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HERMITIAN POSITIVE SEMI-DEFINITE SOLUTION OF THE

QUATERNION MATRIX EQUATION X2 + XB∗X + BX + Q = 0
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Abstract This paper discusses necessary and sufficient conditions for the existence of Her-
mitian positive semi-definite solutions of the quadratic matrix equation X2+XB∗X+BX+
Q = 0 (Q ≥ 0) on the quaternion field and its iterative solution method. Some necessary
and sufficient conditions for the existence of Hermitian positive semi-definite solutions of this
equation are proved mainly for the characteristics of coefficient matrices by introducing ap-
propriate parameters to establish matrix inequalities and by using the theory of fixed points
on convex sets. On this basis, three convergent iteration formats are constructed for different
conditions and solution existence intervals, and the selection of the initial matrix is given
according to each iteration property. The algorithm is solved in the MATLAB environment
by using the complex operator of the quaternion matrix. At the same time, a perturbation
analysis is carried out on the solution of the equation, and two perturbation error bounds
are obtained by considering the Frobenius norm. Three numerical examples are used to test
the effectiveness and feasibility of the given method.
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1. Introduction

Denote the real number field by R and the set of all m×n matrices over the quaternion algebra

H = {a0 + a1i+ a2j + a3k : i2 = j2 = k2 = −1, a0, a1, a2, a3 ∈ R}

by Hm×n. In this work, we consider the quadratic quaternion matrix equation

X2 +XB∗X +BX +Q = 0, (1.1)

and study the unknown matrix X ∈ Hn×n, for some B ∈ Hn×n and Q ∈ Hn×n, where Q ≥ 0 is
Hermitian positive semi-definite and B∗ ∈ Hn×n is the conjugate transpose of B.

The quadratic matrix equation (1.1) is an extended form of Lyapunov matrix equation
ATX + XA = −C, where −C > 0, C ∈ Hn×n and AT denotes the transpose of matrix A,
which has a wide range of applications in stability theory, optimal control, high-speed signal
processing and digital sampling control (see [5, 13]) and the study of Lyapunov type equations
has attracted many researchers (see [6, 11,14,16,17,24]). In particular, Lu et al. [18] and Guan
et al. [8] discusses the properties of the solutions of a class of real quadratic matrix equations

X2 − EX − F = 0, (1.2)
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where E,F ∈ Rn×n, E is a diagonal matrix and F is an M -matrix, related to the M -matrix and
their iterative methods; Vorontsov and Ikramov [22] and Adam et al. [1] has studied the real
quadratic matrix solutions of the equations XTDX+AX+XTB+C = 0 and AXA = XAX; in
2019, Chen et al. [3] studied the general solution of the real matrix equation A0+A1X+A2X

2 =
X. In the same year, Huang and Ma [9] applied the structure preserving doubling algorithm to
discuss the positive definite solutions of the system of nonlinear equations

X −A∗Y −1A = In, Y −B∗X−1B = In,

where A,B ∈ Hn×n, X and Y are the two unknowns of the system of equations. In 2021,
Masoudi and Salemi [19] discussed the existence conditions and iterative methods of Hermitian
positive definite solutions for the complex matrix equations X + A∗X−tA = Q, where A is an
n× n non-singular matrix and t > 1 is a real number. Also in 2021, Huang et al. [10] discussed
positive definite solutions of the quaternion quadratic system

XAX −BX = P, (1.3)

where B ∈ Hn×n, A, P > 0 are known quaternion matrices, under certain conditions by means
of transformation into algebraic equations. Authors in the paper set Y = A1/2XA1/2, M =
A1/2BA−1/2, Q = A1/2PA1/2, and equation (1.3) is equivalent to

Y 2 −MY = Q (Q > 0). (1.4)

Clearly, the existence of a positive definite solution to equation (1.4) is equivalent to the existence
of a positive definite solution to equation (1.3) [10]. By looking at equations (1.2), (1.3) and (1.4),
one can see that different forms of equations can be transformed into each other by substituting
variables. It is comprehensively shown that there are few studies on quaternion nonlinear matrix
equations, which is mainly due to the non-commutative nature of quaternion multiplication.

Observe the quaternion matrix equations (1.2) and (1.3), we find a close connection between
these two types of equations. So we are interested in whether, when generalizing equations (1.2)
and (1.3) to obtain equation (1.1), we can obtain its positive semi-definite solution under certain
conditions [2,7,20,21]? How to find the solution of the quaternion matrix equation (1.1)? Based
on this finding, we further explore the Hermitian positive semi-definite solver for the quadratic
quaternion system (1.1) and its perturbation analysis.

The main contributions of this paper are as follows:

1) Under the condition that the matrix Q is positive semi-definite, the matrix inequalities
(3.3), (3.6) and (3.9) are established for different cases of the coefficient matrix Q by
introducing appropriate parameters δi > 0(i = 1, 2, 3), and thus applying the theory of
immovable points on a compact convex set to obtain the equations (1.1) necessary and
sufficient conditions for the existence of a positive definite solution to Hermitian.

2) The selection of the corresponding parameters δi > 0 i = 1, 2, 3 in the three matrix inequal-
ities is given. The convergent iterative formulas (3.15), (3.17) and (3.19) are constructed
for the three cases that the quaternion matrix B is negative semi-definite, the matrix B+I
is positive definite, and B∗ + I is negative definite, respectively.

3) The solution of equation (1.1) was analyzed by perturbation analysis, and two upper
bounds for the perturbation error ∆X are given.

4) Three numerical examples test the effectiveness of the given iterative algorithms and com-
pare their advantages and disadvantages.
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2. Preliminaries

Throughout this paper, let I and 0 denote the identity matrix and zero matrix, respectively. If
A = (aij) ∈ Hn×n, then A = (āij) ∈ Hn×n and A∗ = (āji) ∈ Hn×n are the conjugate transpose
of A, respectively, where āij is the conjugate of the quaternion aij . We call that A is Hermitian
or self-conjugate if A = A∗, and the class of all n×n Hermitian quaternion matrices are denoted
by H(H) ⊂ Hn×n. The maximum and minimum eigenvalues of the Hermitian matrix A are
denoted by λmax(A), λmin(A) separately.

Let ∥A∥F denote the Frobenius norm of matrix A = (aij). Then ∥A∥F = [tr(A∗A)]1/2 =(∑n
i,j=1 |aij |

2
)1/2

where tr(A) =
∑n

i=1 aii denotes the trace of the matrix A, and ρ(A) represents

the spectral radius of matrix A. Note that the Frobenius norm is unitarily invariant, that is,
∥A∥ = ∥UAV ∥ for all unitary matrices U, V .

