Journal of Applied Analysis and Computation Website:http://www.jaac-online.com
Volume 17, Number 2, April 2027, 834-850 DOI:10.11948 /20260158

STABILITY AND SYNCHRONIZATION OF SET-VALUED SATURATED
IMPULSIVE NONLINEAR SYSTEM*

Zihui Wang!, Ke Su! and Peiguang Wang"

Abstract This paper investigates the criteria for the local exponential stability and syn-
chronization of the set-valued saturated impulsive nonlinear system. Initially, the saturation
nonlinearity of the system is addressed through the sector nonlinear model approach and the
polyhedral representation approach, and the sufficient condition for the local exponential
stability is derived by combining the generalized Cauchy-Schwarz inequality and the aver-
age impulsive interval method. Subsequently, by designing a saturated impulsive controller,
the sufficient condition for the synchronization of the drive-response system is established,
and the schematic diagram of the saturated impulsive input control is briefly plotted. Ulti-
mately, the application example of the chaotic financial system is provided, and numerical
simulations are conducted to verify the effectiveness of the theoretical results.
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1. Introduction

Stability and synchronization analysis has long been one of the central topics in nonlinear dynam-
ical systems [18,33,35]. In recent years, significant progress has been achieved in synchronization
and stability analysis of neural networks with complex dynamics, including exponential synchro-
nization of n-bidirectional chaotic neural networks with state-dependent delays [2], exponential
synchronization and Ulam-Hyers-Rassias stability of n spiking neural networks with time de-
lays [13], stability and synchronization challenges of neural networks with state-dependent and
distributed delays [3], etc. Motivated by these developments, increasing attention has also been
devoted to dynamical systems with uncertainty. Among them, set-valued differential equations
(SDEs) represent a class of mathematical models that effectively address multi-valued mappings
and uncertain problems, which provide more extensive and flexible modeling capabilities, and
have multiple applications in fields including financial mathematics, engineering, and control.
Since the 1970s, scholars have focused on investigating SDEs, see [4, 6,20, 22,23, 25,32, 36]. In
2018, Martynyuk [24] summarized qualitative and stability results for solutions of SDEs.

In addition, impulses can dramatically affect the characteristics of the system solutions,
such as the stability of the solutions [17], destabilization of the solutions [15], bifurcation of the
solutions [21], controllability [1], chaos [5], etc. Therefore, many experts have started to pay
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attention to the set-valued impulsive differential equations (SIDEs). For example, Perestyuk and
Skripnik [27] researched the averaging method of set-valued impulsive systems. The existence
of a periodic solution for the impulsive differential inclusion was established by Kryszewski and
Plaskacz [12]. Ho and Ngo [9] investigated the non-instantaneous impulsive value problem of
interval differential equations. Wang et al. [31] discussed the stability of the set-valued system
with non-instantaneous impulses:

DpX(t) =TX(t)+P(X(t), te (tg, sk,
X(t) =Wi(t,X(sp —0)), te (sg,trr],s
X (to) = Xo.

However, in practice, any feasible system may be constrained by technological, physical,
and other factors to the point where all control systems face the issue of actuator saturation
during implementation. As a result, the maximum or minimum outputs are usually bounded
and cannot be infinite. The saturation characteristic may lead to a reduction in the control
performance of the system, where an actuator that could have stabilized the system globally is
currently only locally stabilized. A series of problems arise from such situations, which could
cause irreparable damage to the actual control system. Consequently, saturation exerts an
essential influence on the dynamic characteristics and stability of the systems, which makes an
in-depth study of saturated impulses systems of great significance. Nevertheless, the complexity
and discontinuity of the impulses themselves, as well as the nonlinear properties induced by the
actuator saturation, result in a complicated nonlinear characterization of the systems. In the
last few years, several studies have focused on saturated impulses control systems and obtained
some interesting results, such as, Wang et al. [30] studied the fractional order saturated impulsive
system; Li et al. [14] established the nonautonomous delayed saturated impulsive systems; Jiang
et al. [11] focused on the second-order multi-agent systems with input saturation constraint; Li
and Zhu [16] derived the local exponential stabilization of the nonlinear system with saturated
impulses:

x(t) = Ax(t) + W f(z(t)), t#tg,t>to,
z(th) = z(t; ) + Bsat(u(t)), t=ty,keN,
l‘(to) = Zy.

