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Abstract The regulation of blood glucose and insulin in the human body is a highly non-
linear physiological process influenced by hereditary memory, feedback mechanisms, and in-
trinsic delays. Classical integer-order models often fail to capture these memory-dependent
and nonlocal effects. In this study, we introduce a novel fractional-order glucose—insulin reg-
ulatory model formulated with the Caputo—Fabrizio (CF) derivative, which employs a non-
singular exponential kernel to describe fading memory effects more realistically. The model
accounts for essential physiological parameters and incorporates the interplay between blood
glucose concentration, insulin secretion, and an auxiliary control variable representing insulin
action or resistance. We establish the well-posedness of the proposed CF-based system by
proving existence and uniqueness of solutions via fixed-point theory under Lipschitz conti-
nuity and boundedness conditions on the nonlinear operators. To approximate the solution,
we design a two-step Adams—Bashforth scheme tailored to the CF operator and provide a
rigorous analysis of its convergence and stability. Numerical simulations confirm the accu-
racy and robustness of the method, demonstrating its ability to reproduce physiologically
consistent glucose—insulin trajectories that outperform classical integer-order models. The
results highlight the effectiveness of Caputo—Fabrizio fractional calculus in capturing heredi-
tary and fading-memory effects in glucose—insulin dynamics, offering a robust mathematical
framework for parameter estimation, optimal control, and personalized strategies in diabetes
management.
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1. Introduction

The regulation of blood glucose and insulin represents a cornerstone of diabetes research, as
disruptions in this delicate balance drive both the onset and progression of diabetes mellitus.
The interaction between glucose concentration and insulin secretion is highly nonlinear, involving
coupled feedback loops and delayed responses across multiple physiological pathways. The
well-known minimal model introduced by Bergman and colleagues [12] provided a fundamental
framework for interpreting intravenous glucose tolerance test (IVGTT) experimental data. This
model, and its later refinements by De Gaetano and Arino [16], Li et al. [24], and Palumbo et
al. [29], remains influential; however, it does not fully account for the hereditary and memory-
dependent mechanisms intrinsic to biological regulation.

Fractional calculus has increasingly been employed to address these shortcomings by em-
bedding memory and nonlocality into the governing equations [26,27,30]. Unlike classical
integer-order operators, fractional derivatives incorporate past system states into present dy-
namics, thereby capturing hereditary effects. Traditional formulations such as the Caputo [13]
and Riemann—-Liouville derivatives rely on singular kernels, which can limit their physiological
interpretability and pose numerical challenges [22]. In contrast, Caputo and Fabrizio [14] intro-
duced a fractional derivative with a nonsingular exponential kernel that better reflects fading
memory while maintaining numerical stability. This operator has since been successfully applied
in physics, viscoelasticity, and biomedical modeling [2,4,9, 10, 25].

Recent studies have explored various fractional approaches to glucose-insulin dynamics.
Ahmed et al. [2,3] investigated different strategies for diabetes modeling using fractal-fractional
derivatives and modified minimal models. Alhazmi and Saber [6] studied chaos control and sta-
bility analysis of the glucose-insulin regulatory system using Atangana—Baleanu fractal-fractional
derivatives, while Alhazmi et al. [5] applied fractal-fractional operators with Adomian decompo-
sition solutions. Saber and Alahmari [32] examined existence, stability, and control of glucose-
insulin dynamics via Caputo-Fabrizio fractal-fractional operators. Furthermore, fractional-order
approaches have been extended to other biological systems, including computer virus propaga-
tion [8,33] and predator-prey dynamics [7,20, 35].

In the context of glucose—insulin regulation, fractional-order models based on nonsingular
kernels provide a promising framework to describe delayed insulin response, long-term adapta-
tion, and nonlinear interactions that are difficult to capture using integer-order systems. Recent
advances demonstrate the suitability of Caputo—Fabrizio and Atangana—Baleanu formulations in
reproducing physiologically realistic glucose and insulin trajectories and in extending such mod-
els toward chaotic and complex dynamical regimes [1,18,19,21,28]. Moreover, the development
of tailored numerical schemes, including Adams-Bashforth-type solvers, Newton polynomial
approximations, and Laplace-Adomian decompositions [11, 17, 34], has facilitated stable and
accurate simulations of fractional-order biomedical systems.

