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GLOBAL BIFURCATION ANALYSIS OF A PREDATOR-PREY SYSTEM
WITH HARVESTING AND STOCKING

Yue Yang!?, Yancong Xu®' and Libin Rong?*

Abstract Predator-prey interactions play a fundamental role in ecological dynamics and
are often influenced by external factors such as harvesting and stocking. Understanding how
these interventions impact population stability and oscillatory behavior is crucial for effective
resource management and conservation efforts. In this paper, we investigate a two-species
Leslie predator-prey model incorporating constant-yield harvesting and stocking terms for
both species. Through a detailed bifurcation analysis, we unveil the mechanisms behind
the suppression or persistence of multiple oscillations in the system. We demonstrate that
the model, under harvesting or stocking, exhibits cusp bifurcations of codimension 2 and
3, leading to a rich sequence of bifurcations, including saddle-node bifurcation, Bogdanov-
Takens bifurcation of codimension 2 and 3, and Hopf bifurcation of codimension at least
3. In particular, we focus on the role of the conversion rate and analyze its influence on
the system’s transition between oscillatory and non-oscillatory coexistence states. Our find-
ings suggest that indiscriminate stocking or harvesting of both species is not necessarily
beneficial for population persistence; rather, appropriate management strategies should be
designed according to specific parameter conditions. Finally, numerical simulations, includ-
ing bifurcation diagrams and phase portraits, are presented, which provide valuable insights
and potential applications in ecological management and conservation biology.

Keywords Harvesting and stocking, cusp of codimension 2 and 3, saddle-node bifurcation,
Bogdanov-Takens bifurcation of codimension 2 and 3, Hopf bifurcation of codimension 3.
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1. Introduction

Over the past few decades, the dynamics of harvested populations have attracted considerable
attention from researchers [4, 6, 8,10, 14, 16, 18, 24, 2629, 31], as predation is a fundamental
interaction in biological systems, and harvesting is widely practiced in fisheries, forestry, and
wildlife management. Several common types of harvesting have been studied, including constant-
effort harvesting and constant-yield harvesting, which were proposed by May et al. [18]. These
approaches are expressed, respectively, as a constant proportion of the population under harvest
and a constant independent of the population size. Another approach, seasonal harvesting,
represented by a periodic function, was investigated by Liu et al. [17].
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One of the classic models is the Gause-type predator-prey model with constant-yield har-
vesting, given by:

dz x

i re(l — %) —ap(z)y — h,

d

di; = y(=d + mag(x)) — g, (1.1)

where z(t) and y(t) represent the densities of prey and predators at time ¢, respectively. The
parameters 7, k, a, d, and m are positive constants. The prey population grows with an intrinsic
rate r and a carrying capacity k in the absence of predators. a,d, and m denote the predator’s
capturing rate, death rate, and conversion rate, respectively. h and g represent stocking (negative
values) or harvesting (positive values) of prey and predators, respectively.

The functional response ¢(x) describes the rate at which predators consume prey as prey den-
sity varies, depending on factors such as prey availability, predator behavior, and environmental
conditions. System (1.1) with a Holling type-I response was analyzed by Dai and Tang [8], who
studied a scenario where two interacting species are harvested at constant rates. Their results
show that the maximum safe harvest is likely to be much smaller than what would be predicted
from a local equilibrium analysis and that complex dynamics, such as homoclinic orbits and
multiple limit cycles, may arise. For the Holling type-II response ¢(z) = o4z Where a > 0 is
the half-saturation constant, system (1.1) with constant-rate harvesting or stocking has been
widely examined [3,5,11,12,19,20,22]. When h = g = 0, Hsu [12] established two global stabil-
ity criteria for a locally stable equilibrium. When h = 0, Brauer and Soudack [3] investigated
the global behavior of system (1.1) and classified stability regions using numerical simulations.
Later, Xiao and Ruan [25] showed that system (1.1) with constant-rate predator harvesting has
a cusp of codimension 2 and passes through a Bogdanov-Takens bifurcation. Similar analyses
were conducted by Brauer and Soudack [3] for ¢ = 0 and by Brauer and Soudack [5] in the
presence of constant-rate harvesting and/or stocking of both species. Peng et al. [20] examined
the Holling type-II response with constant-rate prey harvesting and found that the model can
exhibit up to three equilibria in the first quadrant and exhibit several bifurcations, including
saddle-node, Bogdanov-Takens of codimension 3, supercritical and subcritical Hopf, and gen-
eralized Hopf bifurcations. Myerscough et al. [19] extended prior work [3,5] to the harvested
Rosenzweig-MacArthur model, analyzing the effects of harvesting and stocking rates and prey
carrying capacity. Hogarth et al. [11] developed a method to determine the period and the
ratio of predator-prey population amplitudes for nearly elliptic limit cycles under constant-rate
harvesting and stocking. More recently, Sarif and Sarwardi [22] identified a Bogdanov-Takens bi-
furcation of codimension 2 in a Gause-type model (1.1) with constant harvesting of both species
and delay effects.

System (1.1) with a generalized Holling type-III functional response ¢(z) = 27— and
prey harvesting was examined by Etoua and Rousseau [10], who showed that the model experi-
ences saddle-node bifurcation, Hopf bifurcations of codimension 1 and 2, heteroclinic bifurcation,
and nilpotent saddle bifurcations of codimension 2 and 3. They conjectured that when b = 0, the
nilpotent saddle reaches infinite codimension and the Hopf bifurcation of order 2 degenerates into
a Hopf bifurcation of infinite codimension, which was later proven by Laurin and Rousseau [14].
When g = 0, Xiao and Jennings [24] demonstrated that ratio-dependent predator-prey mod-
els exhibit rich dynamics, including saddle-node bifurcations, supercritical and subcritical Hopf
bifurcations, Bogdanov-Takens bifurcations, and homoclinic and heteroclinic bifurcations.

In this paper, we incorporate both harvesting and stocking while focusing on the effect of
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conversion rate on species coexistence in a simplified predator-prey model by setting ¢(x) = x:

dx x

E-rm(l—g)—axy—h,

d

dit/ = y(—d + maz) — g, (1.2)

where all parameters retain their meanings from system (1.1). Notably, h and g may take
negative values, representing stocking rather than harvesting.

Despite extensive studies on predator-prey models, few have explicitly examined the effect
of conversion rate, with an exception being Chen et al. [7]. In this paper, we investigate how
conversion rate influences species coexistence and the underlying mechanisms of harvesting and
stocking. We find that a low conversion rate may lead to system collapse, while an increasing
conversion rate can promote long-term species persistence. Additionally, we clarify the influence
of harvesting and stocking on system stability and bifurcations, revealing distinct regions where
species coexistence is feasible.

The rest of this paper is organized as follows. Section 2 analyzes the existence and classifica-
tion of equilibria, including cusp points of codimension 2 and 3. Section 3 presents bifurcation
analyses, including Bogdanov-Takens bifurcation of codimension 2 and 3 and Hopf bifurcation
of codimension 3. Section 4 provides numerical simulations, including bifurcation diagrams and
phase portraits. Finally, the paper concludes with a discussion.

