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ANALYTICAL SOLUTIONS AND EFFICIENT COMPACT SCHEMES OF
THE CAPUTO-HADAMARD TIME FRACTIONAL MODEL
FOR NANOFLUID*

Shujun Shen!, Guocai Cai®*' and Qingxia Liu%3t

Abstract In this paper, we consider the Caputo-Hadamard time fractional model for un-
steady MHD mixed convection problem of Maxwell fractional nanofluid. Two kinds of bound-
ary conditions are proposed, which are Dirichlet boundary conditions and Robin boundary
conditions. The analytical solutions for the equation are derived by using the method of
separation of variables and the generalized Laplace transform. The numerical schemes are
developed based on the L1 and L1-2 approximations for the Caputo-Hadamard fractional
derivatives and the compact finite difference scheme for spatial derivative. Stability and
convergence of the obtained numerical scheme are analyzed theoretically. Numerical exam-
ples are constructed to demonstrate the accuracy of the numerical scheme as compared to
theoretical analysis.
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transform, compact scheme.
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1. Introduction

Fractional order partial differential equations have gained more and more attention during the
last few decades, due to its demonstrated applications in many areas of science and engineering
such as hydrology, physics, finance, biology, chemistry, fluid mechanics as well as bioengineering
[20,23]. This is because of the nonlocal nature of the fractional order derivatives which provide
a powerful tool to capture the heterogeneity of the substances that exhibit anomalous diffusion.
The most important advantage of the fractional order derivatives is they can describe the memory
and hereditary properties of various substances [5].

In recent years, many papers [3, 7-10, 12, 14, 34, 36, 37, 39] have discussed the numerical
computation and higher-order numerical schemes of fractional derivatives. Especially, with the
increasing research interest in fractional differential equations, particularly in fluid dynamics
and heat transfer, issues such as how to construct high-precision numerical schemes have be-
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come the focus of many scholars. To the authors’ best knowledge, the detailed discussions on
high-order numerical approximations for Caputo, Riemann-Liouville and Riesz derivatives have
been conducted. Gao et al. gave an L1-2 interpolation approximation formula for the Caputo
fractional derivative of order a(0 < av < 1) in [14]. On this basis, Alikhanov discovered some su-
perconvergent interpolation points and built L2-1, formula, which can reach the (3 —«a)-th order
convergence uniformly [3]. In [12], Gao et al. considered L2-1, interpolation approximation of
multi-term Caputo fractional derivatives. With respect to space fractional operators, Tadjeran
et al. [34] gave an asymptotic expansion for the error in the shifted Griinwald finite difference
formula, which plays a vital role in construction of high order difference schemes. Another ver-
sion of shifted formula was first proposed by Tuan and Gorenflo [37]. As a generalization of the
symmetric difference operator, fractional shifted Griinwald formulae can approximate Riemann-
Liouville fractional derivatives with the second-order accuracy. Tian et al. [36] introduced the
weighted and shifted Griinwald difference (WSGD) operators for Riemann-Liouville fractional
derivatives, then they numerically solved space fractional diffusion equations in one and two
dimensions, the stability and convergence of the difference schemes are theoretically established.
Relate to the Riesz derivative, the scholars in [7] used the central difference quotient formula to
approximate the Riesz fractional derivative, then developed a Crank-Nicolson difference scheme
of order two in both time and space to solve a one-dimensional space-fractional partial differ-
ential equation. A fourth-order numerical differentiation formula to approximate the weighted
value of Riesz fractional derivatives at three points was proposed by Zhao et al. [39]. Ding et
al. [9] derived a different higher-order numerical differentiation formula to approximate the Riesz
fractional derivative and applied it to the numerical solution of the space-fractional differential
equation in the Riesz derivative type. With respect to the Caputo-Hadamard fractional deriva-
tive, Fan et al. proposed the L1-2 formula, L2-1, formula and H2N2 formula in [10]. Among
them, the numerical formulas L1-2 and L2-1, are for order a € (0,1) with (3 — «)-th order
convergence, and H2N2 formula is for order a € (1,2) with (3 — a)-th order convergence too.

Many researchers have worked on fractional derivatives for viscous fluid. They have used
fractional calculus to explain the viscoelastic behavior of material [2,11,35,38]. At present, the
utilization of nanofluids is a subject of bounteous reviews. Cao et al. [6] dealed with fractional
Maxwell viscoelastic nanofluid over a moving plate. Pan et al. [29] derived a thermal transport
equation with fractional calculus to investigate the effects of anomalous diffusion of nanoparti-
cles on convective heat transfer of nanofluids through a porous medium in boundary layer flow.
They solved the fractional order temperature equation with the Caputo derivative by the finite
difference method and discussed in detail. Aman et al. [4] used Caputo time fractional deriva-
tives to obtained the exact solutions for unsteady MHD mixed convection problem of Maxwell
fractional nanofluid. They found that rate of heat transfer increases with increasing nanoparti-
cles volume fraction and Caputo time fractional parameters. This latest area appealed to us to
investigate a problem on nanofluids by using Caputo-Hadamard fractional derivative model.

Over the past few years, the Hadamard type derivatives are used in some practical problems
related to mechanics and engineering, e.g., both planar and three-dimensional elasticities, or the
fracture analysis [1] and the Lomnitz logarithmic creep law of special substances, e.g., igneous
rock [15]. But the Hadamard fractional derivative seems not to be easily used in applied science
and engineering [25]. Jarad et al. [21] modified the Hadamard fractional derivatives into a more
suitable one having physically interpretable initial conditions similar to the ones in the Caputo
setting. They defined the Caputo-type modifications of the Hadamard fractional derivatives and
presented properties of such derivatives. The alternative definition is the Caputo-Hadamard
fractional derivative.
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Several work have been done for solving fractional equations with Caputo-Hadamard deriva-
tives analytically and numerically. To mention a few, Li et al. [24] applied the amended Laplace
transform and the amended Mellin transform to obtain the fundamental solution and its asymp-
totic estimates of the time-space fractional diffusion equation. Fan et al. [10] proposed three kinds
of numerical formulas for approximating the Caputo-Hadamard fractional derivatives. Then the
authors applied these three numerical formulas to long-term integration of fractional differen-
tial systems. Liu et al. [28] established an averaging principle for Caputo-Hadamard fractional
stochastic differential equations. It is showed the solution of the Caputo-Hadamard fractional
stochastic differential equation converges to the solution of the averaged equation when the time
scale parameter tends to zero. Hammad et al. [19] studied the existence and uniqueness of solu-
tions to the fractional integro-differential equation with the Caputo-Hadamard derivative under
nonlocal boundary conditions. Li et al. [27] constructed an Euler-Maruyama (EM) scheme and a
fast EM scheme based on the sum-of-exponentials approximation to decrease the computational
cost of the EM scheme for the Caputo-Hadamard fractional stochastic differential equations.

While fractional models for non-Newtonian fluids have been extensively studied, the Caputo-
Hadamard fractional derivative, with its logarithmic kernel, is particularly suited for problems
exhibiting slow, anomalous dynamics across broad temporal scales, a feature often observed in
complex nanofluid systems. However, efficient and theoretically-grounded numerical schemes for
such models with mixed boundary conditions remain a challenge. This work aims to bridge this
gap by developing a high-order compact numerical scheme with rigorous stability and conver-
gence guarantees, which is crucial for reliable long-term simulations in industrial applications.

Aman et al. [4] considered Poiseuille flow of water based-nanofluid with graphene nanopar-
ticles in a vertical channel with the following governing equations of momentum, energy and
mass:

Op 9%u 5 fnf
Doy =2 TU (B2 4+ Hnt T-T
pnfDfu ¢ +Hns 92 (ong By + "y Ju~+ (pBT)ngg( 0)
+(pBe)ngg(C — Co) + H(t) (Ao + Ae™?),
0T

(pep)nf DT = knnyQ +4af(T — Tp),

. 92C
Dt C = anaiy2,

where u = u(y,t), T = T(y,t), C = C(y,1), PrfsHnfy Onf, Br, Be, 9, (pcp)nf7 knfa ap, Dy
are respectively fluid velocity in the x direction, temperature, concentration, density, dynamic
viscosity, electrical conductivity of the base fluid, volumetric thermal expansion co-efficient,
gravitational acceleration, heat capacitance of nanofluids, thermal conductivity of nanofluid,
radiation absorption and thermal diffusion coefficient.

