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THRESHOLD DYNAMICS OF A STOCHASTIC SEQIRS MODEL WITH
SEMI-MARKOV SWITCHING*

Zhijun Zeng' and Yilin Liu

Abstract This paper studies the threshold dynamics of a stochastic SEQIRS epidemic
model that is subject to two sources of randomness: A white-noise perturbation of the
transmission rate and a semi-Markov switching of the environment. The incidence rate has
the nonlinear form SSP f(E) with p € N, and the sojourn time in each environmental regime
is allowed to follow an arbitrary distribution rather than an exponential one. A threshold R
is derived from the stationary distribution of the embedded chain and from the mean sojourn
times. The disease dies out almost surely under one of two different extinction mechanisms.
The first one combines the threshold requirement R§ < 1 with an upper bound on the
noise intensity. The second one imposes only a sufficiently large lower bound on the noise
intensity and needs no separate threshold assumption, because this lower bound already
forces R§ < 1. It persists, and the time averages of all five compartments admit positive
lower bounds, when R§ > 1, the noise intensity lies in a prescribed interval, and (only for
p > 2) the susceptible class is bounded away from zero for all large times. The threshold
tends to the basic reproduction number of the corresponding deterministic system as the
noise vanishes, and is never larger than it. Simulations carried out for the Holling type II
incidence confirm both alternatives. They show in particular that a subsystem with RE > 1
may coexist with extinction of the switched system, so that the sojourn-time distributions
cannot be ignored when the fate of an epidemic is assessed.

Keywords Threshold dynamics, stochastic SEQIRS model, semi-Markov switching, disease
extinction, disease persistence.
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1. Introduction

Outbreaks of emerging and re-emerging infections continue to place a heavy burden on public
health, and the transmission rate of a pathogen is rarely constant in time: It responds to weather,
to the frequency of contacts, and to the control measures in force. A deterministic epidemic
model can only follow such variability if the rate is prescribed in advance, whereas the variation
actually seen in incidence data is to a large extent random. Stochastic formulations are therefore
used whenever the intrinsic randomness of transmission and the uncertainty of the environment
cannot be neglected. A convenient way of letting the parameters jump between finitely many
regimes is to drive the model by a finite-state Markov chain, and epidemic models of this type
have been studied extensively [1,13,19,21]. In a Markov switching model, however, the time
at which a switch occurs is decided by a memoryless clock: The probability of leaving a regime

fThe corresponding author.

School of Mathematics and Statistics, Northeast Normal University, Changchun 130024, Jilin, China
*The authors were supported by Science and Technology Development Plan Project of Jilin
Province, China under Grant No. 20240101317JC.

Email: zengzj219@nenu.edu.cn(Z. Zeng), 1550296141@qq.com(Y. Liu)


http://www.jaac-online.com
http://dx.doi.org/10.11948/20250324

1678 Z. Zeng & Y. Liu

during the next instant is independent of how long that regime has already lasted [2,15]. For
many epidemiological mechanisms this is unrealistic. The chance that an infected individual
recovers, for instance, grows with the time elapsed since infection, and so does the chance that
an immunized individual becomes susceptible again. The rates appearing in the model studied
below are kept constant, but this is a simplification rather than a limitation of the semi-Markov
setting: Because the framework keeps track of the duration already spent in the current regime,
it is able to accommodate such duration-dependent effects.

Semi-Markov processes relax precisely this restriction. They retain the discrete jump struc-
ture of a Markov chain but allow the sojourn time in each regime to follow an arbitrary distri-
bution, so that the switching intensity may depend on the time elapsed since the last transition.
This additional flexibility has proved useful in epidemic modeling [7,16,18,20], where quantities
such as the duration of the latent or of the infectious period are known to shape the course of
an outbreak and are not captured by a constant rate.

Available contributions in the semi-Markov setting treat incidence rates of a specific shape:
Bilinear, saturating, or nonlinear but of a form different from the one used here (see, e.g., [20],
where the incidence is nonlinear but the model has no quarantined compartment). To the best
of our knowledge, no study combines the general incidence 5S? f(E) — simultaneously nonlinear
in E and of arbitrary polynomial degree p in S — with semi-Markov switching and with a com-
partment of quarantined individuals. The present paper analyzes a model of exactly this kind.
Specifically, we study a stochastic SEQIRS model which incorporates (i) a contact parameter
switching according to a semi-Markov process with an arbitrary sojourn-time distribution, (ii)
a force of infection of the nonlinear form SSPf(FE) with p € N, and (iii) immunity lost at a
constant rate £ > 0. For this model we obtain a threshold R§ expressed through the stationary
distribution of the embedded chain and the mean sojourn times, and we show that it governs
extinction and persistence. The regimes that enter the threshold may behave in opposite ways,
so that the outcome of the switched system is not decided by any single subsystem.

The paper is organized as follows. Section 2 introduces the semi-Markov framework and
the model. Section 3 is devoted to the threshold dynamics, Section 4 contains the numerical
examples, and Section 5 concludes.

2. Model description and preliminaries

This section collects the semi-Markov tools used below and then states the model.