2. The existence and type of the equilibria in system (1.2)

Note that when we take h = g = 0, system (1.2) has two boundary equilibria Ey(0,0) and
Ey(k,0). However, when h # 0 and g # 0, only positive equilibria remain. Since the analytical
process for stocking (b < 0 or g < 0) is similar to that for harvesting (h > 0 or g > 0), we focus
on the existence and type of equilibria of system (1.2) for h > 0 or g > 0 for simplicity.

2.1. The existence of the positive equilibria
A positive equilibrium E(z,y) for system (1.2) must satisfy
rm(l—%)—a:py—h:(),
maxy — dy — g = 0. (2.1)

From the first equation, we obtain the vertical coordinate of E(x y)asy = W To en-

sure the positivity of y, we require that h < £° 7 and max{O —_— kT kr—4h) } <z < iy k;kr%h .
Substituting this y into the second equation Of (2.1), we find that x satisfies the cubic equation

p(x) = &° + poa® + prz + po = 0, (2.2)
_ k(a(g+hm)+d

Thus7 the ex1stence of positive equilibria in system (1.2) reduces to analyzing the positive

—v/ kr(kr 4h) }

. We now examine the cases where equation (2.2) has at most 3 positive

roots of equation (2.2) within the interval (2, #2), where Z; = maX{O
5o 2 kr++/kr(kr—4h)
2= "

roots.
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The derivative of p(x) is given by p'(z) = 322 + 2pox + p1 and its discriminant is A =
4p§ — 12p;. We analyze two main cases:

When A < 0, since p'(x) > 0, the function p(x) is monotonically increasing. This implies
that equation (2.2) has a unique positive root in the interval (21, Z2) if p(21) < 0, p(Z2) > 0.
Conversely, there is no positive root if either p(&1) > 0 or p(Z1) < 0, p(#2) <0.

2
—p2—/P3—3p1
“P2EV TP and

When A > 0, the equation p’(xz) = 0 has two real roots, denoted as &1 = 3

- _ —p2++/p3-3m
- 3

To . Based on the positions of Z; and Z2, we analyze the distribution of positive
roots of the equation p(z) = 0 within the interval = € (%1, Z2) in the following five cases.

Case I. @9 < &7 or Z1 > Z9. In this case, since p'(z) > 0 for x € (1, 22), it follows that p(z) is
a monotonically increasing function over this interval. Thus, the same conclusion as in the case

A < 0 holds.

Table 1. The distribution of positive roots of p(z) = 0 in the interval (£1,%2) when &1 < &1 < &2 < Za.

Signs of p(#1), p(Z2) and p(Z1) Existence of positive roots of p(x) = 0,z € (&1, &2)
. p(z2) <0 a unique positive root, denoted by x5
p(d1) =20 - —
p(22) >0 no positive root
p(Z1) <0 no positive root
(31) < 0 p(z1) =0 one positive root of multiplicity 2, denoted by Z1 = x12
Pl N -
. p(Z2) <0 two positive roots, denoted by z7 < x2
p(Z1) >0 - : -
p(22) > a unique positive root, denoted by x;

Case II. & < Z1 < Z2 < Zo. In this case, p(x) first increases monotonically in the interval
(21, 1), then decreases monotonically in the interval (Z1,Z2). A simple analysis summarizes the
existence of positive roots of p(x) = 0 for x € (&1, 22), as shown in Table 1.

Table 2. The distribution of positive roots of p(z) = 0,z € (&1, 22) when &1 < 1 < T2 < &2 and p(£1) > 0.

Signs of p(Z2) and p(Z2) Existence of positive roots of p(z) = 0,z € (&1, Z2)
N p(z2) >0 two positive roots, labeled as xo < x3
p(Z2) <0 - : —
p(z2) <0 a unique positive root, labeled as xs
p(22) =0 one positive root of multiplicity 2, labeled as &3 = x2 3
p(T2) >0 no positive root

Case III. &) < 71 < &2 < Z9. In this case, p(x) monotonically increases, then monotonically
decreases, and finally monotonically increases in the interval (Z1,Z1), (Z1,%2), and (Zo,Z9),
respectively. Further, according to the sign of p(Z), we can derive that

(i) for p(&1) > 0, see Table 2;

(ii) for p(21) < 0, see Table 3.

Case IV. 71 < &1 < &2 < Z9. In this case, p'(z) < 0 for x € (#1,42), meaning that p(z) is a

monotonically decreasing function in the interval (21, Z2). Therefore, the equation p(x) = 0 has
a unique positive root if p(21) > 0, p(#2) < 0, and has no positive root if p(z1) > 0, p(Z2) >0
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or p(z1) <0.

Case V. 7; < %1 < T3 < Z9. In this case, the function p(z) first decreases monotonically in
the interval (Z1,Z2) and then increases monotonically in the interval (Z2,#2). Based on the
signs of p(&1), p(Z2) and p(Z2), we determine the distribution of positive roots of p(z) = 0 for
x € (%1, %2), as summarized in Table 4.

Table 3. The distribution of positive roots of p(z) in the interval (£1,£2) when 1 < Z1 < T2 < 22 and p(£1) < 0.

Signs of p(Z1), p(Z2) and p(Z2) Existence of positive roots of p(z) = 0,z € (21, 22)
. p(z2) >0 3 positive roots, denoted by z1 < x9 < x3
p(i2) <0 |—— —
p(22) <0 2 positive roots, denoted by z; < 2
p(z1) >0 - 2 positive roots, one of them is positive root
p(Z2) =0 . ~
of multiplicity 2, denoted by z1 < T2 = 223
p(z2) >0 a unique positive root, denoted by x;
. two positive roots, one of them is a positive root
8 p(d2) >0 . ~
p(z1) =0 of multiplicity 2, denoted by Z; = z12 < z3
p(z2) <0 one positive root of multiplicity 2, denoted by Z1 = x12
. p(&2) >0 a unique positive root, denoted by x3
p(Z1) <0 - —
p(22) <0 no positive root

Signs of p(1), p(Z2) and p(Z2) Existence of positive roots of p(z) = 0,z € (%1, &2)
. p(22) >0 a unique positive root, denoted by x3
p(d1) <0 - —
p(22) <0 no positive root
- p(E2) >0 two positive roots, denoted by x2 < x3
p(Z2) <0 - : o
(31) > 0 p(22) <0 a unique positive root, denoted by xs
Z1
P p(z2) =0 one positive root of multiplicity 2, denoted by T2 = x23
p(Z2) >0 no positive root

2.2. The type of positive equilibria

As previously analyzed, when the positive roots z;,i = 1,2,3 of the equation p(z) = 0 for
x € (&1, I2) exist, system (1.2) possesses positive equilibria F;(z;, y;), where i = 1,2, 3. Similarly,
if the equation p(z) = 0 has a double root z; ;41 for i = 1,2, system (1.2) has the corresponding
positive equilibria F; ;41(2i 41, ¥ii+1). In the following analysis, we focus on determining the
type of these positive equilibria.

