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Abstract Using critical point theory, we establish sufficient conditions for the existence of
at least three solutions to discrete boundary value problems with continuous-time. Under
suitable assumptions on the nonlinearity, we obtain the existence of three positive solutions
via the strong maximum principle. To the best of our knowledge, this is the first study of
such discrete boundary value problems. Finally, three concrete examples illustrate the main
results.

Keywords Three solutions, boundary value problems, continuous-time, critical point the-
ory, strong maximum principle.

MSC(2010) 39A27, 39A12.

1. Introduction

In this paper, we use the standard notations R, Z, and N to represent the sets of real numbers,
integers, and positive integers, respectively. For any integers a and b satisfying a < b, we denote
the discrete interval by Z(a, b) = {a, a+ 1, . . . , b}.

We investigate the following boundary value problems:{
−u(s+ 1) + 2u(s)− u(s− 1) = λf(s, u(s)), s ∈ [1, N),

u(s) = 0, s ∈ [0, 1) ∪ [N,N + 1).
(1.1)

Here, N ∈ N with N ≥ 2, and [1, N) denotes the half-open interval of real numbers from 1 to
N . The parameter λ ∈ R, and f(s, u) is continuous with respect to u for each s ∈ [1, N).

In recent years, the study of nonlinear difference equations has attracted increasing attention,
as many research fields are developing discrete models to facilitate investigation, such as fluid
dynamics, petroleum engineering, biology, econometrics and computational mechanics [8,12,14,
18,27].

Historically, difference equations were predominantly investigated via fixed point theory and
the method of upper and lower solution techniques, yielding excellent results [7,17,20,24,36]. In
2003, Guo and Yu [15] investigated the following second-order superlinear difference equations
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by applying critical point theory:

∆2xn−1 + f(n, xn) = 0, n ∈ Z, (1.2)

and obtained the existence of periodic and subharmonic solutions.

Since then, a growing number of researchers have employed critical point theory to study
nonlinear difference equations, conducting extensive research and obtaining numerous results
[11,16,19,25,26,31–35,38].

In particular, several researchers [1–5,13,21,23,37] investigated the following boundary value
problems when α = β = 0 and α = 0, β = 1:{

−∆2xk−1 = λf(k, xk),

x0 = αx1, xT+1 = βxT ,
(1.3)

and obtained various existence results for problem (1.3). To establish the existence of solutions,
they employed a wide range of analytical tools, including critical point theory, the method of
upper and lower solutions, the Leray-Schauder nonlinear alternative, and various cone fixed
point theorems. However, they did not consider the case involving continuous-time.

In 2018, Balanov et al. [6] proposed the following continuous-time difference equation:

−∆2x(t− 1) = f(t, x(t)), t ∈ R, (1.4)

as an open problem. Due to the challenges of establishing an appropriate variational framework
in a suitable working space, there has been a noticeable lack of literature on discrete boundary
value problems with continuous-time. Recently, Lin et al. [28] combined critical point theory
with gluing arguments and established existence and multiplicity results for periodic solutions
of problem (1.4). This opened a new avenue for studying continuous-time difference equations
through critical point theory and therefore motivates us to investigate discrete boundary value
problems with continuous-time. In many natural science disciplines, continuous-time differ-
ence equations are commonly employed to characterize observed evolutionary dynamics [29,30].
They hold both considerable theoretical value and substantial practical relevance. The main
contributions and innovative aspects of this work are outlined below:

(1) Compared to the studies in [1–5,13,21,23,37], we establish the existence of three solutions
for discrete BVPs with continuous-time.

(2) Regarding problem (1.1) without continuous-time, the existence of three solutions has
been established [10]. In contrast, as illustrated by the examples, the solutions to the
continuous-time difference problem investigated here are not merely isolated points, but
functions defined over continuous intervals.

(3) Moreover, we construct several illustrative examples and provide graphical representations
of their solutions to visually verify our theoretical findings.

