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Abstract This paper is devoted to establishing new general identities associated with Rie-
mann–Liouville fractional integrals for n-times differentiable functions. By employing these
identities, we derive a series of midpoint- and trapezoid-type error bounds for approximations
involving such fractional operators. A key feature of our analysis is the assumption that the
q-th power of the n-th derivative of the function under consideration is strongly h-convex.
This approach yields estimates that depend not only on the behavior of the function at the
endpoints of the interval but also on an interior point, thereby offering enhanced generality.
Our results unify and extend several inequalities previously established in the literature for
convex, s-convex, and h-convex functions in the context of fractional integrals.

Keywords Strongly h-convex functions, Riemann-Liouville fractional integrals, Hermite-
Hadamard type inequalities, error estimations.

MSC(2010) 26A33, 26A51, 26D15.

1. Introduction

Let h : [0, 1] → [0,∞) be a given function, and c > 0 a constant. A real function f defined on
the interval I ⊂ R is said to be strongly h-convex with modulus c, denoted by f ∈ SX(h, c, I), if

f(tx+ (1− t)y) ≤ h(t)f(x) + h(1− t)f(y)− ct(1− t)(x− y)2 (1.1)

holds for all x, y ∈ I and t ∈ (0, 1). This class of functions, introduced by Angulo et al.
[1], generalizes both strongly convex functions [25] and h-convex functions [34]. Special cases
include: Strongly convex functions when h(t) = t; strongly s-convex functions (in the second
sense) when h(t) = ts (s ∈ (0, 1]); strongly s-convex functions (in the fourth sense) when
h(t) = t1/s (s ∈ (0, 1]); strongly Godunova–Levin functions when h(t) = 1/t; and strongly
P -functions when h(t) = 1. In the limit c → 0, the strongly h-convex function reduces to
the standard h-convex function [34], which itself generalizes convex, s-convex (in the second
and fourth sense), Godunova–Levin, and P -functions. These classes play significant roles in
mathematical analysis and applications; see, e.g., [2–4,7, 10,12–17,19,20,23,24,29–31,37,38].

A fundamental result in the theory of convex functions is the Hermite–Hadamard inequality:

f

(
a+ b

2

)
≤ 1

b− a

∫ b

a
f(x)dx ≤ f(a) + f(b)

2
, (1.2)

†The corresponding author.
1Department of Mathematics, Zhejiang International Studies University, Hangzhou 310014, China
Email: 2436855207@qq.com(M. Huang), rjmath@163.com, rjmath@zisu.edu.cn(J. Ruan)

http://www.jaac-online.com
http://dx.doi.org/10.11948/20260108


Error bounds for Riemann-Liouville fractional integrals 653

which has been extended to numerous generalized convexity classes. In this direction, analogues
have been established for Godunova–Levin and P -functions by Dragomir et al. [11], for s-convex
functions by Dragomir and Fitzpatrick [9], for h-convex functions by Sarikaya et al. [26], and
for strongly h-convex functions by Angulo et al. [1].

The study of error estimates associated with the Hermite–Hadamard inequality has like-
wise received considerable attention. In this context, Dragomir and Agarwal [8] established
an identity pertaining to the right-hand side of (1.2) for differentiable functions, which yields
trapezoid-type estimates under the assumption that |f ′| is convex. Subsequently, Pearce and
Pec̆arić [22] refined these results as follows:

Theorem 1.1. Let f : [a, b] → R be differentiable and suppose that |f ′|q is convex on [a, b] for
some 1 ≤ q < ∞. Then∣∣∣∣f(a) + f(b)

2
− 1

b− a

∫ b

a
f(x)dx

∣∣∣∣ ≤ b− a

4

(
|f ′(a)|q + |f ′(b)|q

2

)1/q

, (1.3)∣∣∣∣ 1

b− a

∫ b

a
f(x)dx− f

(
a+ b

2

)∣∣∣∣ ≤ b− a

4

(
|f ′(a)|q + |f ′(b)|q

2

)1/q

. (1.4)

Additional results along these lines may be found in, e.g., [36, 40].
Let f be Lebesgue integrable on [a, b]. The left- and right-sided Riemann-Liouville fractional

integrals of order α > 0 are defined as

Jα
a+f(x) =

1

Γ(α)

∫ x

a
(x− t)α−1f(t)dt, x ∈ (a, b], (1.5)

Jα
b−f(x) =

1

Γ(α)

∫ b

x
(t− x)α−1f(t)dt, x ∈ [a, b), (1.6)

where Γ(α) =
∫∞
0 tα−1e−tdt is the Gamma function.

A significant result concerning the Riemann-Liouville fractional integrals was obtained by
Sarikaya et al. as follows.

Theorem 1.2 ( [27]). Let f : [a, b] → R be an integrable convex function. Then

f

(
a+ b

2

)
≤ Γ(α+ 1)

2(b− a)α
[Jα

a+f(b) + Jα
b−f(a)] ≤

f(a) + f(b)

2
. (1.7)

In addition, the work in the same paper provided the subsequent identity:

Lemma 1.1 ( [27]). Let f : [a, b] → R be differentiable and f ′ be integrable on [a, b]. Then

f(a) + f(b)

2
− Γ(α+ 1)

2(b− a)α
[Jα

a+f(b) + Jα
b−f(a)] =

b− a

2

∫ 1

0
[(1− t)α − tα] f ′ (ta+ (1− t)b) dt.

Consequently, error estimates for convex functions were derived. These findings were later
generalized to the settings of h-convex functions [32], m-convex functions [35], and n-fold differ-
entiable convex functions [33].

Lemma 1.2 ( [33]). Let f ∈ Cn([a, b]) and f (n) ∈ L([a, b]), n ∈ Z+. Define

ℜn(f) =
f(a) + f(b)

2
− Γ(α+ 1)

2(b− a)α
[Jα

a+f(b) + Jα
b−f(a)] (1.8)
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+
n−1∑
k=1

(b− a)k∏k
i=1(α+ i)

f (k)(a) + (−1)kf (k)(b)

2
,

with the convention that an empty sum takes the value zero and an empty product takes the value
one. Then

ℜn(f) =
(b− a)n

2
∏n−1

i=1 (α+ i)

∫ 1

0

[
(−1)n−1(1− t)α+n−1 − tα+n−1

]
f (n)(ta+ (1− t)b)dt.

Here L([a, b]) denotes the class of (Lebesgue) integrable functions on [a, b], and Cn([a, b]) repre-
sents the space of n-fold differentiable functions on [a, b].

As an application, the authors yielded the following estimates for ℜn(f).

Theorem 1.3 ( [33]). Let f ∈ Cn([a, b]), f (n) ∈ L([a, b]), n ∈ Z+ and suppose that
∣∣f (n)

∣∣q is
convex for some 1 ≤ q < ∞.

(i) If 1 ≤ q < ∞, then

|ℜn(f)| ≤
(b− a)n∏n
i=1(α+ i)

(
1− 1

2α+n−1

)(∣∣f (n)(a)
∣∣q + ∣∣f (n)(b)

∣∣q
2

) 1
q

when n is odd and

|ℜn(f)| ≤
(b− a)n∏n
i=1(α+ i)

(∣∣f (n)(a)
∣∣q + ∣∣f (n)(b)

∣∣q
2

) 1
q

when n is even.
(ii) If 1 < q < ∞ and 1

p + 1
q = 1, then

|ℜn(f)| ≤
(b− a)n

2
∏n−1

i=1 (α+ i)

[
1

p(α+ n− 1) + 1

(
1− 1

2p(α+n−1)

)]1/p

×

(∣∣f (n)(a)
∣∣q + 3

∣∣f (n)(b)
∣∣q

8

)1/q

+

(
3
∣∣f (n)(a)

∣∣q + ∣∣f (n)(b)
∣∣q

8

)1/q


when n is odd and

|ℜn(f)| ≤
(b− a)n

2
∏n−1

i=1 (α+ i)

(∣∣f (n)(a)
∣∣q + ∣∣f (n)(b)

∣∣q
2

)1/q

when n is even.

Remark 1.1. In the special case where n = 1, Lemma 1.2 simplifies to Lemma 1.1, and
Theorem 1.3 (i) collapses to Theorem 3 in [27] with q = 1.

On the other hand, another Hermite–Hadamard-type inequality via Riemann-Liouville frac-
tional integrals was given by the following form:

Theorem 1.4 ( [28]). Let f : [a, b] → R be an integrable convex function. Then

f

(
a+ b

2

)
≤ 2α−1Γ(α+ 1)

(b− a)α

[
Jα

(a+b
2 )

+f(b) + Jα

(a+b
2 )

+f(a)

]
≤ f(a) + f(b)

2
. (1.9)
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A key equality was also formulated by the authors, namely:

Lemma 1.3 ( [28]). Let f : [a, b] → R be differentiable with f ′ ∈ L([a, b]). Then

2α−1Γ(α+ 1)

(b− a)α

[
Jα

(a+b
2 )

−f(a) + Jα

(a+b
2 )

+f(b)

]
− f

(
a+ b

2

)
=

b− a

4

∫ 1

0
(1− t)α

[
f ′
(
1− t

2
a+

1 + t

2
b

)
− f ′

(
1 + t

2
a+

1− t

2
b

)]
dt.

This gave rise to error estimates similar to (1.4). The scope of these results was later broad-
ened to encompass twice differentiable s-convex functions [21] as well as n-times differentiable
strongly h-convex functions [39].

Lemma 1.4 ( [39]). Let f ∈ Cn([a, b]) and f (n) ∈ L([a, b]), n ∈ Z+. Denote

Ln

(
f,

a+ b

2

)
=

2α−1Γ(α+ 1)

(b− a)α

[
Jα

(a+b
2 )

−f(a) + Jα

(a+b
2 )

+f(b)

]
− f

(
a+ b

2

)
−

n−1∑
j=1

[
1 + (−1)j

]
(b− a)j

2j+1
∏j

k=1(α+ k)
f (j)

(
a+ b

2

)
. (1.10)

Then

Ln

(
f,

a+ b

2

)
=

(b− a)n

2n+1
∏n−1

k=1(α+ k)

[
(−1)n

∫ 1

0
(1− t)α+n−1f (n)

(
1 + t

2
a+

1− t

2
b

)
dt

+

∫ 1

0
(1− t)α+n−1f (n)

(
1− t

2
a+

1 + t

2
b

)
dt

]
. (1.11)

Remark 1.2. For n = 1, Lemma 1.4 simplifies to Lemma 1.3, while the case n = 2 recovers
Lemma 1 in [21].

