4 b - @) = Bo - 0)?] /s, (3.16)

Similarly,

1 2fn—l B ta+n—1 (n) . B . .
/ Qn—n! gaa+@>V (- (1= t)a-+b =) de

1/q

<A1 i1 (0) f@+b-a) =B -v?] . (317)

()| + K2 (0)

Then the required result is obtained by (3.13), (3.16) and (3.17).
(ii) If 1 < ¢ < oo, then the Holder inequality and the fact of |f(™|? € SX(h, ¢, [a,b]) show

that
1/ -1 potn—1
/o ((n D! e+ k))
1 =1 potn—1 P 1/p
= </0 ((n—1>! - Z;i(a+k)> dt) [
F™(a+0b— a:)’q /01 h(1 —t)dt — c(z — a)? /0 (1 — t)dt] v
1/p
1 tnp—p tap+np—p
[ (@)
d

—clp [( f(”)(a—i-b—m)‘q) /01 h(t)dt —

Here we use the basic inequality (X —Y)?P < XP —YP VX >Y >0, p > 1. Similarly,

1 tn—l ta—l—n—l
/0 ((n DY i+ k))

F b+ (1= t)(a+b— x))\ dt

f(n)(b)‘q /1 h(t)dt
0
1

_l’_

f(n)(b)‘q/ol (0t + 7" (a +b w>‘q/01 (1 — i — 4 a)z]”q

c(xgaﬂ]”q_

(3.18)

)| +

F™(ta+ (1 —t)(a+b— w))‘ dt
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1 75n—1 toc-i—n—l p 1/p
< / 1 n—1 dt
1 271/q
—-b
x[qﬂmmﬂ?+vmka+b—@r)/‘Mﬂﬁ—cuk>}
0

<en (@] + [faro—of') [ o) G

Thus we finish the proof by (3.13), (3.18) and (3.19). O
As a consequence, letting ¢ — 0 in Theorem 3.1, we obtain the corresponding results for
h-convex functions.

Corollary 3.1. Let f € C™([a,b]) and f™ € L([a,b]),n € Z*. Suppose that ‘f(”)‘q is h-conver
on [a,b], 1 < ¢ < 0.
(i) If1 < g < oo, then for any x € |a, b,

1-1/q a11/q

— ﬁx—@m4Vnmﬂﬂmwﬁ+mamwﬂmm+b—xﬂ}

onlf 0 < 5
(b — 2yt [/cl(()) ‘f(”)(a))q + Ko (0) ‘f(”) (a+b— x)ﬂ ”q} .

(ii) Ifl<g<ooandl/p+1/q=1, then

on(f.2)] < ci/f; {(x_a)n+1 [‘f(n)(b)’q+’f(n)(a+b—x)‘qr/q

(b — )t Hf(m(a)‘q N ‘f(")(a b x)m I/q} </01 h(t)dt> v

Remark 3.1. (i) If n =1, then Corollary 3.1 reduces to Theorem 1.6.
(ii) If we take h(t) = t° in Corollary 3.1, then the error estimates are obtained for the
s-convex function in the second sense with

1 1 1
/h@ﬁ:/ﬁﬁ: ,
0 0 5+].

1 1 B(n,s+1 Bla+n,s+1

ICI(O) - | - n—1 I ,CQ(O) = ( | ) - ( n—1 )7
(m+s)(n—1! (a+n+s)[[iZ;(a+k) (n+1)! k=1 (@ +F)

where B(z,y) fo U t)¥~!dt is the usual Beta function. Furthermore, if s = 1, i.e.

h(t) = t, we have the error estlmates for the convex function with

n a+n 1 1

SO T e PV T D T e

Setting = (a + b)/2 in Theorem 3.1 gives the midpoint-type estimates.