The notation X ≥ 0 means that X is a positive semi-definite Hermitian matrix. For the
sake of convenience of discussion, hereafter Hermitian positive definitions are simply referred
to as positive definitions. If matrices A and B be Hermitian, A > B is used to indicate that
A−B > 0, that is A−B be positive definite.

Definition 2.1. [12] For a quaternion matrix A = A1 + A2j ∈ Hn×n(A1, A2 ∈ Cn×n), the
matrix

Aσ =

 A1 −A2

A2 A1

 ∈ C2n×2n,

is the complex representation of A.

Note that for any A,B ∈ Hn×n, the following properties hold:

(1) (A±B)σ = Aσ ±Bσ,

(2) (AB)σ = AσBσ,

(3) (A−1)σ = (Aσ)−1,

(4) ∥Aσ∥F =
√
2 ∥A∥F ,

(5) rank(Aσ) = 2 rank(A).

Theorem 2.1 (Fixed point theorem on convex set [4]). If E ∈ R is a non-empty compact convex
set and T is a mapping from E to E, then there exist at least one of x ∈ E, such that T (x) = x
holds.

Theorem 2.2 (Hermitian matrix eigenvalue inequality [15]). Let A,B ∈ H(H), λ1 ≥ λ2 ≥
· · · ≥ λn be the eigenvalues of A and B respectively. Then

λt(A) + λn(B) ≤ λt(A+B) ≤ λt(A) + λt(B), t = 1, · · · , n.

Theorem 2.3 (Iterative local convergence theorem [23]). Let x = φ(x) be the iterative form
of the functional equation f(x) = 0, and x̃ be the fixed point of the equation φ(x). If φ(x) is
continuous at a certain neighborhood U(x̃) and satisfies |φ′(x̃)| < 1, then the iterative method
x = φ(x) is called locally convergent.
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Theorem 2.4 (See [23]). For the iterative process xk+1 = φ(xk) and the positive integer p, if
φ(p)(x) is continuously close to the sought root x̃ and satisfies

φ′(x̃) = φ′′(x̃) = · · · = φ(p−1)(x̃) = 0, p > 1,

φ(p)(x̃) ̸= 0,
(2.1)

then this iterative process is p-order convergent at a certain neighborhood U(x̃).

3. The main results

Our main results are following theorems, iterative format construction and the perturbation
analysis of positive semi-definite solutions quaternion matrix equation (1.1).

3.1. Conditions for the existence of positive semi-definite solutions

Theorem 3.1. Let B ∈ H(H), the matrix equation (1.1) has a positive semi-definite solution
X only if the coefficient matrix B ≤ 0.

Proof. If equation (1.1) has a positive semi-definite solution X, then

XB∗X +BX = −X2 −Q ≤ 0. (3.1)

Since B ∈ H(H), Q ≥ 0, it follows that B is unitarily diagonalizable, that is, B = UD1U
∗, where

D1 = diag (λ1, λ2, · · · , λn) and U is a unitary matrix. Thus, from (3.1), we obtain

XUD1U
∗X + UD1U

∗X = −X2 −Q,

which gives
(U∗XU)D1(U

∗XU) +D1(U
∗XU) = U∗(−X2 −Q)U ≤ 0.

Write U∗XU = Z. Then Z ≥ 0 as X ≥ 0 and

ZD1Z +D1Z = (Z + I)D1Z ≤ 0. (3.2)

Furthermore, by writing Z = (xij)n×n on the LHS of inequality (3.2) and performing matrix
multiplication, we obtain 

λ1(x11 + 1)x11 ∗
. . .

∗ λn(xnn + 1)xnn

 ≤ 0.

Since xii ≥ 0, it follows that λi ≤ 0, for all i = 1, 2, · · · , n and so D1 = diag (λ1, λ2, · · · , λn) ≤ 0.
Hence B = UD1U

∗ ≤ 0. This completes the proof.

Theorem 3.2. Suppose that the matrix B in equation (1.1) is negative semi-definite and there
exists a constant δ1 > 1 satisfying

2B + I ≤ −Q ≤ δ1 (δ1 + 1)B + δ21I. (3.3)

Then the quaternion matrix equation (1.1) has a positive definite solution X where I ≤ X < δ1I.
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Proof. Let S1 be set of positive definite matrices given by

S1 = {X ∈ H(H) : I ≤ X ≤ δ1I, δ1 > 1} .

Write M = −B and define φ(X) = MX +XMX. Then for all X ∈ S1,

λ(MX) = λ[M
1
2 (M

1
2XM

1
2 )M− 1

2 ]

= λ(M
1
2 )λ(M

1
2XM

1
2 )λ(M− 1

2 )

= λ(M
1
2XM

1
2 )

> 0,

where λ(A) denote the eigenvalue of a matrix A. Since MX +XMX ∈ H(H) and XMX > 0,
it follows from Weyl’s inequality that

0 < λ(MX) + λmin(XMX) ≤ λ(MX +XMX),

where λmin(A) denote the smallest eigenvalue of a matrix A. Hence φ(X) > 0. Furthermore,
φ′(X) = M +MX +XM > 0 for all X ∈ S1which implies that φ(X) is strictly increasing on
S1. Note that the matrix equation (1.1) is equivalent to

X = (MX +XMX −Q)
1
2 . (3.4)

Now, consider the function h on S1 defined by

h(X) = (MX +XMX −Q)
1
2 , X ∈ S1. (3.5)

For all X ∈ S1, the monotonicity of φ(X) gives

h(X) ≥ h(I) = (2M −Q)1/2 ≥ I, and

h(X) ≤ h (δ1I) =
(
δ1M + δ21M −Q

)1/2
<
(
δ21I
)1/2

= δ1I.

Thus, h(S1) ⊆ S1. Hence h(X) must have an fixed point X on the compact convex set S1, that
is, there exists a positive definite solution X ∈ S1 to the quaternion matrix equation (1.1). This
completes the proof.

Theorem 3.3. Suppose that the matrix B in equation (1.1) is negative semi-definite with I +
B > 0 and there exists a constant δ2 > 0 such that

0 ≤ Q ≤ −δ2B − δ22(I +B)∗. (3.6)

Then the quaternion matrix equation (1.1) has a positive semi-definite solution X where 0 ≤
X ≤ δ2I.