Let E(z,y) = E(z, w) be any positive equilibrium of system (1.2). The associated

akx
variational matrix evaluated at this point can be expressed by
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and the characteristic equation associated with J(E) is given by
A —tr(J(E))A + det(J(E)) = 0.
It follows that

—2amrax® + r(akm + d)z? — dhk

det(J(E)) = -
_ amr(p(z) — zp'(z))
kx
_ arljrp,(x),
tr(J(E)) = ama — d + % - % = t(z) (2.3)

are the determinant and trace of J(FE), respectively. From equation (2.3), it follows directly that
the sign of det(J(E)) is the opposite of the sign of p’(z). Thus, a straightforward qualitative
analysis leads to the following conclusions.

Theorem 2.1. Assume that E;(x;,y;) (i = 1,2,3) is a simple positive equilibrium of system
(1.2). We have

(I) If p'(x) > 0, then E; is a saddle.

(II) If p'(xz) < 0 and t(z) < 0, then E; is a stable node or focus.

(III) If p'(z) < 0 and t(z) > 0, then E; is an unstable node or focus.

Here p(z) and t(x) are defined in equations (2.2) and (2.3), respectively.

Remark 2.1. Based on the existence of positive equilibria in system (1.2), we have p'(x1) >
0 and p'(x3) > 0 when system (1.2) possesses three distinct positive equilibria, FEj(x1,y1),
Es(x2,y2), and E3(zs,ys), with x; < x9 < x3. Consequently, F; and E3 are saddles.

Next, we analyze the type of equilibrium E; ;41 (%11, ii+1) for (i = 1,2) in system (1.2).
Since x; ;41 is a double root of the equation p(z) = 0, and given the relation (2.3), it follows that
Eiiv1(ziit1,Yiitr1) is a degenerate equilibrium of system (1.2). For convenience, we denote it

ek — S L
as E*(z*,y*) = E¥(¢*, =2 —thrz"=hk) - Our conclusion is summarized in Theorem 2.2.

Theorem 2.2. Assume that p(x*) = p'(2*) = 0 and p"(z*) # 0. We have
(1) If t(x*) # 0, then E*(x*,y*) is a saddle-node point.

(II) If t(x*) = 0 and t'(z*) # 0, then E*(x*,y*) is a cusp of codimension 2.
(III) If t(z*) = t/(x*) = 0, then E*(z*,y*) is a cusp of codimension 3.
Here p(x) and t(x) are defined in equations (2.2) and (2.3), respectively.

Proof. (i) Firstly, from p(z*) = p/(2*) we know that

rz*2(am(k — 2z*) + d) r(k —2z*)(d — amx*)Q.

h= dk 9= adk

Next, we let X = = — 2", Y = y — y*, which transforms E*(z*,y*) to the origin. By Taylor
expansion, system (1.2) becomes

dz
dt
dy

I biox + bory + bi1zy, (2.4)

o N N 2 N
= a107 + ap1y + a0 + a112Y,
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where
R amrz*(k —2x*) . . ro
alp = dk , agr = —axr , a0 = _E7 al = —a,
A mr(k —22*)(d — amz™*) - A
bio = ( d)k( )7 bor = amx™ —d, by = am.
v of g+ = 10°) £ 0. wo o X = B St 1 L S
(2.4) continues as
de . 5 . 9
E = Co0x” + C112Y + Co2y”,
Wy 1 doga® + dyrary + dony? (2.5)
at Yy 20T 11TY 02Y", .
where
G = do1azobor + aro(aorbry — a1bor)
ao1 (@10 + bo1)? ’
by = bo1(a11(bo1 — a1o) + 2Go1a20) + Go1b11(a@10 — bor)
ao1(aio + bo1)? ’
Gop = bo1(@11bo1 + o1 (G20 — b11))
ao1(a1o + bo1)? ’
Gy —  (10(@01(b11 = G20) + Gaodny)
ao1 (@10 + bo1)? ’
iy = a10(ai1(bor — a@10) + 2a01a20) + ao1b11(bor — a1o)
ao1(a1o + bo1)? ’
doy = a10(ai1bor + Go1G20) + Go1bo1b11

ao1 (G104 o1 )2

By Theorem 7.1 in Zhang et al. [30], we know that E*(z*,y*) is a saddle-node, and there is a
parabolic sector on the right (or left) half plane.

(i) From p(z*) = p/(z*) = #(z*) = 0, we know that J = l-emejan(h2e)id)

(amz*—d)3 dk(d—amax™*)
a?mzx* amx* (k—2z*)

g:

and r = . We make the following transformations

X:l'—.T*,Y:y—y*,
U=X,V=(d—amz*)X — ax™Y,
au

1
—,dt=(1—-—U)d
dt’ ( x* )dr,

u=U,v=
= =(1—-—— .
x=u,y=( m*u)v

System (1.2) can be written as follows (we still denote 7 by )

dr _
dt
dy

Y — e + by + ol yl?)

Y,
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where

. _ d(amz* —d)(am(k — 3z*) + d)

%20 = amax*(k — 2z*) ’
2a?m2x* (20* — k dm(k — 4x*) + 2d>
afy = 20207~ R) Fadm(k = 4a7) £ 27 _ 4y

amx*(2x* — k)

Since p”(z*) # 0 and t/(z*) # 0, we conclude that a}, and a}; are both nonzero. Thus, E*(z*, y*)
is a cusp of codimension 2. This completes the proof of Theorem 2.2 (i7). Next, we turn to the
proof of Theorem 2.2 (iii).

(iii) From p(z*) = p/(z*) = t(z*) = ¥'(z*) = 0, we know that h = %= g =
2amx*(amx:—d)+d2 and k _ 2(2amx*(amzi:d)+d2)

amx am(2amz* —d)

shift the positive equilibrium point E*(z*,y*) to the origin and expand the resulting system
around the origin. Then, we obtain the following system (for convenience, in subsequent steps,

we continue to denote X,Y, and 7 as z,y, and ¢, respectively):

(ama* —d)?