Corollary 3.2. Let f € C"([a,b]) and f™ € L([a,b)),n € Z*. Suppose that }f(”)rl
SX(h,c, [a,H]),1 < g < oo.
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(i) If1 <q < oo, then

a+b (b—a)" A1/

on(f, = )’g St Hicl(o) 0|+ Ka(0)

(n) CL‘I—b
()

@)+

a B cB(b — a)? la
4

(n) CL+b
()
T cB(b—a)? La
Lk } }

(n) a+b
()

+ [ICl(O)

7(@)|" + K2(0)

— a\r Al-1/q
<=gs {161(0)1” [

+2 {03(54— a)Z] Uq}.

FO@)]] + 262(0)1

(i) Ifl<g<ooandl/p+1/q=1, then

a+b

(b—a)"Cl/P
)z |
|

< (b— a)ncl/p { [
— 2n+1
c(b—a)? La
2 [ - } .
Theorem 3.2. Let f € C™([a,b]), f™ € L([a,b]),n€Z*. Suppose that ‘f(")‘quX(h,c, [a,b]),

1<qg <.
(i) If1 < q < oo, then for any x € |a,b],

Pn(f,

#(m) (a;b) q) /01 h(t)dt — C(b2—4a)2]1/q
q> /01 h(t)dt — c(b2—4a)T 1/q}
£ <“"2*b>H ( /01 h@ﬁ) 1/g

@] +

(n) a+b
()

)| +

o) +

7 m)| +2

q

on(f,0)| < o { (= @™ [0 ][50+ - o)+ 201
B c(x —a)? ] 1
(a+n+1)(a+n+2)
(b -2y [A W) [ a+b— o)+ 20) [ (@)
B c(b—z)? 1/a
)] } (3.20)

(a+n+1)(a+n+2

)]

’q

(ii) Ifl<g<ooand1l/p+1/q=1, then for any x € [a,b],

|on(f, )] y
P q q e
< bgi/a {(:E—a)”+1 [(‘f(”)(a+b—:r)‘ + \f“‘)(b)\ )/Olh(t)dt—éc(a:—a)ﬂ

(b — )"t [( F™(a+b— x)‘q n f(n)(a)‘q) /01 h(t)dt — éc(b - x)?] l/q} . (3.21)
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Proof. By Lemma 2.2, we have

T 1 7 — )"t lanfl (n) a — _
Dy = Tl (L el s B (R R BRI
1
+(b—a:)"+1/ goctn=—1 ’f(")(t(a—i—b—x)—l—(1—t)a)‘dt}. (3.22)
0

(i) Without loss of generality, we will prove the inequality for 1 < ¢ < oco. It follows from
the power mean inequality and |f(™|? € SX (h,c, [a,b]) that

/01 gatn—l ‘f“l) (tla+b—x)+ (1 - t)b)‘ dt

< (2 >/ (A0 |17 +b— )|+ 21) [f ) (323

a+n
o(z — a)? )1/q
(a+n+1)(a+n+2) ’

and

/01 atn=l ’f(’” (ta+b—z)+ (1 - t)a,)’ dt

< ( 1 )/ (AW [fP @+ =)+ R0) [ (3.24)

a-+n

- c(b — z)? ))1@

(a+n+1)(a+n+2

Then we complete the proof of the inequality (3.20) by (3.22)-(3.25).
(ii) By virtue of the Holder inequality and the fact of |f(|9 € SX(h, ¢, [a,b]), we have

/1 atn—l ‘f(”) (ta+b—x)+ (1 — t)b)‘ dt
0

< (( L )1/,, (‘ﬂn) (a+b—a)° /01 h(t)dt (3.25)

a+n—1)p+1
/q
ol [ na - @Y
s [ n—na - ,

and

/1 o=l ‘f(m (tla+b—x)+ (1 — t)a)‘ dt
0

< <( ! )W (\ﬂ”) (@a+b— ;p)\q /01 h(t)dt (3.26)

a+n—1)p+1
4 ‘f(”)(a)‘q/ol h(1 — t)dt — C(bg‘””)zy/q.