Proof. Let S2 be the set of positive semi-definite matrices given by

S2 = {X ∈ H(H) : 0 ≤ X ≤ δ2I, δ2 > 0} .

Since the matrix equation (1.1) is equivalent to

X = X(B + I)∗X + (B + I)X +Q, (3.7)
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we define a function f on S2 by

f(X) = X(B + I)∗X + (B + I)X +Q, for all X ∈ S2. (3.8)

Then the matrix equation (1.1) is equivalent to X = f(X) on S2. Since B < −δ2(I + B)∗, it
follows that

f ′(X) = (B + I)∗X +X (B + I)∗ + (B + I) > 0

for all X ∈ S2 as I +B > 0. It then follows from (3.6) that

f(X) ≥ f(0) = Q ≥ 0 and

f(X) ≤ f (δ2I) = δ22(B + I)∗ + δ2(B + I) +Q ≤ δ2I.

Hence f(S2) ⊆ S2, f(X) must have a fixed point X on the compact convex set S2, i.e., there
exists a positive semi-definite solution X to quaternion matrix equation (1.1) with 0 ≤ X ≤ δ2I.
This completes the proof.

Theorem 3.4. Suppose that the matrix B in equation (1.1) is negative semi-definite with (I +
B)∗ = I +B∗ < 0 and there exists a positive number δ3 such that

Q+ δ3B + δ23(I +B∗) ≤ 0. (3.9)

Then the quaternion matrix equation (1.1) has a positive semi-definite solution X where 0 ≤
X ≤ δ3I.

Proof. Let S3 the set of positive semi-definite matrices given by

S3 = {X ∈ H(H) : 0 ≤ X ≤ δ3I, δ3 > 0}.

Also, let α be a quaternion such that the matrix αI −B is invertible. Since

(αI −B)X(αI −B)∗ = BXB∗ + α2X − αXB∗ − αBX

it follows that equation (1.1) can be written equivalently as

X = (αI −B)−1(BXB∗ + αX2 + α2X + αXB∗X − αXB∗ + αQ)[(αI −B)−1]∗. (3.10)

Now, define

g(X) = (αI −B)−1(BXB∗ + αX2 + α2X + αXB∗X − αXB∗ + αQ)[(αI −B)−1]∗, (3.11)

on S3. Then the matrix equation (1.1) is equivalent toX = g(X). For allX ∈ S3, the eigenvalues
of matrix BXB∗ are satisfied that:

λ(BXB∗) = λ(B)λ(X)λ(B∗) > 0.

Hence BXB∗ > 0, by using the condition I +B∗ < 0 and the inequality (3.9), we get 0 < g(X)
and

g(X) ≤ (αI −B)−1
(
δ3BB∗ + δ23αI + δ3α

2I + αδ23B
∗ − αδ3B

∗ + αQ
) [

(αI −B)−1
]∗

= (αI −B)−1
[
δ3(αI −B)(αI −B)∗ + δ23α (I +B∗) + δ3αB + αQ

] [
(αI −B)−1

]∗
= δ3I + α(αI −B)−1

[
δ23 (I +B∗) + δ3B +Q

] [
(αI −B)−1

]∗ ≤ δ3I.
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Thus g(S3) ⊆ S3, and hence g(X) must have an fixed point X on the compact convex set S3,
i.e., there exists a positive semi-definite solution X to equation (1.1) and 0 ≤ X ≤ δ3I. This
completes the proof.

In the following, we discuss how to estimate the value of the parameter δi (i = 1, 2, 3) that
makes inequalities (3.3), (3.6), and (3.9) valid when the matrices B,Q are given.

i) Estimating δ1: Since δ1 > 1, from inequality (3.3), we have

Q+ I ≤ 2M < δ1 (δ1 + 1)M ≤ Q+ δ21I and

where M = −B ≥ 0 is positive semi-definite. For 2M < Q+ δ21I, we easy to known that

λ(δ21I +Q− 2M) > 0.

Then by the eigenvalue inequality of the quaternion Hermitian matrix [15, Theorem 2.2],

λ(δ21I +Q− 2M) ≤ λmax

(
δ21I +Q− 2M

)
≤ λmax(δ

2
1I) + λmax (Q− 2M)

= δ21 + λmax (Q− 2M) ,

which gives

δ21 + λmax (Q− 2M) > 0.

From inequality (3.3), we get 2M ≥ Q, and then one can choose

δ1 =
√
λmax (2M −Q). (3.12)

ii) Estimating δ2: By inequality (3.6), we have δ2(−B) ≥ Q+ δ22P , where P = (I +B)∗ > 0.
For δ22P + δ2B +Q ≤ 0, we can obtain that

δ22I + δ2BP−1 +QP−1 ≤ 0,

λ(δ22I + δ2BP−1 +QP−1) ≤ 0.

It then follows from [15, Theorem 2.2] that

λmin

(
δ22I
)
+ λmin

(
δ2BP−1

)
+ λmin(QP−1) = δ22 + λmin

(
δ2BP−1

)
+ λmin(QP−1)

≤ λmin

(
δ22I + δ2BP−1 +QP−1

)
≤ λ(δ22I + δ2BP−1 +QP−1),

which gives

δ22 + δ2λmin

(
BP−1

)
+ λmin

(
QP−1

)
≤ 0,

and then one can choose

δ2 =
1

2

[
−λmin

(
BP−1

)
+
√∣∣λ2

min (BP−1)− 4λmin (QP−1)
∣∣] . (3.13)
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iii) Estimating δ3: Remember that R = −(I +B∗) > 0, then from inequality (3.9), we have

δ3B +Q ≤ δ23R,

which implies

δ23I − δ3BR−1 −QR−1 ≥ 0,

λ(δ23I − δ3BR−1 −QR−1) ≥ 0.

Therefore, from the [15, Theorem 2.2], such that

λ(δ23I − δ3BR−1 −QR−1) ≤ λmax(δ
2
3I − δ3BR−1 −QR−1)

≤ λmax(δ
2
3I)− λmax

(
δ3BR−1

)
+ λmax

(
−QR−1

)
= δ23 − δ3λmax

(
BR−1

)
+ λmax

(
−QR−1

)
,

which gives
δ23 − δ3λmax

(
BR−1

)
+ λmax

(
−QR−1

)
≥ 0.