Remark 1.3. When n = 1 or 2,

Ln

(
f,

a+ b

2

)
=

2α−1Γ(α+ 1)

(b− a)α

[
Jα

(a+b
2 )

−f(a) + Jα

(a+b
2 )

+f(b)

]
− f

(
a+ b

2

)
. (1.12)

From the lemma, the following inequalities pertaining to strongly h-convex functions were
obtained.

Theorem 1.5 ( [39]). Let h be a nonnegative integrable function on [01, ], f ∈ Cn([a, b]) and
f (n) ∈ L([a, b]), n ∈ Z+. Suppose that

∣∣f (n)
∣∣q ∈ SX(h, c, [a, b]) for some 1 ≤ q < ∞.

(i) If 1 ≤ q < ∞, then∣∣∣∣Ln

(
f,

a+ b

2

)∣∣∣∣≤ 2(α+n)/q−n−1(α+ n)1/q(b− a)n∏n
k=1(α+ k)

×

{[
I2
∣∣∣f (n)(a)

∣∣∣q + I1
∣∣∣f (n)(b)

∣∣∣q − c(α+ n+ 3)(b− a)2

2α+n+2(α+ n+ 1)(α+ n+ 2)

]1/q
+

[
I1
∣∣∣f (n)(a)

∣∣∣q + I2
∣∣∣f (n)(b)

∣∣∣q − c(α+ n+ 3)(b− a)2

2α+n+2(α+ n+ 1)(α+ n+ 2)

]1/q}
,
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where

I1 =
∫ 1/2

0
tα+n−1h(t)dt, I2 =

∫ 1/2

0
tα+n−1h(1− t)dt.

(ii) If 1 < q < ∞ and 1
p + 1

q = 1, then

∣∣∣∣Ln

(
f,

a+ b

2

)∣∣∣∣≤ (b− a)n

2n+1−1/q
∏n−1

k=1(α+ k)

(
1

p(α+ n− 1) + 1

)1/p

×

(∫ 1

1/2
h(t)dt

∣∣∣f (n)(a)
∣∣∣q + ∫ 1/2

0
h(t)dt

∣∣∣f (n)(b)
∣∣∣q − c(b− a)2

12

)1/q

+

(∫ 1/2

0
h(t)dt

∣∣∣f (n)(a)
∣∣∣q + ∫ 1

1/2
h(t)dt

∣∣∣f (n)(b)
∣∣∣q − c(b− a)2

12

)1/q
 .

Remark 1.4. By setting c → 0 in Theorem 1.5, one obtains Theorem 5–6 in [28] when n = 1
and h(t) = t, together with Theorem 2–4 in [21] when n = 2 and h(t) = ts.

Recently, more general identities and error estimates were introduced in [5, 6], where the
variable values may be chosen freely and are not restricted solely to the endpoint or midpoint
of [a, b].

Lemma 1.5 ( [5]). Let f ∈ C1([a, b]) and f ′ ∈ L([a, b]). Then ∀x ∈ [a, b],

Γ(α+ 1)

b− a

[
(x− a)1−αJα

b−f(a+ b− x) + (b− x)1−αJα
a+f(a+ b− x)

]
− f(a+ b− x)

=
(x− a)2

b− a

∫ 1

0
(1− tα) f ′(tb+ (1− t)(a+ b− x))dt

−(b− x)2

b− a

∫ 1

0
(1− tα) f ′(ta+ (1− t)(a+ b− x))dt, (1.13)

Lemma 1.6 ( [6]). Let f ∈ C1([a, b]) and f ′ ∈ L([a, b]). Then ∀x ∈ [a, b],

Γ(α+ 1)

b− a

[
(b− x)1−αJα

(a+b−x)−f(a) + (x− a)1−αJα
(a+b−x)+f(b)

]
− f(a+ b− x)

=
(x− a)2

b− a

∫ 1

0
tαf ′(t(a+ b− x) + (1− t)b)dt

−(b− x)2

b− a

∫ 1

0
tαf ′(t(a+ b− x) + (1− t)a)dt. (1.14)

Remark 1.5. Lemma 1.6 reduces to Lemma 1.3 with x = (a+ b)/2.

By employing the preceding two lemmas, new error estimates for differentiable convex func-
tions were obtained in [5,6]. Subsequently, in 2021, these results were extended to differentiable
h-convex functions by Mahreen and Budak [18].

Theorem 1.6 ( [18]). Let f ∈ C1([a, b]) and f ′ ∈ L([a, b]). If |f ′|q is an h-convex function on
[a, b], then ∀x ∈ [a, b], the following fractional integral inequalities hold:
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(i) If 1 ≤ q < ∞, then∣∣∣∣Γ(α+ 1)

b− a

[
(x− a)1−αJα

b−f(a+ b− x) + (b− x)1−αJα
a+f(a+ b− x)

]
− f(a+ b− x)

∣∣∣∣
≤ 1

b− a

(
α

α+ 1

)1−1/q [(x− a)2

b− a

(
I3
∣∣f ′(b)

∣∣q + I4
∣∣f ′(a+ b− x)

∣∣q)1/q
+
(b− x)2

b− a

(
I3
∣∣f ′(a)

∣∣q + I4
∣∣f ′(a+ b− x)

∣∣q)1/q] ,
where

I3 =
∫ 1

0
(1− tα)h(t)dt, I4 =

∫ 1

0
(1− tα)h(1− t)dt.

(ii) If 1 < q < ∞ and 1/p+ 1/q = 1, then∣∣∣∣Γ(α+ 1)

b− a

[
(x− a)1−αJα

b−f(a+ b− x) + (b− x)1−αJα
a+f(a+ b− x)

]
− f(a+ b− x)

∣∣∣∣
≤ 1

b− a

(
αp

αp+ 1

)1/p [
(x− a)2

(∣∣f ′(b)
∣∣q + ∣∣f ′(a+ b− x)

∣∣q)1/q
+(b− x)2

(∣∣f ′(a)
∣∣q + ∣∣f ′(a+ b− x)

∣∣q)1/q](∫ 1

0
h(t)dt

)1/q

.

Remark 1.6. If we take h(t) = t in the above theorem, then Theorem 1.6 (i) reduces to
Theorem 4 and Theorem 1.6 (ii) reduces to Theorem 3 in [5].

Theorem 1.7 ( [18]). Let f ∈ C1([a, b]) and f ′ ∈ L([a, b]). If |f ′|q is an h-convex function on
[a, b], then ∀x ∈ [a, b], the following fractional integral inequalities hold:

(i) If 1 ≤ q < ∞, then∣∣∣∣Γ(α+ 1)

b− a

[
(b− x)1−αJα

(a+b−x)−f(a) + (x− a)1−αJα
(a+b−x)+f(b)

]
− f(a+ b− x)

∣∣∣∣
≤ 1

b− a

(
1

α+ 1

)1−1/q [
(x− a)2

(
I5
∣∣f ′(a+ b− x)

∣∣q + I6
∣∣f ′(b)

∣∣q)1/q
+(b− x)2

(
I5
∣∣f ′(a+ b− x)

∣∣q + I6
∣∣f ′(a)

∣∣q)1/q] ,
where

I5 =
∫ 1

0
tαh(t)dt, I6 =

∫ 1

0
tαh(1− t)dt.

(ii) If 1 < q < ∞ and 1/p+ 1/q = 1, then∣∣∣∣Γ(α+ 1)

b− a

[
(b− x)1−αJα

(a+b−x)−f(a) + (x− a)1−αJα
(a+b−x)+f(b)

]
− f(a+ b− x)

∣∣∣∣
≤ 1

b− a

(
1

αp+ 1

)1/p [
(x− a)2

(∣∣f ′(a+ b− x)
∣∣q + ∣∣f ′(b)

∣∣q)1/q
+(b− x)2

(∣∣f ′(a+ b− x)
∣∣q + ∣∣f ′(a)

∣∣q)1/q](∫ 1

0
h(t)dt

)1/q

.
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Remark 1.7. By taking h(t) = t in Theorem 1.7, part (i) is reduced to Theorem 2.7 and part
(ii) to Theorem 2.5 in [5].

Examining the theorems above, it is evident that Theorem 1.3 and Theorem 1.5 provide
trapezoid- and midpoint-type estimates that depend only on |f (n)(a)| and |f (n)(b)|, whereas
Theorem 1.6 and Theorem 1.7 show that the generalized midpoint-type estimates depend on
the values of |f (n)| at both endpoints and at an additional point within (a, b). On the basis
of these motivations, the current work extends these results to n-times differentiable strongly
h-convex functions and derives more general error estimates pertaining to these inequalities.

2. New identities for Riemann-Liouville fractional integrals

In this section, we derive several novel identities concerning Riemann-Liouville fractional inte-
grals, which will form the cornerstone of the error estimates presented later.

Let f be an n-times differentiable function on [a, b], n ∈ Z+. We define the following auxiliary
functions:

ϕn(f, x) =
Γ(α+ 1)

b− a

[
(x− a)1−αJα

b−f(a+ b− x) + (b− x)1−αJα
a+f(a+ b− x)

]
− f(a+ b− x)

+
1

b− a

n−1∑
i=1

(
1

i!
− 1∏i

k=1(α+ k)

)[
(b− x)i+1f (i)(a)− (a− x)i+1f (i)(b)

]
,

(2.1)

φn(f, x) =
Γ(α+ 1)

b− a

[
(b− x)1−αJα

(a+b−x)−f(a) + (x− a)1−αJα
(a+b−x)+f(b)

]
− f(a+ b− x)

+
1

b− a

n−1∑
i=1

(x− b)i+1 − (x− a)i+1∏i
k=1(α+ k)

f (i)(a+ b− x).

(2.2)

For n = 1, the sums vanish, yielding the simpler forms:

ϕ1(f, x) =
Γ(α+ 1)

b− a

[
(x− a)1−αJα

b−f(a+ b− x) + (b− x)1−αJα
a+f(a+ b− x)

]
− f(a+ b− x),

φ1(f, x) =
Γ(α+ 1)

b− a

[
(b− x)1−αJα

(a+b−x)−f(a) + (x− a)1−αJα
(a+b−x)+f(b)

]
− f(a+ b− x),

which mean that

ϕ1(f, a) + ϕ1(f, b) = φ1(f, a) + φ1(f, b).

Remark 2.1. In view of (1.8), (1.10) and (2.2), one may verify that

φn(f,
a+ b

2
) = Ln(f,

a+ b

2
), φn(f, a) + φn(f, b) = −2ℜn(f). (2.3)

We now present the main identities of this section.