Following the methodology presented in that article, we consider simplifying the above system
of equations to the following form for solution:

0u(zx,t)

2 Bu(z,t) + F(z,t), (1.1)

CHDgitu(x,t) =A

where x € [0, L], t € [a,T](0 < a) and cgD§* denotes the Caputo-Hadamard fractional order
derivative of & (0 < a < 1) which is defined as [16,17,21]

1 t n—a—1 ds
cuDay(t) = I‘(n—a)/ <log s) 5”y(8)?, 0<ac<t,
a
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with 0"y(s) = (s%)ny(s), n—l<a<neZzZ.
In this paper, we mainly consider Eq. (1.1) with the following two boundary value problems.
The first case is subject to the initial and Dirichlet boundary conditions:

u(x,a) = uq(x), (1.2a)
u(0,t) =0, u(L,t) = 0. (1.2b)

The second case is subject to the initial and Robin boundary conditions:

u(z,a) = uq(x), (1.3a)
—uz(0,t) +u(0,t) = by(t), uz (L, t) + u(L,t) = b.(t). (1.3b)

The main goal of this article is to derive the analytic solutions and construct the effective
finite difference schemes for the Caputo-Hadamard time fractional model for unsteady MHD
mixed convection problem of Maxwell fractional nanofluid.

2. Analytical solutions

In this section the method of separation of variables [18] is employed to solve the above two
boundary value problems.
2.1. Dirichlet boundary condition

Next, we first employ the method of separation of variables to solve for the eigenvalue functions
of the corresponding homogeneous equation, i.e. F(x,t) = 0. Suppose its solution exhibits a
separable form in variables u(x,t) = X(z)T(t), substitute it into the equation (1.1) and the
conditions (1.2b), the boundary value problem of the following ordinary differential equation
constructed from a spatial function X (z) is obtained:

AX"(z) + A\X (z) =0, (2.1a)
X(0)=0, X(L)=0 (2.1b)

and a fractional order equation constructed from a temporal function 7'(¢):
cn DT (1) + (A + B)T(t) =0,

where A is the separated constant.

2.1.1. Eigenfunctions

The discussion for the eigenvalue problem (2.1a) is divided into three cases.

e A\ = 0, the general solution is X (z) = Cy 4+ Caz. The result C; = Cy = 0 follows the
boundary conditions (2.1b) that leads to the trivial solution u(z,t) = 0.

e )\ < 0, the general solution is X (z) = C1e"™ + Coe™ ", where r = \/—%. The boundary

conditions (2.1b) leads to O = —Cy and Co(e™"" — e"l) = 0, which result in the trivial
solution too.
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e )\ > 0, it yields the general solution as X (z) = C; cos(kz) + Cysin(kz), and k = \/g. The
boundary conditions first leads to C7 = 0. To ensure u(x,t) is not the trivial solution, the

following equation have to satisfy:
sinkL = 0.

Then,
nm

k=ky= (n=12-)

it results a series of discrete eigenvalues and their associated eigenfunctions:

nm

LY
A=A, = ( 7 )7,
and
Xn(z) = Cpsin(kpz),

which satisfy orthogonality as basis functions of Fourier series.

2.1.2. General solution

To solve the following temporal Caputo-Hadamard fractional-order differential equation, we first
introduce the generalized Laplace and inverse Laplace transform [25].

Definition 2.1. For a given function ¢(t) defined on [a,+00) (a > 0), the modified Laplace
transform of ¢(t) is defined as

o) = {00} = [ Temsisn® sec

And the inverse modified Laplace transform of G(s) is given by:
-1 1 e slog L 2
o(t) = {®(s)} = e’ % ad(s)ds, ¢ >0, i =—1.
27” c—100
Lemma 2.1. The following equality holds [25]:
L{onDg (1)} = s°®(s) — s* ' (a).
By means of the formula [30]:

klse—h

1
CEDES R(s) > |Al=,

o
/ e SR PTLER S(EM*)dt =
0

where E, g(z) is the Mittag-Leffler function [22]:

o0
>0,8>0 <

there exists the following lemma.

Lemma 2.2. The following equality holds [25]:

dr klse—B

> —slo «@ T\« 1
/ e %85 (log — ) ko 1Ek (i)\(loga) )7:W7 R(s) > [Al=
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Expand the driving term in (1.1) in terms of the eigenfunction basis as follows:
oo
t) =3 falt)sin(kn), (2.2)
n=1

where

L
fa(t) = Z/a F(z,t)sin(k,x)dzx.

Letting v(z,t) = Z gn(t) Xn(x) = Z gn(t) sin(k,x) and substituting it and the source term

(2.2) into the equatlon (1.1) leads to the initial value problem for a fractional-order ordinary
differential equation:

CHDg,tgn(t) + (Ak?z + B)gn(t) = fn(t)a
2) L
gn(a) = L/O Ug () sin(kpz)dz,

due to the orthogonality of eigenfunctions X,,(x) = sin(k,x).
Applying the generalized Laplace transform to both sides of the equation (2.3):

(2.3)

§Gn(s) — 8% Lgn(a) + (AkZ + B)G(s) = Fo(s)

i.e.
s Lg,(a) + Fu(s)
s*+ Ak2+B
then applying the inverse Laplace transform to both sides of the above equation, from Lemmas
2.1 and 2.2, one obtains [25]:

Gn(s) =

9n(t) = Ba1 (— (AR + B)(1og -))gn(a)

+ [ (tog ) B (~(AK2 + B)1og ) fuls)

a

(2.4)

Hence we have the general solution of the equation (1.1), (1.2a) and (1.2b):
Zgn ) sin(knpx) (2.5)

2.2. Robin boundary condition

Since the method of separation of variables cannot handle a problem with non-homogeneous
boundary conditions, we first employ a variable substitution, u(x,t) = v(z,t) + w(x), v(x,t)
satisfying homogeneous boundary conditions and w(x) satisfying non-homogeneous boundary
conditions. It should be noted that this method is only applicable to special cases when b;, b,
in the non-homogeneous boundary conditions (1.3b) are constants. It leads to the following two
equations with respect to w(x) and v(x,t), respectively:

Aw"(x) — Bw(x) = 0, (2.6a)
—w'(0) + w(0) = by, W'(L) +w(L) = by, (2.6b)
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and
0%v(x,t
cuDS(x,t) = Ag(”;) — Bu(a,t) + Flz,1), (2.7a)
: x

’U(I‘,CL) = ua(x) - w(x) = ¢(1‘)7 (27b>
—v,(0,t) +v(0,t) = 0,v,(L,t) +v(L,t) = 0. (2.7¢)
For the second-order linear ordinary differential equation with constant coefficients (2.6a)

and (2.6b), it is straightforward to obtain its solution as
w(z) = d1e” + dae™ (2.8)

where d; = e (e Dtbe(et]) br(c—l)—l—bleCL(c—i—l))Q’ o \/g

eL(ct+1)2—e—cL(c—1)2> ecL(ct+1)2—e—cL(c—1
Next, the method of separation of variables is employed to solve the equation (2.7a) with
initial condition (2.7b) and homogeneous boundary conditions (2.7c).

2.2.1. Eigenfunctions

Suppose the solution exhibits a separable form in variables v(x,t) = X (x)T'(¢) for the corre-
sponding homogeneous equation as F'(z,t) = 0, then substitute it into the equation (2.7a),
(2.7b) and (2.7c) the boundary value problem of the following ordinary differential equation
constructed from a spatial function X (x) is obtained:

AX"(z) + A\X (z) = 0, (2.9a)
— X'(0) + X(0) =0, X'(L)+ X (L) = 0. (2.9b)

The discussion of the above eigenvalue problem is divided into three cases.
e A\ =0, it clearly leads to the trivial solution v(zx,t) = 0.

e \ < 0, the general solution is X (z) = Cie"* + Coe™ ", where r = —%. The boundary
conditions (2.9b) leads to the trivial solution too.

e \ > 0, it yields the general solution as X (z) = C cos(kx) + Cysin(kz), and k = \/g.

