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A STUDY OF COUPLED FRACTIONAL INTEGRODIFFERENTIAL
SYSTEMS IN THE TEMPERED (K, ¢)-HILFER FRAMEWORK WITHIN
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Abstract This work investigates a class of nonlinear coupled fractional integrodifferential
systems formulated in the tempered (k,)-Hilfer framework. The analysis is conducted
within an infinite-dimensional Banach space, where the nonlinear components are assumed
to satisfy a blend of compactness and growth conditions. Employing the Moénch fixed-point
theorem in conjunction with the measure of noncompactness, we establish an existence result
that significantly generalizes and strengthens several existing results in the literature. To
illustrate the applicability of the theoretical results, a representative example is provided in
an infinite-dimensional Banach space setting.
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1. Introduction

The theory of fractional differential equations has been broadly applied in numerous theoretical
and practical problems [6, 14,19-21,30]. In the literature one can find many definitions of
fractional derivative and integral operators, each with its own worth, including those introduced
by Riemann-Liouville, Hadamard, Riesz, Erdelyi-Kober and Caputo [8]. In [9], the authors
introduced the (k,p)-Hilfer derivative, based on the definition of the fractional k-Riemann-
Liouville operator [15], and thus unifying and generalizing existing notions of fractional integral
operators.

Meanwhile, by multiplying the kernel of the k-Riemann-Liouville fractional operator with an
exponential factor, the expression known as the tempered (k, ¢)-fractional derivative is naturally
obtained. This extended derivative intervene in several fields, including geophysics [12] and
finance [4] among others. Using different methods, various studies have been conducted on
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the qualitative and quantitative aspects of initial/boundary value problems of fractional type
determined by the tempered fractional derivative [17,28,32].

Additionally, coupled systems of fractional-order type arise naturally as the continuous coun-
terpart of hybrid and switched dynamics, in which several fractional subsystems interact through
their nonlinearities [11]. Such couplings provide a setting for the modelling of behaviours of hy-
brid nature combining memory effects and mode interaction, and they are therefore well suited
to applications involving frequent mode transitions, as encountered in robotic control architec-
tures, power systems and hybrid electric vehicles [23]. Coupled fractional systems of this kind,
possibly with impulses or switching laws superimposed, have been studied in [26,27]; the present
work is concerned with the underlying coupled model itself, no switching signal or switching law
being assumed.

In [25], Thabet et al. obtained results on the existence of solutions to fractional integro-
differential equations for the class of Caputo FDEs:

D" ui(0) = gi(o,u(o), (Hui)(0)), o€ (0,b],
pamn (a™) + viug (b) = ny,

where Dg}r is the Caputo fractional derivative of order 0 < 93 <1, ¢:[0,b] x Kx K — K is a

given function and g1, 1,71 are real numbers with p1 + v1 # 0, and H is a nonlinear integral

operator given by (Hui)(c) = [7 L(0, s,u1(s))ds, where L € C(L x L x K, K).

Thabet et al. in [24] investigated the existence of a solution to boundary value problems (for
short, BVPs) for Hilfer FDEs by using the Monch fixed point theorem:

DYy (0) = gi(o,u(0), (Hw)(0)), o € (a,b],

1 (Ii;“ul) (a™) 4+ 11 (Iii”lul) (b) = m,

where Dgi’m is the left-sided Hilfer fractional derivative of order 0 < 17 < 1 and type 0 < k1 < 1,
w1,vi,m € R where pg +v1 # 0, and g : [a, 0] x Kx K — K, K is an abstract Banach space, and
7 is a linear integral operator given by (Huy)(o) = N L(o, s)ui(s)ds, with L € C(L x L, R).