Lemma 2.1. Let f ∈ Cn([a, b]) and f (n) ∈ L([a, b]), n ∈ Z+. Then ∀x ∈ [a, b], we have

ϕn(f, x) =
1

b− a

[
(a− x)n+1

∫ 1

0

(
tn−1

(n− 1)!
− tα+n−1∏n−1

k=1(α+ k)

)
f (n)(tb+ (1− t)(a+ b− x))dt
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−(b− x)n+1

∫ 1

0

(
tn−1

(n− 1)!
− tα+n−1∏n−1

k=1(α+ k)

)
f (n)(ta+ (1− t)(a+ b− x))dt

]
. (2.4)

Proof. The case n = 1 corresponds to Lemma (2.4). For n ≥ 2, we proceed by iterative
integration by parts.∫ 1

0
(1− tα) f ′(tb+ (1− t)(a+ b− x))dt

=

(
1− 1

α+ 1

)
f ′(b) + (a− x)

∫ 1

0

(
t− tα+1

α+ 1

)
f ′′(tb+ (1− t)(a+ b− x))dt

=

(
1− 1

α+ 1

)
f ′(b) + (a− x)

(
1

2
− 1

(α+ 1)(α+ 2)

)
f ′′(b)

+(a− x)2
∫ 1

0

(
t2

2
− tα+2

(α+ 1)(α+ 2)

)
f ′′′(tb+ (1− t)(a+ b− x))dt

= · · ·

=

(
1− 1

α+ 1

)
f ′(b) + (a− x)

(
1

2
− 1

(α+ 1)(α+ 2)

)
f ′′(b)

+ · · ·+ (a− x)n−2

(
1

(n− 1)!
− 1∏n−1

k=1(α+ k)

)
f (n−1)(b)

+(a− x)n−1

∫ 1

0

(
tn−1

(n− 1)!
− tα+n−1∏n−1

k=1(α+ k)

)
f (n)(tb+ (1− t)(a+ b− x))dt,

which means that∫ 1

0
(1− tα) f ′(tb+ (1− t)(a+ b− x))dt

=

n−1∑
i=1

(a− x)i−1

(
1

i!
− 1∏i

k=1(α+ k)

)
f (i)(b) (2.5)

+(a− x)n−1

∫ 1

0

(
tn−1

(n− 1)!
− tα+n−1∏n−1

k=1(α+ k)

)
f (n)(tb+ (1− t)(a+ b− x))dt.

Similarly, ∫ 1

0
(1− tα) f ′(ta+ (1− t)(a+ b− x))dt

=
n−1∑
i=1

(b− x)i−1

(
1

i!
− 1∏i

k=1(α+ k)

)
f (i)(a) (2.6)

+(b− x)n−1

∫ 1

0

(
tn−1

(n− 1)!
− tα+n−1∏n−1

k=1(α+ k)

)
f (n)(ta+ (1− t)(a+ b− x))dt.

Then we complete the proof by (1.13), (2.1), (2.5) and (2.6).

Lemma 2.2. Let f ∈ Cn([a, b]) and f (n) ∈ L([a, b]), n ∈ Z+. Then ∀x ∈ [a, b], the following
identity holds:

φn(f, x) =
1

(b− a)
∏n−1

k=1(α+ k)

[
(x− a)n+1

∫ 1

0
tα+n−1f (n)(t(a+ b− x) + (1− t)b)dt
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−(x− b)n+1

∫ 1

0
tα+n−1f (n)(t(a+ b− x) + (1− t)a)dt

]
. (2.7)

Proof. Obviously, (2.7) reduces to (1.14) as n = 1. For n ≥ 2, it follows from integration by
parts that ∫ 1

0
tαf ′(t(a+ b− x) + (1− t)b)dt

=
1

α+ 1
f ′(a+ b− x) +

x− a

α+ 1

∫ 1

0
tα+1f ′′(t(a+ b− x) + (1− t)b)dt

=
1

α+ 1
f ′(a+ b− x) +

x− a

(α+ 1)(α+ 2)
f ′′(a+ b− x)

+
(x− a)2

(α+ 1)(α+ 2)

∫ 1

0
tα+2f ′′′(t(a+ b− x) + (1− t)b)dt

= · · ·
=

1

α+ 1
f ′(a+ b− x) +

x− a

(α+ 1)(α+ 2)
f ′′(a+ b− x)

+
(x− a)2

(α+ 1)(α+ 2)(α+ 3)
f ′′′(a+ b− x) + · · ·+ (x− a)n−2∏n−1

k=1(α+ k)
f (n−1)(a+ b− x)

+
(x− a)n−1∏n−1
k=1(α+ k)

∫ 1

0
tα+n−1f (n)(t(a+ b− x) + (1− t)b)dt,

which tells us that ∫ 1

0
tαf ′(t(a+ b− x) + (1− t)b)dt

=
n−1∑
i=1

(x− a)i−1∏i
k=1(α+ k)

f (i)(a+ b− x) (2.8)

+
(x− a)n−1∏n−1
k=1(α+ k)

∫ 1

0
tα+n−1f (n)(t(a+ b− x) + (1− t)b)dt.

By the same way, we have∫ 1

0
tαf ′(t(a+ b− x) + (1− t)a)dt

=
n−1∑
i=1

(x− b)i−1∏i
k=1(α+ k)

f (i)(a+ b− x) (2.9)

+
(x− b)n−1∏n−1
k=1(α+ k)

∫ 1

0
tα+n−1f (n)(t(a+ b− x) + (1− t)a)dt.

Thus we finish the proof by (1.14), (2.2), (2.8) and (2.9).

Remark 2.2. (i) Lemma 2.1 and 2.2 reduce to Lemma 1.5 and 1.6, respectively, when n = 1.
(ii) In light of Remark 2.1, Lemma 2.2 generalizes Lemma 1.2.
(iii) Setting x = (a + b)/2 in Lemma 2.2 and noting the relationships 1+t

2 a + 1−t
2 b =

(1− t)a+b
2 + ta, 1−t

2 a+ 1+t
2 b = (1− t)a+b

2 + tb, one can show that Lemma 2.2 yields a variant of
Lemma 1.4.
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To facilitate parameterized analysis, we set x = µa + (1 − µ)b for 0 ≤ µ ≤ 1 in (2.1) and
(2.2) and rewrite the functions ϕn(f, x), φn(f, x) respectively as

ϕ̃n(f, µ) =
Γ(α+ 1)

(b− a)α
[
(1− µ)1−αJα

b−f((1− µ)a+ µb) + µ1−αJα
a+f((1− µ)a+ µb)

]
− f [(1− µ)a+ µb]

−
n−1∑
i=1

(b− a)i

(
1

i!
− 1∏i

k=1(α+ k)

)[
(−1)i+1(1− µ)i+1f (i)(b)− µi+1f (i)(a)

]
,

(2.10)

φ̃n(f, µ) =
Γ(α+ 1)

(b− a)α

[
µ1−αJα

((1−µ)a+µb)−f(a) + (1− µ)1−αJα
((1−µ)a+µb)+f(b)

]
− f [(1− µ)a+ µb]

−
n−1∑
i=1

(b− a)i
[
(1− µ)i+1 − (−µ)i+1

]∏i
k=1(α+ k)

f (i)[(1− µ)a+ µb].

(2.11)

Remark 2.3. From the definitions and Remark 2.1, it follows that

ϕ̃n

(
f,

1

2

)
= ϕn

(
f,

a+ b

2

)
, φ̃n

(
f,

1

2

)
= φn

(
f,

a+ b

2

)
= Ln

(
f,

a+ b

2

)
, (2.12)

φ̃n (f, 0) + φ̃n (f, 1) = −2Rn(f). (2.13)

Substituting x = µa + (1 − µ)b into the identities of (2.4) and (2.7) yields the following
lemmas.

Lemma 2.3. Let f ∈ Cn([a, b]) and f (n) ∈ L([a, b]), n ∈ Z+. Then ∀µ ∈ [0, 1], we have

ϕ̃n(f, µ) = (b− a)n

{
(−1)n+1(1− µ)n+1

∫ 1

0

(
tn−1

(n− 1)!
− tα+n−1∏n−1

k=1(α+ k)

)
×f (n)[(1− t)(1− µ)a+ (t− µt+ µ)b]dt (2.14)

−µn+1

∫ 1

0

(
tn−1

(n− 1)!
− tα+n−1∏n−1

k=1(α+ k)

)
f (n)[(µt− µ+ 1)a+ (1− t)µb]dt

}
.

Lemma 2.4. Let f ∈ Cn([a, b]) and f (n) ∈ L([a, b]), n ∈ Z+. Then ∀µ ∈ [0, 1], we have

φ̃n(f, µ) =
(b− a)n∏n−1
k=1(α+ k)

{
(1− µ)n+1

∫ 1

0
(1− t)α+n−1f (n)[(1− t)(1− µ)a+ (t− µt+ µ)b]dt

+(−1)nµn+1

∫ 1

0
(1− t)α+n−1f (n)[(µt− µ+ 1)a+ (1− t)µb]dt

}
. (2.15)

Remark 2.4. Setting µ = 1/2 in the proceeding lemma, using (1.11), (2.15) and (2.12), one
can check that Lemma 2.4 reduces to Lemma 1.4.

3. Error estimates for higher order differentiable strongly
h-convex functions

This section is devoted to deriving error bounds for the fractional integral operators introduced
earlier, under the assumption that the q-th power of the n-th derivative is strongly h-convex.
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Let n ∈ Z+, 0 < α < ∞, 1 ≤ p, q < ∞ and µ ∈ [0, 1]. For brevity, we introduce the following
notation:

A =
1

n!
− 1∏n

k=1(α+ k)
, B =

n

(n+ 2)!
− α+ n∏n+2

k=1(α+ k)
, (3.1)

C =
1

(np− p+ 1)((n− 1)!)p
− 1

(αp+ np− p+ 1)
(∏n−1

k=1(α+ k)
)p , (3.2)

D =

(
1

α+ n

)1−1/q 1∏n−1
k=1(α+ k)

, E =
1

(αp+ np− p+ 1)
(∏n−1

k=1(α+ k)
)p , (3.3)

J1(µ) =

∫ µ

0
tα+n−1h(t)dt, J2(µ) =

∫ µ

0
tα+n−1h(1− t)dt. (3.4)

For any µ ∈ [0, 1), define

K1(µ) =

∫ 1

µ

[
1

(n− 1)!

(
t− µ

1− µ

)n−1

− 1∏n−1
k=1(α+ k)

(
t− µ

1− µ

)α+n−1
]
h(t)dt, (3.5)

K2(µ) =

∫ 1

µ

[
1

(n− 1)!