This paper is structured as follows. In Section 2, we outline the necessary preliminaries. In
Section 3, we state and prove our main theorems. In Section 4, we provide three illustrative
examples to demonstrate the main results. In Section 5, we conclude the work with remarks
and suggestions for future research.
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2. Preliminaries

For a sequence x, denote ∆x(p) = x(p + 1) − x(p),∆2x(p − 1) = ∆x(p) − ∆x(p − 1). Let
X = {x : Z(0, N) → R : x(0) = x(N) = 0} be the (N − 1)-dimensional Banach space. We equip
this space with the norm

∥x∥ :=

N−1∑
p=0

(∆x(p))2

 1
2

,

along with the maximum norm defined by

∥x∥∞ := max
p∈Z(1,N−1)

|x(p)|.

For each t ∈ [0, 1), define

Φ(x) =
1

2

N−1∑
p=0

(∆x(p))2, Ψ(x) =

N−1∑
p=1

F (t+ p, x(p)),

where F (t+ p, u) =
∫ u
0 f(t+ p, s) ds for each (p, u) ∈ Z(1, N − 1)× R. Denote

Jt(x) = Φ(x)− λΨ(x).

It is readily seen that Φ,Ψ ∈ C1(X,R), which means they are continuously Gâteaux differen-
tiable. Using the boundary conditions, we obtain

Φ′(x)(y) = lim
δ→0

Φ(x+ δy)− Φ(x)

δ

=
N−1∑
p=0

∆x(p)∆y(p)

=
N−1∑
p=1

∆x(p− 1)y(p)−
N−1∑
p=1

∆x(p)y(p)

=
N−1∑
p=1

−∆2x(p− 1)y(p),

and

Ψ′(x)(y) = lim
δ→0

Ψ(x+ δy)−Ψ(x)

δ
=

N−1∑
p=1

f(t+ p, x(p))y(p),

for any x, y ∈ X.
For each fixed t ∈ [0, 1), the parameter t selects one discrete section of the continuous-time

problem (1.1). Since y ∈ X is arbitrary on Z(1, N − 1), the critical point condition J ′
t(x)(y) = 0

for all y ∈ X is equivalent to

−x(p+ 1) + 2x(p)− x(p− 1) = λf(t+ p, x(p)), p ∈ Z(1, N − 1).

This gives the following discrete Dirichlet boundary value problem:{
−x(p+ 1) + 2x(p)− x(p− 1) = λf(t+ p, x(p)), p ∈ Z(1, N − 1),

x(0) = x(N) = 0.
(2.1)
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Thus, for each fixed t ∈ [0, 1), the critical points of Jt are precisely the solutions of (2.1). Notice
that (2.1) is not independent of (1.1); rather, it is obtained from (1.1) by writing s = t+p, where
t ∈ [0, 1) and p ∈ Z(1, N − 1). In this correspondence, the discrete boundary conditions x(0) =
x(N) = 0 match exactly the continuous-time boundary conditions u(s) = 0 on [0, 1)∪ [N,N+1).

Conversely, suppose that for each t ∈ [0, 1) we choose a solution xt ∈ X of (2.1). Define
u : [0, N + 1) → R by

u(s) =

{
xt(p), s = t+ p, t ∈ [0, 1), p ∈ Z(1, N − 1),

0, s ∈ [0, 1) ∪ [N,N + 1).

For every s ∈ [1, N), there are unique t ∈ [0, 1) and p ∈ Z(1, N − 1) such that s = t+ p. Using
(2.1), we have

−u(s+ 1) + 2u(s)− u(s− 1) = −xt(p+ 1) + 2xt(p)− xt(p− 1) = λf(s, u(s)).

Together with u(s) = 0 on [0, 1) ∪ [N,N + 1), this shows that u is a solution of problem (1.1).
The results presented below are essential for our analysis.

Lemma 2.1 (Proposition 2.2, [10]). Fix x ∈ X, such that either

x(p) > 0 or − x(p+ 1) + 2x(p)− x(p− 1) ≥ 0,

for each p ∈ Z(1, N − 1). Then, either x ≡ 0 or x(p) > 0 for each p ∈ Z(1, N − 1).

Lemma 2.2 (Lemma 2.2, [22]). For any x ∈ X, the following inequality holds:

∥x∥∞ ≤
√
N

2
∥x∥.

3. Main results

Denote

Fq(t) =
N−1∑
p=1

F (t+ p, q), ∀q ∈ R, t ∈ [0, 1).