From the boundary conditions, it obtains that

Cy = kCy, Cycos(kL) 4+ Cysin(kL) — Ciksin(kL) + Cak cos(kL) = 0.
To ensure the existence of non-trivial solutions, k£ must satisfy the following condition:
(1 — k?)sin(kL) + 2k cos(kL) = 0.
Thus the eigenfunction is:
X, (z) = Cy(ky cos(kpx) + sin(kpx)),

where k,, is the solution of the following nonlinear transcendental equation:

2k
and the eigenvalue )\, = Ak2, where k,, are arranged in ascending order, and k, > 0,n =
1,2,---.
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2.2.2. Orthogonality of eigenfunctions

Let k, be the n-th eigenvalue, and X, (z) is the corresponding eigenfunction. Discuss the
orthogonality of eigenfunctions and evaluate the integral fOL X ()X, (z)dx (m # n).
The eigenfunction equation (2.9a) leads to

d d
_kan = %(X;l)7 _kanm = @(X;n)
Multiplying the first equation by X,, and the second one by X,,, subtracting the two equations
and integrating them yields:

(k2 — k2) LXandx
P d i d
- [ g Ly X (X

= X, X! |k — /X’X’d:): X, X! |+ /X’X’d:c
= (Xm (L)X, (L) = Xm(0)X,(0)) — (Xn (L) — Xn(0)X7,(0))

m

From the boundary condition of the eigenfunction equation (2.9a), we have
Xm(0) = X1,(0), Xm(L) = =X, (L), Xn(0) = X;,(0), Xn(L) = —X,(L),

therefore

L
/ X Xpdz = 0. (2.11)
0

2.2.3. General solution

Similar to Section 2.1.2, expand the driving term in terms of the eigenfunction basis as follows:

Z fn(t)(ky, cos(kpz) + sin(k,x)), (2.12)

where

2

L
fn(t) = 7 /0 F(xz,t)(ky, cos(knz) + sin(kyx))dzx.

o0
Letting v(z,t) = Y. gn(t)(kn cos(kpz) + sin(kpz)) and substituting it and the source term

n—=
(2.12) into the equation (2.7a) leads to the initial value problem for a fractional-order ordinary
differential equation:

CHDg,tgn(t) + (Ak‘% + B)gn(t) = fn(t)a
2

L
gn(a) = L/o (x)(ky cos(kpz) + sin(kyz))dz.

(2.13)
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Applying the generalized Laplace transform and inverse transform to both sides of the equa-
tion (2.13), we arrive at its general solution similar to (2.4). Then we have the general solution
of the equation (2.7a):

Z gn (t)(kp cos(kpz) + sin(kpz)),

where g, (t) is defined by Eq. (2.4). Then we arrive at the general solution of the equations
(1.1), (1.3a) and (1.3b) :

Zgn (kp, cos(knpx) + sin(knx)) + w(z),

where w(z) is defined by Eq. (2.8).

Given that the analytical solutions in series form are computationally challenging and are
also limited to constant non-homogeneous boundary conditions, compact numerical schemes are
proposed to solve the equations in the following sections.

3. Compact finite difference schemes

To construct a compact finite difference scheme, we first discretize the interval [0, L] with x; =
ith (0<i< M),and tx, = a+k7 (0 <k < N),where h = L/M and 7 = (T'—a)/N are the spatial
and temporal step sizes, respectively. Denote tk+% = (tx + tg+1)/2, Qp = {z;] 0 < i < M},
Q; = {tx] 0 < k < N}. Then the domain [0, L] x [a,T] is covered by € x Q. For any mesh
function v = {uf\ 0<i< M, 0<k< N} defined on  x ., we introduce the following
notations

1
5xullzﬁ(uf—uf,l), 1<i<M, 0<k<N,
k k k
w1 — 2ul +ul 1
o2k = 41 h; Zl—E(émuer%—éxu %) 1<i<M-1, 0<k<N,
2
Zouk, i=0, 0<k<N
h 3
= 1
O2uf = { —(0,uf | —dukf ), 1<i<M—1, 0<k<N,
h it3 =3

2 .
—Eémuljfw_%, i=M, 0<k<N.
In addition, we introduce the average operators A and A for Dirichlet boundary condition
and Robin boundary condition, respectively. And the L1 discrete Caputo-Hadamard fractional
derivative operator D¢, as follows [16]:

w1+ 10u; +uipq), 1< <M —1,
Au; = 12" i) (3.1)
Uy, Z:O)Mu
1 .
6(5u0+u1)7 1=0,
~ 1
Aui = § —(ui—1 + 10u; + uipq), 1 <i <M —1, (3.2)

12

1
g(qul + 5up), 1 = M,
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k
Douf = " bp_jpul, (3.3)
§=0
where
—ay g, Jj=0,
b—jk = ajp — jr1 .5 =1,2,... .,k — 1,
Ak ks J=kK,
and

1 1 ¢ l—a ¢ -«
ajp = © log _k — | log * .
’ F(Q - 04) 7 J tj1 t;
j—1

Lemma 3.1. [31,32]. If f(x) € CY[wo, zp], then it holds that

S f" (o) + ¢S w)

=2 ) — ) f’(mo)] o) + O(1°), (3.4a)
S @) 10 @) + ()]

= sl (@i1) = 24 i) + flaien)] + O, (3.4b)
S @) + 2 )

:% F(aar) — L1720 _hf (““)} + % " (xar) + O(R). (3.4c)

Lemma 3.2. [16]. Suppose 0 < a < 1, u € C?[a,t;], and denote
k—1 ‘
CHDg’t’LLk = Dfuk + Rf = angU Z i1,k — a], - CLLkUO + Rf, (3.5)
7j=1

where RF < O727°,

3.1. Dirichlet boundary condition

We now construct a compact difference scheme for solving Eq. (1.1) with the initial and Dirichlet
boundary conditions Egs. (1.2a) - (1.2b). Suppose u(z,t) € Cgf([O,L] X [a,T]). Considering
Eq. (1.1) at the point (x;,tx), and then acting the average operator A on both sides of Eq.
(1.1), we have

62U(CL"L', tk)
02

Denote the grid function Uf =u(x;,tg), 0 <i < M,0<k<N. Using the L1 discrete Caputo-
Hadamard fractional derivative operator DY in Eq. (3.3) to approach the term ¢y Dg u(z;, ty)

ACHDCOL"tu(xi, tp) = AA — BAu(xg, ty) + AF (x4, tg).

and the compact scheme (3.4b) in Lemma 3.1 to approach the term A%@tk)

ADCUF = AS2UF — BAUF + AFF + RF, (3.6)

we have
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where |Rﬂ <Co(t? @4+ h*),1<i<M—1,1<k <N, Cy is a constant.
Omitting small terms R¥ in Eq. (3.6), and replacing the function UF with its numerical
approximation u?, as well as noticing the initial condition and Dirichlet boundary condition in

Egs. (1.2a)-(1.2b), we can obtain the following compact finite difference scheme

ADCuY = AS2uf — BAuF + AFF, 1<i<M —-1,1<k<N, (3.7a)
ud = ug(z0), 0<i< M, (3.7b)
ub =k, =0, 1<k <N. (3.7¢)

3.2. Robin boundary condition

We now construct a compact difference scheme for solving Eq. (1.1) with the initial and Robin
boundary conditions Egs. (1.3a)-(1.3b). Suppose u(z,t) € ngf([o, L] x [a,T]). Denote the grid
function UF = u(x;,t), 0 <i < M, 0 <k < N. Considering Egs. (1.1) at the point (x;,), and
acting the average operator A on both sides of Eq. (1.1), then using the L1 discrete Caputo-
Hadamard fractional derivative operator DY in Eq. (3.3) to approach the term ¢y Dg u(z;, ty)
and the compact scheme in Eq. (3.2) to approach the term j%.