Since QR−1 > 0, λmax

(
QR−1

)
> 0. And then one can choose

δ3 =
1

2

[
λmax

(
BR−1

)
+
√
λ2
max (BR−1) + 4λmax (QR−1)

]
. (3.14)

3.2. Construction of the iterative method

According to the results of Theorems 3.1 to 3.4, when the coefficient matrices B,Q of equation
(1.1) satisfy the given conditions, we can construct the iterative method to compute the positive
semi-definite solution of equation (1.1). For the convenience of discussion, we set X̃ as a root of
equation (1.1), which is the fixed point of the following three iterative methods.

a) When M = −B ≥ 0, the proposed Newtonian iteration method is established under the
conditions of Theorem 3.2 as follows:Xk+1 = Xk − (2Xk − 2MXk −M)−1 (X2

k −XkMXk −MXk +Q
)
,

X0 = In, k ∈ Z+.
(3.15)

Its equivalent complex representation is given byXσ
k+1 = Xσ

k − (2Xσ
k − 2MσXσ

k −Mσ)−1
[
(Xσ

k )
2 −Xσ

kM
σXσ

k −MσXσ
k +Qσ

]
,

X0 = I2n, k ∈ Z+,
(3.16)

where Aσ denotes the complex operator of the quaternion matrix A. In practice, due to
the non-commutative reason of quaternion multiplication, we run MATLAB software for
the iterative method of (3.16) above, and express the k-th approximate solution Xk as
Xk = X1 + X2j, which is an approximate solution of equation (1.1) (see Algorithm 1
below). Based on the relationship between a quaternion matrix and the Frobenius norm
of its complex representation matrix, the k-th approximate solution of equation (1.1) has
the residual term norm of

Rk =
∥∥X2

k +XkB
∗Xk +BXk +Q

∥∥
F
=

1√
2

∥∥(X2
k

)σ
+Xσ

k (B∗)σ Xσ
k +BXσ

k +Qσ
∥∥
F
.
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Algorithm 1 For the Iterative Method (a), (Newtonian iteration)

(1). Input: k, n, iterative function h(X) = Iterative Method (a), X0 = I2n, T , α, B,Q.
(X0 ∈ H2n×2n, B ∈ H2n×2n, Q ∈ H2n×2n, and T ∈ R, k ∈ Z+, n ∈ Z+, α ∈ R+).
(2). Set M = −B, calculate Xk = Iterative Method (a), then let Xσ = Xk.

(3). Matrix Xσ can be decomposed to Xσ =

X1 −X2

X2 X1

, (X1 ∈ Hn×n, X2 ∈ Hn×n).

(4). Let Xk+1 = X1 +X2j.
(5). Compute the norm ∥Xk+1 −Xk∥F .
(6). If norm ∥Xk+1 −Xk∥F < T , stop. Otherwise circle the above step (2)-(6).
(7). Let Xk+1 = X.
(8). Compute the residual term norm Rk =

∥∥X2
k +XkB

∗Xk +BXk +Q
∥∥
F
.

(9). Output: The solution X,Rk.

Remark 3.1 (Convergence analysis of Newtonian Iterative Method (a)). Under the as-
sumption of Theorem 3.2, we define a function

Φ(Xk) =
(
X2

k −XkMXk −MXk +Q
)
,

and the Newtonian Iterative (a) can be expressed that

φ1(Xk+1) = Xk −
Φ(Xk)

Φ′(Xk)
.

We take the derivative of both sides of the equation with respect to Xk,

φ′
1(Xk+1) =

[
Xk −

Φ(Xk)

Φ′(Xk)

]′
=

Φ(Xk)Φ
′′(Xk)

[Φ′(Xk)]
2 .

For X̃ is a root of equation (1.1), that is, Φ(X̃) = 0 and Φ′(X̃) ̸= 0, then from the

above equation it can be concluded that φ′
1(X̃) = 0 and φ′′

1(X̃) = Φ′′(X̃)

Φ′(X̃)
̸= 0. Therefore,

according to Theorem 2.4, we can get that Newtonian method (a) is quadratic order
convergent in the vicinity of X̃. Then perform a Taylor expansion of φ1(Xk) at point X̃,
and using condition equation (2.1), we have

φ1(Xk) = φ1(X̃) +
φ′′
1(ξ)

2!
(Xk − X̃), Xk ≤ ξ ≤ X̃.

We noted that φ1(Xk) = Xk+1, φ1(X̃) = X̃, and from the above equation,

Xk+1 − X̃ =
1

2
φ′′
1(ξ)(Xk − X̃) =

Φ′′(ξ)

2Φ′(ξ)
(Xk − X̃), Xk ≤ ξ ≤ X̃.

Therefore, regarding the iterative error ek, when k → ∞,

ek+1

epk
→ Φ′′(X̃)

2Φ′(X̃)
.
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Set C1 = Φ′′(X̃)

2Φ′(X̃)
, based on the above analysis, we can get Newtonian method (a) is

quadratic order convergent within neighborhood U(X̃, ekC1) ∩ U(I, δ1I).

b) When B < −δ2(I+B)∗, I+B > 0, the iteration format is established under the conditions
of Theorem 3.3 as follows:Xk+1 = Xk(B + I)∗Xk + (B + I)Xk +Q,

X0 = 0.001In, k ∈ Z+.
(3.17)

Its equivalent complex representation format is:Xσ
k+1 = Xσ

k (Bσ + I2n)
∗Xσ

k + (Bσ + I2n)X
σ
k +Qσ,

X0 = 0.001I2n, k ∈ Z+.
(3.18)

The details of (3.18) iterative procedures in MATLAB is shown in Algorithm 2.

Algorithm 2 For the Iterative Method (b)

(1). Input: k, n, iterative function f(X) = Iterative Method (b), X0 = 0.001I2n, T , α, B,Q.
(X0 ∈ H2n×2n, B ∈ H2n×2n, Q ∈ H2n×2n, and T ∈ R, k ∈ Z+, n ∈ Z+, α ∈ R+).
(2). Calculate Xk = Iterative Method (b), then let Xσ = Xk.

(3). Matrix Xσ can be decomposed to Xσ =

X1 −X2

X2 X1

, (X1 ∈ Hn×n, X2 ∈ Hn×n).

(4). Let Xk+1 = X1 +X2j.
(5). Compute the norm ∥Xk+1 −Xk∥F .
(6). If norm ∥Xk+1 −Xk∥F < T , stop. Otherwise circle the above step (2)-(6).
(7). Let Xk+1 = X.
(8). Compute the residual term norm Rk =

∥∥X2
k +XkB

∗Xk +BXk +Q
∥∥
F
.

(9). Output: The solution X,Rk.