Theorem 3.1. Let c and d be two positive constants subject to the inequality

Nd2 > 2c2, (3.1)

such that

(A1) f(s, u) ≥ 0 for each (s, u) ∈ [1, N)× [−c, c];

(A2) Nd2Fc < 2c2Fd;

(A3) Let β1 ≥ 0 be a constant satisfying

β1 = lim sup
|u|→∞

sup
t∈[0,1)

p∈Z(1,N−1)

F (t+ p, u)

|u|2
.

Moreover, it satisfies
d2

Fd
<

2

(N − 1)Nβ1
.
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Furthermore, put

τ1 =
d2

Fd
, τ2 = min

{ 2c2

NFc
,

2

(N − 1)Nβ1

}
.

It follows that problem (1.1) possesses at least three different solutions provided that λ ∈ Λ :=
(τ1, τ2), where Fd = inft∈[0,1) Fd(t), Fc = supt∈[0,1) Fc(t).

Proof. The proof relies on applying Theorem 4.1 of [10]. Retaining the definitions of the space
X and the functionals Φ, Ψ, and Jt from Section 2, it is evident that Φ and Ψ are continuously
Gâteaux differentiable, satisfying infX Φ = Φ(0) = Ψ(0) = 0.

Fix λ ∈ Λ and choose the constant r as

r =
2c2

N
.

Recalling the definition Φ(x) = 1
2∥x∥

2, for any x ∈ X satisfying Φ(x) ≤ r, it follows that ∥x∥2 ≤
4c2

N . By virtue of the inequality ∥x∥∞ ≤
√
N
2 ∥x∥, we deduce that ∥x∥∞ ≤ c. Consequently,

supΦ(x)≤r Ψ(x)

r
≤

max∥x∥∞≤c

∑N−1
p=1 F (t+ p, x(p))

r

≤
N

∑N−1
p=1 max|u|≤c F (t+ p, u)

2c2

≤ NFc

2c2
.

Now, let x̄ ∈ X be given by

x̄(p) =

{
d, p ∈ Z(1, N − 1),

0, p = 0 or p = N.

We have

Φ(x̄) =
1

2
∥x̄∥2 = d2 > r,

and
Ψ(x̄)

Φ(x̄)
=

Fd(t)
1
2∥x̄∥2

≥ Fd

d2
.

Subsequently, we establish that Jt is coercive, that is,

lim
∥x∥→+∞

Jt = +∞.

Since β1 ≥ 0 and λ < 2
(N−1)Nβ1

, there exists a real number l ∈ (β1,
2

(N−1)Nλ). By means of the
definition of β1, we get

F (t+ p, u) ≤ l|u|2 + C(p),

where C(p) ≥ 0 for all p ∈ Z(1, N − 1). This yields

Ψ(x) =
N−1∑
p=1

F (t+ p, x(p)) ≤ l
N−1∑
p=1

|x(p)|2 + C ≤ l(N − 1)∥x∥2∞ + C,
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where C =
∑N−1

p=1 C(p).

Now, we obtain

Jt(x) = Φ(x)− λΨ(x)

=
1

2
∥x∥2 − λΨ(x)

≥ 2

N
∥x∥2∞ − λl(N − 1)∥x∥2∞ − λC

=

(
2

N
− λl(N − 1)

)
∥x∥2∞ − λC.

For l < 2
(N−1)Nλ , we know 2

N − λl(N − 1) > 0. It means Jt(x) → +∞ when ∥x∥ → +∞. From
the above discussion, it follows that Jt is coercive.

For each fixed t ∈ [0, 1), problem (2.1) admits at least three distinct solutions. Denote them
by

x
(1)
t , x

(2)
t , x

(3)
t .

For i = 1, 2, 3, define ui : [0, N + 1) → R by

ui(s) =

{
x
(i)
t (p), s = t+ p, t ∈ [0, 1), p ∈ Z(1, N − 1),

0, s ∈ [0, 1) ∪ [N,N + 1).

Then each ui satisfies problem (1.1). Moreover, since x
(1)
t , x

(2)
t , x

(3)
t are distinct for each fixed

t ∈ [0, 1), the functions u1, u2, u3 are distinct. Consequently, problem (1.1) admits at least three
distinct solutions.

Remark 3.1. If β1 = 0, that is, 2
(N−1)Nβ1

→ +∞, then τ2 =
2c2

NFc
.