Thus we finish the proof of (3.21) by (3.22), (3.25) and (3.26). O
Letting ¢ — 0 in the proceeding theorem, we have the following conclusion.
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Corollary 3.3. Let f € C"([a,b]),f™ € L([a,b]),n € Zt. Suppose that ’f(")‘q s h-convex on
[a,b], 1 < ¢ < oco.
(i) If1 < g < oo, then

entfell < 2 { o= [0 10+ 0 o)+ a1 0]

(b — z)mH! [71(1) ’f(")(a +b— z)\q + (1) ‘f(")(a)m ”q} .

(i) Ifl<g<ocandl/p+1/qg=1, then

1/p

lon(f,z)| < :_ - {(m — )"t Hf(n)(a +b— q;)‘q + ’f(n)(b)‘q]

+(b— 2yt |1 @+ b— )"+ |1 @) ”q} </01 h(t)dt) "

Remark 3.2. (i) If n =1, then Corollary 3.3 reduces to Theorem 1.7.
(ii) If we take h(t) = t® in Corollary 3.3, the error estimation for s-convex functions in the
second sense is obtained, in which

1/q

! 1 1

Moreover, if s = 1, we have the error estimates for convex functions with

1 1

1 1
[ nde =5 20 = s 20 = ey

Taking * = (a + b)/2 in Theorem 3.2, by Remark 2.1, we obtain a new modified estimate
different from that in Theorem 1.5 for £,(f, %42) as follows.

Corollary 3.4. Under the same assumption in Theorem 8.2 with x = “T‘Fb, the following in-
equalities hold:
(i) If1<gq < oo, then

o (515Y)
()
gw}{[ﬁﬂ) ’f("’ (T)

! {jl(l) ‘f(n) <a JQF b> 20 ‘f(n)(a)‘q " 4(a +nCJ(rb1_)(Z)in + 2)} 1/q} '

- c(b— a)? )T/q

+j2(1))f(”)(b)‘ 4a+n+1)(a+n+2

(ii) If1 < gq < oo, then

= (155)
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)
<W{ (‘ﬂn) <a2+b>’q+‘f<n>(b)]q> /01 h(t)dt_éc(b;a>2]
qf(n) (a;b> " \fm)(a)‘q) /01 W)t — (136(1,_;)2] 1/q}.

As an application of Lemma 2.2, we obtain the error estimates of ®,,(f) for strongly h-convex
functions.
Theorem 3.3. Let f € C™([a,b]), f™ € L([a,b]),n € Zt. Suppose that ’f(")‘qESX(h, ¢, la,bl),
1<qg <.

(i) Let1<gq<oo. Ifn is odd, then

_ len(f.0) + o(£.b)

1/q

_l’_

R (f)] 5
—a)" a+n 1/q 1-1/q
<H’,§i1(a)—|—k)< : ) (1_2a+1n—1> (@[ + o)
%/Uiﬂ—tﬂﬂlL%M”1)m@y+M1—wyﬁ—2db—aF}]U< (3.27)
0

and if n is even, then

_ len(f.0) + o(f.b)

[RalF) 5
< (5 (]« ool i + g

c(b— a)? 1/q
2c(b—a) J , (3.28)

(a+n+1)(a+n+2

P L1 1 L1
Ca+n+l 2a+n a+n+2 2atntl )

(ii) Letl<g<ooandl/p+1/q=1. Ifn is odd, then

_ lenlfya) + o (f,0)]
2

0 1/2

where

R ()]

T 2[IiCi(a + k) 12

‘ <]f<"><a>}q / / o+ || [ Y ity - 0(61‘2“)2) 1/1 , (3.29)

and if n is even, then

(f,a) + ¢(f,b)]

()] = ol
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el (AGIRBRLOY [ a0 " e

Proof. According to Lemma 1.2 or Remark 2.1 and Lemma 2.2, we can obtain

R ()]
_ len(f,a) + o(f,b)|

/‘ nl
a+k

(i) Without loss of generality, we prove the inequalities for 1 < ¢ < co. Then power-mean
inequality implies that

(ta+ (1 — t)b)’ dt.  (3.31)