Remark 3.2 (Convergence analysis of Iterative Method (b)). Under the assumption of
Theorems 3.1 and 3.3, we define a function

φ2(Xk) = Xk(B + I)∗Xk + (B + I)Xk +Q,

and we take the derivative of both sides of the equation with respect to Xk,

φ′
2(Xk) = (B + I)∗Xk +Xk(B + I)∗ + (B + I).

By observation, it can be seen that when Q = 0 and X̃ = 0, φ2(X̃) = φ2(0) = 0 = X̃.
Therefore, X̃ = 0 be a special fixed point of the iterative function φ2(Xk), we can obtain

0 < φ′
2(X̃) = φ′

2(0) = B + I < I,

which imply that 0 < ρ
[
φ′
2(X̃)

]
= ρ [φ′

2(0)] < 1. According to the Theorem 2.3, iterative

method (b) converges within neighborhood U(0, δ2I) if the matrix Q approaches the zero
matrix.
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c) When I + B∗ = (I + B)∗ < 0, the iteration format is established under the conditions of
Theorem 3.4 as follows:

Xk+1 = (αI −B)−1

BXkB
∗ + αX2

k + α2Xk + αXkB
∗Xk

−αXkB
∗ + αQ

 [(αI −B)−1
]∗

,

X0 = 0.001In, k ∈ Z+.

(3.19)

Its equivalent complex representation format is:
Xσ

k+1 = (αI2n −Bσ)−1

BσXσ
k (Bσ)∗ + α (Xσ

k )
2 + α2Xσ

k+

αXσ
k (Bσ)∗Xσ

k − αXσ
k (Bσ)∗ + αQσ

[(αI2n −Bσ)−1
]∗

,

X0 = 0.001I2n, k ∈ Z+.

(3.20)
The detail of (3.20) iterative procedures in MATLAB is shown in Algorithm 3.

Algorithm 3 For the Iterative Method (c)

(1). Input: k, n, iterative function g(X) = Iterative Method (c), X0 = 0.001I2n, T , α, B,Q.
(X0 ∈ H2n×2n, B ∈ H2n×2n, Q ∈ H2n×2n, and T ∈ R, k ∈ Z+, n ∈ Z+, α ∈ R+).
(2). Calculate Xk = Iterative Method (c), then let Xσ = Xk.

(3). Matrix Xσ can be decomposed to Xσ =

X1 −X2

X2 X1

, (X1 ∈ Hn×n, X2 ∈ Hn×n).

(4). Let Xk+1 = X1 +X2j.
(5). Compute the norm ∥Xk+1 −Xk∥F .
(6). If norm ∥Xk+1 −Xk∥F < T , stop. Otherwise circle the above step (2)-(6).
(7). Let Xk+1 = X.
(8). Compute the residual term norm Rk =

∥∥X2
k +XkB

∗Xk +BXk +Q
∥∥
F
.

(9). Output: The solution X,Rk.

Remark 3.3 (Convergence analysis of Iterative Method (c)). Under the assumption of
Theorems 3.1 and 3.4, we define a function

φ3(Xk) = (αI −B)−1

BXkB
∗ + αX2

k + α2Xk + αXkB
∗Xk

−αXkB
∗ + αQ

 [(αI −B)−1
]∗

,

and we take the derivative of both sides of the equation with respect to Xk. And in order
to ensure the invertibility of matrix αI − B, the value of |α| should be sufficiently small.
By using the condition I +B∗ = (I +B)∗ < 0 and B ≤ 0,

φ′
3(Xk)

=(αI −B)−1
(
BB∗ + 2αXk + α2I + αB∗Xk + αXkB

∗ − αB∗) [(αI −B)−1
]∗

=(αI −B)−1
[
αXkB

∗ + α(2I +B∗)Xk + α2I − (αI −B)B∗] [(αI −B)−1
]∗
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=(αI −B)−1
[
αXk(B

∗ + I) + α(I +B)Xk + α2I
] [
(αI −B)−1

]∗ −B∗ [(αI −B)−1
]∗

≤α2(αI −B)−1
[
(αI −B)−1

]∗ −B∗ [(αI −B)−1
]∗

=α2
[
(αI −B)−1 −B∗] [(αI −B)−1

]∗
≤α2I,

From above inequality, we can get 0 < φ′
3(Xk) ≤ α2I, which imply that

0 ≤ ρ
[
φ′
3(X̃)

]
≤ ρ

(
α2I

)
= α2.

According to the Theorem 2.3, iterative method (c) converges within neighborhood U(0,
δ3I) if the value of |α| small enough.

3.3. Perturbation analysis of positive semi-definite solutions

Let X be a Hermitian positive semi-definite solution of equation (1.1), and for a given matrix
of coefficients B,Q, suppose that we introduce perturbations ∆B,∆Q, respectively, and that
the solution of the equation after the perturbation is X + ∆X, then the equation after the
perturbation of equation (1.1) is

(X +∆X)(X +∆X) + (X +∆X)(B +∆B)∗(X +∆X)

+(B +∆B)(X +∆X) + (Q+∆Q) = 0.
(3.21)

Expanding equation (3.21) and using equation (1.1) yields

(∆X)2 + (X +B +∆B +XB∗ +X∆B∗)∆X

+∆X [(I +B +∆B)∗X] + ∆X(B +∆B)∗∆X

= − (∆B ·X +X∆B∗X +∆Q) .

(3.22)

The following theorem gives an upper bound on the perturbation error ∆X.

Theorem 3.5. Let X be a Hermitian positive semi-definite solution of equation (1.1). ∆B,∆Q
are perturbations of the coefficient matrices B,Q respectively and X + ∆X is a solution of
equation (1.1) after the perturbations. If 0 <∥ B +∆X ∥F≤ 1, then we have

∥∆X∥F ≤ −r

2
+

1

2

√
r2 − 2 ∥∆B ·X +X∆B∗X +∆Q∥F , (3.23)

where λn = λmin(X), λ1 = λmax(X), r =
√
nλ1−λn+1 > 0 and 2 ∥∆B ·X +X∆B∗X +∆Q∥F

< r2.