(
t− µ

1− µ

)n−1

− 1∏n−1
k=1(α+ k)

(
t− µ

1− µ

)α+n−1
]
h(1− t)dt. (3.6)

For any µ ∈ (0, 1], define

K̃1(µ) =

∫ µ

0

[
1

(n− 1)!

(
1− t

µ

)n−1

− 1∏n−1
k=1(α+ k)

(
1− t

µ

)α+n−1
]
h(t)dt, (3.7)

K̃2(µ) =

∫ µ

0

[
1

(n− 1)!

(
1− t

µ

)n−1

− 1∏n−1
k=1(α+ k)

(
1− t

µ

)α+n−1
]
h(1− t)dt. (3.8)

Note that

K1(0) = K̃2(1), K2(0) = K̃1(1).

When h(t) = t, these expressions simplify to:

K1(µ) = (1− µ)

(
n+ µ

(n+ 1)!
− α+ n+ µ∏n+1

k=1(α+ k)

)
, µ ∈ [0, 1), (3.9)

K2(µ) = (1− µ)2

(
1

(n+ 1)!
− 1∏n+1

k=1(α+ k)

)
, µ ∈ [0, 1), (3.10)

K̃1(µ) = µ2

(
1

(n+ 1)!
− 1∏n+1

k=1(α+ k)

)
, µ ∈ (0, 1], (3.11)

K̃2(µ) = µ

(
n+ 1− µ

(n+ 1)!
− α+ n+ 1− µ∏n+1

k=1(α+ k)

)
, µ ∈ (0, 1]. (3.12)

Now we state our main results.
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Theorem 3.1. Let f ∈ Cn([a, b]) and f (n) ∈ L([a, b]), n ∈ Z+. Suppose that
∣∣f (n)

∣∣q ∈
SX(h, c, [a, b]), 1 ≤ q < ∞.

(i) If 1 ≤ q < ∞, then for any x ∈ [a, b],

|ϕn(f, x)| ≤
A1−1/q

b− a

{
(x− a)n+1

[
K1(0)

∣∣∣f (n)(b)
∣∣∣q +K2(0)

∣∣∣f (n)(a+ b− x)
∣∣∣q − cB(x− a)2

]1/q
+(b− x)n+1

[
K1(0)

∣∣∣f (n)(a)
∣∣∣q +K2(0)

∣∣∣f (n)(a+ b− x)
∣∣∣q − cB(b− x)2

]1/q}
.

(ii) If 1 < q < ∞ and 1
p + 1

q = 1, then for any x ∈ [a, b],

|ϕn(f, x)| ≤
C1/p

b− a

{
(x− a)n+1

[(∣∣∣f (n)(b)
∣∣∣q + ∣∣∣f (n)(a+ b− x)

∣∣∣q)∫ 1

0
h(t)dt− c(x− a)2

6

]1/q

+(b− x)n+1

[(∣∣∣f (n)(a)
∣∣∣q + ∣∣∣f (n)(a+ b− x)

∣∣∣q)∫ 1

0
h(t)dt− c(b− x)2

6

]1/q}
.

Proof. By Lemma 2.1, we have

|ϕn(f, x)| ≤
1

b− a

[
(x− a)n+1

∫ 1

0

(
tn−1

(n− 1)!
− tα+n−1∏n−1

k=1(α+ k)

)∣∣∣f (n)(tb+ (1− t)(a+ b− x))
∣∣∣ dt

+(b− x)n+1

∫ 1

0

(
tn−1

(n− 1)!
− tα+n−1∏n−1

k=1(α+ k)

)∣∣∣f (n)(ta+ (1− t)(a+ b−x))
∣∣∣ dt] . (3.13)

(i) If q = 1, then we infer from the fact of |f (n)| ∈ SX(h, c, [a, b]) that∫ 1

0

(
tn−1

(n− 1)!
− tα+n−1∏n−1

k=1(α+ k)

)∣∣∣f (n)(tb+ (1− t)(a+ b− x))
∣∣∣ dt

≤
∫ 1

0

(
tn−1

(n− 1)!
− tα+n−1∏n−1

k=1(α+ k)

)
×
[
h(t)

∣∣∣f (n)(b)
∣∣∣+ h(1− t)

∣∣∣f (n)((a+ b− x))
∣∣∣− ct(1− t)(x− a)2

]
dt

=K1(0)
∣∣∣f (n)(b)

∣∣∣+K2(0)
∣∣∣f (n)(a+ b− x)

∣∣∣− cB(x− a)2. (3.14)

By a similar argument, we have∫ 1

0

(
tn−1

(n− 1)!
− tα+n−1∏n−1

k=1(α+ k)

)∣∣∣f (n)(ta+ (1− t)(a+ b− x))
∣∣∣ dt

≤K1(0)
∣∣∣f (n)(a)

∣∣∣+K2(0)
∣∣∣f (n)(a+ b− x)

∣∣∣− cB(b− x)2. (3.15)

Thus we complete the proof by (3.13)-(3.15) for q = 1.
If 1 < q < ∞, then the power-mean inequality and the fact of |f (n)|q ∈ SX(h, c, [a, b]) imply

that ∫ 1

0

(
tn−1

(n− 1)!
− tα+n−1∏n−1

k=1(α+ k)

)∣∣∣f (n)(tb+ (1− t)(a+ b− x))
∣∣∣ dt
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≤

(∫ 1

0

(
tn−1

(n− 1)!
− tα+n−1∏n−1

k=1(α+ k)

)
dt

)1−1/q

×

(∫ 1

0

∣∣∣f (n)(tb+ (1− t)(a+ b− x))
∣∣∣q ( tn−1

(n− 1)!
− tα+n−1∏n−1

k=1(α+ k)

)
dt

)1/q

≤A1−1/q

{∫ 1

0

(
tn−1

(n− 1)!
− tα+n−1∏n−1

k=1(α+ k)

)
h(t)dt

∣∣∣f (n)(b)
∣∣∣q

+

∫ 1

0

(
tn−1

(n− 1)!
− tα+n−1∏n−1

k=1(α+ k)

)
h(1− t)dt

∣∣∣f (n)(a+ b− x)
∣∣∣q

−c(x− a)2

[
n

(n+ 2)!
− α+ n∏n+2

k=1(α+ k)

]}1/q

=A1−1/q
[
K1(0)

∣∣∣f (n)(b)
∣∣∣q +K2(0)

∣∣∣f (n)(a+ b− x)
∣∣∣q − cB(x− a)2

]1/q
. (3.16)

Similarly, ∫ 1

0

(
tn−1

(n− 1)!
− tα+n−1∏n−1

k=1(α+ k)

)∣∣∣f (n)(ta+ (1− t)(a+ b− x))
∣∣∣ dt

≤A1−1/q
[
K1(0)

∣∣∣f (n)(a)
∣∣∣q +K2(0)

∣∣∣f (n)(a+ b− x)
∣∣∣q − cB(x− b)2

]1/q
. (3.17)

Then the required result is obtained by (3.13), (3.16) and (3.17).
(ii) If 1 < q < ∞, then the Hölder inequality and the fact of |f (n)|q ∈ SX(h, c, [a, b]) show

that ∫ 1

0

(
tn−1

(n− 1)!
− tα+n−1∏n−1

k=1(α+ k)

)∣∣∣f (n)(tb+ (1− t)(a+ b− x))
∣∣∣ dt

≤

(∫ 1

0

(
tn−1

(n− 1)!
− tα+n−1∏n−1

k=1(α+ k)

)p

dt

)1/p [∣∣∣f (n)(b)
∣∣∣q ∫ 1

0
h(t)dt

+
∣∣∣f (n)(a+ b− x)

∣∣∣q ∫ 1

0
h(1− t)dt− c(x− a)2

∫ 1

0
t(1− t)dt

]1/q

≤

∫ 1

0

 tnp−p

((n− 1)!)p
− tαp+np−p(∏n−1

k=1(α+ k)
)p
 dt

1/p

×
[∣∣∣f (n)(b)

∣∣∣q ∫ 1

0
h(t)dt+

∣∣∣f (n)(a+ b− x)
∣∣∣q ∫ 1

0
h(1− t)dt− c(x− a)2

6

]1/q
= C1/p

[(∣∣∣f (n)(b)
∣∣∣q + ∣∣∣f (n)(a+ b− x)

∣∣∣q)∫ 1

0
h(t)dt− c(x− a)2

6

]1/q
. (3.18)

Here we use the basic inequality (X − Y )p ≤ Xp − Y p, ∀X > Y ≥ 0, p ≥ 1. Similarly,∫ 1

0

(
tn−1

(n− 1)!
− tα+n−1∏n−1

k=1(α+ k)

)∣∣∣f (n)(ta+ (1− t)(a+ b− x))
∣∣∣ dt
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≤

(∫ 1

0

(
tn−1

(n− 1)!
− tα+n−1∏n−1

k=1(α+ k)

)p

dt

)1/p

×
[(∣∣∣f (n)(a)

∣∣∣q + ∣∣∣f (n)(a+ b− x)
∣∣∣q)∫ 1

0
h(t)dt− c(x− b)2

6

]1/q
≤ C1/p

[(∣∣∣f (n)(a)
∣∣∣q + ∣∣∣f (n)(a+ b− x)

∣∣∣q)∫ 1

0
h(t)dt− c(x− b)2

6

]1/q
. (3.19)

Thus we finish the proof by (3.13), (3.18) and (3.19).

As a consequence, letting c → 0 in Theorem 3.1, we obtain the corresponding results for
h-convex functions.

Corollary 3.1. Let f ∈ Cn([a, b]) and f (n) ∈ L([a, b]), n ∈ Z+. Suppose that
∣∣f (n)

∣∣q is h-convex
on [a, b], 1 ≤ q < ∞.

(i) If 1 ≤ q < ∞, then for any x ∈ [a, b],

|ϕn(f, x)| ≤
A1−1/q

b− a

{
(x− a)n+1

[
K1(0)

∣∣∣f (n)(b)
∣∣∣q +K2(0)

∣∣∣f (n)(a+ b− x)
∣∣∣q]1/q

+(b− x)n+1
[
K1(0)

∣∣∣f (n)(a)
∣∣∣q +K2(0)

∣∣∣f (n)(a+ b− x)
∣∣∣q]1/q} .

(ii) If 1 < q < ∞ and 1/p+ 1/q = 1, then

|ϕn(f, x)| ≤
C1/p

b− a

{
(x− a)n+1

[∣∣∣f (n)(b)
∣∣∣q + ∣∣∣f (n)(a+ b− x)

∣∣∣q]1/q
+(b− x)n+1

[∣∣∣f (n)(a)
∣∣∣q + ∣∣∣f (n)(a+ b− x)

∣∣∣q]1/q}(∫ 1

0
h(t)dt

)1/q

.