The classical mathematical model widely used in physiological research on glucose metabolism
describes IVGTT experimental data using a small set of identifiable and physiologically mean-
ingful parameters [12, 16,24, 29]. The integer-order form of this model incorporating insulin
dynamics is expressed as [16,24]:

d);(tt) = —[r +y(@®)]x(t) + Ty,

B — 2oy (t) + ofat) — o] (1)
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dilgft) = nafx(t) — 75]" — xg[2(t) — L],
where
[x(t) — 5]t = x(t) — 75, if x(t) > 7,

0, if x(t) < 75.

The initial conditions are y(0) = by, y(0) = 0, and z(0) = I,. Here, x(t) [mg/dL] and z(t)
[mU/L] denote plasma glucose and insulin concentrations at time ¢ [min], respectively; y(t)
[1/min] represents insulin-excitable tissue glucose uptake activity; y, [mg/dL] and I, [mU/L)]
are basal glucose and insulin levels; xg [mg/dL] is the theoretical glycemia at ¢ = 0 after the
glucose bolus; 71 [1/min] is the insulin-independent glucose clearance rate; 7 [1/min] is the active
insulin clearance rate; 73 [L/(min? mU)] quantifies insulin-stimulated uptake ability; 74 [1/min]
is the decay rate of blood insulin; 75 [mg/dL] is the target glucose level; x¢ [mU dL/(L mgmin)]
is the pancreatic release rate; and x7 [mg/dL/min] represents the plasma insulin above basal at
t=0.

In this article, we introduce a novel glucose—insulin regulatory model formulated with the
Caputo—Fabrizio (CF) operator, which explicitly incorporates fading memory effects without
singular kernels. This work builds upon recent advances in fractional glucose-insulin modeling [5,
6,32]. The system couples blood glucose concentration x(t), insulin level z(¢), and an auxiliary
control variable u(t), with y(¢) representing insulin-mediated glucose uptake. The governing
equations are given by

TG x(t) = = (11 + y(t) x(t) + 71 %5,

VD5 y(t) = —may(t) + 73(2(t) — ), (12)
TG pn(t) = [ (t) — 5] T u(t) — 16(2(t) — 2), '
g pu(t) =1-ou(t),

with initial conditions x(0) = by, y(0) = 0, and z(0) = I;. The threshold function [x(t) — 75]"
is defined as x(t) — 75 if x(¢) > 75, and 0 otherwise, while u(t) = (1 — e¢")/0 > 0 represents an
auxiliary control evolution.

The objectives of this study are twofold: (i) To establish the existence and uniqueness
of solutions to system (1.2) via fixed-point arguments, and (ii) to design and analyze a two-
step Adams—Bashforth numerical method tailored to the CF operator, including convergence
and stability results. Finally, numerical simulations are presented to validate the theoretical
framework and illustrate the physiological relevance of CF-based fractional modeling in capturing
glucose—insulin dynamics.

The remainder of this paper is structured as follows. Section 2 presents essential preliminar-
ies and mathematical definitions related to the Caputo-Fabrizio (CF) fractional derivative and
its associated integral operator. In Section 3, we establish the existence and uniqueness of solu-
tions for the proposed CF-based glucose—insulin model using fixed-point theory under suitable
Lipschitz and boundedness conditions. Section 4 introduces the numerical formulation based on
a two-step Adams—Bashforth scheme adapted to the CF operator, while Section 5 provides a
detailed convergence and stability analysis of the proposed algorithm. In Section 6, a stochastic
extension of the CF model is developed to incorporate physiological randomness arising from
meal intake and hormonal variability. Section 7 illustrates computational experiments and nu-
merical results demonstrating the impact of the fractional order on glucose—insulin dynamics.
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Finally, Section 8 discusses the biological and computational implications of the results, and
Section 9 concludes the paper with key findings and future research directions.

2. Preliminaries

Let us begin by recalling the Caputo fractional derivative of order o € (n — 1,n) for n € N, as
formulated in [31]. For a function f(¢) possessing sufficient smoothness, the classical Caputo

derivative is defined by
1 P ARIC)
C g _
‘@t (f(t)) - F(n _ a) /0 (t _ ﬁ)a—n—i—l do.