2.1. The semi-Markov process

Environmental conditions such as weather regimes evolve in a way that is rarely memoryless, so
a plain Markov chain is often too crude a description for them. The environment is therefore
modeled by a semi-Markov process {r(t),t > 0} taking values in the finite set M = {1,..., N}.
Write 9 = 0 < 11 < --- for the successive switching epochs and o,, = 7, — 7,—1 for the length
of the visit that starts at 7,,_1. On leaving a state ¢ the process picks its next state j with
probability p;;, independently of the past history. Once j has been chosen, the duration of
the stay in 4 is drawn from the distribution function F;(-). Equivalently, for every ¢t > 0 and

i,] €M,

P(r(Tns1) = J, onp1 < t|r(m) = i) = piFi(t).
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Sampled only at the switching epochs, the process collapses to the chain J, := r(7,), n =
0,1,..., which is Markovian and admits (p;j) mxm as its one-step transition matrix. Let fi(-)
be a density of F;(-). The jump intensities carried by the semi-Markov kernel are then given by

w0 =p PO 20 20w =- X o)

JEM, j#i
The whole paper rests on the hypotheses listed below, which are the ones already used in [7].

(i) The transition probability matrix (p;;) mxm is irreducible, with p;; = 0 for all i € M.
(ii) For each i € M, Fj(-) has a continuous and bounded density f;(-), and for any ¢ € (0, 00),
fz' (t) >0

(iii) For each i € M, there exists a constant ¢; > 0 such that

fi(t)

IR s Wi e [0,00).
1—E(t)_6 € [0, 00)

Since the sojourn times are not exponentially distributed, the value of r(t) at a given instant
says little about the residual time still to be spent in the current regime. What matters in
addition is how long that regime has already lasted. This motivates recording the elapsed part
of the current visit,

C(t) =t —sup{u <t:r(u) #r(t)},

customarily termed the backward recurrence time. Appending it to r(t) restores the Markov
property: By [10], the pair {({(t),r(t)),t > 0} is a Markov process.

2.2. Model description

Because the parameters of an epidemic respond to environmental noise, Boukanjime et al. [1]
proposed the following stochastic model with a general nonlinear incidence rate,

(dS(t) = [A = B(1 = p1)(1 = p2)S(t)fF(E)) + b1Q(t) — uS(t)]dt — oS(t) f(E(t))dB(¢),
dE(t) = [B(1 = p1)(1 = p2)S(O)F(E(t)) — (b2 + a+ 0 + M)E( )t +oS() f(E(t))dB(?),
dQ(t) = [b2E(t) — (b1 + ¢ + p)Q(¢)]dt

dI(t) = [aB(t) + cQ(t) — (n+ p+ 6)1 ( )ldt,

dR(t) = [nI(t) + YE(t) — pR(t)]dt.

(2.1)
All parameters in (2.1) are positive. Their epidemiological meaning is the one used in [12].
Here S(t), E(t), Q(t), I(t) and R(t) denote the numbers of susceptible, exposed, quarantined,
hospitalized infected and immune individuals at time ¢, respectively, B(t) is a standard Brownian
motion and o measures the intensity of the white noise. The non-negative, twice continuously
differentiable function f(-) is required to satisfy the following conditions (H ):

(H1) f(0)=0and 0 < f(z) <zf'(0), for all z > 0.

_ f(x) . . o . . . - A
(H2) G(z) = = (with the convention G(0) = f’(0)) satisfies the Lipschitz condition on [0, it
i.e., for all uy,us € [0, %], there exists L > 0 such that |G(u1) — G(uz2)| < L|u; — ug|.
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To describe the loss of immunity, we assume that an immune individual returns to the
susceptible class at rate £ > 0, so that the mean duration of immunity is 1/¢ [7,11]. Combining
this with a semi-Markov environment and with the incidence rate SSPf(FE), p € N, we obtain
the stochastic SEQIRS model

dS(t) = [A = By SP()F(ER)) + 11Q(t) + LR(t) — pS(t)]dt — o SP(2) f(E(t))dB(t),
dE(t) = [B.)SP() F(E(t) — (b2 + o+ 9 + p)E(t)]dt + oSP(¢) f(E(t))dB(2),
dQ(t) = [b2E(t) — (b1 + ¢+ p)Q(t)]dt, (2.2)
dI(t) = [aB(t) + cQ(t) — (n+ p+ 8)I(2)]dt,
LAR(t) = [nI(t) + 9E(t) — (1 + OR(t)]dt.

In (2.2) the transmission coefficient is driven by the environment: f,.,) takes the value S
on the set {t > 0 : r(t) = k}, k € M, and we assume throughout that the semi-Markov
process {r(t),t > 0} and the Brownian motion {B(t),t > 0} are independent. Every parameter
occurring in (2.2) is strictly positive, with the understanding that the noise intensity o is allowed
to vanish, the case 0 = 0 reducing the discussion to the corresponding deterministic system. The
parameters A, u, by, ba, a, ¢, n, ¥ and 0 are carried over from (2.1) unchanged: A is the constant
recruitment rate, u the natural death rate, b; the rate at which quarantined individuals return to
the susceptible class, by the quarantine rate of exposed individuals, o and ¢ the hospitalization
rates of exposed and of quarantined individuals, 1 the recovery rate of hospitalized individuals,
¥ the rate at which exposed individuals acquire immunity and ¢ the disease-induced death rate.
The exponent p controls how sharply the force of infection responds to a change in the size of
the susceptible class: p = 1 returns the classical bilinear rate 55 f(E), and non-linear incidences
of this form are known to generate richer dynamics than classical bilinear rate [9)].

The following well-posedness statement follows from the arguments used for Lemmas 2.1 and
2.2 of [6] and for Theorem 2.1 of [5].