Remark 3.1. (i) If n = 1, then Corollary 3.1 reduces to Theorem 1.6.

(ii) If we take h(t) = ts in Corollary 3.1, then the error estimates are obtained for the
s-convex function in the second sense with∫ 1

0
h(t)dt =

∫ 1

0
tsdt =

1

s+ 1
,

K1(0) =
1

(n+ s)(n− 1)!
− 1

(α+ n+ s)
∏n−1

k=1(α+ k)
, K2(0) =

B(n, s+ 1)

(n+ 1)!
− B(α+ n, s+ 1)∏n−1

k=1(α+ k)
,

where B(x, y) =
∫ 1
0 tx−1(1 − t)y−1dt is the usual Beta function. Furthermore, if s = 1, i.e.

h(t) = t, we have the error estimates for the convex function with

K1(0) =
n

(n+ 1)!
− α+ n∏n+1

k=1(α+ k)
, K2(0) =

1

(n+ 1)!
− 1∏n+1

k=1(α+ k)
.

Setting x = (a+ b)/2 in Theorem 3.1 gives the midpoint-type estimates.

Corollary 3.2. Let f ∈ Cn([a, b]) and f (n) ∈ L([a, b]), n ∈ Z+. Suppose that
∣∣f (n)

∣∣q ∈
SX(h, c, [a, b]), 1 ≤ q < ∞.
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(i) If 1 ≤ q < ∞, then∣∣∣∣ϕn(f,
a+ b

2
)

∣∣∣∣≤ (b− a)nA1−1/q

2n+1

{[
K1(0)

∣∣∣f (n)(b)
∣∣∣q +K2(0)

∣∣∣∣f (n)

(
a+ b

2

)∣∣∣∣q − cB(b− a)2

4

]1/q
+

[
K1(0)

∣∣∣f (n)(a)
∣∣∣q +K2(0)

∣∣∣∣f (n)

(
a+ b

2

)∣∣∣∣q − cB(b− a)2

4

]1/q}

≤ (b− a)nA1−1/q

2n+1

{
K1(0)

1/q
[∣∣∣f (n)(a)

∣∣∣+ ∣∣∣f (n)(b)
∣∣∣]+ 2K2(0)

1/q

∣∣∣∣f (n)

(
a+ b

2

)∣∣∣∣
+2

[
cB(b− a)2

4

]1/q}
.

(ii) If 1 < q < ∞ and 1/p+ 1/q = 1, then∣∣∣∣ϕn(f,
a+ b

2
)

∣∣∣∣≤ (b− a)nC1/p

2n+1

{[(∣∣∣f (n)(a)
∣∣∣q + ∣∣∣∣f (n)

(
a+ b

2

)∣∣∣∣q)∫ 1

0
h(t)dt− c(b− a)2

24

]1/q

+

[(∣∣∣f (n)(b)
∣∣∣q + ∣∣∣∣f (n)

(
a+ b

2

)∣∣∣∣q)∫ 1

0
h(t)dt− c(b− a)2

24

]1/q}

≤ (b− a)nC1/p

2n+1

{[∣∣∣f (n)(a)
∣∣∣+ ∣∣∣f (n)(b)

∣∣∣+ 2

∣∣∣∣f (n)

(
a+ b

2

)∣∣∣∣](∫ 1

0
h(t)dt

)1/q

+2

[
c(b− a)2

24

]1/q}
.

Theorem 3.2. Let f ∈ Cn([a, b]), f (n) ∈ L([a, b]), n∈Z+. Suppose that
∣∣f (n)

∣∣q∈SX(h, c, [a, b]),
1 ≤ q < ∞.

(i) If 1 ≤ q < ∞, then for any x ∈ [a, b],

|φn(f, x)| ≤
D

b− a

{
(x− a)n+1

[
J1(1)

∣∣∣f (n)(a+ b− x)
∣∣∣q + J2(1)

∣∣∣f (n)(b)
∣∣∣q

− c(x− a)2

(α+ n+ 1)(α+ n+ 2)

]1/q
+(b− x)n+1

[
J1(1)

∣∣∣f (n)(a+ b− x)
∣∣∣q + J2(1)

∣∣∣f (n)(a)
∣∣∣q

− c(b− x)2

(α+ n+ 1)(α+ n+ 2)

]1/q}
. (3.20)

(ii) If 1 < q < ∞ and 1/p+ 1/q = 1, then for any x ∈ [a, b],

|φn(f, x)|

≤ E1/p

b− a

{
(x− a)n+1

[(∣∣∣f (n)(a+ b− x)
∣∣∣q + ∣∣∣f (n)(b)

∣∣∣q)∫ 1

0
h(t)dt− 1

6
c(x− a)2

]1/q

+(b− x)n+1

[(∣∣∣f (n)(a+ b− x)
∣∣∣q + ∣∣∣f (n)(a)

∣∣∣q)∫ 1

0
h(t)dt− 1

6
c(b− x)2

]1/q}
. (3.21)
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Proof. By Lemma 2.2, we have

|φn(f, x)| ≤
1

(b− a)
∏n−1

k=1(α+ k)

[
(x− a)n+1

∫ 1

0
tα+n−1

∣∣∣f (n)(t(a+ b− x) + (1− t)b)
∣∣∣ dt

+(b− x)n+1

∫ 1

0
tα+n−1

∣∣∣f (n)(t(a+ b− x) + (1− t)a)
∣∣∣ dt] . (3.22)

(i) Without loss of generality, we will prove the inequality for 1 < q < ∞. It follows from
the power mean inequality and |f (n)|q ∈ SX(h, c, [a, b]) that∫ 1

0
tα+n−1

∣∣∣f (n)(t(a+ b− x) + (1− t)b)
∣∣∣ dt

≤
(

1

α+ n

)1−1/q (
J1(1)

∣∣∣f (n)(a+ b− x)
∣∣∣q + J2(1)

∣∣∣f (n)(b)
∣∣∣q (3.23)

− c(x− a)2

(α+ n+ 1)(α+ n+ 2)

)1/q

,

and ∫ 1

0
tα+n−1

∣∣∣f (n)(t(a+ b− x) + (1− t)a)
∣∣∣ dt

≤
(

1

α+ n

)1−1/q (
J1(1)

∣∣∣f (n)(a+ b− x)
∣∣∣q + J2(1)

∣∣∣f (n)(a)
∣∣∣q (3.24)

− c(b− x)2

(α+ n+ 1)(α+ n+ 2)

)1/q

.

Then we complete the proof of the inequality (3.20) by (3.22)-(3.25).
(ii) By virtue of the Hölder inequality and the fact of |f (n)|q ∈ SX(h, c, [a, b]), we have∫ 1

0
tα+n−1

∣∣∣f (n)(t(a+ b− x) + (1− t)b)
∣∣∣ dt

≤
(

1

(α+ n− 1)p+ 1

)1/p(∣∣∣f (n)(a+ b− x)
∣∣∣q ∫ 1

0
h(t)dt (3.25)

+
∣∣∣f (n)(b)

∣∣∣q ∫ 1

0
h(1− t)dt− c(x− a)2

6

)1/q

,

and ∫ 1

0
tα+n−1

∣∣∣f (n)(t(a+ b− x) + (1− t)a)
∣∣∣ dt

≤
(

1

(α+ n− 1)p+ 1

)1/p(∣∣∣f (n)(a+ b− x)
∣∣∣q ∫ 1

0
h(t)dt (3.26)

+
∣∣∣f (n)(a)

∣∣∣q ∫ 1

0
h(1− t)dt− c(b− x)2

6

)1/q

.

Thus we finish the proof of (3.21) by (3.22), (3.25) and (3.26).
Letting c → 0 in the proceeding theorem, we have the following conclusion.
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Corollary 3.3. Let f ∈ Cn([a, b]),f (n) ∈ L([a, b]), n ∈ Z+. Suppose that
∣∣f (n)

∣∣q is h-convex on
[a, b], 1 ≤ q < ∞.

(i) If 1 ≤ q < ∞, then

|φn(f, x)| ≤
D

b− a

{
(x− a)n+1

[
J1(1)

∣∣∣f (n)(a+ b− x)
∣∣∣q + J2(1)

∣∣∣f (n)(b)
∣∣∣q]1/q

+(b− x)n+1
[
J1(1)

∣∣∣f (n)(a+ b− x)
∣∣∣q + J2(1)

∣∣∣f (n)(a)
∣∣∣q]1/q} .

(ii) If 1 < q < ∞ and 1/p+ 1/q = 1, then

|φn(f, x)| ≤
E1/p

b− a

{
(x− a)n+1

[∣∣∣f (n)(a+ b− x)
∣∣∣q + ∣∣∣f (n)(b)

∣∣∣q]1/q
+(b− x)n+1

[∣∣∣f (n)(a+ b− x)
∣∣∣q + ∣∣∣f (n)(a)

∣∣∣q]1/q}(∫ 1

0
h(t)dt

)1/q

.

Remark 3.2. (i) If n = 1, then Corollary 3.3 reduces to Theorem 1.7.
(ii) If we take h(t) = ts in Corollary 3.3, the error estimation for s-convex functions in the

second sense is obtained, in which∫ 1

0
h(t)dt =

1

s+ 1
, J1(1) =

1

α+ n+ s
, J2(1) = B(α+ n, s+ 1).

Moreover, if s = 1, we have the error estimates for convex functions with∫ 1

0
h(t)dt =

1

2
, J1(1) =

1

α+ n+ 1
, J2(1) =

1

(α+ n)(α+ n+ 1)
.

Taking x = (a + b)/2 in Theorem 3.2, by Remark 2.1, we obtain a new modified estimate
different from that in Theorem 1.5 for Ln(f,

a+b
2 ) as follows.

Corollary 3.4. Under the same assumption in Theorem 3.2 with x = a+b
2 , the following in-

equalities hold:
(i) If 1 ≤ q < ∞, then∣∣∣∣Ln

(
f,

a+ b

2

)∣∣∣∣
=

∣∣∣∣φn

(
f,

a+ b

2

)∣∣∣∣
≤ (b− a)nD

2n+1

{[
J1(1)

∣∣∣∣f (n)

(
a+ b

2

)∣∣∣∣q + J2(1)
∣∣∣f (n)(b)

∣∣∣q − c(b− a)2

4(α+ n+ 1)(α+ n+ 2)

]1/q
+

[
J1(1)

∣∣∣∣f (n)

(
a+ b

2

)∣∣∣∣q + J2(1)
∣∣∣f (n)(a)

∣∣∣q − c(b− a)2

4(α+ n+ 1)(α+ n+ 2)

]1/q}
.