For i = 0, we have

AD2UE
50%u(xo,ty) 1 0%u(wy,ty) ~ ~ ~
=A [6 Ry - ] — BAUE + AFY + A(RE (u(zo,tr)))
_ A g u(a:l, tk) — u(.%'(), tk> _ 8’11,(:(}0, tk) _ ﬁ(’??’u(mo, tk) (38)
h h Ox 6 oz

—~BAUE + AF} + Rk
5 2 Ou(wo,ty)  h OB3u(zo,tr)
=AL82Uk - = - — :
{ U0 T o 6  Ox?
where RE = A(RF(u(zo,t1))) + O(h3).
Differentiating Eq. (1.1) with respect to z and letting z — a;g , and using the boundary
condition in Eq. (1.3b), we obtain

} — BAU} + AF} + RS,

3 F
P u(x(g tr) . Qu(zo.te) | | pOulzo.t) _ OF(xo,ty)
Ox ' ox ox ox (3.9)
OFY '
= cnDgy(U§ — biltr)) + B(UG — bilty)) — T;
Substituting the boundary condition in Eq. (1.3b) and Eq. (3.9) into Eq. (3.8), we have
~ o~ 2A h
AD2U = AS2Uf — T[Uc]f — bi(ty)] — ECHDg,t(UéC — bi(tr))
Bh h OFk - ~
— = UG = bi(ty)] + £ =5 > = BAUy + AFg + Rg
= 2A  Bh h ~
= AS2U} — (h + 6) Uk — 6CHDgﬁtU(’f — BAU} (3.10)
2A  Bh h N h OF}
+ (h + 6) bi(tr) + ECHDa,tbl(tk) + .

+AF} + RE.
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Using the L1 fractional derivative operator D¢ to approach the term %CHDg,tU(])C in the above

equation, we obtain

h h
ECHD;"JUOI“’ = ED?U(’)“ + O(hr?79).

Thus, Eq. (3.10) becomes

. 5 24  Bh h -
ADCUL = AS2U} — < + ) Uk — Z DUt — BAUE

h ' 6 6
2A  Bh h N h OF} (3.11)
+ <h + 6) bl(tk) + ECHDa,tbl(tk) + EW
+AF} + R,

where Rilg = O(ht? %) + RIS, and hence ‘R7’3‘ < Cy(1>7*+h3),1 <k <N, (Cf is a constant.

Similarly, for ¢ = M, we can obtain

~ = 2A . Bh h ~
AD2UY, = As2U%, — ( + > U¥, — —D2Uy; — BAUY,

h 6 6
2A  Bh h o h@FJ’\} (3.12)
+ (h + 6> br(tk) + ECHDa,th‘(tk) - 6 ax
+AFY, + Rk,

where ‘@‘ < Co(t> 4+ h3),1 <k <N, Oy is a constant.
For 1 <i < M — 1, utilizing Lemmas 3.1 and 3.2, we obtain

ADCUF = A2UF — BAUF + AFF + RF

77

(3.13)

where ‘Rif‘ <C3(r?7 %4+ h?),1<i<M—1,1<k <N, Csis a constant.

Omitting small terms Rif in Egs. (3.11)-(3.13), and then replacing the function UF with

its numerical approximation uf, as well as noticing the initial conditions in Eq. (1.3a), we can

obtain the following compact finite difference scheme

~ ~ 2A Bh h =
ADCuf = AS2ul — (h + 6) uf — ngulg — BAuf
2A  Bh h hOFy  ~
+ <h + 6> bi(te) + GonDebi(ty) + ¢ =5 2 + AFg, (3.14a)
ADouF = A2u — BAUF + AFF, 1<i<M -1, (3.14D)
~ = 2A  Bh h ~
ADSU’?M = Aé%u% - <h, + 6> U?M — EDS_C’UJ]]CW — BA’LL?W
24 Bh hooo hoFkt,
+ <h + 6> br(tk) + ECHDa,tb’/‘(tk) - g 8$ + AFM, (314C)
u) = uq(20), 0<i< M, (3.14d)

where 1 < k < N.
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4. Stability of the two schemes

Lemma 4.1. [16] For 0 < a < 1, the coefficients a; (1 < j < k,1 <k < N) defined in Lemma
3.2 satisfy:

Ak k > Qg—1k >~ > Qj > Aj—1f > > A1k > 0.

4.1. Dirichlet boundary condition

We now introduce some notations about the discrete inner product and the corresponding norm.
Let Vp = {v|v = (vo,v1,...,v0—1,0a1),v0 = var = 0}. For any u, v € Vp, we define the discrete
inner products Ls norm, H; semi-norm and the maximum norm as follows:

M—-1

(U7U)D =h Z Uiy, HUHD =V (U7U)Da

=1
M-1
(0zu, 6,0)p = h Z (52:“@'.5_%)(596”1‘4_%)7 [0zullp = v/ (0w, 0zu) D,
=0

ltlloo = max usl.

Lemma 4.2. [16,26] For any mesh functions u, v € Vp, it holds that
—(62u,v), = (6,u,0,V)p.

Lemma 4.3. [33] For any mesh functions u, v € Vp, let
M—1
I(u,v) = (Au, —62v)p = —h Z (Au;)62v;,
i=0
then I(u,v) is an inner product which is define on Vp. Subsequently, denote (u,v)a = I(u,v)
and ||ul|a = v/ (u,u) 4, and it holds
2
sllouls < llulll < f16zullb.

Lemma 4.4. [33] For any mesh functions u, v € Vp, it holds that

VL
lulloo < %5 8,0l
Subsequently, the following theorem is proven by introducing a new inner-product norm,
utilizing the monotonicity of the coeflicients, and employing mathematical induction.

Theorem 4.1. Let {uF|0 <i < M,0 <k < N} be the solutions of the following finite difference
system

ADCuY = AS2uf — BAUF +gF, 1<i<M-1,1<k<N, (4.1a)
ud = uq(z0), 0<i< M, (4.1b)
uf =uk, =0, 1<k <N. (4.1c)

Then, it holds that

L3 3r(1 - a) T\
k2 < 22,02 4 ne |
% < 5 Sl + = (log ) mas o'
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Proof. Multiplying Eq. (4.1a) by —hd2u¥, then summing up from 1 to M — 1, we obtain

x

(ADguk, —02u") |, = A(82uF, —62uF)p — B(Au, —62uF) p + (g*, —02u")p. (4.2)

By Lemma 4.3, we obtain B (Au*, —62u*) , = Bllul|} and (AD2u*, —62u) , = aprllu®|% —

k—1

> (@g1k — ajp) (ul, uF) 4 — a1 p(u
j=1

0 uF) 4. Substituting them into (4.2) gives

ak klluk\li + Al|oZut|[D + Bllull4

Z Ajt1k — Qjk NTRT )A —I—aLk(uO,uk)A + (gk, —521/“)[).

Applying the Cauchy-Schwarz inequality, and noticing that a;ii; — a; and a;j are positive,
we obtain

arx[uF % + All63at D + Bllul%
k—1
[ il 1% + Il 1%
< jzl Ajt1k — Qi) 5 +aig 5
Lo k2
A2 + g
Simplifying the above inequality, we have

k-1

1 by 1 ,
arilluf 1% < Sanklutl+ 5 Y _(agk — aju)|lu’ |3 )
j:1 .3

alk k
—|lu OHA+ 19" 1%
4A

Multiplying Eq. (4.3) by 2, we obtain
"%

-
ag k|[u Z ajiig — ajp) w5 + aykllu®)% + 2AH9 [

Noticing that ﬁ <T(1 - ) (log %)a(see [16]), we have

apkl|u* %
k—1 «@
. Ml-a)( T
S [ e R (T
j=1
k—1

<O (ajire — ajp)lv! |5 + arpH,

<.
Il
—

where

I'l—-a) T\“
=1+ 2O (e ) 91,
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We now prove by the mathematical induction that
|uF||3 < H, 1<k<N. (4.4)

Indeed, Eq. (4.4) is obviously true for k = 1. Suppose that Eq. (4.4) is valid for k = 2,3,...,1—1.

Then we see that -

ap |3 < (a0 — az)lwd |5 + ay H
j=1

-1
< (@410 —aj)H +a H
j=1

<apH.