Wu et al. [34] considered the finite-time stabilization; In [29], the synchronization was examined;
Ouyang et al. [26] based on the polytopic representation approach, the global asymptotic stability
was given. In conclusion, incorporating the saturated impulsive into the investigation of SDEs
becomes essential. To the best of our knowledge, no results have been found for the set-valued
differential systems with the saturated impulsive. Therefore, in this paper, the following set-
valued nonlinear system with saturated impulses is established:

DH(I)(t) = P(I)(t) + F((I)(t)), t #tp,t > to,

D(t)) = (L) +sat(U(t)), t=tpkeEN, (1.1)
D(tg) = Do,

in which ®(t) € K.(R"™), F(®(t)) : K(R") — K(R"), P € R™"™. sat(U(t)) : K(R") —
Kc(R™), and sat(u(t)) € sat(U(t)) is the saturated function, where sat(u(t)) = [satq1(ui(t)), ...,
saty (un(t))]T with the saturation level 4 = (41, ...,4,) € RY, for any 4; € R. sat;(u;(t)) =
sign(u;(t))min{d;, |u;(t)|},i = 1,2,...,n. {tx,k € N} is a impulse sequence, which satisfying
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0 <ty <ty <..<tplimg, ity =-+00. (I)(t;g) = hmt—)t: ®(t) and (I)(t];) = hmt—n&; D(t).
Assume that the solution of system (1.1) is right continuous on the interval [tx_1,tg], then
() = @(ty),t =ty k €N

In general, there are two main approaches in dealing with saturated nonlinear systems:
The sector nonlinear model approach (SNMA) [28] and the polyhedral representation approach
(PRA) [10]. The SNMA allows the nonlinear properties of the system to be described by
defining different sectors, which enables the model to be more intuitive and easy to understand.
Meanwhile, the PRA is flexible and adaptable as it can approximate the nonlinear saturation
properties of the system by defining multiple faces. He et al. [8] applied these two methods
to study the exponential stability of continuous-time and discrete-time neural networks with
the saturated impulses. In this study, we address the local exponential stability (LES) and
synchronization by extending the two techniques to the set-valued sense. Main contributions
are presented below.

(i) For the first time, we consider the saturated impulses for the set-valued nonlinear system,
and the SNMA and PRA in the set-valued sense are used to handle the saturated term of the
system.

(ii) Since the classical Cauchy-Schwarz inequality is not applicable owing to the uncertainty
of the set-valued nonlinear system, a new inequality in the set-valued sense is provided. In
addition, due to the multi-valued mapping property of the set-valued, the Lyapunov function is
defined through the notion of minimum upper bound for the Cartesian product.

(iii) The set-valued financial system is established as the application, and the results are
applied in an interval-valued sense to obtain the LES and synchronization by using the impulsive
control theory. In contrast to earlier research, the set-valued saturated impulsive nonlinear
system (SSINS) considers the financial system’s randomness.

The rest of this paper is arranged as: Some definitions and lemmas are given in Section 2;
the exponential stability of the set-valued saturated impulsive nonlinear system by the SNMA
and the PRA are proposed in Section 3; the drive system and the response system are built,
and the synchronization of the error system is obtained in Section 4; the numerical examples
are provided in Section 5 and Section 6 concludes the paper.

2. Preliminaries

The convex, compact and nonempty subsets of R"™ are denoted by K.(R"™). Define the Hausdorff
metric

D[F,G] = max{sup d(g,F),sup d(f,G)},
geG fer

where F,G € K.(R"), d(g, F) = inf{d(g, f) : f € F'}. In particular,

DIF,0] = sup d(f,0),
fer
where 0 = {(0,0,...,0)T} € K.(R").

Definition 2.1 ( [7]). Let F,G,H € K.(R"). If the equality F = G + H holds, then H is
known as the Hukuhara difference, and which is signified by F' — G. The sufficient condition for
F — G exists is diam(F) > diam(G).
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efinition 2.2 ( [7]). The mapping F' : [0,7] — K.(R") has a Hukuhara derivative Dy F(to)
at to € [0, T), if
PuF(to) = lim Llo+8) = Flto) _ ) Flto) — Flto —5)

s—0t S 5—0~ S

where s > 0.