@mz T

. Similar to (i), let X =z —2*,)Y =y —y* to

dx (d S . +d—2a,m3r:* 9
— = (d —amz™)r — ax —z" — axy,
dt Y 2z* Y
d d— *\2
d—gz = (;sz)w + y(amz™ — d) + amay. (2.6)
Setting X = z,Y = ‘fl—f, we rewrite system (2.6) as
dr
dat Y,
d
di; = a20$2 + a02y2 + a30x3 + a21m2y + algazyQ + a31m3y + (12233‘23/2 + 0(|l‘, y|4), (27)
where
(amzx* — d)(2amax* + d) 1 am(2amz* — d)
az0 = y @02 = —, A30 = )
2x* z* 2z*
_d 1 B d 1
a1 = 972 a2 = T2 a3 = T3 22 = 3

Introducing dt = (1 — agex)dr, and X = z,Y = (1 — agax)y, system (2.7) becomes

dr
dt - y7
d
diz = agoa® + (aso — 2a02a20)7° + ana®y + (a12 — afy)zy® + (agyazo — 2ag2a30)a”
+(az1 — apaaz ) x>y + (az — ady)z?y* + o(|z, y|*). (2.8)
. _ (ama*—d)(2amaz*+d) : : : _ _
Since agg = D # 0, by changes of variables and scaling of time X = +x,Y =
:t\/inQO, T = /Eagot, system (2.8) can be rewritten as
dr
dt - y:
dy 5 . a30 — 2a02a30 3 A3ya20 — 2a02a30 4 as1 9 , G31 — Q02021 3
2 =z % z° + T T x”)

dt ag ago ( V=Eag NELN
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+y* ((a12 — agy)w £ (az2 — agy)z”) + o(|z,y[*). (2.9)

By Proposition 5.3 in Lamontagne et al. [13], an equivalent form of system (2.9) can be
obtained as follows

dr

dt - y’

d

L= 2”4 FaPy + of|a |,

where

Fo a2 (ap2a20 — asp) + agpa31 _ adm(d — 2amzx™) 40,

3 3
(Fag)> 4(+asy)z*3

Thus, E*(x*,y*) is a cusp of codimension 3. This completes the proof of Theorem 2.2 (iii). [

3. Bifurcation analysis

3.1. Bogdanov-Takens bifurcation of codimension 2

In this section, we examine whether system (1.2) exhibits a Bogdanov-Takens bifurcation of
codimension 2 under small parameter perturbations, given that the bifurcation parameters are
appropriately chosen. Specifically, we establish the following result.

Theorem 3.1. Suppose that p(z*) = p'(z*) = t(z*) = 0 with p”(x*) and t'(z*) # 0. Then
E*(z*,y*) = (m*,%) is a cusp of codimension 2. Furthermore, if we choose h and g
as bifurcation parameters and assume that k # %;amx*), then system (1.2) undergoes a
Bogdanov-Takens bifurcation of codimension 2 in a small neighborhood of E*. Here p(x) and

t(z) are defined in equations (2.2) and (2.3), respectively.

Proof. From p(z*) = p/(2*) = t(z*) = 0, we know that h = Zl-emejlanhotid g
% and r = %. Choosing h and g as bifurcation parameters yields the following

disturbed system

dx T

hiad 12y — —

7 ra( k) ary — (h+v1),

d

d‘? = mazy — dy — (g + v2), (3.1)

in which r,k,a,m,d > 0, h,g are arbitrary nonzero constants and v = (vi,v2) ~ (0, O) We
( *

focus on analyzing the dynamics of system (1.2) around the positive equilibrium E*
(I‘* (d—amz )2)

' a?ma* : o

Letting X = o —2*,Y =y — %

_ *\2

%) of system (3.1) when v = 0 into the origin and expanding the resulting system around

the origin, we have (for convenience, in every subsequent transformation, we rename X,Y, 7 by

x,y, t, respectively)

to transform the positive equilibrium point E*(x*

d d(d — *
dit: = —v; + (d — amz™)z — az™y — Wﬁ — axy,
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d d — ama*)?
b _ W= e — d)y + amay.
dt ar*

Setting X =z,Y = fli—f, we obtain

dr
dt - y7
d
d—i =Ty + Tiox + Ay + Tagr® + @iy + Gigy® + Pi(z,y,v1,02), (3.2)
in which
ag = (amz™ — d)vy + ax®ve, ajy = a(muy +v2), ay = %,
. d(amax* — d)(am(k — 3z*) 4+ d)
Q. =
20 amz*(k — 2z*) ’
. z¥(2a®mPr* (2% — k) + adm(k — 4x*) + 2d?) + am(k — 22" )v;
11 =

amax*2(2z* — k) R

and Py (x,y,v1,v2) is C* function at least of third order with respect to x,y, whose coefficients
depend smoothly on v; and va. We note that @, = aj, = a5, = 0 when v = 0.

Next, we introduce time rescaling dt = (1 — @j,z)d7T and changes of variables X = z,Y =
(1 —@gy)y. System (3.2) continues as

ar _
dt - y’

dy -k Tk Tk k9 T

P boo + b10T + b1y + bygz” + by 7Y + Pa(T, 9,01, 02),

where
7F =% 7 —x —k —k * o —x
boo = @no, bio = @19 — 2a00G02; o1 = Gt
A p— ] —k  —k —% RG— —k —x%
bag = Qoo — 21Ty + o9, b1y = @1y — Qo1 a2;
and Py(x,y,v1,v92) is a C* function at least of third order with respect to x, y, whose coefficients
Tk T T
depend smoothly on v1 and ve. We have by, = byy = by; = 0 when v = 0.

Transformations X = x + 2%13 ,Y =y bring the above model to an equivalent model
20
dr
dt - y7
dy =k =k —* 2 —k
7 = Coo +Cory + Cooa” +e1y 7y + Py(z,y,v1,02),
in which
T2 —% =%
- T* bio - T* biobir o 7
Coo =boo — = €1 =bor — — = o0 =byg, T = by,
4by 209

and Ps(z,y,v1,v2) is C* function at least of third order with respect to x,y, whose coefficients
depend smoothly on v; and wvg. It is noted that ¢, = ¢;; = 0 when v = 0.
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*2 =*3

Setting X = g}} Y =dly 7= 0 t, it concludes that
€20 ‘11

dr

di =Y,

dy 2

o= o1t oyt a® +ay + Py(7,y,v1,v2),

in which Py(x,y,v1,v2) is C* function at least of third order with respect to x,y, whose coef-
ficients depend smoothly on v; and vo, and

—*4 —% =k
C0Ci1 _ %1¢11
Spl - —x3 QOQ - —x .
C20 €20

A direct calculation with the assistance of Mathematica yields

(1, p2) s a*m(2ama*® +d(k — 4a7))
O(v1,v2) |y—p N c’éé veo 2(d —amz*)(am(k — 3z*) + d)’

From p”(2*) # 0 and ¢'(z*) # 0, we know that ¢, ¢j; # 0 when v = 0. Combining with
k # %;amm, we derive that ‘M # 0. By the results of Bogdanov [1,2] and

(v1,02) |,
Takens [23], system (1.2) passes through a Bogdanov—Takens bifurcation of codimension 2 when
(v1,v2) changes in a small neighborhood of (0, 0). O

3.2. Bogdanov-Takens bifurcation of codimension 3

In this subsection, we illustrate that system (1.2) may pass through a Bogdanov-Takens bifurca-
tion of codimension 3 under appropriate parameter choices. Before presenting the main results,
we first state the relevant definition and properties.

Definition 3.1. The bifurcation that results from unfolding the following normal form of a
cusp of codimension 3,

do _
dat Y,

d

d—i =22 + 23y, (3.3)

is called a cusp type degenerate Bogdanov-Takens bifurcation of codimension 3.