This concludes that Eq. (4.4) is true and using Lemma 4.3 and Lemma 4.4, it is easy to come
to the conclusion. O

Based on Theorem 4.1, we can conclude that the compact finite difference scheme in Egs.
(3.7a)-(3.7¢) is unconditionally stable with respect to the initial values u® and the source term
F.

4.2. Robin boundary condition

Let Vg = {v|v = (vo,v1,...,0p—-1,v0)}. For any u, v € Vg, we define the discrete inner
products Lo norm, Hy semi-norm and the maximum norm as follows:

M-1
1 1

(u,v)r = h <2u0v0 + ; wiv; + 2quM> , ullr = v/ (u,u)R

M-1
(62w, 6zv)R = h Z (5mui+%)(5xvi+%)> 6zullr = v/ (0zu, 596“)5:7

z:Oh2
<Uav>g = (uv U)R - ﬁ<59€u755€v>R7 HUHA = <u’u>§7

M—-1

(u,v)o ="h z; uvi, |lullo = v (u,u)o, [ufleo = omax |uil.

Lemma 4.5. [31,32] For any mesh functions u, v € Vg, it holds
—(02u,v)r = (dzu, V) R.
Lemma 4.6. [13,32] For any mesh functions u, v defined on Qg, it holds
- P
(Au,v)r = (u,v) 3, gHUH% < Jlul% < Jlull%.

Lemma 4.7. For any sequence y = {y°,y*,y%,y3,...}, it holds

Ead

-1

k(") = (ajerk — ajn)(y7)® — arr(y
1

1
yk . Dgyk > 5 0)2

.
Il

where 0 < o < 1, a; and D are given in Lemma 3.2.
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Proof. Since a1 —a;r > 0 and a;; > 0, we have

k—1
—y* - Dy = —yF larpy” - Z(aj—i-l,k —aj )y’ — arpy’
j=1
1 k—1
< —apr(y*)’ + 5 2 (@51 —agn)l(y )2+ (v7)%)
j=1
1
+§al,k[(yk)2 +(y")%]
1 k—1

which completes the proof.

Lemma 4.8. [31,32] For any mesh function u € Vi and any positive constant ¢, it holds

1
lullZe < elldzulf + = +1) [lullz
9

We now proceed to prove the following theorem by constructing a novel inner-product norm
and leveraging the monotonicity of the coefficients, combined with the principle of mathematical

induction.

Theorem 4.2. . Let {uf|0 < i < M,0 < k < N} be the solutions of the following finite

difference system

~ = 24 B
ADSuf = AS2uf — < + h) koh

h 6 6
ijuf:Ag;%uf—Bjuf—kgf, 1<i<M-1,1<E<N,
2A+Bh) B b
h 6
ud = uq(z0), 0 <i < M.

ADouk, = Aggu’fw - (

Then, it holds

kil2 h2 k\2 k \2
k113 + 35 | @h)? + (who)?]

012 h2 0\2 0 \2 T “1° 12
<2l + 35 [(w0)® + (wi)*] +4|T(A —a) {log - | | max gl
I'(l-a) (IOg%)a 2 12 I 2
+ 1A h lrgnlglgol + max, 19l )
. log% @
where £ = min{1, 4(&4&“7(1)—00}'

Proof. Multiplying Eq. (4.5a) by %hulg, multiplying Eq. (4.5b) by hu¥, multiplying Eq.

ub — —D%uf — BAuk + g2, 1 <k <N,

uM—EDguﬂ—B,Zuﬂ +g%, 1<k<N,

(4.5a)

(4.5b)
(4.5¢)

(4.5d)

(4.5¢)
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by %hulf\/[, respectively, then summing up from 0 to M, we obtain

(07 ), = (Pu), 3 (), 0,

h h

63 (Do‘uo uf + Duk, - uﬁ/‘,)

By Lemma 4.5 and Lemma 4.6, we obtain A (%uk,uk>R = —A||6,u"||% and B (ﬁuk,uk)R =

BH“H%? respectively. And noticing that (.,ZD?.‘uk, uk>R: ak7k||uk||123— Zl(ajH’k—aj’k)(uj, u) -
‘]:

aLk(uO,uk)g. Substituting them into (4.6) gives

Bh?
ammm&+AwwW%+MW@+(A+12)&%?+w%ﬂ

k

h2 (0% (0%
+12 (D ug - ug + D7ufy “M) (4.7)

k—
T uh) 5+ anelul, ) g + (o, ub)
7j=1

Applying Lemma 4.7 to the last term on the left-hand side of (4.7), and using the Cauchy-
Schwarz inequality, noticing that aj;1 — a;jx and aq j are positive, we obtain
Bh?> h?

athukHZg + A||6,u"||% + BHuH% + (A + 5 T 5% k) [(uf)? + (uh))?]

1
. h?
(@16 — ajr) (W, uk>g + a1,k<u0, uk>g + o1

N

< ar [(ug)? + (u3y)?]

(]

1

<.
Il
ol

+
e
1]

—_

(@jr16 — ajk) [(ug])2 + (Ugw)ﬂ T (gk’ Uk)R

T
o
I
N
—~
=
oo
SN—

IA
DN | =
2 10

_.l_
= RIS
HM

. 1
k k
<%Hﬁ%w(ww}+wu&)+kaw%}+4wua)

v |
_-

2

@ - aj) [ + ()] + o [()” + (u)?)
u) -

We now evaluate the last term of (4.8), using the definition of inner product, and we have

Based on the Cauchy-Schwarz inequality with & > 0, the definition of norm, and the result of
Lemma 4.8 with € = 1, we obtain

1 1
Ae(uf)? + 2" m(hgg)z

h k<1
i U -
290 0_2
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< 7||5 uF| R+ Aelluf 1R+ o= 8A (hgs)?, (4.10a)
h
i ks < ST10t I+ el R+ g (b (4.10b)
M—1
hYy giug = (g% u*)o
i=1
611 k
— =t R + fllg I5- (4.10c)

Substituting Egs. (4.10a)-(4.10c) into Eq. (4

.9), choosing ¢ < 1, and applying Lemma 4.6, we
obtain

a1k
(1)< Al + (242 + 1) I3

2
h hk 2 + k2
i (o) + (hok?] + =113

. L (4.11)
< All6,u ||R+f (245 + =) 113

1 2
h h k 2:| k 2.
oz (s + (hak?] + =1
Substituting Eq. (4.11) into Eq. (4.8), we obtain

k|12 2 Bh2 h2 kN2 k \2
aillb% + Blul? + (A+ 2o+ Zap ) ()2 + (uh)?]

12 24 M
1 12 Q. k 1,k k(2 012
< 5 2@z = aga) W%+ (T + 34 = ) [t + ailul;
;;H 2 (4.12)
57 2@ — ag) [(d)? + ()] + yane [(u))? + (ud)?]
j=1
1

2
L k2 k2] 2y kg2
i (hab)” + (] + 1M

)

-
Noticing that a1 > ¢ (1 ) (log )~ “ (see [16]), choosing ¢ = min{l M} we obtain

? 48AT (1—a)
(ak?k + 34¢e — C?—Gk) < &k TInserting it into the right-hand-side of Eq. (4.12), and then multi-

plying the inequality by 27 we simplify Eq. (4.12) to

a Huk|]2~ + (24 + im + h—Qa [(uk)2 + (uk )2]
k,k i 6 12 k,k 0 M
= Ji2 o2, P 042 0 12
<D (a1, — azp) W[5 + 2a1 kw5 + 1oLk [(ug)? + (uir)?
—
’ h2 k—1
15 D@ — ai) | () + (wh)?] + o | (he)? + (hohn)?]
12 & 44e
4
i k|2
al,ng ”0

Hence, we obtain

anl o (244 T ) ()2 7] + S [ + a7



1714

S. Shen, G. Cai & Q. Liu

N

-1

1

+ay {2Hu0\|2

<.
I

4 g2
+EHQ 5-

Since ﬁ <T(1 - a) (log %)a,

(aj+1.6 — ajk)

h2 k-1 . .
1+ 35 D@ — as) | () + ()]
7j=1

h? 1
T 1087 + @807] + o [enab)? + ]

we have

2

2
ag |l u®|% + (QA + Bg) [(ug)? + (uh)?] + h*ak k [( 6)? + (Uﬁ/f)Q]

k—
Z ajre — i)l |4

2

" ) + <u%4>2} T

rau {2100l +

12

12
9 k—1

}112 j;(aj+1,k —ajr) [(%)2 + (4 )2}
I'(1—a) (log T)* n?
4Ae

T a2
X <max lgb12 + max |gb, |2> +4 [F(l—a) <10g a> ] max |[|¢' ||2}

1I<IKN 1<IKN

Denoting

2

1<IKN

h
PR = Jub|g + 55 [h)? + df)?]