For fixed t ∈ [0, 1), let

F+(t+ p, u) =

∫ u

0
f(t+ p, ξ+) dξ, (p, u) ∈ Z(1, N − 1)× R,

where ξ+ = max{ξ, 0}, and define

J+
t (x) := Φ(x)− λΨ+(x), Ψ+(x) =

N−1∑
p=1

F+(t+ p, x(p)).

Here, we give a problem whose solution is associated with the critical point of J+
t :{

−x(p+ 1) + 2x(p)− x(p− 1) = λf(t+ p, x+(p)), p ∈ Z(1, N − 1),

x(0) = x(N) = 0.
(3.2)

Corollary 3.1. Assume that condition (A1) is strengthened to f(s, u) > 0, (s, u) ∈ [1, N) × R
while all the other assumptions remain unchanged. With each λ ∈ Λ, problem (1.1) admits at
least three positive solutions.
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Proof. Under the assumptions of Theorem 3.1, problem (3.2) possesses three distinct solutions.
Since

−x(p+ 1) + 2x(p)− x(p− 1) = λf(t+ p, x+(p)) > 0,

it is clear that x = 0 is not a solution to problem (3.2). By Lemma 2.1, every non-zero solution
of problem (3.2) is positive in Z(1, N − 1), and hence it is a positive solution of (2.1).

Thus, for each fixed t ∈ [0, 1), problem (2.1) admits at least three positive solutions. Applying
the same construction used in the proof of Theorem 3.1, we obtain at least three positive solutions
of problem (1.1).

Next, we present another theorem establishing the existence of three solutions.

Theorem 3.2. Let c1, c2, and d be positive constants satisfying the inequalities

2c21 < Nd2 < c22, (3.3)

such that

(B1) f(s, u) ≥ 0, (s, u) ∈ [1, N)× R;

(B2) N max
{

Fc1

2c21
,
Fc2

c22

}
< Fd

2d2
.

It follows that problem (1.1) possesses at least three solutions provided that

λ ∈ Λ1 :=
(2d2
Fd

,min
{ 2c21
NFc1

,
c22

NFc2

})
,

where Fd = inft∈[0,1) Fd(t), Fc1 = supt∈[0,1) Fc1(t), Fc2 = supt∈[0,1) Fc2(t).

Proof. Since Φ(x) = 1
2

∑N−1
p=0 (∆x(p))2 = 1

2∥x∥
2, we see that Φ is coercive.

Notice that
a2 + b2

2
−

(a+ b

2

)2
=

(a− b

2

)2
≥ 0.

Thus, it follows that

Φ(
x1 + x2

2
) =

1

2

N−1∑
p=0

(
∆x1(p) + ∆x2(p)

2

)2

≤ 1

2

N−1∑
p=0

(∆x1(p))
2 + (∆x2(p))

2

2

=
1

2
(Φ(x1) + Φ(x2)).

Consequently, Φ is a convex functional. Moreover, it is easy to see

inf
X

Φ = Φ(0) = Ψ(0) = 0.

Thus, the assumptions of Corollary 3.1 of [9] regarding the properties of Φ and Ψ have been
verified.

Let x1 and x2 be two local minima of Jt such that

Ψ(x1) ≥ 0, Ψ(x2) ≥ 0.
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Since local minima of Jt are critical points, x1 and x2 satisfy

−xi(p+ 1) + 2xi(p)− xi(p− 1) = λf(t+ p, xi(p)), i = 1, 2.

Then, by Lemma 2.1 and (B1), we have x1(p), x2(p) ≥ 0, p ∈ Z(1, N − 1). Hence, for every
α ∈ [0, 1],

αx1 + (1− α)x2 ≥ 0.

Since f(s, u) ≥ 0, it follows that

F (s, u) =

∫ u

0
f(s, ξ) dξ ≥ 0, u ≥ 0.

Therefore,
Ψ(αx1 + (1− α)x2) ≥ 0, α ∈ [0, 1],

and consequently
inf

α∈[0,1]
Ψ(αx1 + (1− α)x2) ≥ 0.

Thus condition (H3) holds.
Let

ρ1 =
2c21
N

, ρ2 =
2c22
N

.

When ∥x∥ ≤
√
2ρ1, by Lemma 2.2, we have

∥x∥∞ ≤
√
N

2

√
2ρ1 = c1.