Lemma 2.1. For any initial value X (0) = (S(0), E(0),Q(0),1(0), R(0)) € RS, when t > 0,
system (2.2) has a unique global positive solution X (t) = (S(t), E(t), Q(t), I(t), R(t)) € RS with
probability 1, and it satisfies

limsup(S(t) + E(t) + Q(t) + I(t) + R(t)) <

t—o00

==

The uniform bound supplied by Lemma 2.1 justifies the choice of the interval [0, A/y] in
hypothesis (H2): Since no compartment can ultimately exceed A/pu, this is the smallest interval
that is guaranteed to contain E(t) for all large ¢.

3. Threshold dynamics
In this section we determine the threshold that separates extinction from persistence. Let
o0
m; = / [1— Fi(u)]du
0

be the mean sojourn time of {r(t), t > 0} in state i, and assume that

(1) The matrix (p;j) mxam is irreducible.
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(2) For any i, m; < co.

Under these assumptions the semi-Markov process {r(t), t > 0} is ergodic [3,10]. Let J,, =
r(tn), n € N, be the embedded chain with transition matrix P = (pij)mxm, and let v =
{vk; k € M} be its unique positive stationary distribution, i.e. vP = v. By the ergodic theorem
for semi-Markov processes (Theorem 2 of [4]), for every bounded measurable function ¢,

1 k
lim = [ o(r(s))ds = Lea PLE)ORI a.s. (3.1)
t=oo b Jo ke VKM

In the light of (3.1), the threshold is defined as
) Sem vemiBi(2) 1(0)
- 2
S per vk [by + o+ 0+ p+ 10227 (£(0))7]

where {f, k € M} are the transmission coefficients of the various states. Throughout the paper
we write

R} , (3.2)

o 3_ 3.3
B Eg&ﬂka B gé%(ﬁb (3.3)

and, for each state k, we introduce the concave quadratic function

2

@k(x):—%m2+5ka}—(b2+a+z9+u), x>0, (3.4)

which will be evaluated at the three quantities
SP(t)f(E()) <A>” / SP(t) f(0)A
z(t) = —=——2, x1=1|—| f(0), ro(t) = ——————. 3.5
(t) BD) (0) (t) . (3.5)
Since f(F) < f(0)E by (H1) and S(t) < A/u by Lemma 2.1, these are ordered according to
0< ﬂ?(t) < Z‘Q(t) <z (36)
for all ¢ large enough. It will be shown below that R determines the disease extinction and
persistence of system (2.2).
3.1. Extinction of the disease

We first consider the case in which the disease disappears. To this end we impose one of the
following two sets of conditions:

(Cl) Rj<1l and o<
(3.7)

B2
(G2) o> \/2(52+a+19+ﬂ)'

Theorem 3.1. Under either of the two sets of conditions (3.7), for any initial value X (0) € R,
the solution X (t) € R’ of system (2.2) satisfies
A

lim S(t) = — a.s.,
t—r00 Hu

tliglo E() = tligloQ(t) - tllglof(t) - tllglo E(t) =0 as.
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Proof. Applying It6’s formula to the second equation of system (2.2) and expressing the
outcome in the notation of (3.5) and (3.4), we obtain

dlnE(t) = [BT(t):c(t) — (b +a+9+p) — ;GQxQ(t)} dt + ox(t) dB(t)
= &, (z(t))dt + ox(t) dB(2).
Integrating both sides gives
In E(t) = In E(0) —1—/0 D5 (x(s)) ds +/0 ox(s)dB(s). (3.8)

Set M (t) = fot ox(s)dB(s). By (H1) and Lemma 2.1,

(My, My)¢ = /Ot(aw(s))2 ds < o” (2)21) (f/(o))Qt,

so M is a square-integrable martingale, and the strong law of large numbers gives

lim M(t) =0 a.s.
t—oo ¢
Combining this with (3.8), we obtain
In E(t 1 [t
lim sup nE(t) :limsup/ D, (5 (x(s)) ds. (3.9)
t—o0 t—o00 t 0

‘We now consider the two cases.

Case (C1). Assume that the first line of (3.7) is in force, i.e. 62 < B/z1 in the notation of
(3.5). Because 3y > 3 for every k € M, this gives the chain

8 _n
o2 = g2’

T < ke M.

The parabola @}, opens downwards and attains its maximum at = = 3 /0%, Hence it is increasing
on [0, Bx/c?), and in particular on [0, z1]. Since 0 < x(t) < 1 by (3.6), we conclude that

By, (2(t)) < By(w1), Yk e M.

From (3.9),

E I
lim sup ®) < limsup/ D, (5)(z1) ds.
0

t—o00 t—o00

It remains to evaluate this ergodic mean. Expanding & (z1) and comparing the outcome with
(3.2), whose denominator does not depend on k, we get

> ke VEMEPr (1)
2 ke M VT

= (728—1)(62—1—04—%19—1—;&—1—%023;%) <0,
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the second factor being strictly positive, so the right-hand side is negative exactly when R§ < 1.
By the ergodic theorem (3.1),

1 rt &
lim ~ [ @y (z1)ds = > ke VP (1) “o
et Jo ke M VkM
Thus
E(t
lim sup n E(t) <0,
t—o0 t

which implies lim;_,o E(t) = 0 almost surely.
With the remaining compartments we argue from the equations. The third equation of (2.2)
yields

t
Q(t) = e~ (rtetnt [Q(O) + bg/ elbrtets pig) ds| |
0

and since E(t) — 0 a.s., for every € > 0 there is a finite random time 7'(¢) beyond which E(s) < e.
Splitting the integral at T'(¢), the contribution of [0, T(¢)] is killed by the prefactor e~ (P1Fetmt
as t — oo, while that of [T'(¢),t] is bounded by bse/(b1 + ¢ + p). Hence limsup, ., Q(t) <
bae/(b1 + ¢+ p) and, € being arbitrary, limy_,o, Q(t) = 0 a.s. The same representation applied
to the fourth equation, whose input is now E and @, gives limy_,o, I(t) = 0 a.s., and then the
fifth equation, driven by F and I, gives lim;_, R(t) = 0 a.s.