Definition 2.3 ( [19]). The average impulsive interval (AII) of the impulsive sequence {ty, k €
N} is equal to T satisfies the inequality
t—to
L

t—to

—T < N(t,tp) < +7T, Vt>to,

where N (¢,tp) is the number of impulsive times, ¢ > 0 is the AIl and 7 > 0 is the elasticity
number.

Definition 2.4. Let £(Y,0) := {®(t) € K(R") : D[®T ()Y ®(t),0] < 6} be the ellipsoid set,
where § > 0 is a scalar. For any ®(t9) € £(T,0), if there exist constants M,y > 0, for a given
impulsive sequence {t;, k € N'} satisfying

D[D(t),0] < Me 7DD, 0], Vit > to,

the SSINS (1.1) is called LES.

Let U(t) = A®(t) is the state feedback, where A € R™* "™ is a constant matrix. Define the
polyhedral sets

G
sy}
I
—~—
K
m
e
oo
boy|
=
S
sy
®
=
A
S >
I
\.I—\
N
E
-

where A, B € R™", and A, By € RV ™.

Lemma 2.1. For any real diagonal positive definite matrizc C € R™", if ®(t, ) € Oap, then
the nonlinearity G(®(t,)) satisfying

DIGT(2(1;,))C(G(2(ty) — B(t;)), 6] < 0, (2.1)
where
G(®(t,)) = ®(t, ) —sat(D(t,)), k € N. (2.2)
Lemma 2.2. There erist I, € (0,1),m =1,2,...,2", if &(t,") € Op, then the following holds
gn
sat(AB(;)) = Y ln (WA + W, B)®(t;,), (2.3)
m=1

where 2l =1, W =1 = W, k€N

Lemma 2.3 ( [31]). Let T € R™" is a real symmetrical matriz, for any ® € K(R"), the
following inequality holds

Amin (1) sup 67 ¢ < sup ¢ T < Aax(T) sup ¢* ¢,
ped ped ped

where Amax (Y1), Amin(Y) are the largest and smallest eigenvalues of Y.
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Lemma 2.4 ( [31]). Denote matriz = € R™ ™ is symmetric and positive definite, if X,Y €
Kc(R™) satisfy

D[XTY, 0] < eD[X, 0] D[Y, 6], (2.4)
for a certain € € [0, 1], then
_ Amax(Z) = @(€)Anin(E) \ 1 v 7 -
DIXTEY, )% < < - —2 | p[xT=X,0/D]YTEY, ], 2.5
opxtey ) < (PSS DX e (29)
where w(e) = %—;z, Amin(Z), Amax(Z) are the smallest and the largest eigenvalues of =.

Lemma 2.5 ( [24]). Let X,Y : I — K.(R") be Hukuhara differentiable set-valued mappings.
Suppose the Hukuhara difference F — G exists in the neighborhood I* C I of a point tg, then the
mapping X —Y : I — K.(R"™) is differentiable at the point t and

Du(X(t) —=Y(t)) = DuX(t) — DuY ().

3. Stability result

In this section, the SNMA and PRA in the set-valued sense are used to address the saturation
term and to discuss the LES.
According to G(U(t)) and U(t) = A®(t), rewrite the SSINS (1.1) as

Dy ®(t) = PO(t) + F(B(t)), t# ty,t > to,
D(ty) = (I + A)(t;) — GAD(L)), t=tykeN, (3.1)
B(t) = o,

in which, G(-) € K.(R") is defined in (2.2).

Theorem 3.1. Let matrices A, B € R™"™, matriz T € R"*™ is symmetric and positive definite.
Ellipsoid set £(Y,0) := {®(t) € K(R") : D[®T ()Y ®(t),0] < 6}, where § > 0 is a scalar. A
is the largest eigenvalue of Y7L (TP + PTY), Mnax(Y) and Amin(Y) are the largest and the

smallest eigenvalues of Y. If there exists a real diagonal positive definite matriz C € R™*",
a, K, 1, T € RT satisfying 5 + lnTa <0 and

DIBTF(®),0] < eD[®, O]D[F(B), 0], &4 byt > fo, (3.2)
for a certain € € [0, 1], and

D[F(®),0] < KD[®,0], t#tp,t> to, (3.3)