2

h
I= 2||u0||%ﬂL 2 [(

ug)? + (uy)?] +

I'(l-a) (log %)a h?
4Ae

T a2
4 1T°(1 — log —
s L) +4 01 - ) (108 ) | o 1915

X
<1rglzgj<vlgo| + max |ghy|

Eq. (4.13) can be simplified to

ag  PF <

S

—1
(aj41k L<k<N.
1

— CLng)Pj + alykI,

<.
Il

(4.13)

We now prove by the mathematical induction that

P*<I, 1<k<N, (4.14)

Indeed, Eq. (4.14) is obviously true for & = 1. Suppose that Eq. (4.14) is valid for k =
2,3,...,1 — 1. Then we see
-1 ' -1
i P' < (aja10 — a;) PP+ ayd < (a1 — aj)] +argd < agl.
j=1 j=1
This concludes that Eq. (4.14) is true and hence we complete the proof of Theorem 4.2. O

Based on Theorem 4.2, we can conclude that the compact finite difference scheme in Egs.
(3.14a)-(3.14d) is unconditionally stable with respect to the initial values u® and the source term
F.
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5. Convergence of the two schemes

The following two theorems are readily derived from the Theorems 4.1 and 4.2 in the previous
section.

5.1. Dirichlet boundary condition

Theorem 5.1. Assume that u(x,t) € Cﬁf ([0, L] x [a,T]) is the solution of Eqs. (1.1), (1.2a)

and (1.2b), and {uf, 0 <i < M, 0< k: < N} are the solutions of the compact finite difference
scheme (3.7a)-(3.7c). Let e¥ Uk —uF (0<i< M,0<k<N), where UF = u(z;,t). Then

there exists a positive const(mt C such that

¥l < O3 + 1Y), 0 <k <N,

where C = \/3L11(61A @) %)a C3.

Proof. It follows from Theorem 4.1 that

30(1—a) (, T\"
k 4 !
\\Hw_4[4AO%a)]g%ﬁWH4
BLT(L—a) [\ T\® o 90 . 14y
<2 (1og = o
< 164 <0ga) Co (T 4+ 1h%)

S 02(7_2—a + h4)2,

where C = \/3L1161A 2) (log %)a Cg. Hence, the proof is shown. O

5.2. Robin boundary condition

Theorem 5.2. Assume that u(x,t) € CS:? ([0, L] x [a,T)) is the solution of Eqs. (1.1), (1.8a)
and (1.8b), and {uf, 0 <i < M, 0 <k < N} are the solutions of the compact finite difference
scheme (3.14a)-(3.14d). Let e = UF —uF (0 <i < M,0 <k < N), where UF = u(x;,t1,). Then
there exists a positive constant C such that

le¥]| < C(r** + k%), 0< k< N,

— (0] Z * o 2
where C' = \/W(CIQ +C2)+4 [F(l —a) (log %) } C3.
Proof. It follows from Theorem 4.2 that

e < b1 + 2 [(eh)? + (e

'l -—a) (log E)

= 1Az (&%'RM + o 1Ry ')

T\ ¢ 2
+4 [F(l — ) (log > } max || R!||2
a

1<I<N
- I'l-a) (log %)a
- 4Ae

P(CE + OB + 1)



1716 S. Shen, G. Cai & Q. Liu

+4 [m —a) <1og Z)T y C3 (1% + ht)?

< CA(r 4 1),

_ T\« 2
where C' = \/W(C% +C3)+4 {F(l — a) (log %)a} C3. The proof is thus finished.
O

Next, we attempt to enhance the temporal accuracy order.

6. Numerical examples

In this section, we test the accuracy of the analytical solution and the accuracy and efficiency
of the proposed numerical scheme by considering the following examples. In our computation,
the Loo-norm error and convergence rate were calculated based on ey (7,h) = Huk -U kHoo,
Rate(r) = log;, /7, (€co(T1,h)/€0c(T2,h)) when h is small and Rate(h) = logy, /p, (€co(T; h1)/eco (T,
hs2)) when 7 is small.

Example 6.1. Consider the following fractional partial differential equation subject to the
Dirichlet boundary conditions:

0?u(x,t)

52 —u(z,t) + F(z,t), 1 <t<T, 0<zx<l,
x

CH.ngt’U/(JZ,t) =
u(xz,1) =0,
u(0,t) =0, u(l,t) =0,

where 0 < o < 1 and the source term is given as F(z,t) = %(logt)g_o‘ - sin?(rx) +
2m2[sin?(7x) — cos?(wx)] - (logt)® + (logt)? - sin?(7x). It can be seen that the exact solution

is u(x,t) = (logt)? - sin?(rx).

Figure 1 shows the analytical solution and the exact solution when we take 7' = 100 and
truncate the solution’s series expansion in Eq. (2.5) at the 50—th term.

Table 1 shows the maximum errors and the convergence rates in time when we take h = 1/200
for various time steps and different values of a at T' = 2 for Example 6.1. Table 2 shows the
maximum errors and the convergence rates in space when we took 7 = 1/20000 for various space
steps and different values of a at T' = 2 for Example 6.1. From Tables 1 to 2, one may see that
the convergence rate in time is round about 2 — «, and the convergence rate in space in all cases
is close to 4.0, which coincides with the theoretical analysis in Theorem 4.1.

Example 6.2. Consider the following fractional partial differential equation subject to the
Robin boundary conditions:

0?u(x,t)

52 —u(z,t) + F(z,t), 1 <t<T, 0<zx<l1,
x

CH.ngt’U/(JZ,t) =
u(xz,1) =0,
—uz (0,) +u(0,t) = 0, ug(1,t) +u(1,t) = —(logt)?,

where 0 < a < 1 and the source term is given as F(z,t) = [ﬁ(log )2 + (log t)ﬂ ~xd(1 —

r) — (2022 — 302%)(log t)2. Tt can be seen that the exact solution is u(z,t) = (logt)? - z°(1 — ).
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Table 1.
6.1.

100

90 r

—©— Exact solution ,’

Analytical solution | &

80

70 -

30

20 -

Figure 1. The analytical and exact solutions for Example 6.1.

T | exo(a@ =0.3) | Rate(T) | exo(a = 0.5) | Rate(T) | exo(a = 0.8) | Rate(r)
é 3.531604e-4 - 1.051972e-3 - 4.176158e-3 -
1—16 1.139242e-4 1.632 3.801908e-4 1.468 1.832687e-3 1.188
3% 3.635786e-5 1.648 1.363932e-4 1.479 8.008161e-4 1.194
6i4 1.151272e-5 1.660 4.870412e-5 1.486 3.492447e-4 1.197
% 3.624376e-6 1.667 1.733861e-5 1.490 1.521667e-4 1.199

Maximum errors and convergence rates in time at 7' = 2 for different & when h = 1/200 for Example

Table 3 shows the maximum errors and the convergence rates in time when we took h = 1/200
for various time steps and different values of a at T' = 2 for Example 6.2. Table 4 shows the
maximum errors and the convergence rates in space when we took 7 = 1/20000 for various space
steps and different values of a at T' = 2 for Example 6.2. From Tables 3 to 4, one may see that
the convergence rate in time is round about 2 — «, and the convergence rate in space in all cases
is close to 4.0, which coincides with the theoretical analysis in Theorem 4.2.

Example 6.3. Consider Example 6.1 and Example 6.2 by using the L1-2 method, respectively.
Table 5 shows the maximum errors and the convergence rates in time when we took h = 1/200
for various time steps and different values of a at T' = 2 for Example 6.1 by using L.1-2 method.