Similarly, it holds that

∥x∥∞ ≤
√
N

2

√
2ρ2 = c2,

with ∥x∥ ≤
√
2ρ2. Similarly, we have

supx∈Φ−1(−∞,ρ1)Ψ(x)

ρ1
≤

sup∥x∥≤
√
2ρ1

∑N−1
p=1 F (t+ p, x(p))

ρ1

≤
∑N−1

p=1 F (t+ p, c1)

ρ1

=
N

2c21

N−1∑
p=1

F (t+ p, c1)

≤ N

2c21
Fc1 ,

and

supx∈Φ−1(−∞,ρ2)Ψ(x)

ρ2
≤

sup∥x∥≤
√
2ρ2

∑N−1
p=1 F (t+ p, x(p))

ρ2

≤
∑N−1

p=1 F (t+ p, c2)

ρ2

=
N

2c22

N−1∑
p=1

F (t+ p, c2)

≤ N

2c22
Fc2 .
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Let v̄ ∈ X be given by

v̄(p) =

{
d, p ∈ Z(1, N − 1),

0, p = 0 or p = N.

Clearly, Φ(v̄) = 1
2

∑N−1
p=0 (∆v̄(p))2 = d2. From (3.3), we have

ρ1 < Φ(v̄) <
ρ2
2
.

By Corollary 3.1 of [9], for any λ ∈
(
2d2

Fd
,min{ 2c21

NFc1
,

c22
NFc2

}
)
, problem (2.1) has at least three

solutions.

Therefore, for each fixed t ∈ [0, 1), problem (2.1) has at least three solutions. Applying
the same construction used in the proof of Theorem 3.1, problem (1.1) admits at least three
solutions.

Following the same proof as for Corollary 3.1, we obtain the following corollary.

Corollary 3.2. If we assume that f(s, u) > 0 for any (s, u) ∈ [1, N) × R while all the other
assumptions of Theorem 3.2 remain unchanged, problem (1.1) admits at least three positive
solutions.

Proof. We omit the proof, as it is identical to that of Corollary 3.1.

To simplify the conditions of Corollary 3.2, we impose assumptions on the nonlinear term.
Let

f(s, u) = g(s)h(u),

for all (s, u) ∈ [1, N)× R. We consider the following boundary value problems:{
−∆2u(s− 1) = λg(s)h(u(s)), s ∈ [1, N),

u(s) = 0, s ∈ [0, 1) ∪ [N,N + 1),
(3.4)

where g, h are positive continuous functions. This leads to the following result.

Corollary 3.3. Let c1, c2, and d be positive constants satisfying (3.3). Define

H(q) =

∫ q

0
h(ξ) dξ, q > 0,

and

G∗ = inf
t∈[0,1)

N−1∑
p=1

g(t+ p), G∗ = sup
t∈[0,1)

N−1∑
p=1

g(t+ p).

Assume that

(B′
1) NG∗max

{
H(c1)

2c21
,
H(c2)

c22

}
<

G∗H(d)

2d2
.

Then, for each

λ ∈ Λ′
1 :=

(
2d2

G∗H(d)
,

1

NG∗ min

{
2c21

H(c1)
,

c22
H(c2)

})
,

problem (3.4) admits at least three positive solutions.
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4. Examples

To illustrate our main results, we present three examples.

Example 4.1. Let N = 5. Define

h(u) =



1

1000
, u ≤ 1

10
,

111

100
u− 11

100
,

1

10
< u ≤ 1,

u, 1 < u ≤ 6,

24u− 138, 6 < u ≤ 7,

30, u > 7.

For (s, u) ∈ [1, 5)× R, define

f(s, u) =


1

2
h(u), s ∈ [1, 2) ∪ [4, 5),

1

3
h(u), s ∈ [2, 4).

Then f(s, u) > 0 for all (s, u) ∈ [1, 5)× R, and f is continuous with respect to u.

Let

H(u) =

∫ u

0
h(ξ) dξ.

Since h is bounded as |u| → ∞, we have β1 = 0. Take c = 1/10, d = 7. A direct calculation
gives

H(c) = 10−4, H(d) = 35.95055.

Hence

Fc =

(
1

2
+

1

3
+

1

3
+

1

2

)
H(c) =

1

6000
, Fd =

(
1

2
+

1

3
+

1

3
+

1

2

)
H(d) ≈ 59.9176.