/ ‘ n 1 a+n 1 _ potn— 1|‘f(n ta—}—(l—t)b)‘dt

1-1/q
</ } n 1 a+n 1 taJrnl‘dt) (3.32)

X </ )f“” (ta+ (1 - t)b)‘q ()" (1 — gyt et dt)l/q.
0

When n is odd, it is easy to see that

/ ‘ n 1 a+n 1 ta—l—n—l’ dt
1/2 1
- / (1 — )=t —gotnd] gt + / [totnt — (1 =)t dt
0 1/2
2 1
= n <1 — 2a+n_1> , (3.33)

and

1
/ ’f(n) (ta + (1 _ t)b)’q ‘(_1)71—1(1 _ t)oz-l-n—l - ta—f—n—l‘ dt
1/2
‘ / a+n 1 toz+n71) h(t)dt
1/2
+{ " (b ‘ / gyetnl —getn=l) p(1 — t)dt

+ f(”) (a)‘ //2 (ta-l-n—l _ (1 _ t)a+n—1) ]’L(t)dt

1
1| (b)‘q/ (71— (1 )21 (L — 1)t
/2
1
—c(b — a)2/ t1—t) |1 =)ot — gt gt
0

= (| @[ + |1 ) )/01/2 (1= )1 @) (h(t) + h(L — £))dt
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1 1 1 1
—92¢(b — a)? 1— - 1— ) 3.34
c(b—a) [a—i—n—i—l ( 2a+n> atn+2 ( 2a+n+1)] (3.34)

Then we finish the proof of (3.27) by (3.31)- (3.34).
When n is even,

1
2
/ ‘ n 1 a+n 1 ta+"1}dt:/ [(1_t)a+n71+ta+n71“dt 7
0 a+n
and
/ ‘f ta—|— 1—t ‘ } ” 1 a+n 1 _ jatn=1| gy
<[t ‘ / YT h()dt (3.35)
2¢(b — a)?
(a+n+1)(a+n+2)

Thus, the inequality (3.28) is obtained by (3.31), (3.32), (3.35) and (3.35).
(ii) Let 1 < ¢ < co. If n is odd, then the Holder inequality shows that

/ | n 1 a+n 1 ta-{-n 1”]0 ta—i—(l—t)b)’dt

1/2 Up s 12 .
< (/0 [(1— gyoctn=t _ gotn 1]pdt> (/0 ‘f(”) (ta+(1—t)b)‘ dt)

! at+n—1 _ p\a+n—171P v ! (n) . q 1a
+</1/2 [to+ (1—t)*+n1] dt) (/1/2‘1? (ta + (1 t)b)) dt] . (3.36)

On the other hand,

1/q

1/2 1/2
/ [(1 _ t)a-‘rn—l _ ta—i—n—l]Pdt < / [(1 _ t)(a—i-n—l)p _ t(a—i—n—l)p} dt
0 0

3.37
o . (3.37)
Copla+n—1)+1 op(atn=1) |’
1 1
/ [toz+n71 _ (1 _ t)Ol‘i”n*l]p dt < / |:t(a+n*1)p _ (1 _ t)(a+ﬂ*1)P} dt
/2 /2 ' . (3.38)
T platn—1)+1 <1 - 21”(0“"”_1)) '
And the assumption of ‘f(”) ‘q € SX(h,c,[a,b]) tells us that
1/2 q
/ ‘f(" ta+(1—t)b)’ dt
(3.39)

< f(”)(a)’ /Ol/zh(t)dH\f(m(b)\q/l/:h(t)dt—C(bua)Z,
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1

™ (ta + (1 — t)b)]"dt

2 1 1 (3.40)
q /2 — a)
< f(")(a)’ / h(t) ‘ / t)dt — .
1/2
Then we complete the proof of (3.29) by (3.31), (3.36)-(3.40).
When n is even, we have
1
/ (=D (1 =it — " (ta+ (1 — t)b)’ dt
0
1 1/p 1 ¢ \ 4
< (/ (1 —)>tn=t 4 gotnmi]P dt) (/ ™ (ta+ (1 - t)b)‘ dt)
0
a)2 1/q
< FO( ‘ /h t)dt + | £ (b ‘ /h tdt — € > . (3.41)
Thus we finish the proof of (3.30) by (3.31) and (3.41). O

Remark 3.3. Letting ¢ — 0 in Theorem 3.3, we get the error estimates of R,,(f) for h-convex
functions. Furthermore, taking h(t) = ¢, it reduces to Theorem 1.3.