Proof. From equation (3.22) and the trigonometric inequality for the Frobenius norm, we
obtain that

∥∆B ·X +X∆B∗X +∆Q∥F

=

∥∥∥∥∥∥(∆X)2 + (X +B +∆B +XB∗ +X∆B∗)∆X

+∆X(B +∆B)∗∆X +∆X(I +B +∆B)∗X

∥∥∥∥∥∥
F
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≥

∥∥∥∥∥∥X∆X +∆X ·X + (B +∆B)∆X +X(B +∆B)∗∆X

+∆X(B +∆B)∗X +∆X(B +∆B)∗∆X

∥∥∥∥∥∥
F

− ∥∆X∥2F

≥∥X∆X +∆X ·X + (B +∆B)∆X +∆X(B +∆B)∗∆X∥F
− 2∥X∥F ∥(B +∆B)∗∥F ∥∆X∥F − ∥∆X∥2F

≥∥X∆X +∆X ·X∥F − ∥B +∆B∥F ∥∆X∥F − ∥B +∆B∥F ∥∆X∥2F
− 2∥X∥F ∥B +∆B∥F ∥∆X∥F − ∥∆X∥2F

≥∥X∆X +∆X ·X∥F − (2∥X∥F + 1) ∥B +∆B∥F ∥∆X∥F
− (∥B +∆B∥F + 1) ∥∆X∥2F . (3.24)

Since X is Hermitian positive semi-definite, it follows that X can be unitary diagonally decom-
posed as

X = UD2U
∗, (3.25)

where D2 = diag (λ1, λ2, · · · , λn) is a unitary matrix, λ1 > λ2 > · · · > λn > 0. Write
U∗(∆X)U = (∆xij)n×n. By the unitarily invariance of Frobenius norm and (3.25), we can
achieve:

∥X∆X +∆X ·X∥F = ∥UD2U
∗∆X +∆XUD2U

∗∥F
= ∥U∗(UD2U

∗∆X +∆XUD2U
∗)U∥F

= ∥D2U
∗∆XU + U∗∆XUD2∥F

=

 n∑
i,j=1

|(λi + λj)∆xij |2
1/2

=2λn

 n∑
i,j=1

|∆xij |2
1/2

=2λn ∥U∗∆XU∥F
=2λn∥∆X∥F .

(3.26)

Also
∥X∥F = ∥UD2U

∗∥F ≤ ∥U∥F ∥D2∥F ∥U∗∥F = ∥D2∥F

=

(
n∑

i=1

|λi|2
)1/2

≤
(
nλ2

1

)1/2
=

√
nλ1.

(3.27)

From inequalities (3.24), (3.27), equality (3.26) and the condition 0 <∥ B +∆X ∥F≤ 1, we get

∥∆B ·X +X∆B∗X +∆Q∥F
≥ 2λn∥∆X∥F − (2∥X∥F + 1) ∥∆X∥F − 2∥∆X∥2F
≥ 2λn∥∆X∥F −

(
2
√
nλ1 + 1

)
∥∆X∥F − 2∥∆X∥2F

≥ 2
(
λn −

√
nλ1 − 1

)
∥∆X∥F − 2∥∆X∥2F .

So

∥∆X∥2F +
(√

nλ1 − λn + 1
)
∥∆X∥F +

1

2
∥∆B ·X +X∆B∗X +∆Q∥F ≥ 0. (3.28)
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Write r =
√
nλ1 − λn + 1 > 0, for λ1 > λ2 > · · · > λn > 0. Note that r > 0.

Taking the perturbation matrices ∆B,∆Q with sufficiently small Frobenius norm,

r >
√
2 ∥∆B ·X +X∆B∗X +∆Q∥F . (3.29)

Thus, from inequality (3.28), we have

∥∆X∥F ≤ −r

2
+

1

2

√
r2 − 2 ∥∆B ·X +X∆B∗X +∆Q∥F .

This completes the proof.
Theorem 3.5 discusses the perturbation error bounds for Hermitian positive semi-definite

solutions of equation (1.1) when B is a general quaternion matrix. When B is a self-conjugate
matrix, i.e., the matrix B satisfies B∗ = B, discovering that inequality (3.28) has changed. Next
we analyze the perturbation of its positive semi-definite solution when B is a Hermitian matrix.
Based on the process of derivation of the inequation (3.24), we can deduce that

∥∆B ·X +X∆B∗X +∆Q∥F

=

∥∥∥∥∥∥(∆X)2 +X(I +B)∆X + (B +∆B)∆X +X∆B∗∆X

+∆X∆B∗X +∆X(I +B)X +∆X (B +∆B∗)∆X

∥∥∥∥∥∥
F

≥ ∥X(I +B)∆X +∆X(I +B)X∥F − ∥X∆B∗∆X +∆X∆B∗X∥F
− ∥(B +∆B)∆X∥F − ∥∆X (B +∆B∗)∆X∥ − ∥∆X∥2F

≥ ∥X(I +B)∆X +∆X(I +B)X∥F − 2∥X∥F ∥∆B∥F ∥∆X∥F
− ∥B +∆B∗∥F ∥∆X∥2F − ∥B +∆B∥F ∥∆X∥F − ∥∆X∥2F .

(3.30)

Theorem 3.6. Let X be a Hermitian positive semi-definite solution of equation (1.1). ∆B,∆Q
are perturbations of the coefficient matrices B,Q respectively, B is a Hermitian matrix, and
X +∆X is a solution of equation (1.1) after the perturbation. If I +B > 0, ∥B+∆B∥ < 1, and
β = λnµn − λ1∥∆B∥F − 1 > 0, then we have

∥∆X∥F ≤ 1

2

[√
nβ −

√
nβ2 − 2 ∥∆B ·X +X∆B∗X +∆Q∥F

]
,
(
n ∈ Z+

)
. (3.31)

Where

µn = λmin(I +B), λn = λmin(X), λ1 = λmax(X),

2 ∥∆B ·X +X∆B∗X +∆Q∥F < nβ2.

Proof. When I +B > 0, a similar procedure to the proof of Theorem 3.5 leads to

∥X(I +B)∆X +∆X(I +B)X∥F ≥ 2
√
nλnµn∥∆X∥F . (3.32)

Where µn = λmin(I +B), λn = λmin(X), from inequality (3.30), inequality (3.32) and condition
∥ B +∆B ∥F< 1, we get

∥∆B ·X +X∆B∗X +∆Q∥F
≥ 2

√
nλnµn∥∆X∥F − ∥∆X∥F − 2

√
n∥∆B∥F ∥∆X∥F − 2∥∆X∥2F
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=
(
2
√
nλnµn − 2

√
nλ1∥∆B∥F − 1

)
∥∆X∥F − 2∥∆X∥2F

≥ 2
√
n (λnµn − λ1∥∆B∥F − 1) ∥∆X∥F − 2∥∆X∥2F . (3.33)

i.e.