Moreover,

Nd2 = 245 >
1

50
= 2c2,

and

Nd2Fc ≈ 0.0408 < 1.1984 ≈ 2c2Fd.

Thus condition (A2) holds. Since β1 = 0,

τ1 =
d2

Fd
≈ 0.8178, τ2 =

2c2

NFc
= 24.

Therefore, for each

λ ∈ (0.8178, 24),

problem (1.1) admits at least three positive solutions by Corollary 3.1.
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In particular, choose λ = 1. For k = 1, 2, 3, define

uk(s) =



0, s ∈ [0, 1) ∪ [5, 6),

k [1 + (s− 1)(2− s)] , s ∈ [1, 2),

3

2
k [1 + (s− 2)(3− s)] , s ∈ [2, 3),

3

2
k [1 + (s− 3)(4− s)] , s ∈ [3, 4),

k [1 + (s− 4)(5− s)] , s ∈ [4, 5).

It is easy to see that

1 ≤ uk(s) ≤
45

8
< 6, s ∈ [1, 5), k = 1, 2, 3.

Thus

f(s, uk(s)) =


1

2
uk(s), s ∈ [1, 2) ∪ [4, 5),

1

3
uk(s), s ∈ [2, 4).

on s ∈ [1, 5). Moreover, by writing s = t+ p, t ∈ [0, 1), p = 1, 2, 3, 4, a direct calculation gives

−uk(t+ p+ 1) + 2uk(t+ p)− uk(t+ p− 1) = f(t+ p, uk(t+ p)).

Therefore,

−uk(s+ 1) + 2uk(s)− uk(s− 1) = λf(s, uk(s)), s ∈ [1, 5).

Together with the boundary condition uk(s) = 0, s ∈ [0, 1) ∪ [5, 6), we conclude that u1, u2, u3
are three positive solutions of problem (1.1).
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Figure 1. Three solutions in Example 4.1.

Next, let us discuss another example.

Example 4.2. Let N = 3 and define

f(t, u) = h(u), (t, u) ∈ [1, 3)× R,
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where

h(u) =



0, u ≤ 1

2
,

2u− 1,
1

2
< u < 1,

u, 1 ≤ u ≤ 4,

56u− 220, 4 < u < 5,

−60u+ 360, 5 ≤ u < 6,

0, u ≥ 6.

It is clear that f is continuous and

f(t, u) ≥ 0, (t, u) ∈ [1, 3)× R.

Let

F (u) =

∫ u

0
h(s) ds.

Take c1 = 3/5, d = 5, c2 = 80. Then

2c21 =
18

25
< Nd2 = 75 < c22 = 6400.

Since f is independent of t, for any q ∈ R we have

Fq(t) =

N−1∑
p=1

F (t+ p, q) = 2F (q).

Hence

Fc1 = 2F

(
3

5

)
=

1

50
, Fd = 2F (5) =

159

2
, Fc2 = 2F (80) = 2F (6) =

279

2
.

Thus,

N max

{
Fc1

2c21
,
Fc2

c22

}
= 3max

{
1

36
,

279

12800

}
=

1

12
<

Fd

2d2
=

159

100
,

which verifies condition (B2).
By Theorem 3.2, problem (1.1) admits at least three solutions for

λ ∈ Λ1 =

(
2d2

Fd
,min

{
2c21
NFc1

,
c22

NFc2

})
.

Moreover,
2d2

Fd
=

100

159
≈ 0.6289,

2c21
NFc1

= 12,
c22

NFc2

=
12800

837
≈ 15.2927.

Consequently,
Λ1 = (0.6289, 12) .

Now we choose λ = 1 ∈ Λ1. Let

a(s) = 1 +
1

5
sin2(πs).
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For k = 1, 2, 3, define

uk(s) =

{
k a(s), s ∈ [1, 3),

0, s ∈ [0, 1) ∪ [3, 4).

Since
a(s+ 1) = a(s),

and

1 ≤ k a(s) ≤ 6k

5
≤ 18

5
< 4, k = 1, 2, 3,

we have
h(k a(s)) = k a(s), k = 1, 2, 3.