It remains to identify the limit of S. Add the five equations of (2.2) and put N(t) =
S(t)+ E(t) + Q(t) + I(t) + R(t). All the transfer terms cancel two by two, leaving

AN (t) = [A — uN(t) — 61(t)]dt,
so that
_A Ay s [ a9 g ds
N(t)—MJr(N(O) u) z 5/0 1(s)ds.

The convolution term tends to zero by the same splitting used above: The part of the integral
over [0,7(¢)] is multiplied by e #!, and the part over [T'(¢),] is bounded by &/u. Thus N(t) —
A/p as., and subtracting E(t) + Q(t) + I(t) + R(t) — 0 finally gives
A
lim S(t) =

— a.s.
t—o00 il

Case (C2). Assume that the second line of (3.7) is in force. Completing the square gives

2
Brr

o2

2 2 2
Dy (2(t) = —— (x(t) — 6T(t)> + il (by+a+9+pu) <

[\

Since o2 > 32/(2(172 + o+ 9+ p)) by the second line of (3.7) and B < B by (3.3), we obtain
the explicit chain

B
202

-2

(b2+a+19+u)§£7—(b2+a+19+u)<0, ke M,
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the last step being just a rewriting of the condition on o. Hence
Dy (2(t)) <0 for all t > 0.

Therefore,

2
InB(t) _ Skem Ve [~ ot at 0+

lim sup

<0
t—o0 Zke/\/l VM ’

which again implies lim;_,~, E(t) = 0 almost surely. The remaining conclusions follow as in Case
(C1). O

Remark 3.1. The two lines of (3.7) are of a different nature: (C1) combines the threshold con-
dition with an upper bound on the noise intensity, while (C2) places no restriction on R§ at all.
No separate threshold assumption is needed in (C2), because the lower bound on o there already
forces R below one. To see this, put & = by+a+J+p and let (8) = >y c v vemuBr/ D pepr VEME
be the mean transmission coefficient, so that 0 < () < 8 and the denominator of (3.2) does
not depend on k. The threshold can therefore be written as

s __ <6>5II1

0~ 12,2°
K+ 5041y

Assume the lower bound of (C2). Then o2z} > BQZU%/(ZII{,), while

222 22, 2
x T
/81>2 m-ﬂl

K

1n 1. Bx1 > (B

by the arithmetic-geometric mean inequality. Combining the two displays gives R§ < 1. Con-
dition (C2) is consequently not a sub-case of (C1). The two lines of (3.7) describe different
mechanisms: (C1) is extinction driven by a subcritical threshold under weak noise, whereas
(C2) is extinction driven by the size of the noise itself, which can occur although the transmis-
sion coefficients are large. This distinction is also visible in the proof of Theorem 3.1, where
Case (C2) uses only the pointwise bound @x(z) < 82/(20?) — k < 0 and never the value of
R The converse implication does not hold: R < 1 is compatible with arbitrarily small noise
intensities, and it is then (C1) rather than (C2) that applies.

Remark 3.2. The threshold R{ increases with the transmission coefficients i, so that a higher
infection coefficient promotes the spread of the disease. It decreases with the quarantine rate
ba, the hospitalization rate o and the immunization rate . Intensifying these three measures
therefore helps to suppress an outbreak.

Remark 3.3. The basic reproduction number of the deterministic system corresponding to
(2.2) is

AV o
> ke VB (g) f(0)

Ro = .

Clearly R§ < Ro and lim,—0 R{ = Ro, so the extinction condition for the stochastic model is
stronger than the one for the corresponding deterministic model.
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3.2. Persistence of the disease

We now show that, under the complementary assumptions, the disease persists and the time
averages of all five compartments admit positive lower bounds.

Theorem 3.2. Assume that Ry > 1, that there exist a constant o € (0,A/p) and an almost
surely finite random time T, such that

S(t) > o forallt > T,, a.s., (3.10)

and that the noise intensity satisfies

25 28
_ <o< | —2E 3.11
—@”;Af'(o) + 1 oP~1f(0)A (3.11)
where B3, B are the bounds of (3.3) and x is the constant of (3.5). Set
o 2 p—1p/ 1)
K,=pB— M, Agp = 2ake M VKT ’“(xl)_ (3.12)

21 2 _kem VKM

Then for any X (0) € RS the solution X (t) € RY. of system (2.2) satisfies

hmmf /S )ds > >0 a.s.,

5131-1-,“
I A

hgg}lft E(s)ds > / ,uilqs = £E*>0 as.,
K, f( V()" (g + Ba)

lim inf — = Q" .S.