Now, let .Z?(c,d) denote the Hilbert space of square-integrable functions over the interval
(¢,d). The Sobolev space 1 (c,d) is defined as:

A (e, d) = {f € L(c,d) | f' € L*(c,d)}.

Assume f € J#1(c,d) and 0 < ¢ < 1. The Caputo-Fabrizio (CF) fractional derivative, as
introduced in [14], is expressed by:

T (f(t 1—5/ f'(0 ( (:f)> dd,

where M (¢) is a normalization function satisfying M (0) = M (1) = 1.
In the case that f ¢ #1(c,d), the CF derivative is defined using an alternative integral

form: © [ (- 9)
eM (e e(t —
T (10) = T2 [ (10 - f0) exo (— ) a
—< Je 1—¢
Remark 2.1 ( [14]). By introducing the transformation ¢ = ﬁ with > 0, the above repre-

sentation simplifies, and the CF derivative becomes

CF@
t

-0
( e(t )) a0,
—€
where N(e) = M(e)/(1 — ¢) is the rescaled normalization satisfying N(0) = N(co) = 1.

Remark 2.2 ( [14]). It is known that the exponential kernel in the CF derivative reduces to
the Dirac delta function as € — 0, i.e.,

lim 1eXp (—t_aﬂ> =0(t—10),

e—0 ¢

where §(-) denotes the Dirac distribution.

A modified form of the CF derivative, developed by Losada and Nieto [25], is given by:

“ai0) = St [ rwen (-2 w

For 0 < € < 1, the associated fractional integral is defined as:

CIO) = ot O+ g o [, F0)
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From the requirement that “F I inverts ¥ ¢ it follows that:

2(1—¢) n 2e
(2—e)M(e) ~ (2-¢)M(e)

=1,

leading to the simplification M () = 5% for ¢ € (0, 1).

Remark 2.3. Substituting M (e) = 2/(2 — ¢) into the Losada—Nieto definitions yields the com-
pact, singularity-free formulations below.

Definition 2.1 ( [25]). Let 0 < € < 1 and ¢ = 0 for the initial value problem considered in this
work. The Caputo—Fabrizio fractional derivative without singular kernel is given by

t _
115/0 F(8) exp (-M) o, >0,

and the corresponding fractional integral is

Ci (1) =

CFIE(f(t)) = (1 — ) £(2) +s/0tf(q9) 49, t>0.

3. Existence and uniqueness of solutions

Consider the nonlinear Caputo—Fabrizio fractional system (1.2), describing the dynamics of
x(t),y(t),z(t),u(t). For convenience, define the nonlinear operators:

Here, 7; (i = 1,...,6) are positive system parameters, while x;,z, are baseline constants.
The operator [-]T denotes the positive part.
3.1. Lipschitz and boundedness properties
(i) For w;. Assume y(t) is bounded, i.e. |y(t)| < M,. For any x1,x2,

lwi(x1,5,8) = wi(x2, ¥, O = || = (11 +y(0)) (x1 = x2)]|
< (1 + M) [|x1 —xo .

Hence, w; is Lipschitz in x with constant Ly = 7 + M,. Since x(t) is bounded, w; is also
bounded: |jwi| < ;.

(ii) For wo. If z(t) is bounded, then for any y,ys,

HWQ(Ylﬂ Z7t) - w2(y27zvt)” = TQH Y1—Y2 H

Thus wy is Lipschitz in y with constant Ly = 7o and bounded by k».

(iii) For ws. If x(¢),u(t) are bounded, then for any z;, z,

HCL)3(X,Z1,u,t) — CU3(X, Zg,u,t)H = 7’6H 71 — 72 H
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So ws is Lipschitz in z with constant L3 = 74 and bounded by ks.

(iv) For wy. For any uy, ug,
lwa(ur, ) — wauz, t)|| = el ur —uz .
Thus wy is Lipschitz in u with constant L, = ¢ and bounded by kj4.