(ii) If 1 ≤ q < ∞, then∣∣∣∣Ln

(
f,

a+ b

2

)∣∣∣∣
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=

∣∣∣∣φn

(
f,

a+ b

2

)∣∣∣∣
≤ (b− a)nE1/p

2n+1


[(∣∣∣∣f (n)

(
a+ b

2

)∣∣∣∣q + ∣∣∣f (n)(b)
∣∣∣q)∫ 1

0
h(t)dt− 1

6
c

(
b− a

2

)2
]1/q

+

[(∣∣∣∣f (n)

(
a+ b

2

)∣∣∣∣q + ∣∣∣f (n)(a)
∣∣∣q)∫ 1

0
h(t)dt− 1

6
c

(
b− a

2

)2
]1/q .

As an application of Lemma 2.2, we obtain the error estimates of ℜn(f) for strongly h-convex
functions.

Theorem 3.3. Let f ∈ Cn([a, b]), f (n) ∈ L([a, b]), n ∈ Z+. Suppose that
∣∣f (n)

∣∣q∈SX(h, c, [a, b]),
1 ≤ q < ∞.

(i) Let 1 ≤ q < ∞. If n is odd, then

|ℜn(f)|=
|φn(f, a) + φ(f, b)|

2

≤ (b− a)n∏n
k=1(α+ k)

(
α+ n

2

)1/q (
1− 1

2α+n−1

)1−1/q [(∣∣∣f (n)(a)
∣∣∣q + ∣∣∣f (n)(b)

∣∣∣q)
×
∫ 1/2

0

(
(1− t)α+n−1−tα+n−1

)
(h(t) + h(1− t))dt− 2c(b− a)2F

]1/q
, (3.27)

and if n is even, then

|ℜn(f)|=
|φn(f, a) + φ(f, b)|

2

≤ (b− a)n∏n
k=1(α+ k)

(
α+ n

2

)1/q [(∣∣∣f (n)(a)
∣∣∣q + ∣∣∣f (n)(b)

∣∣∣q) (J1(1) + J2(1))

− 2c(b− a)2

(α+ n+ 1)(α+ n+ 2)

]1/q
, (3.28)

where

F =
1

α+ n+ 1

(
1− 1

2α+n

)
− 1

α+ n+ 2

(
1− 1

2α+n+1

)
.

(ii) Let 1 < q < ∞ and 1/p+ 1/q = 1. If n is odd, then

|ℜn(f)|=
|φn(f, a) + φ(f, b)|

2

≤ (b− a)nE1/p

2
∏n−1

k=1(α+ k)

(∣∣∣f (n)(a)
∣∣∣q ∫ 1/2

0
h(t)dt+

∣∣∣f (n)(b)
∣∣∣q ∫ 1

1/2
h(t)dt− c(b− a)2

12

)1/q

+

(∣∣∣f (n)(a)
∣∣∣q ∫ 1

1/2
h(t)dt+

∣∣∣f (n)(b)
∣∣∣q ∫ 1/2

0
h(t)dt− c(b− a)2

12

)1/q
 , (3.29)

and if n is even, then

|ℜn(f)|=
|φn(f, a) + φ(f, b)|

2
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≤ (b− a)n

2
∏n−1

k=1(α+ k)

[(∣∣∣f (n)(a)
∣∣∣q+∣∣∣f (n)(b)

∣∣∣q)∫ 1

0
h(t)dt−c(b− a)2

6

]1/q
. (3.30)

Proof. According to Lemma 1.2 or Remark 2.1 and Lemma 2.2, we can obtain

|ℜn(f)|

=
|φn(f, a) + φ(f, b)|

2

≤ (b− a)n

2
∏n−1

k=1(α+ k)

∫ 1

0

∣∣(−1)n−1(1− t)α+n−1−tα+n−1
∣∣∣∣∣f (n) (ta+ (1− t)b)

∣∣∣ dt. (3.31)

(i) Without loss of generality, we prove the inequalities for 1 < q < ∞. Then power-mean
inequality implies that∫ 1

0

∣∣(−1)n−1(1− t)α+n−1 − tα+n−1
∣∣ ∣∣∣f (n) (ta+ (1− t)b)

∣∣∣ dt
≤
(∫ 1

0

∣∣(−1)n−1(1− t)α+n−1 − tα+n−1
∣∣ dt)1−1/q

(3.32)

×
(∫ 1

0

∣∣∣f (n) (ta+ (1− t)b)
∣∣∣q ∣∣(−1)n−1(1− t)α+n−1 − tα+n−1

∣∣ dt)1/q

.

When n is odd, it is easy to see that∫ 1

0

∣∣(−1)n−1(1− t)α+n−1 − tα+n−1
∣∣ dt

=

∫ 1/2

0

[
(1− t)α+n−1 − tα+n−1

]
dt+

∫ 1

1/2

[
tα+n−1 − (1− t)α+n−1

]
dt

=
2

α+ n

(
1− 1

2α+n−1

)
, (3.33)

and ∫ 1

0

∣∣∣f (n) (ta+ (1− t)b)
∣∣∣q ∣∣(−1)n−1(1− t)α+n−1 − tα+n−1

∣∣ dt
≤
∣∣∣f (n)(a)

∣∣∣q ∫ 1/2

0

(
(1− t)α+n−1 − tα+n−1

)
h(t)dt

+
∣∣∣f (n)(b)

∣∣∣q ∫ 1/2

0

(
(1− t)α+n−1 − tα+n−1

)
h(1− t)dt

+
∣∣∣f (n)(a)

∣∣∣q ∫ 1

1/2

(
tα+n−1 − (1− t)α+n−1

)
h(t)dt

+
∣∣∣f (n)(b)

∣∣∣q ∫ 1

1/2

(
tα+n−1 − (1− t)α+n−1

)
h(1− t)dt

−c(b− a)2
∫ 1

0
t(1− t)

∣∣(1− t)α+n−1 − tα+n−1
∣∣ dt

=
(∣∣∣f (n)(a)

∣∣∣q + ∣∣∣f (n)(b)
∣∣∣q)∫ 1/2

0

(
(1− t)α+n−1 − tα+n−1

)
(h(t) + h(1− t))dt
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−2c(b− a)2
[

1

α+ n+ 1

(
1− 1

2α+n

)
− 1

α+ n+ 2

(
1− 1

2α+n+1

)]
. (3.34)

Then we finish the proof of (3.27) by (3.31)- (3.34).

When n is even,∫ 1

0

∣∣(−1)n−1(1− t)α+n−1 − tα+n−1
∣∣ dt = ∫ 1

0

[
(1− t)α+n−1 + tα+n−1

∣∣]dt = 2

α+ n
,

and ∫ 1

0

∣∣∣f (n) (ta+ (1− t)b)
∣∣∣q ∣∣(−1)n−1(1− t)α+n−1 − tα+n−1

∣∣ dt
≤
∣∣∣f (n)(a)

∣∣∣q ∫ 1

0

(
(1− t)α+n−1 + tα+n−1

)
h(t)dt (3.35)

+
∣∣∣f (n)(b)

∣∣∣q ∫ 1

0

(
(1− t)α+n−1 + tα+n−1

)
h(1− t)dt− 2c(b− a)2

(α+ n+ 1)(α+ n+ 2)
.

Thus, the inequality (3.28) is obtained by (3.31), (3.32), (3.35) and (3.35).

(ii) Let 1 < q < ∞. If n is odd, then the Hölder inequality shows that∫ 1

0

∣∣(−1)n−1(1− t)α+n−1 − tα+n−1
∣∣ ∣∣∣f (n) (ta+ (1− t)b)

∣∣∣ dt
≤

(∫ 1/2

0

[
(1− t)α+n−1 − tα+n−1

]p
dt

)1/p(∫ 1/2

0

∣∣∣f (n) (ta+ (1− t)b)
∣∣∣q dt)1/q

+

(∫ 1

1/2

[
tα+n−1 − (1− t)α+n−1

]p
dt

)1/p(∫ 1

1/2

∣∣∣f (n) (ta+ (1− t)b)
∣∣∣q dt)1/q

. (3.36)

On the other hand,∫ 1/2

0

[
(1− t)α+n−1 − tα+n−1

]p
dt ≤

∫ 1/2

0

[
(1− t)(α+n−1)p − t(α+n−1)p

]
dt

=
1

p(α+ n− 1) + 1

(
1− 1

2p(α+n−1)

)
,

(3.37)

∫ 1

1/2

[
tα+n−1 − (1− t)α+n−1

]p
dt ≤

∫ 1

1/2

[
t(α+n−1)p − (1− t)(α+n−1)p

]
dt

=
1

p(α+ n− 1) + 1

(
1− 1

2p(α+n−1)

)
.

(3.38)

And the assumption of
∣∣f (n)

∣∣q ∈ SX(h, c, [a, b]) tells us that∫ 1/2

0

∣∣∣f (n) (ta+ (1− t)b)
∣∣∣q dt

≤
∣∣∣f (n)(a)

∣∣∣q ∫ 1/2

0
h(t)dt+

∣∣∣f (n)(b)
∣∣∣q ∫ 1

1/2
h(t)dt− c(b− a)2

12
,

(3.39)
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1/2

∣∣∣f (n) (ta+ (1− t)b)
∣∣∣q dt

≤
∣∣∣f (n)(a)

∣∣∣q ∫ 1

1/2
h(t)dt+

∣∣∣f (n)(b)
∣∣∣q ∫ 1/2

0
h(t)dt− c(b− a)2

12
.

(3.40)

Then we complete the proof of (3.29) by (3.31), (3.36)-(3.40).

When n is even, we have∫ 1

0

∣∣(−1)n−1(1− t)α+n−1 − tα+n−1
∣∣ ∣∣∣f (n) (ta+ (1− t)b)

∣∣∣ dt
≤
(∫ 1

0

[
(1− t)α+n−1 + tα+n−1

]p
dt

)1/p(∫ 1

0

∣∣∣f (n) (ta+ (1− t)b)
∣∣∣q dt)1/q

≤
(∣∣∣f (n)(a)

∣∣∣q ∫ 1

0
h(t)dt+

∣∣∣f (n)(b)
∣∣∣q ∫ 1

0
h(1− t)dt− c(b− a)2

6

)1/q

. (3.41)

Thus we finish the proof of (3.30) by (3.31) and (3.41).

Remark 3.3. Letting c → 0 in Theorem 3.3, we get the error estimates of ℜn(f) for h-convex
functions. Furthermore, taking h(t) = t, it reduces to Theorem 1.3.