1m1n /Q _bl—{—c—i—,u £2Q*>0 as.,
E* *

lim inf — /I(s)dsza_‘_CQéI*>O a.s.,

t—o0 0 n—i—,u—|—5

1 [ I* + 9B
liminf/ R(s)ds > OB >0 a.s.,
t—oo t Jo w4l

where v > 0 is a constant such that f'(0) — f(E(t))/E(t) < yE(t) for all large t.

Proof. Throughout the proof we fix € > 0 and work on the event of full probability on which
Lemma 2.1 holds. All the estimates below are valid for ¢ large enough that S(t) < % + ¢ and
E(t) < % + e. The constants A and A/p enter the bounds only through such inequalities, so

replacing them by A+ ue and %—i—s changes the final constants continuously. Since ¢ is arbitrary,
we let € | 0 at the end and write the clean values throughout.
By (H1), f(E(t)) < f/(0)E(t), and since E(t) < A/p+¢e and S(t) < A/p+e while 8, < S,

dS(t) > [A = B SPOF(E(®) — uS®)]dt — o5P(t) f(E())AB()

— o (A A\ )
A—Bf(0) <u + €> <u + 5) S(t) — ,uS(t)] dt — o SP(t) f(E(t))dB(t).




1686 Z. Zeng & Y. Liu

Integrating, dividing by ¢ and using the strong law of large numbers for the martingale Ms(t) =
fot oSP(s)f(E(s))dB(s), whose quadratic variation grows at most linearly because S and E are
bounded, together with the boundedness of S, we get

o1 A
hmmf/ S(s)ds > — 5 ,
et o Bro) (2+e) +nu

and letting € | 0 and recalling z1 = (A/p)P f/(0) yields the first assertion,

1 [t A
liminf — [ S(s)ds > = >0 as.
t—oo t

0 Bx1 + p

We next compare @, (x(t)) with @, (z1). By (3.6), 0 < x(t) < x2(t) < x1. For the
quadratic

2
i) = =T + Bru — by + a+ 0 + ),
one has the identity
o2
Bu(u) = By(w) = B — T (u+w)| (u—w).

Taking (u,w) = (x2(t), z1) gives
52
D1y (22(t) — Prry (1) = [ﬁr(t) - ?(901 + $2(t))} (2(t) — 21).

Here 22(t) — 21 < 0 by (3.6), while S(t) > p in (3.10) yields z2(¢) > o~ f’(0)A/u, so that the
left inequality of (3.11) gives

2 2 -1
%(:I}l + xo(t)) > % <a:1 + Qplu Af,(o)) > B> B

The bracket in the previous display is therefore non-positive and, its second factor being non-
positive as well, the product is non-negative:

Py (22(t)) — Ppyy(21) > 0.

Hence

Dy (1) (2(t)) > Py (1).

Next, taking (u,w) = (z(t), x2(t)) gives

0,2
@,0)(@(1) = Py (@2(8)) = | By — G- (2(t) + w2(0))] ((t) = 22(1)-
Since z(t) — x2(t) < 0 and
o2 _ o2 g2l
Brt) — ?(x(t) + xQ(t)) <B- ?1‘2(75) <B- & 2/{ (O)A,
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we obtain

2o O)A

0 0(0)) = oo 2(0) = = (5= ZELLORY a0 00) = o) = 2(0)

by (3.12). Summing the two inequalities yields

Py (x(t)) = Dy (21) — Ko (w2(t) — (1)) (3.13)

for all ¢t > T,.
We next isolate xo(t) — z(t) in the drift of the S-equation. By the definitions in (3.5),

e SOAEw)
Y eraro™ s ore™ T M)

so that, discarding the non-negative terms b1Q(t) + ¢R(t), the drift of the first equation of (2.2)
becomes

fE®))

7 Ns(t) / D
(z2(t) — z(t)) (f (0) — B ) — BrtyST() F(E()).

SP=1(t) £/(0) ~f(0)

Bounding the last two terms by means of f'(0) — f(E(t))/E(t) < vE(t), pS(t) < A and
/Br(t)Sp(t)f(E(t)) < /BxlE(t)v we get

A
ds(t) > |:SP_I(IZ)f’(O) (fUZ(t) - $(t)) - (f/(f(};)

Integrating (3.14) and using SP~1(¢) < (A/p)P~!, ie. p/(SP7L(t)f'(0)) > 1/c, with ¢, =
(A/p)P=1f'(0)/ 1, gives

/ot (w2(s) — 2(5))ds < [(% i 5‘“> /ot Pl (50 =500

+ [ o).

+B:p1> E(t)} dt — o SP(t)f(E(t))dB(t). (3.14)

Substituting (3.13) and the last bound into (3.8) gives
t A . t
In E(t) > In E(0) —l—/o D,(5)(z1)ds — Kyep <f’(?)) + Bm1> /0 E(s)ds
t t
—l—/ ox(s)dB(s) — K,cp(S(t) — 5(0)) — Kgcp/ aSP(s)f(E(s))dB(s).
0 0

Dividing by ¢ and solving for % fot E(s)ds, the term —% In E(t) appears on the right-hand side.
No claim is made that this term converges: F(t) may come arbitrarily close to 0, in which case
it is large and positive. What we do have, on the event on which we are working and for all
large ¢, is E(t) < % + ¢, hence

1 1. /A
B > —fln(——i—s) 0,
t t 7]
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so that its liminf is non-negative and the term may be dropped without weakening the lower
bound. By the strong law of large numbers for martingales, M;(t)/t — 0 and Ma(t)/t — 0 a.s.,
while the boundedness of S gives (S(¢t) — S(0))/t — 0. Letting finally € | 0, we obtain