From the data of Table 5, we can see that the computational errors using the L.1-2 method
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Table 2. Maximum errors and convergence rates in space at T' = 2 for different @ when 7 = 1/20000 for Example

6.1.

h | eao(a=0.3) | Rate(h) | exxc(ax =0.5) | Rate(h) | esx(x =0.8) | Rate(h)

% 1.688453e-1 - 1.611086e-1 - 1.462612e-1 -

i 7.634901e-3 4.467 7.342149e-3 4.456 6.778730e-3 4.431

é 4.425328e-4 4.109 4.257209e-4 4.108 3.936743e-4 4.106

% 2.715254e-5 4.027 2.612934e-5 4.026 2.448885e-5 4.007

3% 1.689930e-6 4.006 1.634044e-6 3.999 1.856430e-6 3.722
Table 3. Maximum errors and convergence rates in time at 7' = 2 for different o when h = 1/200 for Example
6.2.

T | eso(a@ =0.3) | Rate(T) | exoc(a = 0.5) | Rate(7) | eso(a = 0.8) | Rate(r)
é 2.501244e-5 - 7.440248e-5 - 3.040447e-4 -
TIG 7.801524e-6 1.681 2.623018e-5 1.504 1.323598e-4 1.200
3% 2.428498e-6 1.684 9.254086e-6 1.503 5.755046e-5 1.202
6i4 7.544676e-7 1.687 3.266914e-6 1.502 2.502262e-5 1.202
% 2.339552e-7 1.689 1.153793e-6 1.502 1.088257e-5 1.201

Table 4. Maximum errors and convergence rates in space at 7' = 2 for different & when 7 = 1,/20000 for Example

6.2.

h | exc(a=0.3) | Rate(h) | eco(ax =10.5) | Rate(h) | exo(ax = 0.8) | Rate(h)
% 2.087418e-2 - 2.021543e-2 - 1.908102e-2 -

i 1.396329e-3 3.902 1.363380e-3 3.890 1.306734e-3 3.868

é 8.879076e-5 | 3.975 | 8.687974e-5 | 3.972 | 8.35772le-5 | 3.967

% 5.573507e-6 | 3.994 | 5.456035e-6 | 3.993 | 5.233651le-6 | 3.997

3% 3.486856e-7 3.999 3.409329e-7 4.000 3.067495e-7 4.093
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Table 5. Maximum errors and convergence rates in time at 7" = 2 for different o when h = 1/200 for Example
6.1 by using L1-2 method.

T | eco(a=0.3) | Rate(T) | eao(ax = 0.5) | Rate(7) | exo(ax = 0.8) | Rate(7)
é 2.725947e-5 - 7.998476e-5 - 3.385164e-4 -
1—16 4.017418e-6 1.199 1.331903e-5 2.586 6.944427e-5 2.286
3% 6.036339e-7 2.735 2.273617e-6 2.550 1.465840e-5 2.244
6i4 9.239722e-8 2.708 3.942477e-7 2.528 3.139833e-6 2.223
% 1.501402e-8 2.622 6.963855e-8 2.501 6.782631e-7 2.211

Table 6. Maximum errors and convergence rates in space at T' = 2 for different @ when 7 = 1,/20000 for Example
6.1 by using L1-2 method.

eso(a=0.3) | Rate(h) | eco(ax =10.5) | Rate(h) | exo(ax = 0.8) | Rate(h)

1.688453e-1 - 1.611086e-1 - 1.462606e-1 -

7.634900e-3 4.467 7.342140e-3 4.456 6.778364e-3 4.431

4.425321e-4 4.109 4.257119e-4 4.108 3.933188e-4 4.107

2.715181e-5 4.027 2.612033e-5 4.027 2.413385e-5 4.027

- eI EE SN I

32 1.689205e-6 4.007 1.625035e-6 4.007 1.501462e-6 4.007

Table 7. Maximum errors and convergence rates in time at 7" = 2 for different a when h = 1/200 for Example
6.2 by using L1-2 method.

exo(a=0.3) | Rate(7) | esxc(cx =10.5) | Rate(7) | exo(x = 0.8) | Rate(7)

1.723894e-6 - 5.103680e-6 - 2.784016e-5 -

2.497807e-7 2.787 | 8.527941e-7 2.581 5.810455e-6 2.260

3.606070e-8 2.792 1.443457e-7 2.563 1.245018e-6 2.223

5.177543e-9 2.800 2.467975e-8 2.548 | 2.692851e-7 | 2.209

‘)—‘E‘H%‘H%‘HO{)M—‘ 3

7.321618e-10 | 2.822 4.244406e-9 2.540 5.846059e-8 2.204

—
N
co
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Table 8. Maximum errors and convergence rates in space at T' = 2 for different @ when 7 = 1,/20000 for Example
6.2 by using L1-2 method.

h | eao(a=0.3) | Rate(h) | exxc(ax =0.5) | Rate(h) | esx(x =0.8) | Rate(h)
% 2.087418e-2 - 2.021543e-2 - 1.908101e-2 -

i 1.396329¢-3 3.902 1.363380e-3 3.890 1.306750e-3 3.868
é 8.879080e-5 3.975 8.688022e-5 3.972 8.359798e-5 3.966
% 5.573546e-6 3.994 5.456546e-6 3.993 5.255567e-6 3.992
3% 3.487250e-7 3.998 3.414505e-7 3.998 3.289542e-7 3.998

are much smaller than that of Table 1, and the results show that the convergence rates of errors
in temporal direction tends to (3 — ) order, which is superior to the result of (2 — ) order in
Table 1. Table 6 shows the maximum errors and the convergence rates in space when we took
7 = 1/20000 for various space steps and different values of o at T' = 2 for Example 6.1 by using
L1-2 method. The results achieve a convergence rate of approximately fourth order in space as
shown in Table 2. Table 7 shows the maximum errors and the convergence rates in time when
we took h = 1/200 for various time steps and different values of « at T' = 2 for Example 6.2
by using L1-2 method. From the data of this table, we can see that the computational errors
using the L1-2 method are much smaller than that of Table 3, and the results show that the
convergence rates of errors in temporal direction tends to (3 — ) order, which is superior to the
result of (2 — «) order in Table 3. Table 8 shows the maximum errors and the convergence rates
in space when we took 7 = 1/20000 for various space steps and different values of «a at T' = 2 for
FExample 6.2 by using L.1-2 method, while the theoretical analysis of this part is left for future
work.

7. Conclusion

In this paper, we proposed the method of separation of variables and the generalized Laplace
transform for unsteady MHD mixed convection problem of Maxwell fractional nanofluid. And
based on the L1 and L1-2 approximations for the Caputo-Hadamard fractional derivatives we
constructed the compact finite difference schemes for the spatial derivative. Finally, in the nu-
merical results, we verified the accuracy of the analytical solution for the Dirichlet boundary con-
dition and homogeneous Robin boundary condition. And for the problem with non-homogeneous
Robin boundary condition, we verified the efficiency of the proposed numerical schemes.

The proposed framework is not limited to Maxwell nanofluids but can be extended to other
viscoelastic fluid models with fractional operators. Its robustness under both Dirichlet and Robin
boundary conditions makes it suitable for simulating a wide range of multiphysics problems in
computational mechanics. Future work includes establishing a rigorous theoretical analysis for
the L1-2 scheme, extending the model to handle variable coefficients and nonlinear terms, and
exploring practical applications such as simulations with realistic nanofluid parameters and the
implementation of parallel algorithms.



Analytical solutions and compact schemes 1721

References

[1]

2]

[3]

[4]

[5]

[10]

[11]

[14]

[15]

B. Ahmad, A. Alsaedi, S. K. Ntouyas and J. Tariboon, Hadamard-Type Fractional Differ-
ential Equations, Switzerland, Springer, 2017.

F. Ali, M. Saqib, I. Khan and N. A. Sheikh, Application of Caputo-Fabrizio derivatives
to MHD free convection flow of generalized Walters-B fluid model, The European Physical
Journal Plus, 2016, 131(377), 1-10.