Property 3.1. A universal unfolding of the normal form (3.3) is expressed by

di—y
jt (3.4)
= =1+ Gy + Gry + 2? £ 23y + R(z,y, p),

where p = (p1, p2, p3) ~ (0,0,0), % # 0 for a small p and

R(z,y,p) = y*O(|z,y*) + O(|z,y”) + O(p)(O(y*) + O(|z,yI*)) + O(p*)O(|z,yl). ~ (3.5)

Our main result is stated as follows.
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Theorem 3.2. Suppose ti;at p(x*) = p'(x*) = t(a*) = t/(z*) = 0, and that p”(z*) # 0. Then
E*(z*,y*) = (x*,%) is a cusp of codimension 3. Moreover, if we choose (h,m,g) as
bifurcation parameters and assume that d # /2amaz*, then model (1.2) undergoes a Bogdanov-
Takens bifurcation of codimension 3 in a small neighborhood of E*. Here p(x) and t(z) are

defined in equations (2.2) and (2.3), respectively.

Proof. Selecting h, m and g as bifurcation parameters, we get the following system

dx T

E = 'I"ﬁl»’(l — E) —axry — (h"’u)l),

dy

i (m + wa)axy — dy — (g + ws), (3.6)

where w = (w1, wa,ws) ~ (0,0,0).

_ *\2
Next, we transform the positive equilibrium E*(z*, (d—ama”)”
a“mx

_ *\2
into the origin by setting X =z —2*,Y =y — % and by the Taylor expansion. System
(3.6) continues as (for convenience, in every subsequent transformation, we rename X,Y and 7

as =,y and t, respectively)

) of system (3.6) when w =0

dx
P oo + G107 + 1y + G202% + a117Y,
(3.7)
dy -+ - - -
i boo + biox + bo1y + b117Y,

there Eij,gij and all the coefficients involved below are given in Appendix A. Notably, agy =
boo = 0 when w = 0.
Letting

X: Yzi
x? dt?

system (3.7) can be rewritten as follows

dx B

dt _y7

dy _ _ N N ~ 92 _ 3, _ 9 7 2
2t = Coo + €107 + Co1y + C202” + C112Y + Co2y”~ + C302" + C21X7Y + C127Y

4123y + Cana®y? + o(|z, @/|4)- (3.8)

We note that ¢yg = 19 = ¢91 = ¢11 = 0 when w = 0.

Now, we aim to transform system (3.8) into the form (3.4) to demonstrate the existence of
a Bogdanov-Takens bifurcation of codimension 3 by following the seven-step procedure outlined
by Li et al. [15].

(I) Removing the y?-term from system (3.8) when w = 0. Letting z = X + E‘%X%y =
Y + €02 XY, we can rewrite system (3.8) as

dx
dt
dy
dt

=Y,

= doo + d1oz + dory + EQMQ +dizy + 330333 + Ezwzy + 312553/2
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+dyor? + ds12®y + doga®y® + o(|z, y|*), (3.9)

where 800 = 810 = 301 = EH =0 when w = 0.
(IT) Removing the zy>-term in system (3.9) when w = 0. Making variables transformation
r=X~+%Xx3 y =V 44X, we have

dw_
dt_y’
dy _ _ N _ 3, 2 _ 4
dt—6’00+€10$+€01y+€20$ + €117y + €30x” + e2127Y + €e40%

+ez12°y + ena®y? + o]z, y|h), (3.10)

in which €yg = €19 = €91 = €11 = 0 when w = 0.
(/1) Removing the z%y*-term in system (3.10) when w = 0. Let z = X + 2 X* y =
Y + €2 X3Y. System (3.10) becomes

dl‘_

dt _y7

dy = — — — — — — —
a:f00+f1037+f01y+f20372+f1195y+f30$3+f21$2y+f40$4

+731903y+0(|95ay|4)- (3.11)

Note that fog = f19 = fo1 = f11 = 0 when w = 0. _
(IV) Removing the 23 and z* terms in system (3.11) when w = 0. We know that fo, =

(ama” _d%izamx*+d) + O(w), fop # 0 for a small w. It follows from

f30 2, 15f30 16f20f40X3 Y=Y, dt—=(1- Z?)o X+45f30 48f20f40X2)d

r=X —
4f20 80f20 2f20 80f20
that
dr _
dt - ya
dy

=9goo T J10%T + g1y + ?20532 + 9117y + ?305”3 + g7’y + ?40554
+§31$Sy +o(|z,y|h). (3.12)

dt

We note that gy = ?10 =001 = 911 = g30 = 940 = 0 when w = 0.

(V) Removing the 22y term in system (3.12) when w = 0. We have gy = 72" _d%gamx“rd) -

O(w), g2o # 0 for a small w. Setting

r=X,y=Y + 931Y2 951 Ny gy = (1+ 921Y+ 95 Y2)dt,

3920 36939 3920 36950
we get an equivalent system to system (3.12) as follows
dz
at =Y
W _ hoo + hiox + hory + haor® + hiizy + hg12’y + Ry (2, y,w), (3.13)

dt
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where hgg = h1p = ho1 = h11 = 0 when w = 0, and R;(z,y,w) possesses the property of equation
(3.5).

(VI) Changing hgo and h3; to 1 in system (3.13). A simple calculation shows that hog =
Joo # 0 and hg31 # 0 for a small w. Transformations

1 __ 2 4 __ 3 —_3_1

bring the above system to

dx _
dt - y7
2t~ Joo + 107 + Jory + Jwy + 2% + 2%y + Re(w,y,w). (3.14)

We have that j,0 = j19 = Jo1 = j11 = 0 when w = 0, and Ra(z,y,w) possesses the property of
equation (3.5).
(VII) Removing the j;, term in system (3.14). Finally, introducing conversion of coordinates

2 Y
system (3.14) can be expressed as follows
dr _
dt =Y,
dy — - = 2, .3
@ =11 + Yoy + Ygay + 27 + 2%y + Ra(z, y,w), (3.15)
where
i Jio _ Jud 371
_z _Jw g o _= _Jiwo_JJwo g o_= 10
Y1 = Joo 10 Yy = Jo 3 5 Y3 =Jn + 1

We get that ¢, = 1)y = 13 = 0 when w = 0 and R3(z,y,w) possesses the property of equation
(3.5). Moreover, with the help of Mathematica, we have

* 2 2,072 %2
4._12 .a(d—2amm )(d*® — 2a*m*z*)

mz*(amz* — d)(2amz* +d)

‘ Oy, ¥y, ¥3)

O(wl, w2, LL)3)

w=0

4 12 — -
Obviously, we have hJ; hyy® |w—o # 0. Combining with d # v/2ama*, we have that ‘%M:O
# 0. Moreover, system (3.15) is precisely in the form of system (3.4). Based on the results of
Li et al. [15], we conclude that system (3.15) serves as the universal unfolding of the Bogdanov-
Takens singularity (cusp case) of codimension 3. The remainder term R3(z,y,w), which satisfies
the property of equation (3.5), does not affect the bifurcation phenomena. Consequently, the
dynamics of system (1.2) in a small neighborhood of the positive equilibrium E*(z*, %)
as (wi,ws,ws) vary near (0,0,0) are equivalent to system (3.15) in a small neighborhood of

(0,0,0) as (1, %,213) vary near (0,0,0). This completes the proof. O
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3.3. Hopf bifurcation of codimension 3

The existence of equilibria of system (1.2) and equation (2.3) indicate that a Hopf bifurcation
may occur around the positive equilibrium Es(22,y2) due to det(J(E2)) = —¢p'(22) > 0.
In this subsection, we demonstrate that the degree of degeneration of the Hopf bifurcation can

reach at least 3. Our conclusions are as follows.