∥∆X∥2F −
√
n (λnµn − λ1∥∆B∥F − 1) ∥∆X∥F +

1

2
∥∆B ·X +X∆B∗X +∆Q∥F ≥ 0. (3.34)

When β = λnµn−λ1∥∆B∥F −1 > 0, taking the perturbation matrices ∆B,∆Q with sufficiently
small Frobenius norms, such that

2 ∥∆B ·X +X∆B∗X +∆Q∥F < nβ2.

In this case, from inequality (3.34), we known

∥∆X∥F ≤ 1

2

[√
nβ −

√
nβ2 − 2 ∥∆B ·X +X∆B∗X +∆Q∥F

]
,
(
n ∈ Z+

)
.

This completes the proof.

Note that under the conditions of Theorem 3.5 and Theorem 3.6, from the perturbation error
inequalities (3.23) and (3.31), when the perturbation factor (∆B,∆Q) −→ 0, there is ∆X −→ 0.

4. Numerical experiments

Three examples of a positive semi-definite solution to equation (1.1) are given below. Here, we
mainly focus on the characteristics of the system matrix of the equation (1.1) and use appropriate
iterations to calculate according to the results of Theorem 3.2, Theorem 3.3 and Theorem 3.4.

To facilitate the comparison of the advantages and disadvantages of the three iterative meth-
ods to be carried out later, in conjunction with inequalities (3.3), (3.6), (3.9), we give the matrix
Q that simultaneously satisfies these three inequalities:

Q =


0.3 0.06i+ 0.06k

−0.06i− 0.06k 0.3
. . .

. . .
. . . 0.06i+ 0.06k

−0.06i− 0.06k 0.3

 .

According to the decomposition property of quaternion matrices, we get Q = Q1 +Q2j, where

Q1 =


0.3 0.06i

−0.06i 0.3
. . .

. . .
. . . 0.06i

−0.06i 0.3

 , Q2 =


0 0.06i

−0.06i 0
. . .

. . .
. . . 0.06i

−0.06i 0

 .

The following three examples all use the same matrix Q,Q1 and Q2.
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Example 4.1. Given 2 n-order quaternion matrices:

M =


0.7 0.03i+ 0.03k

−0.03i− 0.03k 0.7
. . .

. . .
. . . 0.03i+ 0.03k

−0.03i− 0.03k 0.7

 = −B.

Try to establish an appropriate iterative format to find a positive definite solution to equation
(1.1).

From the decomposition equation M = M1 +M2j, we can achieve that

M1 =


0.7 0.03i

−0.03i 0.7
. . .

. . .
. . . 0.03i

−0.03i 0.7

 ,M2 =


0 0.03i

−0.03i 0
. . .

. . .
. . . 0.03i

−0.03i 0

 .

By direct calculation it is clear that

M = −B > Q, λmax(2M −Q)
.
= 1.1.

Selected according to the estimated equation (3.12),

δ1 =
√

λmax(2M −Q)
.
= 1.0488.

That the condition (3.3) holds. Therefore, according to Theorem 3.2, there exists a positive
definite solution to equation (1.1) in the interval I ≤ X ≤ 1.0488I. We use the proposed
Newtonian iteration (3.15) for the solution. Taking X0 = I when n = 5, the calculation
yields:

X1 =



0.91 −0.2114i −0.1644 −0.008i −0.1799

0.2114i 1.0743 −0.1314i 0.0155 −0.008i

−0.1644 0.1314i 0.8945 −0.1314i −0.1644

0.008i 0.0155 0.1314i 1.0743 −0.2114i

−0.1799 0.008i −0.1644 0.2114i 0.91


,

X2 =



0 −0.2114i 0 −0.008i 0

0.2114i 0 −0.1314i 0 −0.008i

0 0.1314i 0 −0.1314i 0

0.008i 0 0.1314i 0 −0.2114i

0 0.008i 0 0.2114i 0


,
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and we get the solution X̃ = X1 +X2j.

Through the discussion of Remark 3.1, we work out that ekC1 = ekC11 + ekC12j, where

ekC11 =



0.82 −0.1224i −0.1846 −0.007i −0.1679

0.2114i 1.0524 −0.1255i 0.0157 −0.007i

−0.1623 0.1255i 0.8722 −0.1255i −0.1644

0.007i 0.0157 0.1255i 1.0211 −0.1224i

−0.1623 0.007i −0.1846 0.1224i 0.82


,

ekC12 =



0 −0.1224i 0 −0.007i 0

0.2114i 0 −0.1255i 0 −0.007i

0 0.1255i 0 −0.1255i 0

0.007i 0 0.1255i 0 −0.1224i

0 0.007i 0 0.1224i 0


.

Then, the Newtonian iterative method (a) converges within the neighborhood of X̃ belonging
to [0.8761I, 1.0445I] ∩ [I, 1.0488I] = [I, 1.0445I].

When n = 100, 500, 1000, the iteration results are shown in Table 1.

Table 1. Newtonian iteration.

Matrix order n iterative Rk t/s

100 30 2.5210e-15 0.165

40 2.2084e-15 0.272

50 2.2165e-15 0.421

500 30 4.8683e-07 6.544

40 6.7518e-08 7.972

50 1.4899e-08 10.252

1000 30 2.7579e-09 29.964

40 8.2364e-10 32.742

50 2.5507e-10 35.177

In the Table 1, we see that if the order of the matrix is small, then only 30 iterations are
required by the MATLAB which runs less than 1 second, so that the residual term norm Rk

reach an algebraic accuracy of roughly e-15. However, as the order of the matrix increases,
its residual term norm Rk accuracy decreases. When the order of the matrix reaches 1000, it
takes about 30 seconds of run time to get the residual term norm Rk accuracy to be roughly
e-09.
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Example 4.2. Given 2 quaternion matrices of order n:

B =


−0.7 0.04i− 0.03k

−0.04i+ 0.03k −0.7
. . .

. . .
. . . 0.04i− 0.03k

−0.04i+ 0.03k −0.7

 .

Try to establish an appropriate iterative format to find a positive semi-definite solution to
equation (1.1)

From the decomposition equation B = B1 +B2j, we can get that

B1 =


−0.7 0.04i

−0.04i −0.7
. . .

. . .
. . . 0.04i

−0.04i −0.7

 , B2 =


0 −0.03i

0.03i 0
. . .

. . .
. . . −0.03i

0.03i 0

 .

Direct calculation shows that

P = (I +B)∗ > Q, λmin

(
BP−1

) .
= −1.6316, λmin

(
QP−1

) .
= 0.4266.