4
liminfl/ E(s)ds >
t—oo t 0 K Cp( )

where, by the ergodic theorem (3.1),

A
¢ £ FE*>0,

[

Ay = 2kem VEmEPr(T1) (R — 1)<

1
S o by +a+09+pu+ ~cx 2)>0
keM

2

because Rg > 1.
Finally, integrating the @-, I-, and R-equations of (2.2) and using boundedness gives

iiat [ Qs> 2 @70
E* *
lim inf — / I(s)ds > ab” Q" 5 I" >0,
t—oo t J n+pu-+9
1 [t I*+J9E*
liminf/ R(s)ds > neAvy >0 as.
t—oo t Jg w4l
This completes the proof. O

Remark 3.4. The two constants K, and Ag introduced in (3.12) are positive: K, > 0 follows
from the right-hand inequality of (3.11), and Ag > 0 is equivalent to R§ > 1.

The constant v of Theorem 3.2 exists because f is twice continuously differentiable with
f(0) =0 and f'(0) > 0, so that z — (f(0) — f(z)/z)/z extends continuously by —f”(0)/2 at
x = 0 and is therefore bounded on [0, A/pu].

Remark 3.5. The role of g in Theorem 3.2 deserves a comment. For p > 2, (3.10) is a genuine
extra requirement: Positivity of the solution guarantees S(t) > 0 for every finite ¢, but no
uniform positive lower bound follows from Lemma 2.1, which only controls S(¢) from above.
The need for (3.10) comes from the algebra of the proof rather than from the degeneracy of the
noise: The estimate (3.13) is expressed through the constant K, of (3.12), and that constant is
obtained from the lower bound x5(t) = SP=1(¢) f/(0)A/p > 0P~ f'(0)A/p. For p > 2 this bound
requires S(t) > o, whereas Lemma 2.1 supplies only the opposite, upper bound. Writing

23
prlﬁf’(O) + a7

28p
o 0N

L(o) = R(o) =

the requirement (3.11) is simply L(p) < 0 < R(p). For p > 2 both endpoints are decreasing in
0, so lowering p relaxes the upper bound but raises the lower one. Since p € (0, A/u) is required,
the interval [L(p), R(¢)) is admissible only for o < A/u, and L(A/p) is an infimum that is not
attained. No value of p is uniformly optimal, and a given o is admissible as soon as [L(p), R(0))
contains it for one choice of ¢ € (0, A/u). For p =1, on the other hand, hypothesis (3.10) can be
dropped altogether. The reason is that p = 1 gives Sp Lt) =1 and oP~! = 1, so that a5(t) = 24
by (3.5), ¢, = f'(0)/u and K, = B — o2 f'(0)A/(2p) no longer involve g, and every step of the
proof goes through with p replaced by any positive number.
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4. Numerical simulations

We now illustrate the results above with the Holling type II incidence rate f(E) = E/(1+aFE),
for which f/(0) = 1. With p = 2, system (2.2) becomes

as(t) = [A = B8O + QD) + (D) - uS(tﬂ = 080 A,

dE(t) = [/3T(t)52(t)1i% (b tati+ u)E(t)} dt + aSQ(t)li%dB(t),

AQ(t) = [baB(t) — (b1 + ¢+ w)Q(1)] dt.

A1(t) = [0B(t) + cQ(t) — (1 + p + 6)I(D)] dt,

dR() = [nI(t) + VE(t) — (u + OR()] dt, -
4.1

with a > 0, the driving process {r(t),t > 0} being semi-Markov on M = {1,2}. Freezing
the environment in a fixed state k € M (that is, replacing 8,4 by By in) (4.1)) gives the
k-th subsystem, whose trajectories we denote by (Sk(t), Ex(t), Qr(t), Ix(t), Rk(t)). These are
the curves plotted in panels (b) and (c) of the figures below. Substituting 8 for 3, in the
computation leading to (3.2) and taking for v the degenerate stationary distribution concentrated
at k, the basic reproduction number of the k-th subsystem reads

RE — Br (%)2

1 A 4
by +a+9+ p+ 502 (ﬁ)

Let v = (%, %) be the unique stationary probability distribution of the embedded Markov chain

{Jn,n € N} associated with {r(¢),¢ > 0} [7]. Then (3.2) gives

2 kem Mk Bk (%)2

4 9
ZkEMmk{bZ—FOé—{—Q?_FM_'_%O.Q (%) }

Ry =

where my, = [7°[1 — F(u)]du.

Take the state space M = {1,2} and suppose that the sojourn time in state i is Gamma
distributed with shape v; and rate \;, so that its density is f;(t) = F/\(ZV 1) and its mean
is m; = v;/A;. The choice v1 = 0.6, \; = 0.1389, 15 = 0.6, Ao = 0.1611 gives my = 4.3197 and
mg = 3.7244. One sample path of r(¢) in M = {1,2} is drawn in Figure 1.