3.2. Picard operators and contraction mapping

Define the Banach space X = C([0, T]; R*) equipped with the supremum norm | - ||. Using the
Caputo—Fabrizio fractional integral operator CFIE, we define the Picard operators:

Prx(t) = x(0) + I wi(x,y, 1),
Pay(t) = y(0) + VIF waly, 5, 1),
P3a(t) = 2(0) + VI wa(x,z,u,t),
Zyu(t) =u(0) + °F I wy(u, t).

For any two functions (x1,y7,21,u1) and (X2,ys,Z2,u2) in X', using the Lipschitz properties
and the CF integral representation, we obtain for the combined operator & = (1, P, P3, Py):

|2(Y1) — Z(Y2)

2L (1 —¢e+te
< Y;-Y
e = i (522 I - Yal
where L = max{Li, Lo, L3, L4} and L is a constant depending on the time horizon T

Theorem 3.1. Under the assumptions of boundedness and Lipschitz continuity of w; for i =
1,...,4, the Caputo—Fabrizio system (1.2) admits a unique solution on [0, T| for any finite T > 0,

provided that
2L (1 —¢e+te <1
M{e) 2—¢ '

The proof relies on Banach’s fized point theorem applied to the Picard operator & constructed
above.

Proof. The Picard operator & maps the complete metric space X into itself. For sufficiently
small T' (or under the contraction condition), &2 is a contraction. Banach’s fixed point theorem
guarantees the existence of a unique fixed point, which corresponds to the unique solution of
system (1.2). The contraction condition ensures uniqueness globally on [0, T7]. O

4. Numerical Caputo—Fabrizio algorithm

In this section, we present a computational scheme to approximate the solution of the nonlinear
system (1.2) involving the Caputo-Fabrizio (CF) fractional derivative. Each equation can be
rewritten using the fundamental theorem of calculus for CF operators as

t
x(t) = x(0) = (1 — &) wr(x,y,1) + £ /0 wi(x, v, €) de,

y(H) = ¥(0) = (1 — &) waly, ) + ¢ /0 waly, 2, €) de,
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z(t) — z(0) = (1 — ) w3(x,2,u,t) —1—5/0 ws(x,2z,u,§) d¢,

t
ul(t) = u(0) = (1= e)wnlu,t) + ¢ [ wi(u€)de,
0
where the nonlinearities are explicitly

wi(x,y,t) = —(11 +y(t)) x(t) + 71 %y,

wa(y,z,t) = —m2y(t) + Tg(z(t) — Zb),

ws(x,z,u,t) = 174 [x(t) — 7'5]"' u(t) — 7’6(Z(t) — zb),
wa(u,t) =1—pult).

Let the temporal mesh be {t,, = mA :m =0,1,2,...} with step size A. At t,,,+1 we obtain
tm+1
(1) = X(0) = (1 = ) (s yst) + [ ()
0

and similarly for y,z,u. Subtracting the corresponding relations at t,, yields

Xm+1 —Xm = (1 - 5) ((JJl (XmaYma tm) — w1 (mehyTnfl)tmfl))
tm41
+€/ wi(+) dé,
tm

Ym+1—Ym = (1 - 5) <w2(ymazm7tm) - w2(ym_1, Zm—latm—1)>
tm+1
+5/ WZ() d&a
tm
Im+1 — Zm = (1 - 5) (WB(Xma Zmaumatm) - w3(Xm717Zm717um717tm71))
tm+1
+6/ W3() d€7
tm
Um+1 — Um = (1 - E) <w4(um’tm) - w4(um—17tm—1))
tm+1
+€/ w4(-) df
tm

Approximating the integrals by the two-step Adams—Bashforth formula,

tm41
/ wi(-)d¢ =~ %wi(-,tm) — %wi(-,tm_l), i1=1,...,4,
tm

we obtain the final update scheme

Xm+1 = Xm, +A w1 (Xm7 Ym» tm) + le (mela Ym—1> tmfl))
ym+1 =Ym +A w2(Ym7 Zim, tm) + FOJQ (mela Zm—1, tm71)7
Zm+4+1 = Zm JFAWS(Xma Zim sy Ums tm) + FW?)(mel, Zm—1,Um—1, tmfl)a

Um+4+1 = Um +A w4(um7 tm) + FW4(um—17tm—1)’

with coeflicients 3eA A
A:(1—5)+%, I‘:(l—s)—%.
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This scheme constitutes a stable and efficient two-step predictor of Adams—Bashforth type tai-
lored to the CF operator, suitable for simulating the nonlinear glucose—insulin dynamics de-
scribed by system (1.2).