A. A. Alikhanov, A new difference scheme for the time fractional diffusion equation, J.
Comput. Phys., 2015, 280, 424-438.

S. Aman, I. Khan, Z. Ismail, M. Z. Salleh and I. Tlili, A new Caputo time fractional model
for heat transfer enhancement of water based graphene nanofluid: An application to solar
energy, Results in Physics, 2018, 9, 1352-1362.

H. P. Bhatt, A. Q. M. Khaliq and F. M. Furati, Efficient high-order compact exponential
time differencing method for space-fractional reaction-diffusion systems with nonhomoge-
neous boundary conditions, Numerical Algorithms, 2020, 83(4), 1373-1397.

Z. Cao, J. Zhao, Z. Wang, F. Liu and L. Zheng, MHD flow and heat transfer of fractional
Mazwell viscoelastic nanofluid over a moving plate, Journal of Molecular Liquids, 2016, 222,
1121-1127.

C. Celik and M. Duman, Crank-Nicolson method for the fractional diffusion equation with
the Riesz fractional derivative, J. Comput. Phys., 2012, 213, 1743-1750.

X. Chen, Z. Mao and G. E. Karniadakis, Efficient and accurate numerical methods using the
accelerated spectral deferred correction for solving fractional differential equations, Numer.
Math. Theor. Meth. Appl., 2022, 15, 876-902.

H. F. Ding, C. P. Li and Y. Q. Chen, High-order algorithms for Riesz derivative and their
applications (II), J. Comput. Phys., 2015, 293, 218-237.

E. Y. Fan, C. P. Li and Z. Q. Li, Numerical approaches to Caputo—Hadamard fractional
derivatives with applications to long-term integration of fractional differential systems, Com-
munications in Nonlinear Science and Numerical Simulation, 2022, 106, 106096.

M. Fritz, U. Khristenko and B. Wohlmuth, Fquivalence between a time-fractional and an
integer-order gradient flow: The memory effect reflected in the energy, Adv. Nonlinear
Anal., 2023, 12, 1-23.

G. H. Gao, A. A. Alikhanov and Z. Z. Sun, The temporal second order difference schemes
based on the interpolation approximation for solving the time multi-term and distributed-
order fractional sub-diffusion equations, J. Sci. Comput., 2017, 73, 93-121.

G. H. Gao and Z. Z. Sun, Compact difference schemes for heat equation with Neumann
boundary conditions (II), Numerical Methods for Partial Differential Equations, 2013, 29,
1459-1486.

G. H. Gao, Z. Z. Sun and H. W. Zhang, A new fractional numerical differentiation formula
to approximate the Caputo fractional derivative and its applications, J. Comput. Phys.,
2014, 259, 33-50.

R. Garra, F. Mainardi and G. Spada, A generalization of the Lomnitz logarithmic creep law
via Hadamard fractional calculus, Chaos, Solitons and Fractals, 2017, 102, 333-338.



1722

S. Shen, G. Cai & Q. Liu

[16]

[17]

[26]

[27]

[28]

M. Gohar, C. P. Li and Z. Q. Li, Finite difference methods for Caputo-Hadamard fractional
differential equations, Mediterranean Journal of Mathematics, 2020, 17(6), 1-26.

M. Gohar, C. P. Li and C. T. Yin, On Caputo-Hadamard fractional differential equations,
International Journal of Computer Mathematics, 2020, 97, 1459-1483.

Q. Gu, Mathematical Methods for Physics, Beijing, Science Press, 2012.

H. A. Hammad, H. Aydi and D. A. Kattan, Integro-differential equations implicated with
Caputo-Hadamard derivatives under nonlocal boundary constraints, Physica Scripta, 2024,
99(2), 13.

R. Hilfer, Applications of Fractional Calculus in Physics, Singapore, World Scientific, 2000.

F. Jarad, T. Abdeljawad and D. Baleanu, Caputo-type modification of the Hadamard frac-
tional derivatives, Advances in Difference Equations, 2012, 142, 1-8.

A. A. Kilbas, H. M. Srivastava and J. J. Trujillo, Theory and Applications of Fractional
Differential Equations, Amsterdam, Elsevier, 2006.

V. V. Kulish and J. L. Lage, Application of fractional calculus to fluid mechanics, Journal
of Fluids Engineering, 2002, 124(3), 803-806.

C. P. Li and Z. Q. Li, Asymptotic behaviours of solution to Caputo—Hadamard fractional
partial differential equation with fractional Laplacian, Int. J. Comput. Math., 2021, 98(2),
305-339.

C. P. Li, Z. Q. Li and Z. Wang, Mathematical analysis and the local discontinuous Galerkin
method for Caputo-Hadamard fractional partial differential equation, Journal of Scientific
Computing, 2020, 85(2), 1-27.

C. P. Liand F. H. Zeng, Numerical Methods for Fractional Calculus, Boca Raton, Chapman
and Hall/CRC, 2015.

M. Li, S. Guo, P. Hu and H. Song, An FEuler-Maruyama method for Caputo-Hadamard
fractional stochastic differential equations on exponential meshes and its fast approzimation,
Numerical Algorithms, 2025, 99(2), 573-601.

J. K. Liu, W. Wei, J. B. Wang and W. Xu, Limit behavior of the solution of Ca-
puto—Hadamard fractional stochastic differential equations, Applied Mathematics Letters,
2023, 140, 108586.

M. Pan, L. Zheng, C. Liu, and X. Chen, A spatial-fractional thermal transport model for
nanofluid in porous media, Applied Mathematical Modelling, 2017, 53, 622—634.

I. Podlubny, Fractional Differential Equations, New York, Academic Press, 1999.

J. Ren, Z. Sun and X. Zhao, Compact difference scheme for the fractional sub-diffusion
equation with Neumann boundary conditions, J. Comput. Phys., 2013, 232, 456—467.

S. Shen, W. Dai and J. Cheng, Fractional parabolic two-step model and its accurate numer-
ical scheme for nanoscale heat conduction, Journal of Computational and Applied Mathe-
matics, 2020, 375, 112812.

Z. Sun and G. Gao, Fractional Differential Equations: Finite Difference Methods, Beijing,
Science Press, 2020.

C. Tadjeran, M. M. Meerschaert and H. Scheffler, A second-order accurate numerical ap-
proximation for the fractional diffusion equation, Journal of Computational Physics, 2006,
213, 205-213.



Analytical solutions and compact schemes 1723

[35]

[36]
[37]
[38]

[39]

M. Tahir, M. A. Imran, N. Raza, M. Abdullah and M. Aleem, Wall slip and non-integer
order derivative effects on the heat transfer flow of Maxwell fluid over an oscillating vertical

plate with new definition of fractional Caputo-Fabrizio derivatives, Results in Physics, 2017,
7, 1887-1898.

W. Y. Tian, H. Zhou and W. H. Deng, A class of second order difference approximations
for solving space fractional diffusion equations, Math. Comp., 2015, 84, 1703-1727.

V. K. Tuan and R. Gorenflo, Extrapolation to the limit for numerical fractional differenti-
ation, Z. Agnew. Math. Mech., 1995, 75, 646—648.

V. Vieru and C. Fetecau, Time-fractional free convection flow near a wvertical plate with
Newtonian heating and mass diffusion, Thermal Science, 2015, 19(1), 85-98.

Z. Zhao, Z. Z. Sun and Z. P. Hao, A fourth-order compact ADI scheme for two-dimensional
nonlinear space fractional Schrodinger equation, STAM J. Sci. Comput., 2014, 36, A2865—
A2886.

Received January 2026; Accepted September 2026; Available online October 2026.



	Introduction
	Analytical solutions
	Dirichlet boundary condition
	Eigenfunctions
	General solution

	Robin boundary condition
	Eigenfunctions
	Orthogonality of eigenfunctions
	General solution


	Compact finite difference schemes
	Dirichlet boundary condition
	Robin boundary condition

	Stability of the two schemes
	Dirichlet boundary condition
	Robin boundary condition

	Convergence of the two schemes
	Dirichlet boundary condition
	Robin boundary condition

	Numerical examples
	Conclusion