Throughout the simulations all parameters of system (4.1) except 31, S2 and o are held fixed
as follows. Following [12] we take a = 0.001; the rates by = 0.25, bo = 0.8, « = 0.3, ¢ = 0.12,
n = 0.25, ¢ = 0.2 and § = 0.25 are those of [1]; and A = 0.025, u = 0.02 and ¢ = 0.21 are
estimated from the data, the first two fixing the disease-free level A/p = 1.25. All rates are
measured in day ™!, except a (in ind._l) and A (in ind.day_l). The epidemic variables start
from (S, F,Q,I,R)(0) = (1.1,0.4,0.4,0.2,0.1) and the driving process from r(0) = 1, #(0) = 0,
so that the current regime begins at a jump.

Example 4.1. Select f; = 0.4, f2 = 1.3 and 0 = 0.25. Then 8 = min{f1, f2} = 0.4, and since

tljiflef)\it
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rit)

I I I | I | I | I
0 10 20 30 40 50 60 70 80 90 100
t

Figure 1. A sample path of the semi-Markov process {r(t)} with state space M = {1,2}. The shape v; < 1 makes
the Gamma sojourns right-skewed, producing both short and long sojourns, unlike the memoryless exponential
clock of a Markov chain.

F/(0) =1 and A/p = 0.025/0.02 = 1.25 we have (£)”f(0) = 1.5625, so that

B 0.4
<A)2 £1(0) ~ V15625
o

which is precisely the first line of (3.7). Direct calculation from the expressions above gives
Ry = 04476 < 1, R3 = 1.4547 > 1, and RS = 0.9139 < 1. The example is instructive
and deserves a comment: Run on its own, the second regime would sustain the infection, since
7'\’,(2) > 1. The switched system nevertheless dies out, because the mean sojourn times m; = 4.3197
and mo = 3.7244 enter the threshold and pull its value below one. The switched system can
therefore go extinct even though one of its subsystems is persistent, which shows that neither
the most nor the least favourable regime, nor their average alone, decides the outcome. Theorem
3.1 predicts extinction, in agreement with Figure 2.

= v0.256 ~ 0.5060 > o = 0.25,

(a) Switched system (b) Subsystem 1, :'11=0.4 (c) Subsystem 2, ;12=1.3
1.8 18 1.2
1.6 16
1 “\/\,/\/
1.4 14
—5
12 12 s 0.8 £
s E Q
5 4 E 1 a —
el Q — R
3 —_— R 0.6
soe R 0.8
0.6 0.6
0.4
0.2 [k,
\_

o 20 40 60 80 100

Figure 2. (a) Sample paths of (S(¢), E(t), Q(t), I(t), R(t)) for system (4.1), with the parameters and initial data
of Section 4, in Example 4.1, where the disease dies out. (b) Sample paths of the subsystem in state 1, where the
disease dies out. (c) Sample paths of the subsystem in state 2, where the disease persists.

Example 4.2. Take $; = 0.95, 55 = 0.8 and 0 = 0.6. Now 8 = max{f, 32} = 0.95 and
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bo +a+9+pu=0.8+0.340.2+0.02 =1.32, whence

B 0.95
=/ 57— = V0.3419 ~ 0.5847 < o = 0.6,
202 +a+9+p)  V2x132 Voo ’

so the second line of (3.7) is satisfied. By direct calculation, R(l) =0.8437 < 1, R% =0.7104 < 1,
and R§ = 0.7820 < 1. Theorem 3.1 predicts extinction of the disease in system (4.1), as
confirmed by Figure 3. This example illustrates the content of Remark 3.1: The value R§ < 1
is not an independent assumption here, it follows from o = 0.6 exceeding the bound 0.5847.
The corresponding noise-free threshold of Remark 3.3 is nevertheless larger than one, Ry =
(B)z1/k =~ 0.8806 x 1.5625/1.32 ~ 1.0423, so the extinction displayed in Figure 3 is driven by
the size of the noise and not by a subcritical transmission rate.

a) Switched system (b) Subsystem 1, 4,=0.95 (c) Subsystem 2, 1,=0.8

(
1.4 14
— |
12 —S5 12 s
E
08
0.6
0.4 0.4
A A
\ h
0.2 {R\\, 0.2 [\ A
\ N\ -
A Lﬁ‘& SO
o - — o e
o 20 40 i o 20 40 60
t t

Figure 3. (a) Sample paths of (S(¢), E(t), Q(t), I(t), R(t)) for system (4.1), with the parameters and initial data
of Section 4, in Example 4.2, where the disease dies out. (b) Sample paths of the subsystem in state 1, where the
disease dies out. (c) Sample paths of the subsystem in state 2, where the disease also dies out.

E

Population
o
@

o
@

20 40 60 80 100
t

0 80 100 80 100

Example 4.3. Let 81 = 4.3, 52 = 4.8 and 0 = 2.1, and take p = 0.5. This value is consistent
with the level at which the susceptible population settles in Figure 4(a); the hypothesis (3.10) is
therefore plausible for this realization (cf. Remark 3.5). With 8 = 4.3, 8 = 4.8, (A/u)%f'(0) =
1.5625 and o?~'Af'(0)/p = 0.5 x 1.25 = 0.625, the two endpoints L(0.5) and R(0.5) of (3.11)

are
283 9.6
L(0.5) = . = ~2.0949,
0.625 + 1.5625
SO+ (3) 1o
R(0.5) = 261 _ S22 s 019
N off(OA TV 0.0125 T T

so that

L(0.5) ~ 2.0949 < o =21 < 3.9192 ~ R(0.5),

that is, the assumptions of Theorem 3.2 are satisfied. By direct calculation, R} = 1.0023 > 1,
R2 = 1.1189 > 1, and R = 1.0563 > 1. Theorem 3.2 predicts persistence of the disease in
system (4.1). Figure 4 confirms this conclusion.
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(b) Subsystem 1, 3,=4.3 (c) Subsystem 2, 3,=4.8

(a) Switched system

Population

Figure 4. (a) Sample paths of (S(¢), E(t), Q(t), I(t), R(t)) for system (4.1), with the parameters and initial data
of Section 4, in Example 4.3, where the disease persists. (b) Sample paths of the subsystem in state 1, where the
disease persists. (c¢) Sample paths of the subsystem in state 2, where the disease also persists.