T (Ay — Bu)"

>0, i=1,2,..,n, (3.4)
* 5—1a?asgn(1—o¢)7

—aY + (I + AT + A) —(I+ AT+ BTC
* T-2C

where = A+ 2K ymtgzeteun(Cy Jamell (e) = 25, Then, the SSINS (1.1) is LES, and

convergence exponent is %(6 + Ina).
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Proof. Let Lyapunov function V (t) = sup ¢* Y¢. For t € [ty, trs1),k € N, then
Pped

V(t)= sup {¢T(YP+PTY)p+ 207 Y[} (3.6)
oed, feF

We note that the matrix T_%(TP + PTT)T_% and the matrix Y=Y(TP + PTY) have the
same eigenvalues, denote its largest eigenvalue by A. From Lemma 2.3, it yields

sup{¢” (TP + PTY)g} = sup{(¢T T2)(T~ (TP + PTT)T"2)(T29)}
peD ped

< Asup{(¢7T2)(T24)} (3.7)
PP
= A\V ().
Using Lemmas 2.3, 2.4 and the inequalities (3.2), (3.3), we have

sup {207 Y f}

pED, fEF
= 2D[®TYF, 0]
< 2?22%5 ;:Egizzg; \/D[q>TT<I>, 6)D[FTYF, 6]
< )y o) i (67T
=28 iiﬁ?éi T ZEE??ZER \/ M) s ((6700)(670)} (38)
B iiigi n 582228 \/ Amax(T) Zlelg{(aﬁTTaﬁ)wT’r%T—lT%@}
< e ) e T i)
arenlD (D) Pl

Combining the inequalities (3.7) and (3.8), one can gain

. )\maX(T) —w i
o= <A”K A (1) + (&) Main(1) || A (1)

_ Amax (L) =w(€)Amin(T)  /Amax (L)
Denote =\ + 2K max(T)+w(Z)/\mm(T) N (1) thus

V(t) <Pt € [ty tpi), k €N, (3.10)

For ®(tg) € £(Y,0), assume that ®(t,") € Oap,k € N. If not, then there are some impulsive
times ty; € {ty, k € N'},j = 1,2,...,m, satisfying ®(t; ) ¢ Oap. Let ty, = t1, then ®(t) ¢ Oap.
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According the AII and the inequality (3.10), when ¢ € [tg,t1) one can deduce the subsequent
inequality
V(t]) < e’B(tl_tO)V(to)

< e TV (1) (3.11)
< e—lna(./\f(t1,to)—l-sgn(l—a)T)V(tO) .
< Oé_Sgn(l_a)TV(tO).
By the LMI (3.4), we get
6,&;20[—5@1(1—&)7’(14(2) _ B(z))T(A(z) _ B(Z)) < T, (312)

it shows that for any ®(t9) € £(Y,0), then ®(t;) € Oap, which is in contradiction with
O(ty) ¢ Oan.

Denote that ts(s > 2) is the first impulsive time such that ®(t;) ¢ Oap, then ®(t,/) € Oap
holds for t =t,/,k =1,2,...,s — 1. By Lemma 2.1, we have the following sector condition in the
set-valued sense

DG (AD(t;))C(GAR(1, ) ~ BS(t;)).6] <0, (3.13)

where £k =1,2,...,s — 1.
Combining (3.5) and (3.13), one derives

V(ty) = sup " T
ped

= Zgg{((f + A)o(ty,) — G(AS()) L+ A)o(ty,) — G(Ad(t;)))}

< Zlelg{((f +A)o(ty) — G(As(t))) L + A)g(ty) — G(A(t;)))

—2GT(A¢(t;))C(G(Ag(ty)) — Bo(ty )}
o(ty)
G(Ag(ty))

(3.14)

ped

~ oup { [67() 6T (a0(57)) ] X = x ] - a¢T<tk>r¢<tk>}
<aV(ty),

where

[1]

—aY + (I +ATYI +A) -1+ A)TY+BTC
X T - 20 '

For ¢ € [ts—1,1s), considering (3.10) and (3.14), one yields

V(t) < ﬁ(t*ts—l)v(t _ )

§]
@
—

(6
a2ty () (3.15)

< a* LAY (1),
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hence,
V(t;) < ot ety ()