According to the estimation equation (3.13) select

δ2 =
1

2

[
−λmin

(
BP−1

)
+
√
|λ2

min (BP−1)− 4λmin (QP−1)|
]
.
= 1.3047.

That the condition (3.6) holds. Therefore, according to Theorem 3.3, there exists a positive
semi-definite solution to equation (1.1) in the interval 0 ≤ X ≤ 1.3047I. The solution can be
obtained by iterating (3.17). Taking X0 = 0.001I, when n = 5, the calculation can be obtained
as follows:

X1 =



0.4392 0.222i −0.018 0i 0

−0.222i 0.4428 0.0228i −0.018 0

−0.018 −0.0228i 0.4428 0.0228i −0.018

0 −0.018 −0.0228i 0.4452 0.222i

0 0 −0.018 −0.222i 0.4392


,

X2 =



0 −0.09i 0 0 0

0.12i 0 −0.09i 0 0

0 0.12i 0 −0.09i 0

0 0 0.12i 0 −0.09i

0 0 0 0.12i 0


,
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and we get the solution X̃ = X1 +X2j.

Through the result of Remark 3.2, we learned that the iterative method (b) converges within
the neighborhood U(0, 1.3047I) when the matrix Q approaches to the zero matrix.

When n = 100, 500, 1000, the iteration results are shown in Table 2.

Table 2

Matrix order n iterative Rk t/s

100 20 4.0782e-09 0.097

30 9.2013e-13 0.155

40 2.1714e-16 0.178

500 20 9.2363e-09 3.323

30 2.0919e-12 3.889

40 4.8226e-16 4.471

1000 20 1.3083e-08 20.421

30 2.9645e-12 22.732

40 6.8325e-16 24.117

In the Table 2, we can see that when the order of the matrix reaches 100, with only 20
iterations, MATLAB obtain a numerical solution of the equation (1.1) in 1 second, while the
residual term norm Rk reach an algebraic accuracy of e-09. Then the algebraic accuracy of the
residual term norm Rk is getting higher with the increase of the number of iterations. When
the matrix order reaches 1000, its solution time can also be well controlled at about 20 seconds,
with good iteration speed.

Example 4.3. Given 2n-order quaternion matrices:

B =


−0.75− 0.06j −0.03i+ 0.03k

0.03i− 0.03k −0.75− 0.06j
. . .

. . .
. . . −0.03i+ 0.03k

0.03i− 0.03k −0.75− 0.06j

 .

Try to establish an appropriate iterative format to find a positive semi-definite solution to
equation (1.1).

From the decomposition equation B = B1 +B2j, we can get that

B1 =


−0.75−0.03i

0.03i −0.75
. . .

. . .
. . . −0.03i

0.03i −0.75

 , B2 =


−0.06 0.03i

−0.03i−0.06
. . .

. . .
. . . 0.03i

−0.03i−0.06

 .
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Direct calculations give

B > −2Q, λmax

(
BR−1

) .
= 2.3225, λmax

(
−QR−1

) .
= 0.516.

According to the estimation equation (3.14) choose

δ3 =
1

2

[
λmax

(
BR−1

)
+
√
λ2
max (BR−1) + 4λmax (QR−1)

]
.
= 2.5267.

That the condition (3.9) holds. Therefore, according to Theorem 3.4, equation (1.1) has a
positive semi-definite solution in the interval 0 ≤ X ≤ 2.5267I. The solution can be obtained
by iterating (3.19). For the result of Remark 3, the value of |α| should be sufficiently small to
ensure the invertibility of matrix αI − B. So we can taking X0 = 0.001I and α = 0.95, when
n = 5, the calculation yields

X1 =



0.086 0.0798i −0.002 0 0

−0.0798i 0.388 0.0798i −0.002 0

−0.002 −0.0798i 0.388 0.0798i −0.002

0 −0.002 −0.0798i 0.388 0.0798i

0 0 −0.002 −0.0798i 0.386


,

X2 =



0 0.0732i 0 0 0

−0.0732i 0 0.0732i 0 0

0 −0.0732i 0 0.0732i 0

0 0 −0.0732i 0 0.0732i

0 0 0 −0.0732i 0


,

and we get the solution X̃ = X1 +X2j.
The iterative method (c) converges within the neighborhood U(0, 2.5267I) according to the

Remark 3.3.
When n = 100, 500, 1000, the iteration results are shown in Table 3.
In the Table 3, we observe that when the order of the matrix reaches 100, it takes 60 iterations

to bring the residual term norm Rk of equation (1.1) to an algebraic accuracy of e-08, and as the
number of iterations increases, the algebraic accuracy of the residual term norm Rk stabilizes at
e-09. When the order of the matrix reaches 1000, it takes about 1 minute of running time for
the algebraic accuracy of the residual term norm Rk to stabilize at e-09.

5. Conclusion

In this work, firstly, we present some necessary and sufficient conditions for the existence of
Hermitian positive definite or positive semi-definite solutions of the quadratic matrix equation
(1.1) as well as iterative solution methods. Under the condition that the matrix Q is positive
semi-definite, three different iterative methods are given for different cases of the coefficient
matrix B. And convergent iterative formulas (3.15), (3.19) and (3.22) are constructed.
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Table 3

Matrix order n iterative Rk t/s

100 60 4.9062e-08 0.124

70 3.9368e-09 0.232

80 2.4531e-09 0.783

500 60 1.1066e-07 10.972

70 8.8914e-09 13.223

80 8.8244e-09 15.471

1000 60 1.5667e-07 55.496

70 1.2590e-09 60.922

80 1.8372e-09 61.227

In addition, the solution of equation (1.1) is analyzed by perturbation analysis and two upper
bounds for the perturbation error ∆X are given.

Finally, by comparing and analyzing the three numerical algorithms, when the positive semi-
definite solution of equation (1.1) exists, the iterative method using Theorem 3.3 has a high
convergence speed, which can quickly converge to the algebraic accuracy of the residual term
norm Rk of e-09 with a small number of iterations, and improve its accuracy requirements with
the increase of the number of iterations. However, when the order of the matrix equation is small,
the Newton iterative method of Theorem 3.2 can be well used to solve the matrix equation with
an algebraic accuracy of e-15 rapidly. The iterative solution of Theorem 3.4 requires a higher
number of iterations to reach a stable value Rk, which the algebraic accuracy of e-09.

This paper on the construction of parametric matrix inequalities and equation can be gen-
eralized to the solution of other types of nonlinear quaternion matrix equations with positive
semi-definite solutions.
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