Example 4.4. Keep 1 = 4.3 and p5 = 4.8 but reduce the noise intensity to o = 0.5. This value
does not meet the requirement of Theorem 3.2, and not merely for the particular choice made
in Example 4.3: The left endpoint L(p) of (3.11) introduced in Remark 3.5 decreases in g, so
its smallest admissible value is attained at the largest value ¢ can take, namely o = A/u = 1.25,
for which

9.6
L(1.25) = ~ 1.7527 > 0.5.
( ) \/1.5625 + 1.5625 ”

In other words, no choice of o € (0,A/u] makes o = 0.5 admissible. For instance, for the
particular choice ¢ = A/u every o € [1.7527,2.4787) is admissible. This interval is the one
attached to that choice of p alone, since the admissible set depends on g, and smaller values of p
extend it to the right while raising its left endpoint. Hence 1.7527 is the smallest noise intensity
that can be admitted at all. We have kept the example because it isolates the effect of the noise
intensity: Direct calculation still gives R§ = 4.3567 > 1, and Figure 5 shows persistence for
both ¢ = 0.5 and ¢ = 2.1, the fluctuations about the endemic level being markedly stronger for
the latter. Comparing, in each row, the solid curve with the dashed one therefore illustrates the
qualitative conclusion that stronger noise means larger fluctuations and more uncertainty in the
course of the epidemic, outside the range covered by the theorem.

Comparing, for every compartment, the two curves drawn in Figure 5, which correspond
to Examples 4.3 and 4.4, shows that the larger noise intensity produces noticeably wider fluc-
tuations around the endemic level and hence more uncertainty about the actual course of the
transmission. The disease itself persists in both cases.

5. Conclusion

We have studied a stochastic SEQIRS model in which the contact parameter is switched by a
semi-Markov process with arbitrary sojourn-time distributions. After establishing the existence
of a unique global positive solution, we defined a threshold R{ through the stationary distribution
of the embedded chain and the mean sojourn times, and we showed that it determines the long-
time behavior of the model: The disease dies out almost surely under either of the two conditions
listed in (3.7). The first condition (C1) couples the threshold requirement R§ < 1 with an upper
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Figure 5. Simulations of S(t), E(t), Q(t), I(t), R(t) for system (4.1) with the parameter values given above and
B1 = 4.3, B2 = 4.8. Each of the five rows corresponds to one compartment and contains two sample paths: The
solid curve is obtained with the larger noise intensity o = 2.1 and the dashed one with o = 0.5.

bound on the noise intensity, whereas the second condition (C2) imposes only a sufficiently
large lower bound on the noise intensity and requires no separate threshold assumption, since
this lower bound automatically forces Rj < 1. The disease persists when R§ > 1 together
with the restriction (3.11) on the noise intensity (the latter carrying the auxiliary lower bound
(3.10), which is needed only for p > 2). The threshold converges to the basic reproduction
number of the corresponding deterministic system as the noise vanishes, and it is never larger
than it. The numerical examples illustrate that the sojourn-time distributions can reverse the
outcome predicted by any single subsystem, confirming that R captures an effect that R’g alone
misses.

A word is in order on the role of the exponent p. Let kK = by + a + 9 + p and (8) =

Yo ke VeMuBr/ 2 perm Ve be as in Remark 3.1, and put w := (A/u)?, so that xy = f'(0)u in
the notation of (3.5). Since w is strictly increasing in p € N, the monotonicity of R{ in p follows
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from that in u. In terms of u, (3.2) reads

Byey (B O)u

Ry = = :
"7kt lo%? ko 1o2(f1(0)2u?

whose derivative with respect to u has the sign of k — 20(f/(0))?u®. Consequently R grows
with p as long as (A/u)? < v/2r/(of'(0)) and decreases afterwards: A super-linear incidence
does not systematically help or hinder the epidemic, it amplifies whichever of the two competing
effects dominates, the growth of the susceptible pool fed by recruitment on the one hand and
the damping caused by the noise on the other. Only in the noise-free case ¢ = 0 is the threshold
proportional to (A/u)P; as soon as o > 0 the quadratic term in the denominator destroys that
proportionality, whatever the value of p. This dependence on p is invisible in models with a
bilinear incidence and is one more reason for keeping p general. We note, however, that p = 1
remains special in one respect: As shown in Remark 3.5, the auxiliary lower bound (3.10) is
vacuous for p = 1 but becomes a genuine requirement for p > 2.

Three questions are left open: Whether the sufficient condition (3.11) on o can be weakened,
whether the auxiliary lower bound (3.10) can be dispensed with for p > 2 and how the threshold
changes when the immunity period is itself governed by a semi-Markov process. In the present
model the loss of immunity is exponentially distributed at rate £ > 0, but in reality the duration
of immunity may depend on elapsed time; letting it follow a semi-Markov law would require
extending the state space of the driving process.
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