Theorem 3.4. Let f € C"([a,b]), f™ € L([a,b]),n € Zt. Suppose that ’f(")‘qGSX(hjc, [a,b]),
1<g<o0.

(i) If1<gq< 0, then
() |2 91174
”(b)‘ —e(b—a) B} :

@)~ eo—a2B] "

Gulf.1)] < ATV2(b = a)" [ K41 (0)
Pu(£.0)] < A6~ a)" [K2(0)

£ (a) ‘q + K (0)

1@+ K1(0)

and

onlf, u)‘
< Al_l/q(b _ a)n

1/q
. {(1@”*1 [’Cl( 9@+ S |0 )] e a1 ) (A + (1 - 0B
q q 1/
st [ KLY o) 20 |0 ) o= (1 A+ ) }

holds for any 0 < p < 1.
(i) Ifl<g<ooand1l/p+1/q=1, then

1

@] +

G, 1)‘ <CYP(h—a)" [( f(n)(b)’q> h(t)dt — éc(b - a)z] 1/‘17
1

J
J

1 1/q
h(t)dt — 6c(b — a)Q] ,

0| ero—ar (

1@ +

1w

0
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and

$n<f,u>]§cl/p<b—a>"{<1 "“{ <‘f"> I / (t)dt + |1 0)| /:h@)dt)

1 9 1/4
~gelb = @ )+ )

! [; (( £ (a)|* /1 1M ()it + |10 )|” /0 ' h(t)dt>

1/q
el = (s - 22 }

holds for any 0 < p < 1.
Proof. According to Lemma 2.3, we have

_ 1 n—1 a+n—1
¢n(faﬂ)‘S(b_a)n{(l_lu’)nJrl/o [(nt_ 1)‘ - ntl( —i—kﬁ)
: k=11
x ‘f(”)[(l — 1)1 = p)a+ (t — pt + u)b]‘ dt

1 tn—l ta+n—1
+Mn+1 / . -
o |(n=1! j1 (@ + k)

(i) Let 1 < ¢ < oo. If u = 1, then power-mean inequality and the fact of | f|? € SX (h, ¢, [a,b])
imply that

(3.42)

[Pt = o+ Va+ (1= )] dt} .

On(f.1)|
. 1 tnfl B taJrnfl (n) " B
< (b—a) /0 [(n—l)! TP ‘f (ta+ (1 t)b)‘dt
n 1 1 l—l/q tn 1 taJrnfl
s(-a) (m_HZ_l(a+k)> { @[ / [n—l T | MO

(n) = 1 taJrnfl
" h(1 —t)dt
el / -0 im0 Y

B B ) 1 75n—1 B toz-l—n—l B 1/q
c(b a)/o [(n—l)! Z;%(a—l—k) t(1 t)dt}

= (b—a)" ALY [zcl(()) ] f<">(a>)q + Ko (0) ‘ f(”)(b)‘q ~e(b— a)23] e

By the same way, we can achieve the conclusion for p = 0 and leave the proof to readers.
If 0 < p < 1, we have

1 tn—l ta—l—n 1
/0 (n—D! [I'=Na+k)

Al /g ) "= 1 ta+n—1
< n _
ol [ lath)

’f l—t)(l—u)a—i—(t—ut—l—,u)b])dt

h((1—t)(1 — p))dt (3.43)
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ta—i—n—l

q 1 n—1
elrmof | [(rf—n!_ e T

tn—l ta—i—n—l

1
_c(b—a)Q(l—u)/O [(n—l)!_ Z;ll(a+k)

1/q
(I —=t)(t — pt+ u)dt} .