Theorem 3.3. Assume that p(x2) = t(z2) = 0 and p'(z2) < 0. We have

(1) If l; < 0, then Eo(x2,y2) is a stable weak focus with multiplicity one. Furthermore, a stable
limit cycle bifurcates from Es via a supercritical Hopf bifurcation.

(IT) If l; > 0, then Es(x2,y2) is an unstable weak focus with multiplicity one. Furthermore, an
unstable limit cycle bifurcates from Eo via a subcritical Hopf bifurcation.

(II1) If I; = 0, then Ea(x2,y2) is a weak focus with multiplicity at least two. In this case, system
(1.2) may exhibit a degenerate Hopf bifurcation.

Here p(x) and t(z) are defined in equations (2.2) and (2.3), respectively. The coefficient 1y is
given by

lho=Bm? 4+ 1im +19, (3.16)

where 12 = (dk—kr+4rxa)a’kra, i = (—d?k*+dkr(k—6x2)+1r22o(k—422))a, 1§ = 2dr(dk+rzs).

Proof. It is clear that h = xz(“(r_zkmﬁdk)

a
t(z2) = 0. Next, letting X =z — x9,Y = y — y2 and by the Taylor expansion, system (1.2) can
be rewritten as (for convenience, we rename X,Y as x,y, respectively)

9

— (d=ama)(Chlamayn) bdk42ran) g 1o p(g)

%—Baz—@y—f@“ — axy,
% = Px — By + amuzy, (3.17)

m(k(amza+r)—dk—2rz2)

where B =d — amxo, P = - and Q = axy. A straightforward computation
indicates PQ — B? = dekmra—db)tamrea(h2m2) _ o, . get(J(Ey)) > 0. Letting w = /PQ — B2
and making a transformation of x = QX,y = BX — wY and dt = 1dr, system (3.17) becomes
(we still denote X,Y, 7 by z,y,t, respectively)

dr a(akmxa — dk — rz2) o

T ke v any,

dy s alamze — d)(dk + Txg)xQ N a—dxy.
dt kuw? w

It follows from the formula in Perko [21] that the first Lyapunov coefficient is

a2m2l1
L =
LT k23

in which [; is defined as in the equation (3.16). Because a, k,w and x > 0, the sign of L; is the
same as [; and we complete the proof. O

Based on the case (I1I) of Theorem 3.3, we can conclude that system (1.2) experiences
U ESVACILET LT N

a degenerate Hopf bifurcation around Es(x2,y2) when [; = 0, i.e., m = oTE
1
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complicated calculation with the assistance of Maple yields the second Lyapunov coeflicient as
follows:
a®ma3ly

27 988k5wWT’

in which

Iy = 20a* K3 m* a3 (k(d + ) — 2rae)(dk — kr + 4rxe) + a®k*mBa (kP rae(—123d% — 344dr
+99r2) — 5k3(d — r)(11d — r)(d + r) + 6kr?22(81d — 73r) + 560r°23) + a®km2wo (k*r?
xx3(—602d? + 907dr — 99r?) + k3rzo(122d3 + 370d%r — 165dr? + 5r°) + 5dk*(d — )

X (10d — r)(d 4 7) 4 2kr3z3(219r — 676d) — 560rtz3) + 2dr(3d3k*(d + 5r) + d*k3ray

x (551 — 43d) + dk*r?x3(60r — 149d) + 20kr323(r — 7d) — 40rtz3) + am(—15d°k°
—45d* K rxy + dPk3r? (15k% — 176kxy + 36223) + d?k*r3a2(65k% — 575kxs 4+ 108623)
+2dkrtx3(35k? — 251Ky 4 40223) + 201723 (k — 2x0) (k — 4a2)), (3.18)

/)P —ABT

5 . Thus, we can conclude our results in the following theorem.
1

and m =

Theorem 3.4. Assume that p(x2) = t(x2) = 0,p'(z2) < 0 and that m = VAU T W. We
have '

(1) If la < 0, then Ea(x2,y2) is a stable weak focus with multiplicity 2. System (1.2) undergoes
a degenerate Hopf bifurcation of codimension 2, and up to two limit cycles can bifurcate from
Es, with the outer one being stable.

(II) If lo > 0, then Es(x2,y2) is an unstable weak focus with multiplicity 2. System (1.2)
undergoes a degenerate Hopf bifurcation of codimension 2, and up to two limit cycles can bifurcate
from Eo, with the outer one being unstable.

(III) If Iy = 0, then Es(x2,y2) is a weak focus with multiplicity at least three, and system (1.2)
may undergo a degenerate Hopf bifurcation of codimension at least 3.

Here p(x), t(z), la, and I}(i = 0,1,2) are defined in equations (2.2), (2.3), (3.18), and Theorem
3.3, respectively.

4. Numerical bifurcation results

In this section, we will conduct a detailed numerical bifurcation analysis to validate the theo-
retical results using the ODE software developed by Doedel et al. [9], with a particular focus on
the effect of the conversion rate and the interaction mechanisms of harvesting and stocking for
both species. Notably, we consider both harvesting (h > 0 and ¢g > 0) and stocking (h < 0 and
g < 0) for both species simultaneously.

4.1. m as the primary bifurcation parameter
Firstly, we set the parameter values in system (1.2) as

r=04, k=16, a=0.3, m=0.2, d=0.05, h = —0.0204, g = 0.07, (4.1)

and take the conversion rate (m) as the primary bifurcation parameter while keeping the other
parameter values fixed as in equation (4.1). Under these conditions, we identify one subcritical
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Hopf bifurcation point HB1(1.87056,1.21381) at m = 1.91867 x 10~! and one supercritical
Hopf bifurcation point H Bo(5.74666 x 1071, 1.40377) at m = 5.79267 x 10~!. Additionally, a
saddle-node bifurcation point SN (9.35065,5.61384 x 10~!) occurs at m = 6.22743 x 1072

The first limit cycle branch, which bifurcates from H Bj, has two saddle-node points of
limit cycles: SNC;(3.39748,1.66368) at m = 1.91779 x 107!, with a period of 3.37901 x 101;
SNC5(8.25068,2.59993) at m = 1.94698 x 10~!, with a period of 3.80025 x 10!.

The second limit cycle branch, which bifurcates from H B, has only one saddle-node point
of a limit cycle: SNC5(9.81058,2.92981) at m = 2.04636 x 10~!, with a period of 3.97873 x 101.