Theorem 3.4. Let f ∈ Cn([a, b]), f (n) ∈ L([a, b]), n ∈ Z+. Suppose that
∣∣f (n)

∣∣q∈SX(h, c, [a, b]),
1 ≤ q < ∞.

(i) If 1 ≤ q < ∞, then∣∣∣ϕ̃n(f, 1)
∣∣∣ ≤ A1−1/q(b− a)n

[
K1(0)

∣∣∣f (n)(a)
∣∣∣q +K2(0)

∣∣∣f (n)(b)
∣∣∣q − c(b− a)2B

]1/q
,∣∣∣ϕ̃n(f, 0)

∣∣∣ ≤ A1−1/q(b− a)n
[
K2(0)

∣∣∣f (n)(a)
∣∣∣q +K1(0)

∣∣∣f (n)(b)
∣∣∣q − c(b− a)2B

]1/q
,

and∣∣∣ϕ̃n(f, µ)
∣∣∣

≤A1−1/q(b− a)n

×

(1− µ)n+1

[
K̃1(µ)

1− µ

∣∣∣f (n)(a)
∣∣∣q + K̃2(µ)

1− µ

∣∣∣f (n)(b)
∣∣∣q − c(b− a)2(1− µ) (µA+ (1− µ)B)

]1/q

+µn+1

[
K1(µ)

µ

∣∣∣f (n)(a)
∣∣∣q + K2(µ)

µ

∣∣∣f (n)(b)
∣∣∣q − c(b− a)2µ ((1− µ)A+ µB)

]1/q}
,

holds for any 0 < µ < 1.

(ii) If 1 < q < ∞ and 1/p+ 1/q = 1, then

∣∣∣ϕ̃n(f, 1)
∣∣∣ ≤ C1/p(b− a)n

[(∣∣∣f (n)(a)
∣∣∣q + ∣∣∣f (n)(b)

∣∣∣q)∫ 1

0
h(t)dt− 1

6
c(b− a)2

]1/q
,

∣∣∣ϕ̃n(f, 0)
∣∣∣ ≤ C1/p(b− a)n

[(∣∣∣f (n)(a)
∣∣∣q + ∣∣∣f (n)(b)

∣∣∣q)∫ 1

0
h(t)dt− 1

6
c(b− a)2

]1/q
,
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and∣∣∣ϕ̃n(f, µ)
∣∣∣≤ C1/p(b− a)n

{
(1− µ)n+1

[
1

1− µ

(∣∣∣f (n)(a)
∣∣∣q ∫ 1−µ

0
h(t)dt+

∣∣∣f (n)(b)
∣∣∣q ∫ 1

µ
h(t)dt

)
−1

6
c(b− a)2(1− µ)(2µ+ 1)

]1/q
+µn+1

[
1

µ

(∣∣∣f (n)(a)
∣∣∣q ∫ 1

1−µ
h(t)dt+

∣∣∣f (n)(b)
∣∣∣q ∫ µ

0
h(t)dt

)
−1

6
c(b− a)2µ(3− 2µ)

]1/q}
holds for any 0 < µ < 1.

Proof. According to Lemma 2.3, we have∣∣∣ϕ̃n(f, µ)
∣∣∣≤ (b− a)n

{
(1− µ)n+1

∫ 1

0

[
tn−1

(n− 1)!
− tα+n−1∏n−1

k=1(α+ k)

]
(3.42)

×
∣∣∣f (n)[(1− t)(1− µ)a+ (t− µt+ µ)b]

∣∣∣ dt
+µn+1

∫ 1

0

[
tn−1

(n− 1)!
− tα+n−1∏n−1

k=1(α+ k)

] ∣∣∣f (n)[(µt− µ+ 1)a+ (1− t)µb]
∣∣∣ dt} .

(i) Let 1 ≤ q < ∞. If µ = 1, then power-mean inequality and the fact of |f |q ∈ SX(h, c, [a, b])
imply that∣∣∣ϕ̃n(f, 1)

∣∣∣
≤ (b− a)n

∫ 1

0

[
tn−1

(n− 1)!
− tα+n−1∏n−1

k=1(α+ k)

] ∣∣∣f (n)(ta+ (1− t)b)
∣∣∣ dt

≤ (b− a)n
(

1

n!
− 1∏n

k=1(α+ k)

)1−1/q
{∣∣∣f (n)(a)

∣∣∣q ∫ 1

0

[
tn−1

(n− 1)!
− tα+n−1∏n−1

k=1(α+ k)

]
h(t)dt

+
∣∣∣f (n)(b)

∣∣∣q ∫ 1

0

[
tn−1

(n− 1)!
− tα+n−1∏n−1

k=1(α+ k)

]
h(1− t)dt

−c(b− a)2
∫ 1

0

[
tn−1

(n− 1)!
− tα+n−1∏n−1

k=1(α+ k)

]
t(1− t)dt

}1/q

= (b− a)nA1−1/q
[
K1(0)

∣∣∣f (n)(a)
∣∣∣q +K2(0)

∣∣∣f (n)(b)
∣∣∣q − c(b− a)2B

]1/q
.

By the same way, we can achieve the conclusion for µ = 0 and leave the proof to readers.
If 0 < µ < 1, we have∫ 1

0

[
tn−1

(n− 1)!
− tα+n−1∏n−1

k=1(α+ k)

] ∣∣∣f (n)[(1− t)(1− µ)a+ (t− µt+ µ)b]
∣∣∣ dt

≤A1−1/q

{∣∣∣f (n)(a)
∣∣∣q ∫ 1

0

[
tn−1

(n− 1)!
− tα+n−1∏n−1

k=1(α+ k)

]
h((1− t)(1− µ))dt (3.43)
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+
∣∣∣f (n)(b)

∣∣∣q ∫ 1

0

[
tn−1

(n− 1)!
− tα+n−1∏n−1

k=1(α+ k)

]
h(t− µt+ µ)dt

−c(b− a)2(1− µ)

∫ 1

0

[
tn−1

(n− 1)!
− tα+n−1∏n−1

k=1(α+ k)

]
(1− t)(t− µt+ µ)dt

}1/q

.

With a change of variables, it is not difficult to show that∫ 1

0

[
tn−1

(n− 1)!
− tα+n−1∏n−1

k=1(α+ k)

]
h((1− t)(1− µ))dt

=
1

1− µ

∫ 1−µ

0

[
1

(n− 1)!

(
1− t

1− µ

)n−1

− 1∏n−1
k=1(α+ k)

(
1− t

1− µ

)α+n−1
]
h(t)dt

=
K̃1(µ)

1− µ
,∫ 1

0

[
tn−1

(n− 1)!
− tα+n−1∏n−1

k=1(α+ k)

]
h(t− µt+ µ)dt =

K̃2(µ)

1− µ
.

And a direct calculate implies that∫ 1

0

[
tn−1

(n− 1)!
− tα+n−1∏n−1

k=1(α+ k)

]
(1− t)(t− µt+ µ)dt = µA+ (1− µ)B.

Thus, we have∫ 1

0

[
tn−1

(n− 1)!
− tα+n−1∏n−1

k=1(α+ k)

] ∣∣∣f (n)[(1− t)(1− µ)a+ (t− µt+ µ)b]
∣∣∣ dt (3.44)

≤A1−1/q

[
K̃1(µ)

1− µ

∣∣∣f (n)(a)
∣∣∣q + K̃2(µ)

1− µ

∣∣∣f (n)(b)
∣∣∣q − c(b− a)2(1− µ) (µA+ (1− µ)B)

]1/q
.

Similarly,∫ 1

0

[
tn−1

(n− 1)!
− tα+n−1∏n−1

k=1(α+ k)

] ∣∣∣f (n)[(µt− µ+ 1)a+ (1− t)µb]
∣∣∣ dt (3.45)

≤A1−1/q

[
K1(µ)

µ

∣∣∣f (n)(a)
∣∣∣q + K2(µ)

µ

∣∣∣f (n)(b)
∣∣∣q − c(b− a)2µ ((1− µ)A+ µB)

]1/q
.

Therefore, we complete the proof of (i) by (3.42)-(3.45).

(ii) Let 1 < q < ∞. When µ = 1, the Hölder inequality and the fact of |f |q ∈ SX(h, c, [a, b])
show that∣∣∣ϕ̃(f, 1)∣∣∣

≤ (b− a)n

(∫ 1

0

[
tn−1

(n− 1)!
− tα+n−1∏n−1

k=1(α+ k)

]p
dt

)1/p(∫ 1

0

∣∣∣f (n)(ta+ (1− t)b)
∣∣∣q dt)1/q
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≤ C1/p(b− a)n
[(∣∣∣f (n)(a)

∣∣∣q + ∣∣∣f (n)(b)
∣∣∣q)∫ 1

0
h(t)dt− 1

6
c(b− a)2

]1/q
.

When µ = 0, a similar argument leads to the desired result.
When 0 < µ < 1, using the Hölder inequality again, we have∫ 1

0

(
tn−1

(n− 1)!
− tα+n−1∏n−1

k=1(α+ k)

)∣∣∣f (n)[(1− t)(1− µ)a+ (t− µt+ µ)b]
∣∣∣ dt

≤ C1/p

(∫ 1

0

∣∣∣f (n)[(1− t)(1− µ)a+ (t− µt+ µ)b]
∣∣∣q dt)1/q

≤ C1/p

[∣∣∣f (n)(a)
∣∣∣q ∫ 1

0
h((1− t)(1− µ))dt

+
∣∣∣f (n)(b)

∣∣∣q ∫ 1

0
h(t− µt+ µ)dt− 1

6
c(b− a)2(1− µ)(2µ+ 1)

]1/q
= C1/p

[
1

1− µ

∣∣∣f (n)(a)
∣∣∣q ∫ 1−µ

0
h(t)dt (3.46)

+
1

1− µ

∣∣∣f (n)(b)
∣∣∣q ∫ 1

µ
h(t)dt− 1

6
c(b− a)2(1− µ)(2µ+ 1)

]1/q
.

Similarly, ∫ 1

0

∣∣∣∣∣ tn−1

(n− 1)!
− tα+n−1∏n−1

k=1(α+ k)

∣∣∣∣∣ ∣∣∣f (n)[(µt− µ+ 1)a+ (1− t)µb]
∣∣∣ dt

≤ C1/p

[
1

µ

∣∣∣f (n)(a)
∣∣∣q ∫ 1

1−µ
h(t)dt (3.47)

+
1

µ

∣∣∣f (n)(b)
∣∣∣q ∫ µ

0
h(t)dt− 1

6
c(b− a)2µ(3− 2µ)

]1/q
.

Thus we finish the proof by (3.42), (3.46) and (3.47).