Let (K,| -||) be Banach space. In this article the following coupled fractional integro-
differential system of tempered (k, p)-Hilfer type is treated:

TDUL 8y (0) = gi(o,m (o), (Hug)(0)), o€ L = (a,b],
TDY2 2980y (g) = go(o,u(0), (Hu1)(0)), o€ L := (a,b],

" ({Iﬁl_%)’gwul) (a*) + 1 ({Iﬂl_%)’gwul) (b) =1,

1 ({Ifg_W)&;(qu) (a+) Ty ({Ijil_W)’QWua (b) = 1,

where for k& > 0 we denote by ZD::QH“QW, i = 1,2, the tempered (k, ¢)-Hilfer FD with order
0 < ¥; < k, having type k; € [0,1] and index p € [0,00), while Zl'kil_%)’gw stands for the

a
tempered fractional (k,¢)-R-L integral of order k(1 — ;) > 0, 3 = 2(¥; + ri(k — ;) and
k(1 —~;) < ¥; for 4,5 = 1,2. Throughout the paper, ~; always denotes this quantity; it is
the critical index governing the behaviour of the solutions at the left endpoint a™ and it is

precisely the index used in the definition of the weighted spaces C1_,, introduced in Section
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2. wivi,m; € R, where p; + ve=@@®)=¢@) £ 0 and g; : [a,b] x K x K — K are suitably
chosen functions, the precise specifications of which will be provided in subsequent sections,
and # is a nonlinear integral operator given by (Hu;)(0) = [7 L(o, s, ui(s))¢'(s)ds, where
LeC(LxLxKK).

This paper is structured as follows: In Section 2, we give of some fundamental preliminaries
needed in the sequel. In Section 3, Moénch’s fixed-point principle is used to establish a new
existence result under a regularity-type condition expressed in terms of the Hausdorff measure
of noncompactness. Finally, an illustrative example in the infinite dimensional Banach space
setting is also provided in Section 4.

2. Preliminaries

In what follows, let £ := [a,b], we equip the space of K-valued continuous functions, C (£, K),
on the interval £ with the sup norm

[ulloc = sup [u(o)]. (2.1)
oeL

For ease of notation, we define
SL(L,R)={p : p€ C(L,R) and ¢'(0) >0 forall o€ L}

For ¢ € SL(L,R) and 0, s € L, (o > s5), we set

w(o,s) = ¢(0) — ¢(s) and w(o,s)* = (p(o) —p(s))".
Define the weighted space

Cr— (£, K) = {u € C(L,K) s w(-,a) u(-) € C(L,K)},
endowed with

[ull; = supw(a, a)' 7 Ju(o)]].
ocel

Henceforth, for U C C1_+,(L,K), we represent the set U,, by

Oy = {u% : u€ U},

where

uy,(0) = wlo,a)rule), @ €L (2.2)

lim,_,o+ w(o,a)! ™ u(o), o=a.

Also, the weighted space of Bochner integrable functions u: £ — K, endowed with the norm

Il = ( b go'(s)uuupds); (23)

will be denoted by L% (L,K) (1 < p < 00). In the case p(o) = o, this space is simply equal to
LP(L)Y).
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Definition 2.1. [5] For a, 0,k > 0, the k-beta and k-gamma functions are defined by

1 ! a_q 9_1
Bk(a,ﬁ):k/ ok (1 —o0)rk “do,
0

As a consequence, we have
a_q (67
Ti(a) = k51T <E) , Tila+k) =aly(a), Ti(k)=T(1)=1.

So that ) F (@) (0)
1 « ko)L g
B 0)=-B|-—,— d B ) = ——"——-
)= 1 (k k) and Bifa,0) = D,

where B(+, -) denotes the classical Euler beta function. Throughout the paper the k-beta function
is systematically written with the subscript k, i.e. Bg(-,-), so as to avoid any confusion with
B(-,-).
Definition 2.2. [22] Let ¢ € S}(L,R), a, ¢ € [0,00), and k > 0. The tempered (k, ¢)-RLFI of
a function u € C(L,R) is defined by

. . 1 g a_q
T ra,05p _ —ow(o,a) Fosp ow(o,a) | _ B / k
kL5 u(o) = e KL, (u(a)e ) kI‘k(a)/a 0 (s)Kgw (o,s)u(s)ds,

where ’CE;I(O’, s) = e (@) (0, 5)% 7! and ,I°7° is the (k, p)-fractional integral [18], defined
by
. 1 a a
TEu0) = g [ el ) s