Both families of limit cycles are approaching their respective homoclinic cycles. Notably, it
is evident that an excessively low conversion rate may lead to system collapse. See Figure 1 for
details.

W 10 (P
e N MU
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’ 1 !
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2r THL 2p b o e e e e e e e e oo ]
HBy " =--e TS HB,
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m m

Figure 1. One-parameter bifurcation diagram of system (1.2) with respect to the conversion rate (m). (a) m
vs. z. (b) Zoomed-in section of (a).
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Figure 2. Three limit cycles and their corresponding time evolutions in Figure 1 (b) for m = 0.190695. The
outermost and innermost cycles are unstable, whereas the middle cycle is stable. (a) Phase portraits of the three
limit cycles. (b) Time evolution of the three limit cycles.
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4.2. m and h as the primary bifurcation parameters

Next, by setting the conversion rate (m) and the harvesting (or stocking) of the prey (h) as the
primary bifurcation parameters while keeping the first set of parameter values in equation (4.1),
we obtain the stable (unstable) Hopf bifurcation curve Hs (H,) (red), saddle-node bifurcation
curve SN (blue), homoclinic bifurcation curve Hom (green), and saddle-node bifurcation curve
of limit cycles SNL (cyan).

There are three codimension-2 bifurcation points in the system: A Bogdanov-Takens bifurca-
tion point BT(8.76781,4.23281 x 10~1) at m = 8.18809 x 1072, h = 4.71888 x 10!, a generalized
Hopf bifurcation point GH (1.85746,1.21569) at m = 1.93060 x 10~ h = —2.06994 x 10~2, and
a codimension-2 cusp of limit cycle bifurcation point CPL(1.88668,1.22691) at m = 1.93221 x
1071, h = —2.07389 x 10~2 with period 3.31502 x 10'. See Figure 3 (a, b, c, d).

The saddle-node bifurcation curve of limit cycles SN L is shown in Figure 3 (a), where an
acute-angled region appears, representing a parameter space where three limit cycles coexist; the
outermost and innermost cycles are unstable, whereas the middle cycle is stable. The full bifur-
cation diagram divides the parameter space into eight regions (I-VIII), with the corresponding
phase portraits described as follows (See Figure 4 for details):

Region I: No positive equilibrium.

Region II: A saddle and a stable focus.

Region III: A saddle and an unstable limit cycle containing a stable focus.

Region IV: A saddle and an unstable focus.

Region V: A saddle and a stable limit cycle containing an unstable focus.

Region VI: A saddle and a stable limit cycle enclosing an unstable focus.

Region VII: A saddle, a large unstable limit cycle containing a small stable limit cycle enclosing
an unstable focus.

Region VIII: A saddle and three limit cycles-a large unstable limit cycle enclosing a middle
stable limit cycle, which in turn encloses a small unstable limit cycle containing a stable focus.

Maintaining a certain level of harvesting or stocking can be beneficial for the biological
system by promoting the oscillatory coexistence of both species. However, an excessively high
conversion rate (m) and intense harvesting of prey (h) can have a significant negative impact
on prey populations and may lead to system collapse.

4.3. m and g as the primary bifurcation parameters

Next, setting the conversion rate (m) and the harvesting (or stocking) of the predator (g) as
the primary bifurcation parameters and using the first set of parameter values in equation (4.1),
we obtain a two-parameter bifurcation diagram, which includes the supercritical or subcritical
Hopf bifurcation curve Hs(H,) (red), the saddle-node bifurcation curve SN (blue), the ho-
moclinic bifurcation curve Hom (green), and the saddle-node bifurcation curve of limit cycles
SNL (cyan). There is one Bogdanov-Takens (BT) bifurcation point BT'(8.81665,6.06325 x
107Y) at m = 1.03112 x 107, ¢ = 1.35047 x 107!, one generalized Hopf bifurcation point
GH(1.84726,1.21621) at m = 1.93485 x 107!, g = 6.95972 x 1072, and one codimension-2 cusp
of limit cycle C'PL(5.55448,2.10949) at m = 1.89732 x 107!, g = 7.04308 x 1072, with period
3.54154 x 10', indicating the coexistence of three limit cycles (the outermost and innermost
cycles are unstable, whereas the middle cycle is stable). See Figure 5 for illustration.

The whole bifurcation diagram is divided into seven regions: I-VII, with the corresponding
phase portraits described as follows (See Figure 6 for details):
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Figure 3. Two-parameter bifurcation diagram of system (1.2) with respect to the conversion rate (m) and the
harvesting of the prey (h). (a) The saddle-node bifurcation curve of a limit cycle SN L with a codimension-2 cusp
of a limit cycle CPL. (b) m vs. h. (c) First zoomed part of (b). (d) Second zoomed part of (b). Here, SN,
H, (H.), Hom, SNL, CPL, GH, and BT denote the saddle-node bifurcation curve (blue), stable (unstable)
Hopf bifurcation curve (red), homoclinic cycle bifurcation curve (green), saddle-node bifurcation curve of a limit
cycle (cyan), cusp of a limit cycle, generalized Hopf bifurcation point, and Bogdanov-Takens bifurcation point,
respectively.

Region I: No positive equilibrium.

Region II: A saddle and a stable focus.

Region III: A saddle and an unstable limit cycle enclosing a stable focus.

Region IV: A saddle and an unstable focus.

Region V: A saddle and a stable limit cycle enclosing an unstable focus.

Region VI: A saddle and a large unstable limit cycle enclosing a small stable limit cycle that
encloses an unstable hyperbolic positive equilibrium.

Region VII: A saddle and three limit cycles (a large unstable limit cycle encloses a middle stable
limit cycle, which in turn encloses a small unstable limit cycle) enclosing a stable hyperbolic
positive equilibrium.

When the prey is in the stocking state (h = —0.0204), implementing predator harvesting
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Figure 4. The corresponding phase portraits in regions I-VIII of Figure 3.
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benefits the system. However, we find that excessive predator harvesting may lead to system
collapse if the conversion rate is too low.
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Figure 5. Two-parameter bifurcation diagram of system (1.2) with respect to the conversion rate (m) and the
harvesting of the predator (g). (a) The saddle-node bifurcation curve of a limit cycle SNL with a codimension-2
cusp of a limit cycle CPL. (b) m vs. g. (c¢) Zoomed part of (b). Here, SN, Hs (H,), Hom, SNL, CPL,
GH, and BT denote the saddle-node bifurcation curve (blue), stable (unstable) Hopf bifurcation curve (red),
homoclinic cycle bifurcation curve (green), saddle-node bifurcation curve of a limit cycle (cyan), cusp of a limit
cycle, generalized Hopf bifurcation point, and Bogdanov-Takens bifurcation point, respectively.