5. Convergence and stability analysis

This section establishes convergence and stability of the two-step CF—Adams—Bashforth scheme
derived for (1.2). Let the exact solution be (x(t),y(t),z(t),u(t)) and recall the nonlinearities

wl(xa Y, t) = _(7_1 + Y(t)) X(t) + 71 Xp,
o(y,z,t) = —1oy(t) + Tg(z(t) — Zb),
(
(

(S

ws(x,z,u,t) = 14 [x(t) — 7'5]"' u(t) — T6(Z(t) — Zb),
wa(u,t) =1— pu(t).
Let My := sup¢(o 7] | y(t)| and assume the solution remains in a compact, positively invariant
set so that the following hold with constants independent of ¢ € [0, T:
(Al) w; are uniformly bounded: |w;| < N fori=1,...,4.

(A2) Lipschitz continuity in their state arguments on that set:

lwi(Y) —wi(Z)|| < Li||Y = Z|| in x, Li=1+ M,,
lw2(Y) —wa(Z)|| < LollY —Z|| iny, La=m,
lws(Y) —ws(Z)| < LsllY = Z|| in 2z, Lz =s,
lwa(Y) —wa(Z)| < LallY = Z| inu, Ls=o

Let the temporal grid be t,,, = mA with step size A > 0. The two-step scheme reads

Xm+1 = Xm +A w1 (Xma Ym» tm) +Twy (mela Ym—1> tmfl) + 7_1m’
Ym+1 = VYm +A w2(Ym7 Zm, tm) + Two (mela Zm—1, tmfl) + T;n’
Zm+1 = Zm ‘|’AW3(Xma Zmy Um, tm) + FW?}(mela Zm—1,Um—1, tmfl) + T§n7

(5.1)

Um+1 = Um +AW4(um7tm) + FW4(um717tmfl) + 7?7

where
A:(l—e)%—@, F:(l—s)—é,
2 2
and 7" denote local truncation terms.

Let Y(t) = (x,y,2z,u)" be the exact solution evaluated at the grid. Define the local trunca-
tion error vector 7 = (79", 73", 7, 7/") T as the defect obtained by inserting Y (¢,,) and Y (t,,—1)
into (5.1). Then, by the CF reformulation and the two-step Adams-Bashforth quadrature,

7™ loe < Cloc A2, Cloec = € max ||Ow(Y (¢),1)].
t€[0,T)
Hence, the scheme is second-order consistent.

Let the global error be e, = Y (t,,) — Y. Subtracting the numerical update from the exact

CF integral form and using (A2) yields the vector inequality

lem+1llc < (1+LA) lemlloo + LI [|em—1][oc + CIOCA27

where L := max{Li, Lo, L3, L4}. A standard two-step discrete Gronwall argument implies:
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Theorem 5.1 (Convergence and stability of the CF-AB2 scheme). Under assumptions (Al)-
(A2) and for sufficiently small A so that

1—-(LA+LT) >0,

the numerical solution produced by (5.1) is stable in the uniform norm and converges to the
ezact solution with order O(A?):

max |lemllee < CAZ
0<m<T/A

for a constant C' independent of A.

Proof. Iterate the two-step error recurrence. Since A = (1—¢)+O(A) andI' = (1—¢)+0O(A),
pick A small enough such that L(A+T") < 1. Then the homogeneous part is root-stable and the

forced part accumulates as O(A?). The discrete Gronwall inequality yields the stated bound.
O

Corollary 5.1 (Successive differences). There exists Cc > 0 such that, for each m,

[ Xmt1 = Xm oo < (1 — &) [|w1(Xms Yims tm) — w1 (Xim—15 Yim—1 tm—1) |00 + Ce AZ,

| Ym+1 —Ym loo < (1 =€) |w2(Yms Zms tm) — W2(Yim—15Zm—1,tm—1)lloo + C- A2a

| Zms1 = Zm [|loo < (1 =€) [|w3(Xm» Zms Wy Em) — W3(Xim—15 Zm—1, U1, tm—1)||oo + Ce A%,
[ g1 = tm [loo < (1 =€) [|wa(tm, tm) — walm—1, tm—1)lloc + Ce A2,

If the differences of the evaluated nonlinearities converge to 0 as m — oo, then the successive
state increments also vanish: || Xm+1 — Xm |lcoc — 0, etc., and the numerical trajectory is Cauchy.