Remark 3.4. If taking h(t) = t in Theorem 3.4, then the error estimates hold for strongly
convex functions with K1(µ),K2(µ), K̃1(µ) and K̃2(µ) denoted by (3.9)-(3.12), respectively.

Theorem 3.5. Let f ∈ Cn([a, b]), f (n) ∈ L([a, b]), n ∈ Z+. Suppose that
∣∣f (n)

∣∣q∈SX(h, c, [a, b]),
1 ≤ q < ∞.

(i) If 1 ≤ q < ∞, then

|φ̃n(f, 1)| ≤ D(b− a)n
[
J1(1)

∣∣∣f (n)(b)
∣∣∣q + J2(1)

∣∣∣f (n)(a)
∣∣∣q − c(b− a)2

(α+ n+ 1)(α+ n+ 2)

]1/q
,

|φ̃n(f, 0)| ≤ D(b− a)n
[
J1(1)

∣∣∣f (n)(a)
∣∣∣q + J2(1)

∣∣∣f (n)(b)
∣∣∣q − c(b− a)2

(α+ n+ 1)(α+ n+ 2)

]1/q
,

and

|φ̃n(f, µ)| ≤ D(b− a)n
{
(1− µ)n+1

[
1

(1− µ)α+n

(
J1(1− µ)

∣∣∣f (n)(a)
∣∣∣q + J2(1− µ)

∣∣∣f (n)(b)
∣∣∣q)
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−c(b− a)2(1− µ)

(
1

α+ n+ 1
− 1− µ

α+ n+ 2

)]1/q
+µn+1

[
1

µα+n

(
J2(µ)

∣∣∣f (n)(a)
∣∣∣q + J1(µ)

∣∣∣f (n)(b)
∣∣∣q)

−c(b− a)2µ

(
1

α+ n+ 1
− µ

α+ n+ 2

)]1/q}

holds for any 0 < µ < 1.
(ii) If 1 < q < ∞ and 1/p+ 1/q = 1, then

|φ̃n(f, 1)| ≤ E1/p(b− a)n
[(∣∣∣f (n)(a)

∣∣∣q + ∣∣∣f (n)(b)
∣∣∣q)∫ 1

0
h(t)dt− c(b− a)2

6

]1/q
,

|φ̃n(f, 0)| ≤ E1/p(b− a)n
[(∣∣∣f (n)(a)

∣∣∣q + ∣∣∣f (n)(b)
∣∣∣q)∫ 1

0
h(t)dt− c(b− a)2

6

]1/q
,

and

|φ̃n(f, µ)|

≤ E1/p(b− a)n
{
(1− µ)n+1

[
1

1− µ

(∣∣∣f (n)(a)
∣∣∣q ∫ 1−µ

0
h(t)dt+

∣∣∣f (n)(b)
∣∣∣q ∫ 1−µ

0
h(1− t)dt

)
−1

6
c(b− a)2(1− µ)(2µ+ 1)

]1/q
+µn+1

[
1

µ

(∣∣∣f (n)(a)
∣∣∣q ∫ µ

0
h(1− t)dt+

∣∣∣f (n)(b)
∣∣∣q ∫ µ

0
h(t)dt

)
−1

6
c(b− a)2µ(3− 2µ)

]1/q}

holds for all 0 < µ < 1.

Proof. Lemma 2.4 tells us that, for any µ ∈ [0, 1],

|φ̃n(f, µ)| ≤
(b− a)n∏n−1
k=1(α+ k)

[
(1− µ)n+1

∫ 1

0
(1− t)α+n−1

∣∣∣f (n)[(1− t)(1− µ)a+ (t− µt+ µ)b]
∣∣∣ dt

+µn+1

∫ 1

0
(1− t)α+n−1

∣∣∣f (n)[(µt− µ+ 1)a+ (1− t)µb]
∣∣∣ dt] . (3.48)

(i) Let 1 ≤ q < ∞. Since the bound of |φ̃n(f, 1)| and |φ̃n(f, 0)| can be derived by the same
argument as in Theorem 3.4, we turn to prove the inequality for 0 < µ < 1 and 1 < q < ∞.∫ 1

0
(1− t)α+n−1

∣∣∣f (n)[(1− t)(1− µ)a+ (t− µt+ µ)b]
∣∣∣ dt

≤
(

1

α+ n

)1−1/q [∣∣∣f (n)(a)
∣∣∣q ∫ 1

0
(1− t)α+n−1h((1− t)(1− µ))dt (3.49)

+
∣∣∣f (n)(b)

∣∣∣q ∫ 1

0
(1− t)α+n−1h(t− µt+ µ)dt
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−c(b− a)2(1− µ)

∫ 1

0
(1− t)α+n(t− µt+ µ)dt

]1/q
.

It is easy to see that∫ 1

0
(1− t)α+n(t− µt+ µ)dt=

∫ 1

0
tα+n(µt− t+ 1)dt

=

∫ 1

0

[
(µ− 1)tα+n+1 + tα+n

]
dt (3.50)

=
µ− 1

α+ n+ 2
+

1

α+ n+ 1
.

Let ν = (1− t)(1− µ),i.e. t = 1− ν
1−µ . Then∫ 1

0
(1− t)α+n−1h((1− t)(1− µ))dt=

∫ 0

1−µ

(
ν

1− µ

)α+n−1

h(ν)d

(
1− ν

1− µ

)
=

1

(1− µ)α+n

∫ 1−µ

0
tα+n−1h(t)dt (3.51)

=
J1(1− µ)

(1− µ)α+n
.

Let ω = t− µt+ µ, i.e. t = ω−µ
1−µ . Then∫ 1

0
(1− t)α+n−1h(t− µt+ µ)dt=

1

(1− µ)α+n

∫ 1

µ
(1− t)α+n−1h(t)dt (3.52)

=
J2(1− µ)

(1− µ)α+n
.

Therefore, it follows from (3.49)-(3.52) that∫ 1

0
(1− t)α+n−1

∣∣∣f (n)[(1− t)(1− µ)a+ (t− µt+ µ)b]
∣∣∣ dt

≤
(

1

α+ n

)1−1/q [ J1(1− µ)

(1− µ)α+n

∣∣∣f (n)(a)
∣∣∣q + J2(1− µ)

(1− µ)α+n

∣∣∣f (n)(b)
∣∣∣q (3.53)

−c(b− a)2(1− µ)

(
1

α+ n+ 1
− 1− µ

α+ n+ 2

)]1/q
.

Similarly, ∫ 1

0
(1− t)α+n−1

∣∣∣f (n)[(µt− µ+ 1)a+ (1− t)µb]
∣∣∣ dt

≤
(

1

α+ n

)1−1/q [J2(µ)
µα+n

∣∣∣f (n)(a)
∣∣∣q + J1(µ)

µα+n

∣∣∣f (n)(b)
∣∣∣q ∫ µ

0
tα+n−1h(t)dt (3.54)

−c(b− a)2µ

(
1

α+ n+ 1
− µ

α+ n+ 2

)]1/q
.

Then we obtain the desired results of (i) by (3.48), (3.53), (3.54).
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(ii) If 1 < q < ∞, without loss of generality, we just prove the results for µ ∈ (0, 1) and
leave the details of φ̃n(f, 1) and φ̃n(f, 0) to readers. The Hölder inequality and the fact of
|f |q ∈ SX(h, c, [a, b]) show that∫ 1

0
(1− t)α+n−1

∣∣∣f (n)[(1− t)(1− µ)a+ (t− µt+ µ)b]
∣∣∣ dt

≤
(

1

αp+ np− p+ 1

)1/p [∣∣∣f (n)(a)
∣∣∣q ∫ 1

0
h((1− t)(1− µ))dt

+
∣∣∣f (n)(b)

∣∣∣q ∫ 1

0
h(t− µt+ µ)dt− c(b− a)2

∫ 1

0
(1− t)(1− µ)(t− µt+ µ)

]1/q
=

(
1

αp+ np− p+ 1

)1/p [ 1

1− µ

(∣∣∣f (n)(a)
∣∣∣q ∫ 1−µ

0
h(t)dt (3.55)

+
∣∣∣f (n)(b)

∣∣∣q ∫ 1−µ

0
h(1− t)dt

)
− 1

6
c(b− a)2(1− µ)(2µ+ 1)

]1/q
.

Similarly, ∫ 1

0
(1− t)α+n−1

∣∣∣f (n)[(µt− µ+ 1)a+ (1− t)µb]
∣∣∣ dt

≤
(

1

αp+ np− p+ 1

)1/p [ 1
µ

(∣∣∣f (n)(a)
∣∣∣q ∫ µ

0
h(1− t)dt (3.56)

+
∣∣∣f (n)(b)

∣∣∣q ∫ µ

0
h(t)dt

)
− 1

6
c(b− a)2µ(3− 2µ)

]1/q
.

Thus we finish the proof of (ii) by (3.48), (3.55) and (3.56).

Remark 3.5. If taking µ = 1
2 in Theorem 3.5, then it reduces to Theorem 1.5.

Acknowledgements

The authors would like to express their deep thanks to the referees for many helpful comments
and suggestions.

References
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[33] S. Turhan, İ. İşcan and M. Kunt, Hermite-Hadamard type inequalities for n-times differ-
entiable convex functions via Riemann-Liouville fractional integrals, Filomat, 2018, 32(16),
5611–5622.

[34] S. Varos̆anec, On h-convexity, J. Math. Anal. Appl., 2007, 326(1), 303–311.

[35] J. Wang, X. Li, M. Fec̆kan and Y. Zhou, Hermite-Hadamard-type inequalities for Riemann-
Liouville fractional integrals via two kind of convexity, Appl. Anal., 2013, 92(11), 2241–2253.

[36] J. Wang, X. Li and Y. Zhou, Hermite-Hadamard-type inequalities involving Riemann-
Liouville fractional integrals via s-convex functions and applications to special means, Filo-
mat, 2016, 30, 1143–1150.

[37] X. Wang, J. Ruan and X. Ma, On the Hermite-Hadamard inequalities for h-convex functions
on balls and ellipsoids, Filomat, 2019, 33(18), 5817–5886.

[38] S. Xia, Y. Xing, J. Wan, J. Lu and J. Ruan, Hermite-Hadamard type inequalities of con-
formable fractional integrals for strongly h-convex fucntions, J. Appl. Anal. Compt., 2024,
14(6), 1–29.

[39] Y. Xing, C. Jiang and J. Ruan, Hermite-Hadamard type inequalities for Riemann-Liouville
fractional integrals via strongly h-convex fucntions, J. Math. Inequal., 2022, 16(4), 1309–
1332.
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