Lemma 2.1. [22] Let a1, a9,k >0 and o € [0,00), then we have
)03 )03 )0 )03 +az2,0;
1. {Ig‘j ew ;{Zgﬁ SPu(o) = {Ig‘f ew ;{Z;ﬂl SPu(o) = gIg‘j W28 (a).

a1 tag
Ly (a2) w1

-1
(07 a) = mlcg,w ((77 CL) :

a2
T 701,05 &
2. LIRS

Definition 2.3. [22] Let ¢ € S} (£,R) and k > 0. The (k, ¢)-Hilfer tempered FD of u € C(L,R)
of order 0 < ¥ <1, type 0 < 3 <1 and index ¢ € [0, 00) is defined by

«,f3,0; k—a),p; 1 d 1-8)(k—a),0;
gDa;ﬂQS@u(U) — <£Ig_$_ ):05 ( - 4 Q) <kZ:I(§,+ B)( )Qﬂpu>) (U)

¢'(0) do
Lemma 2.2. [31, Lemma 1] A set U C C1_,,(£,K) is relatively compact if and only if U, is
relatively compact in C(L,K).

Next, we denote the closed convex hull of A by ¢onv A, and P(K) will stand for the family
of all bounded subsets in K.

Definition 2.4. [2] The Hausdorff MNC is the map T : P(K) — [0, 00) defined by:

T(A) = inf{e > 0 : A has a finite € — net in K}.
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The subsequent properties are established; for further elaboration, refer to [2,10].

—_

T(A) = 0 if and only if A is compact.

(

T(A) = Y(A) = Y(convA);
(
(4

w N

)

)

) T(dA) = |d|T(A) for every d € R;
) T(A) <Y(B)if AC B;
)
)
)

(G2 SN

T(A+ B) < T(A)+ Y(B);
If T:Y — Y is a bounded linear operator, then Y(T'A) < ||T'||gy) Y (A);

If {An}n>1 is a decreasing sequence of bounded closed nonempty subsets of Y and
o

N

lim YT(A,) =0 then ﬂ A, is a nonempty and compact subset of Y.
n—oo

n=1

Lemma 2.3. [29] Let U C C1—+,(L,K). Then, for all o € L, one has
T(Uy(0)) < Ty, (O).
Moreover, if U is equicontinuous on L, one obtains that Y(U.,(+)) is continuous on I and

Yo, (0) = SggT(U%(J))-

Lemma 2.4. [3,7] Let {u,}> ¢ L'(£,K) satzsfy lun(0)|| < t(o) a.e. on L for alln > 1 with
some v € LY(L,R). Then the functwn Y ({un(0)},129) belongs to LY(L,Ry) and

T ({/aaun(s)ds Cn> 1}) < 2/;T({un(s) C 0> 1)) ds. (2.4)

Theorem 2.1. [13] Let P be a closed convex subset of a Banach space K with 0 € P. Suppose
that T : P — K is a continuous map satisfying the Monch’s condition

if ] C P countable, and

J C conv(T(J)U{0})

= J is compact. (2.5)

Then, T has a fized point in P.

3. Main results

The principal result established herein is the existence of a solution to problem (1.1). To proceed,
we introduce the following hypotheses.

(H1) The functions g; : £ x K x K — K satisfy the Carathéodory-type conditions; i.e., (i)
for all z,y € K gi(-,z,y) : L — K is a measurable function and (ii) for a.e. o € L
gi(o,+,+) : K x K — K is a continuous function.

(H2) The function L : £ x £ x K — K satisfies the Carathéodory-type conditions; i.e., for
all z € K L(-,-,x) is measurable and for a.e. s € [a,0], 0 € L the function L(o,s,-) is
continuous.
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(H3) There exist constants M;, My > 0, such that
1gi(o,wi(), (Huz—i) ()| < M; (1 + [[ui(o) || + [[(Huz—i) (o)), i=1,2,

and
IL(o, 5, w(o))]| < My(1+ Jwi(o)), i=1,2,
for all ¢ € £ and each uj,us € K.
(H4) There exist real-valued functions ¥, ;,0; € L*(L,R) such that