Remark (Step-size admissibility). A sufficient practical condition is L(A +T') < 1, i.e.
L(2(1—¢)+eld) <1,

which holds for all sufficiently small A. Since Ly = 71 + My, Ly = 7, L3 = 76, L4y = 0, one
may take L = max{m + My77_277—676}'

6. Stochastic extension of the CF model

Physiological glucose—insulin regulation is inherently influenced by random fluctuations aris-
ing from meal intake, hormonal variability, and sensor noise. To incorporate these stochastic
effects, we extend the deterministic Caputo-Fabrizio (CF) system (1.2) into a stochastic frac-
tional framework driven by Gaussian white noise. This approach builds upon recent stochastic
fractional modeling efforts [8,33].

6.1. Ito integration with the CF kernel

The interaction between the Itd stochastic integral and the CF fractional derivative requires
careful treatment. Since the CF kernel is exponential (nonsingular) and the It6 integral is
defined with respect to the Wiener process, the stochastic CF model can be interpreted as a
system of stochastic integral equations where the deterministic fractional part (expressed via
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the CF kernel) and the stochastic It6 term are additive. The exponential kernel ensures that the
memory decays smoothly, and the It6 isometry can be applied in the analysis of mean-square
convergence. Specifically, for the stochastic process z(t) satisfying

z(t) = z(0) + (1 — &)wi(z,y,t) + 6/0 wi(z,y,s)ds + /0 o1x(s) dWs,

the It integral f(f o12(s) dWy is well-defined in the mean-square sense, and the CF memory
operators are deterministic and differentiable, allowing standard fixed-point arguments in L2
spaces.

6.2. Stochastic model formulation

Let (Q,F,{Fi}+>0,P) be a complete probability space supporting a one-dimensional Wiener
process W;. The stochastic CF glucose—insulin model takes the form

(CFDsx(t) = —(r1 + y(t)) (t) + 1wy + ora(t) W,
CEDEy(t) = —1ay(t) + 73(2(t) — 2) + o2y (t) W, 6.1)
FDsz(t) = [ (t) — 5] Fu(t) — 76 (2(t) — 2p) + o32(t) Wi,
“FDfu(t) = 1 — oult) + asu(t) Wi,
where o; > 0 (i = 1,...,4) represent the intensities of multiplicative noise acting on the re-

spective physiological processes. The terms W; denote the formal time derivatives of Wiener
processes, interpreted in the It6 sense. Setting o; = 0 for all i retrieves the deterministic CF
system (1.2).

6.3. Existence and uniqueness for the stochastic system

The stochastic integral form of the CF derivative reads

z(t) = z(0) + (1 — &)wi(z,y,t) + 6/0 wi(z,y,s)ds —|—/0 o1x(s) dWs,

and similarly for (y, z,u). Applying standard fixed-point arguments in L?(Q; C([0, T]; R*)), and
under the same Lipschitz and boundedness assumptions on w; as in Section 3, together with
Elloi(Y1) — 0i(Y2) ||* < Lo, E[IY1 = Yo,

the stochastic CF system (6.1) admits a unique mean-square continuous solution on [0,7]. The
proof parallels Theorem 3.1, enhanced by the It6 isometry.

6.4. Numerical approximation: CF—ABM scheme

To approximate (6.1), we adopt a stochastic Caputo—Fabrizio Adams—Bashforth—Milstein (CF-
ABM) scheme. For step size h and grid points ¢, = nh, we have

1

5(;%% [(AW,)? — h],
and analogously for yp+1, Zn+1, Un+t1, (6.2)

where A = (1—¢) + 3", T'= (1 -¢) — &, and AW,, = W, ,, — W;,. The first two deterministic
terms correspond to the CF two-step Adams—Bashforth coefficients (A, I"), while the It6—Milstein
correction ensures strong mean-square convergence of order O(h).