With a change of variables, it is not difficult to show that

tnfl taJrnfl

Alhn—nf‘ i+ k)
1— n—1 a+n—1
7 () e () e

h((1=1)(1 — p))dt

I—p
_ ’61(“)
1—p’
1 n—1 oat+n—1 ”
¢ t 2(1)
— — h(t — pt + p)dt = .
/0 CEN =TTl Jt=37,

And a direct calculate implies that

/1 tnfl taJrnfl
o |(n=D!' T[[iZi(a+k)

Thus, we have

(1 —=t)(t — pt + p)dt = pA+ (1 — p)B.

1 tnfl tonrnfl
) [m O e | [0 00 e @l ae (344
: k=1
_ _ 1/q
< v | oo | T2 )| — o = a0 ) (uA + 1 )8
Similarly,
ta—l—n—l
‘f(”)[(ut et 1a+(1- t)ub]‘ dt (3.45)

1 tn—l
/0 [(n—l)! itk
S| - do-arua -4+ us)

1/q

S.Al_l/q I:Kl(ru‘) ’f(n)(a)‘q +
I
Therefore, we complete the proof of (i) by (3.42)-(3.45).
(ii) Let 1 < g < co. When p = 1, the Holder inequality and the fact of |f|?7 € SX(h, ¢, [a,b])
show that

90r1)]

ta—i—n—l

" 1 7fn—l
=(-a) </0 [(n—l)!_ "o+ k)

pdt) " </01 ‘f(n)(ta +(1- t)b))th>1/q
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1/q

<CYP(b- [(\f“‘ [+ 1o /O 1h(t)dt—éc(b—a)2}

When p = 0, a similar argument leads to the desired result.
When 0 < p < 1, using the Holder inequality again, we have

N g () 1 bl| d
/o<(n—1>!_ Z;i(a+k))’f [(1 =) = pla+ (= pt + p)b]| dt

<cl/p </01 ’f(n)[(l —t)(1 — p)a+ (t — ”t‘f‘u)b]‘th) 1/q
<cl/r Uf(n)(a)‘q /01 D0
+ ‘ﬂn)(b))q /1 h(t — pit + p)dt — %c(b (- )t 1)} 1/q

— U/ [ ‘ / T (3.46)

\f ‘/uh( )it~ geb - a) <1—u><2u+1>r/q.

Similarly,
1 tnfl taJrnfl (n)
— Mt — p+ a+ (1 —t)ub]| dt
/0 (n—1)! n—l( Y E) ‘f [(ut —p+1) ( ) ]’
<l [ ‘ / (3.47)
1-p

1/q

f<" \ / t)dt — ,c —a)’u(3 - 2u>] :
Thus we finish the proof by (3.42), (3.46) and (3.47). O

Remark 3.4. If taking h(t) = ¢ in Theorem 3.4, then the error estimates hold for strongly
convex functions with Ky (p), Kao(p), K1 (p) and Ka(p) denoted by (3.9)-(3.12), respectively.

Theorem 3.5. Let f € C™([a,b]), f™ € L([a,b]),n € Z*. Suppose that |f(")‘q€SX(h,c, [a, b)),
1<g<o0.
(i) If1 < q < oo, then

c(b—a)? 1/a
(a+n+1)(a+n+2)] ’

c(b—a)? 1/a
(a+n+1)(a+n+2)] ’

Enlf, )] < Db a)" [Jlm £ + 2| F0)| -

Eal.0) £ D0 - 0" [0 19"+ 20 [0 -
and

utfnl <20 - {0 -0 | (0= 0[]+ 1 - 010 )]
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_C(b_a)2(1_u)< 1 11—y ﬂl/q

a+n+1 a+n+2
1 q
ntl | - (n)
+p [MaJrn (jz(u) ! (b)‘ )

/4
(b )2 1 _ M '
(b a)'u<04+n+1 a+n+2

holds for any 0 < p < 1.
(ii) Ifl<g<ooandl/p+1/q=1, then

1@+ 7w

s o (o] s o) [ ia- 052
(Bu(F,0) < V(b —a)" [( 1@\ + | rom|) /01 nitya — < ‘ﬂl/q,
and
|&n(f, 1)

oy ‘ /1 a
( >(b)’q/0u h(t)dt)

<& —ar {0 |2 ([

1 9 l/q
~gelb = (1= )2+ 1)

st [ ([l [

1/q
—éC(b —a)*p(3 - 2#)] }

holds for all 0 < p < 1.