< s—1 —lnTa(ts—to)V ¢
= e (to) (3.16)
< as—le—lna(N(ts—t0)+sgn(1—a)T)V(to)
< afsgn(lfoz)'rv(to)’
similar to (3.12), we have
gt 2a— =T (A — BT (Ag) — By)) < T, (3.17)

which means for any ®(tp) € £(Y,0), then ®(t;) € Oap. It is contradictory to ®(t;) ¢ Oap.
Following the condition (3.5) and the inequality (3.15), we have

Vity) <aV(ty), keN. (3.18)
According to (3.10) and (3.18), it yields
V(t) < aFeBEt0V (1), (3.19)

for any t € [tg, tr+1).
Hence, for any t > tg, it follows that

V(t) < oV Bl Bli=to)y/ (1))
t—to 7sgn(lfa)7’eﬁ(t*to)v(t0) (3.20)

Sa v
_ aisgn(lfa)Te(BJrlna)(tfto)V(t0)7

therefore, there exists a £ = max{a~7,1,a” } satisfying

V(t) < LelBrma)t=to)y (1), (3.21)
which is equal to
max T = —
D[2(t),0] < me%@”lm)(f ©)D[B(ty), 0], V> to. (3.22)
Further, base on Definition 2.3, the SSINS (1.1) is LES in ellipsoid set £(7,J). O

Next, we use the PRA to derive the LES of the SSINS (1.1).
Following Lemma 2.2, if ®(t,/) € Op,k € N, then the SSINS (1.1) is reformulated as

Dy®(t) = PO(t) + F(B(t)), t 4ty t > to,

2n

O(ty) = Y (I +WinB+ W, B)(t;,), t=tpkeN, (3.23)
m=1

B(ty) = Do,

where 32 1, =1, W, =1 — W,.
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Theorem 3.2. Let matrices A, B € R™*"™, matriz T € R™" is symmetric and positive definite.
Ellipsoid set £(Y,0) := {®(t) € K(R") : D[®T(t)Y®(t),0] < 6}, where § > 0 is a scalar. If
a, K, 1, T € RT satisfying 5 + lnTa <0 and

D[(I)TF((I))’ 9] < €D[¢)v Q]D[F((I))a 9]7 t 7& tk, t > to, (324)

for a certain € € [0, 1], and

v BT
® >0, i=1,2..,n, (3.26)

* 5—1,&gasgn(1—a)7’

—aY (I +W,A+W,,B)IT
<0, (3.27)
* =T

where § = )\+2K)‘$:zgrg wgagi:mg ; ’\2‘?:((%), w(e) = %—;Z Then, the system (1.1) is LES, and
1
3(

the convergence exponent is (0 + lna).

Proof. The proof is similar to Theorem 3.1, we omitted here. O

4. Synchronization result

The synchronization of SSINS is investigated in this section. Consider the drive system (DS)
below
Du®(t) = PO(t) + F(P(t)), (4.1)

and the response system (RS) is described as

DyuX(t) = PX(t) + F(X(t)) + U(t). (4.2)

Assume that the Hukuhara difference X — ® = Y exists, Y represents the error between the
DS and the RS, and diam(F(X)) > diam(F(®)). By Lemma 2.5, we have

DY (t) = PY(t) + F(Y (1) + U(t), (4.3)
where F(Y (t)) = F(X(t)) — F(®(t)), and the control input U (t) is designed as
= i sat(AY (tp))A(t —tg), ke N, (4.4)
k=1

where A is the Dirac function set.
Combining (4.3) and (4.4), the synchronization error set-valued system can be denoted as

{DHY(t) =PY(t)+ E(Y (1), t#tst>to, (45)

Y(t5) = Y () +sat(AY (), t=ty,keN.