Tptl = Ty + Awl(xna Yns tn) +T'wy ($n—17 Yn—1, tn—l) +o12n AWn +
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6.5. Physiological interpretation

The stochastic extension models spontaneous variability in glucose uptake and insulin secre-
tion resulting from random dietary, hormonal, and measurement fluctuations. Small noise am-
plitudes (o; < 1) preserve deterministic equilibrium stability, whereas moderate noise levels
induce intermittent oscillations or altered convergence rates—consistent with observed phys-
iological variability. Hence, the stochastic CF framework offers a realistic and robust repre-
sentation of metabolic regulation that bridges deterministic memory effects and physiological
randomness.

Future work may integrate hybrid stochastic—optimal control strategies for system (6.1),
estimate noise intensities o; from clinical data, and investigate stochastic stability through Lya-
punov functionals compatible with the CF kernel. Extending the formulation to time-varying
delays or random fractional orders £(t) could further enhance model flexibility and predictive
accuracy.
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Plasma glucose (stochastic CF-ABM)
T T T T

80
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Glucose x(t)

75+

=5 I I I I i ; ! | !

0 50 100 150 200 250 300 350 400 g P w0 W w w0 o 1w o
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Figure 1. Stochastic CF simulation under mild noise o; = 0.1 showing glucose and insulin trajectories.
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Figure 2. Influence of moderate stochastic intensity o; = 0.3 on system dynamics.
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Figure 3. Emergence of intermittent oscillations for o; = 0.6.

7. Computational experiments

We report numerical simulations of the fractional-order glucose-insulin model (1.2) using the
discretization scheme from Section 4. Unless stated otherwise, the fractional order satisfies
e € (0,1), the step size h > 0, and the initial data are prescribed as

z(0) =z, y(0)=yo, =2(0)=z20, u(0)=up,

with baseline levels z; and 2, and physiological parameters 71,...,7¢ > 0.

Table 1. Assigned parameters for simulation.

Symbol T1 T2 T3 T4 75 T6 i) 20

Preset value 0.03082 0.02093 1.062 x 107> 0.3 94 0.3349 x 1072 92 7.3

Discrete procedure. Given two consecutive time steps (Zp—1,Yn—1, 2n—1, Un—1) and (zn, Yn,
Zn, Up), the next state (Tp41,Yn+1, 2n+1, Unt+1) is computed via the Caputo-Fabrizio Adams—
Bashforth discretization derived in Section 4, where the threshold operator is defined by

[y, — 75]7 = max{z, — 75, 0}.

For clinically meaningful parameter sets, the system admits a stable equilibrium near (3,0, 23)
with u &~ 1/e, confirming that the CF memory kernel yields smooth exponential decay and stable
convergence toward the basal steady state.

Numerical setup. Simulations were performed for fractional orders e= 1, 0.98, 0.95, 0.9, 0.85
(note: € =1 corresponds to the integer-order case), illustrating how decreasing ¢ intensifies the
memory effect, delays the response, and smooths the oscillatory transients in glucose and insulin
levels. Each simulation was conducted for a time horizon of T" = 200 minutes with step size
h = 0.01.
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Figure 4. Time evolution of the state variables (a) plasma glucose z(¢) [mg/dL], (b) plasma insulin z(¢) [mU/L],
(c) insulin action y(¢) [1/min], and (d) auxiliary control u(t) for Subject 1 under different fractional orders
e =1,0.98, 0.95, 0.9. The fractional memory attenuates peak amplitudes and delays the return to equilibrium,
reflecting realistic metabolic adaptation.

Decreasing the fractional order £ enhances the system’s memory and smoothness, produc-
ing delayed glucose decay and prolonged insulin activity. For ¢ — 1, the model reproduces
classical integer-order dynamics, while smaller ¢ values exhibit persistent tails and slower re-
covery, in alignment with experimental glucose tolerance data. These findings validate the
Caputo—Fabrizio framework’s ability to model fading memory and physiological hysteresis more
accurately than integer-order formulations.