Proof. Lemma 2.4 tells us that, for any p € [0, 1],
~ < (b - a/)n _ n+1 ! _ p\atn—1 (n) 1— 1— _ bll d
lon(fom)l € 57— (1 —n) (1—1) SN = )(1 = p)a+ (t — pt + p)b]| dt
[Timi (@ + k) 0

1
_’_IunJrl/ (1_t)a+n71
0

FO(ut — p+ a+ (1 —t)ub])dt] (3.48)

(i) Let 1 < ¢ < oo. Since the bound of |@,(f,1)| and |©,(f,0)| can be derived by the same
argument as in Theorem 3.4, we turn to prove the inequality for 0 < p < 1 and 1 < ¢ < oo.

/01(1 — pyactn-t
) I

FO @ ‘/ HOF L — b+ p)dt

FMA =61 = pa+ (t— put + u)b]] dt

‘/ _ (1 — (1 — o))t (3.49)
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1 1/q
—c(b—a)*(1— u)/o (1 — )+ (t — pt + u)dt}

It is easy to see that
1 1
1— )"t — pt + p)dt = [ 7" (ut —t + 1)dt
; HT =+ [ ; H

— /1 [(p— Dttt gotn] gy (3.50)
0

w—1 1
+ .
a+n+2 a+n+1

Let v=(1-1t)(1 —p),jie. t=1-— 725 Then

/01(1 R — t) (1 — o))di = /; (1 v N)WH h(v)d (1 - M)

_ (1—/10“*”/01# 121 (4 dt (3.51)
_ SNl —p)
(1= p)otn

Let w =1t — ut + p, i.e. t:%. Then

1
1
1—)" It — pt + p)dt = ————
a0 =t =

_ D(l—p)
(1= p)otn

/ "1 ey (3.52)

Therefore, it follows from (3.49)-(3.52) that

[0 0100 ik @ g
0

() el

] Loy )TM.

a+n+1_a+n+2

£ (b) (3.53)

‘ q

Similarly,

1
= = ek a1 )| e
0
) 171/qJ() " ¢ Ji(p)
S<a+n> Ljo‘fn 4 )(a)’ +M1afn
. i 1/q
—C(b_a)2M<a+n+1_a+n+2>} |

Then we obtain the desired results of (i) by (3.48), (3.53), (3.54).

f(")(b)’q /0 " jatnp () a (3.54)
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(ii) If 1 < ¢ < oo, without loss of generality, we just prove the results for p € (0,1) and
leave the details of @, (f,1) and @,(f,0) to readers. The Holder inequality and the fact of
|f|9 € SX(h,c,[a,b]) show that

/ I PO = = wa+ (¢ -t + )b dt
0

(ims 1)1/p @] [ n -0 - wya

TG \/ (t — it + p)dt — e(b — a)? /1<1—t><1—u><t—ut+u>}

:<ap+npl—p+1>l/p[1_ ( ‘/1 “h (3.55)

+|row] [ - t)dt> — Selb— a1~ p)(2p + 1)] "

1/q

Similarly,
1
/ (1 — ¢)otn—1 ‘f(”)[(ut gt Dat (1— t),ub]‘ dt
0
1 1prq YN
< <ap+np—p—|—l> { (‘f (@) /0 h(1 — byt (3.56)
1/q
o) [ hod) - geto - o -2m)
Thus we finish the proof of (ii) by (3.48), (3.55) and (3.56). O

Remark 3.5. If taking 4 = 5 in Theorem 3.5, then it reduces to Theorem 1.5.
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