Stability and synchronization 843

Theorem 4.1. Let matrices A, B € R™*"™, matriz T € R™*" is symmetric and positive definite.
Ellipsoid set £(Y,8) := {Y(t) € K(R™) : DIYT ()XY (t),0] < &}, where § > 0 is a scalar.
If there exists a real diagonal positive definite matrizc C € R™ ™, &, K,1, T € R satisfying
ﬁN + IHT& < 0 and

DIYTF(Y),0] < éD[Y,0|DIF(Y), 6], t+# t,t>to, (4.6)

for a certain € € [0,1], and
D[F(Y),0] < KD[Y,0], t#t,t>to, (4.7)
ks (Agy — Bay)"

>0, i=1,2..n, (4.8)
% 5~ 1i2458n(1-&)T
i

—aT + (I +ATTI+A) —(I+ AT + BTC

] (4.9)
* T —2C

where B = X+ 2[%1:21%%;322122%% 12:((%))’ w(é) = ijrg Then, the error system (4.5) is
LES, which implies that the DS (4.1) and the RS (4.2) achieved local exponential synchronization
under the saturated impulses controller (4.4).

Proof. Let Lyapunov function V(¢) = sup y? Yy. For t € [tg,t)+1),k € N, we have
yey

V(t)= sup {yT(YP+PTY)+ 2477 f}. (4.10)
yGY,fEF

By Lemma 2.3, we obtain

sup{y” (TP + PT )y} = sg{(yTu)T%)(T—é(TP + PTY)T2)(T2y)}
< Asug{(yTT%><T%y>} (4.11)
= AV (2).

Using Lemmas 2.3, 2.4 and the inequalities (4.6), (4.7), we have

sup {2y Y f}

yev.fel
= 2D[YTYF, 0]
= 2122%; T+ Zgizzg; /DY TYY, O|DIFTT 6]
< \/ () s {(GTTD( )
< 2K izﬁg; ; Zgiﬁﬁg; \/ Amax(T) zgg{(yTTy)(yTy)}
=K izzg; :L Zgiﬁﬁg; \//\max(T) Slélg{(yTTy)(yTT2 T-172y)}
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= Amax(T) — W(E)Amin (V) [Amax(Y)
< 2K/\max(T) + w(&)Amin(T) \/Amin(T) 21615{(yTTy)(yTTzT2y)}
o2 Amax(T) — w(@)Amin(T) | Amax(Y)
= 2 N (D) & 0(E A (1) m V). (4.12)

Combining the inequalities (4.11) and (4.12), we have

Aunas(T) = (2) (1) Amaxm)m). (4.13)

V(t) < <A +2K Ama () + 0(E) Amin(T) | Amin(T)

o _ o Amax(’r)_w(~)Amin(ﬂr) )‘m&X(T) <
DenOte ﬁ - >\ + 2K n)ax(’r)‘i'w(g))\min(’r) Amin(’r) ’ thU.b

V() < P00t e [ty thg) k € N (4.14)

The remaining part of the proof is similar to Theorem 3.1, omitted here. 0

Remark 4.1. Similarly, we can also use the PRA to realize the synchronization under the
saturated impulses controller. The proof process is identical to Theorem 3.2 and is not repeated
here.

5. Application

Information about the financial system is uncertain because it can be affected by international
situations, political policies, extreme weather, and other factors. Therefore, it is suitable to
establish the set-value financial system. In addition, the state variables in real systems are often
influenced by the control system itself or the external environment, and thus limited to a certain
range, thereby we consider the following set-valued financial system with the saturated impulses.

Dy®(t) = PO(t) + F(D(t)), t#tpt>to,
() = B(ty) + sat(AD(ty)), t =ty keN, (5.1)
D(ty) = Py,
where
a0 1 é1 b1
P=10 —ag 0 |,0(t)= ||, flot) = |1-0¢3],
_—1 0 —as O3 0

o(t) € (1), f(p(t)) € F(P(t)). é1,p2, ¢ are the state variables, which represent the interest
rate, the investment demand and the price index. aq, as, ag are positive constants and describe
the amount saved, the cost per investment and the elasticity demand involved in the commercial
market.
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(a) 2D phase portraits.

700

(c) 2D phase portraits. (d) 3D phase portraits.

Figure 1. Chaos trajectories of the financial system (5.1).