4.4. h as the primary bifurcation parameter

Setting the death rate of the predator as d = 0.0535 while keeping the other parameter val-
ues unchanged in equation (4.1), we take the stocking or harvesting term of the prey (h) as
the primary bifurcation parameter. Under these conditions, we obtain one subcritical Hopf
bifurcation point H B(1.85056,1.21669) at h = —2.08548 x 1072, one saddle-node bifurcation
point SN (8.11948,1.61414 x 107!) at h = 1.20647, and two saddle-node bifurcation points of
limit cycles: SNC1(3.89551,1.81040) at h = —2.09113 x 10~2 with period 3.35494 x 10!, and
SNCo(7.12654,2.44896) at h = —2.08043 x 10~2 with period 3.62913 x 101.

There exists a region with three coexisting limit cycles for —2.08548 x 1072 < h < —2.08043 x
10~2: The outermost and innermost cycles are unstable, whereas the middle cycle is stable. See
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Figure 6. The corresponding phase portraits for regions I-VII in Figure 5.
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Figure 7 for details. Notably, the S-type bifurcation branch of the limit cycle suggests the
existence of a codimension-2 cusp of limit cycles. It is evident that an excessively high level of
prey harvesting may lead to system collapse.

141

12

10r

-0.2 0.0 0.2 0.4 0.6 0.8 1.0 12 -0.02095 —0.02090 —0.02085 -0.02080 -0.02075

Figure 7. One-parameter bifurcation diagram of system (1.2) with respect to h. (a) h vs. z. (b) Zoomed-in
part of (a).

4.5. h and ¢ as the primary bifurcation parameters

Finally, taking the stocking or harvesting terms of both species (h) and (g) as the primary
bifurcation parameters while keeping the rest of the parameter values fixed as in equation (4.1),
we obtain a two-parameter bifurcation diagram that includes the supercritical (subcritical) Hopf
bifurcation curve Hg(H,) (red), the saddle-node bifurcation curve SN (blue), the homoclinic
bifurcation curve Hom;(i = 1,2) (green), and the saddle-node bifurcation curve of the limit
cycle SNL (cyan).

There are two Bogdanov-Takens bifurcation points: BT;(1.06454 x 1071,1.15855) at h =
5.29865 x 1073, g = —5.45824 x 10~2 and BT5(8.96356,1.45379) at h = —2.33252, g = 7.04085 x
107!, Additionally, we identify one codimension-2 cusp point of equilibrium CPF(5.63055,
—2.09880) at h = 5.00485,9 = —5.96756 x 10~! (Note that although the ordinate value is
negative, we include this point for illustration).

There are also two generalized Hopf bifurcation points: GH;(1.88434,1.21781) at h =
—2.34637 x 1072, g = 7.25334 x 1072 and GH(3.17066,1.26069) at h = —1.82227 x 107!, g =
1.72386x10~!. Furthermore, a codimension-2 cusp point of the limit cycle C PL(5.91346, 2.24578)
is found at h = —1.87827 x 1072, g = 6.77107 x 1072, with period 3.55240 x 10'. See Figure 8
for details.

In particular, both generalized Hopf bifurcation points GH; and G Hy are connected by the
saddle-node bifurcation curve of the limit cycle SNL. Most interestingly, the first homoclinic
cycle branch Hom, from the bifurcation point BT; and the second homoclinic cycle branch
Homs from the bifurcation point B7T5 approach the same heteroclinic cycle, which connects
two boundary equilibria (0,0) and (16,0). This indicates that both species may go extinct as
h=g=0.

Setting Q; = {h > 0,9 > 0},Q2 = {h < 0,9 > 0},Q3 = {h < 0,9 < 0} and Qy = {h >
0,9 < 0}, we find that non-oscillatory coexistence exists in {21, while both non-oscillatory and
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Figure 8. Two-parameter bifurcation diagram of system (1.2) with respect to h and g. (a) h vs. g. (b) First
zoomed-in part of (a). (c) Second zoomed-in part of (a). (d) Third zoomed-in part of (a). Here, SN, H,(H.),
Hom;(i = 1,2), SNL, GH;(i = 1,2), CPE, CPL, and BT;(i = 1,2) denote the saddle-node bifurcation curve
(blue), supercritical (subcritical) Hopf bifurcation curve (red), homoclinic cycle bifurcation curve (green), saddle-
node bifurcation curve of limit cycle (cyan), generalized Hopf bifurcation point, cusp of equilibrium, cusp of limit
cycle, and Bogdanov-Takens bifurcation point, respectively.

oscillatory coexistence occur in the regions Qs and €4. Notably, no dynamics are observed in

the region 23, meaning that stocking both species is ineffective under the current conditions.
The bifurcation diagram is divided into six regimes: I-VI, with corresponding phase portraits

as follows (See Figure 9 for details):

I: A saddle and a stable focus.

II: No positive equilibrium.

IIT: A saddle and an unstable focus.

IV: A saddle and a stable limit cycle containing an unstable focus.

V: A saddle and a large unstable limit cycle enclosing a small stable limit cycle, which in turn

encloses an unstable focus.

VI: A saddle and three limit cycles (a large unstable limit cycle enclosing a middle stable limit

cycle, which in turn encloses a small unstable limit cycle), containing a stable focus.
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Figure 9. The corresponding phase portraits of regions I-VI in Figure 8.

This analysis suggests that, for the current system, stocking the prey while harvesting the
predator may benefit the overall system. It is crucial to adopt appropriate measures to regulate
the biological system, as these insights can inform conservation efforts and sustainable manage-
ment strategies aimed at maintaining ecological balance and biodiversity amid anthropogenic
pressures.

Remark 4.1. In Figure 8, all the homoclinic cycles in the first branch Hom; and the second
branch Homsy approach the same heteroclinic cycle, which connects the two boundary equilibria
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(0,0) and (16,0) as h =g = 0.

5. Conclusion and discussion

In this paper, we investigate the complex dynamics of a Gause-type predator-prey system with
harvesting and stocking, analyzing various bifurcations, including saddle-node bifurcation, cusp
bifurcation, Hopf bifurcation of codimension at least 3, and Bogdanov-Takens bifurcation of
codimension 3. Our findings highlight the crucial role of the conversion rate in determining
coexistence dynamics. A low conversion rate may lead to system collapse, whereas an increasing
conversion rate can promote oscillatory coexistence. The existence of a codimension-2 cusp of a
limit cycle suggests the presence of two unstable limit cycles and one stable limit cycle.

Global bifurcation diagrams reveal transitions between different dynamic regimes. Interest-
ingly, we identify two distinct Bogdanov-Takens bifurcation points, indicating that two separate
homoclinic cycle branches converge at a heteroclinic cycle. The emergence of a heteroclinic cycle
suggests that incorporating harvesting or stocking strategies can help prevent the collapse of the
biological system. Our results indicate that stocking the prey (or predator) while harvesting
the predator (or prey) can promote both non-oscillatory and oscillatory coexistence, whereas
stocking both species may not benefit the system.

These findings emphasize the importance of selecting appropriate management strategies for
biological systems in the context of harvesting and stocking. However, given the seasonal nature
of fishing, it would be interesting to explore periodic harvesting or stocking in predator-prey
systems, which we leave for future research.
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A. Appendix: Coefficients in the proof of Theorem 3.2
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