Using a(s+ 1) = a(s) and the boundary condition uk(s) = 0 on [0, 1) ∪ [3, 4), we obtain

−uk(s+ 1) + 2uk(s)− uk(s− 1) = ka(s) = h(ka(s)) = f(s, uk(s)), s ∈ [1, 3).

Since λ = 1, it follows that

−uk(s+ 1) + 2uk(s)− uk(s− 1) = λf(s, uk(s)), s ∈ [1, 3).

Together with
uk(s) = 0, s ∈ [0, 1) ∪ [3, 4),

we conclude that u1, u2, u3 are three solutions of problem (1.1).

0 0.5 1 1.5 2 2.5 3 3.5 4
s

0

0.5

1

1.5

2

2.5

3

3.5

4

u
k
(s

)

u1(s)

u2(s)

u3(s)

Figure 2. Three solutions in Example 4.2.

Finally, we give an example.

Example 4.3. Let N = 3, g(s) ≡ 1 and define

h(u) =



10−3, u ≤ 1,

10−3 + 1.999(u− 1) + 100 sin2
[
π(u− 1)

]
, 1 < u ≤ 2,

u, 2 < u ≤ 20,

20e−(u−20), u > 20.
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For (s, u) ∈ [1, 3)× R, let
f(s, u) = g(s)h(u) = h(u).

Then g and h are positive continuous functions. Let

H(u) =

∫ u

0
h(ξ) dξ.

Choose c1 = 1/2, d = 2, c2 = 100. Clearly,

2c21 =
1

2
< Nd2 = 12 < c22 = 10000,

N−1∑
p=1

g(t+ p) = 2.

Moreover,

H

(
1

2

)
= 0.0005, H(2) = 51.0015, H(100) = 269.0015− 20e−80 ≈ 269.0015.

Hence

3 · 2max

{
H(c1)

2c21
,
H(c2)

c22

}
≈ 0.1614 < 2 · H(d)

2d2
≈ 12.7504.

Thus condition (B′
1) is satisfied. Furthermore,

Λ′
1 =

(
2d2

2H(d)
,

1

3 · 2
min

{
2c21

H(c1)
,

c22
H(c2)

})
≈ (0.0784, 6.1957).

Taking λ = 1 ∈ Λ′
1, Corollary 3.3 implies that problem (3.4) admits at least three positive

solutions.

We now give three explicit positive solutions. Let

ω(s) = 1 +
1

4
sin(2πs), s ∈ R,

and take A1 = 3, A2 = 7, A3 = 12. For k = 1, 2, 3, define

uk(s) =

{
Akω(s), s ∈ [1, 3),

0, s ∈ [0, 1) ∪ [3, 4).

Since 3/4 ≤ ω(s) ≤ 5/4, we have

2 < uk(s) < 20, s ∈ [1, 3), k = 1, 2, 3.

Therefore h(uk(s)) = uk(s) on [1, 3). Since ω is 1-periodic,

−uk(s+ 1) + 2uk(s)− uk(s− 1) = uk(s) = λg(s)h(uk(s)), s ∈ [1, 3).

Together with

uk(s) = 0, s ∈ [0, 1) ∪ [3, 4),

we conclude that u1, u2, u3 are three positive solutions of problem (3.4).
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Figure 3. Three solutions in Example 4.3.

5. Conclusion

In this paper, we studied discrete boundary value problems with continuous-time. Different from
previous works [1–5,13,21,23,37], the continuous-time setting has been taken into consideration
for the first time. By constructing a suitable variational framework and applying critical point
theory, we established sufficient conditions for the existence of at least three solutions, as detailed
in Theorems 3.1 and 3.2.

Building upon the existence results, we further refined our analysis to guarantee the positivity
of the solutions. By invoking the strong maximum principle, we derived Corollaries 3.1 and 3.2,
which provide assurance that the obtained solutions are positive. Additionally, for the specific
case where the nonlinear term involves separated variables, we provided Corollary 3.3, offering
simplified and easily verifiable algebraic conditions.

To validate our theoretical findings, three illustrative examples were discussed. The ex-
amples verified the applicability of the theoretical conditions, and in particular, the graphical
example illustrated that the obtained solutions are not isolated points. Future work may focus
on investigating problems with additional parameters, exploring different boundary conditions,
or extending the current analysis to higher-order difference equations with continuous-time.
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