Assume the above set-valued financial system (5.1) with the initial condition ¢g € @y =
([0,1],10,1],[0,1])7, and a1 = 0.9,as = 0.2,a3 = 1.2. From Figure 1, it can be found that the

t 5.1) is chaoti d Dlog;, 0]} < 4.
system (5.1) is chaotic, an ¢e<1£r,;i}1(,2,3{ (i, 0]} <
Then,

DIF(®).6] = sup { /6163 + (1 =02}
< jednax AP 0]}D[O(?), 0]
< 4D[®(t), 0],

therefore, we choose K = 4.
DI F(2),6" = sup {6165 + 63(1 — 63)°)
1
< 3 sup {(1 + 63 + ¢3) (6163 + (1 - 62)*)}
ped

namely,

D7 F(2).6) < Y oup {\JoT+ 3+ o[tk + (1— 62
ped

_ ?D[@, 0]D[F (D), 6).

Letaz‘/?gand'rzl.
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Denote the impulsive sequence {tx, k € N'} = 0.5k, and the impulsive gain matrix A = —0.51,
0 =1,a =034 =1,. = 0.5,B = 0.05]. By calculation, it is known that A\ = —0.4,8 =
1.7435,a < e™P* = 0.4182. From the linear matrix inequality (LMI) toolbox in Matlab, it can
be seen that there exists a feasible solution for LMIs (3.4)-(3.5)

25929 0 0
C= 0 25929 0
0 0 2.5929

By Theorem 3.1, the financial chaotic system (5.1) can eliminate chaos with the appropriate
saturated impulses control input. Figure 2 shows the state trajectories of the system (5.1) with
the saturated impulses eventually converging to the equilibrium state, where the red dots are
the impulsive times, and the convergence exponent is %(ﬁ + Ina) = 0.2698. The comparison in
Figure 3 shows that the saturated impulses control strategy is effective in eliminating chaotic
behavior in the financial market and achieving stability in the market state.

)

Figure 2. The state trajectories of the system (5.1).

To achieve synchronization of the system (5.1), consider the system (5.1) as a DS, and the
corresponding RS is described as

DyuX(t) = PX(t) + F(X(¢)) + i sat(AY (t)A(t — 1), (5.2)
k=1

where Y (t) = X (t) — ®(¢) is the synchronization error.
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(a) The phase space of the system (5.1) without the (b) The phase space of the system (5.1) with the satu-
saturated impulses. rated impulses.

Figure 3. The phase space of the system (5.1).

Then, the error system is described below

V() = Y(t7) +sat(AY (t;), t=tpkeN. (5.3)

{DHY(t) = PY(t)+ F(Y (1)), t#tpt> 1o,
Let the RS (5.2) with the initial value zo = ([0, 1], [0, 1], [0, 1])*. The state trajectories of the
synchronization error for the DS (5.1) and the RS (5.2) are shown in Figure 4(a). It implies that
without the saturated impulses control input, the two financial systems with different initial
states are unable to synchronize autonomously.
Figure 4(b) illustrates that the error system (5.3) achieves the exponential synchronization
under the saturated impulses control and converges to zero with the impulsive sequence {ty, k €
N} = 0.1k, and the impulsive gain matrix A = —0.51, § =1, =0.3,49 = 1,0 = 0.5, B = 0.21.

0.15 T T T T T T T T T 0.15 T T T T T T T T T

— 0 — ¥,
01 —— 0[] o1 —— 0[]
N JR— —_—
. ¥ ¥al)
)

0 05 1 15 2 25 3 35 4 45 5 o 0.5 1 15 2 25 3 35 4 45 5
t t

(a) The state trajectories of the error system (5.3) with-  (b) The state trajectories of the error system (5.3) with
out the saturated impulses. the saturated impulses.

Figure 4. The state trajectories of the error system (5.3).

6. Conclusion

In this paper, the LES and synchronization problems of the set-valued nonlinear system under
the actuator saturation are studied. Firstly, for the saturated nonlinear issue of the system at the
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impulsive time, the sufficient condition for the LES is obtained by using the SNMA and PRA,
combining the generalized Cauchy-Schwarz inequality and the Lyapunov method. Subsequently,
we derive the LES criteria of the error system under the synchronization concept of the drive-
response system with the saturated impulses controller. Finally, the above results are applied
to a chaotic financial system, and numerical simulations demonstrate the effectiveness of the
saturated impulses control in achieving the stability and chaotic synchronization for the set-
valued financial system. It is worth noting that, for the first time, we consider the actuator
saturation constraint in the impulsive control of the set-valued financial system and discuss the
local properties of the system, which aligns with the limitations of macro-regulation policies in
real-world applications.
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