8. Discussion

The Caputo—Fabrizio (CF) derivative furnishes a nonsingular, exponentially fading memory
that aligns naturally with physiological lags in glucose uptake and insulin action. Within the
proposed system (1.2), this memory structure yields responses that are both numerically stable
and biologically interpretable: Insulin reacts to excursions in x(t) in a delayed yet smooth
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Figure 5. Global dynamical behavior of model (1.2) for fractional orders (a) ¢ = 1.0, (b) e = 0.95, (¢) £ = 0.9,
and (d) e = 0.85. The results confirm that decreasing € increases memory depth, delays transient decay, and
produces smoother, physiologically realistic trajectories.

manner, while glucose decays without the spurious stiffness often induced by power-law kernels.
Parameter groupings admit clear physiological meanings—for example, 71 governs basal glucose
turnover toward x, 72 and 73 couple insulin and z-dynamics to deviations from z,, and (4, 75, 7¢)
regulate the activation threshold and clearance in the z-equation—facilitating model calibration
and sensitivity analysis.

On the numerical side, the tailored two-step Caputo—Fabrizio Method discretization preserves
the CF memory through the coefficients A and I', while achieving second-order accuracy with
respect to the time step. Under the mild admissibility condition L(A +T') < 1 (where L =
max{r + My, 12, 76,c} and M, = sup,|y(t)|), the scheme is zero-stable and convergent, as
verified through error recursion and discrete Gronwall analysis. In practical terms, this ensures
robust numerical performance across a wide range of ¢ € (0,1) and parameter values, enabling
reliable downstream tasks such as patient-specific parameter estimation, feedback or optimal
control (through u(t)), and comparative analysis of therapeutic strategies.

The stochastic extension presented in Section 6 provides a natural framework for incorpo-



A two-step Adams—Bashforth scheme for fractional glucose-insulin model 831

rating physiological randomness. The interaction between the It6 integral and the CF kernel
is well-defined due to the exponential memory structure, which ensures that the deterministic
fractional part and the stochastic It6 term are additive. This allows the application of stan-
dard stochastic analysis techniques while preserving the biological interpretability of the model.
Recent studies have successfully applied similar stochastic fractional approaches to various bio-
logical systems [8,33].

Taken together, the CF formulation offers an effective balance between physiological fi-
delity—via smooth fading memory and interpretable thresholds—and computational tractabil-
ity—through explicit two-step updates and O(h?) convergence. This synergy supports model-
based personalization and control synthesis while avoiding numerical artifacts commonly en-
countered in singular-kernel fractional models. Future research may extend this framework
by incorporating stochastic forcing, time-varying parameters, or optimal-control constraints,
thereby further bridging model predictions with clinical and experimental observations.

9. Conclusion

In this study, we have applied the Caputo—Fabrizio (CF) fractional derivative within a two-step
Adams-Bashforth formulation to model glucose-insulin dynamics as described in system (1.2).
The resulting numerical scheme preserves the exponential memory kernel intrinsic to the CF
operator, thereby capturing smooth fading-memory effects while avoiding singular behavior typ-
ical of power-law kernels. The discretization was proven to be consistent, second-order accurate
in the time step h, and stable under a mild admissibility condition.

Numerical experiments confirmed that the proposed method reproduces physiologically re-
alistic trajectories for glucose x(t), insulin z(¢), insulin action y(¢), and the auxiliary control
variable u(t). These results highlight that CF-based fractional modeling provides both theoret-
ical rigor and practical reliability in simulating metabolic regulation.

The stochastic extension demonstrates how physiological randomness can be incorporated
into the CF framework, with the exponential kernel ensuring a well-defined interaction with Ito
calculus. This opens avenues for more realistic patient-specific modeling.

Overall, the developed framework offers a promising computational tool for parameter esti-
mation, patient-specific personalization, and the design of optimal therapeutic control strategies.
Future research will focus on extending this deterministic framework to stochastic CF models,
incorporating measurement noise and time-varying parameters, thereby enhancing its predictive
and clinical applicability.
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