Y (gi(0, D', D?) <Y W, (0)Y(DY), i=1,2,
j=1

and ' '
T (L(a, s,Dl)) <oi(o)Y(D"), i=1,2,

for bounded sets D', D? C K, a.e. o € L.
(H5) Suppose that for i = 1,2

M; ow(b,a) 9; M 0;+k+k(v3—;—i)
1> S (Wb, a) F By (95, ki) + ——w(ba) & By (9, ks + )
L'y (0;) Y3—i
9 +kv, V;+kv3_;
vilw(b,a)”"F ! M|vi|lw(b,a)" %
By, (04, ki) + By, (05, kys—i + k) |,
I1L; (b, 7v3)| ( ) Y3—i[IL; (b, ;)| ( )

where I1;(b, ;) := Tk (kv;) (Mi + I/Z-efgw(b’a)), 1=1,2.
To simplify the ensuing computations, we define
\Ij;'k»]' = H\I/iJHL"ov U;—i - ”U3_i”LC’°7 i,j=1,2.

Remark 3.1. The right-hand side of (H5) is a finite positive constant which depends only on the
endpoints a, b (through w(b,a) = ¢(b) — v(a)), on the fractional parameters ¥;, k;, k, o (through
vi, I'x and the k-beta functions Bg(+,-)) and on the growth constants M;, M. In particular, all
the k-beta functions occurring in (H5) are evaluated at strictly positive arguments, since 9; > 0,
kv; > 0 and kvy3—; + k > 0; hence they are finite, and so is the whole expression.

Theorem 3.1. Assume that (H1)-(H5) are satisfied. Then the system (1.1) possesses at least
one solution on L.

Proof. First, we endow the product space C,, ,,(L,K) := C,,(£,K) x C,,(L£,K) with the
norm
||(ulvu2)||’717“f2 = HulH’Yl + ||u2”’72' (3.1)

In order to avoid any conflict of notation with the interval £ = [a, b] and with the abstract
map appearing in Theorem 2.1, the solution operator is denoted by A throughout this section.
Based on [22, Theorem 4.1], we see the equivalence between the system (1.1) and the operator
equation A(31,32) = (31,32) where A: C,, ,,(L,K) = C,, ~,(£,K) is the operator given by:

A(ui(0),u2(0)) = (A1 (u1(0),u2(0)), A2(u1 (o), uz(0))) (3.2)
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where, for i = 1,2,

Ai(wi (o), u2(0))

— kI‘kl(ﬁl) /aa go’(S)/Cé%Q_l(a, 5)gi(s,ui(s), (Huz—_;)(s))ds s

9;

b 2t~
+ ) / ()K" (b, 5)gi(s, uils), (Hus—;)(s))ds | .

ICZ?Jl(O', a) |: o 143
Hz(ba’}/l) '
Define the closed ball
Br = {(u1,u2) € Oy 1, (L, K) : [lwi]ly, < R, [luall, < R} (3.4)

The argument proceeds via a stepwise construction, outlined as follows.
Step 1. The continuity of the operator A.
Take a sequence {uj ,,uz,} satisfying {uj ,,u2,} — (u1,u2) in B as n — oco. For each
o € L, by applying assumption (H1), it follows immediately that
19i(s,uin(s), (Huz—in)(s)) — gi(s,ui(s), (Hus—)(s))[| = 0, as n— 00, i=12.

Next, in view of (H3), one gets
| (Hus—i) (o)) < / IL(o, 5, u5:()) |1 (s)ds

< / " ML+ Jus—i(s)])¢ (5)ds

- ” (3.5)
<My [ s+ Mulailin [ wls a1 (s)ds
<My (MU, a) + Wlluwﬂl—wi) ;
and
l19i (8510 (5), (Huz—in)(s)) — gi(s,ui(s), (Huz—i)(s))|l
< |lgi(s,uin(s), (Huz—in) ()l + [lgi(s,ui(s), (Huz—i)(s))l
(3.6)

<M, (14 [lus(s)]| + (s )(s)])
Y3—1i
<2M; (1 + Rw(s,a)~1 + M, <w(s,a) + Rw(s,a))) , 1=1,2.
Y3—i
Since the function s — ¢(s)w(s,a)’~! is Lebesgue integrable over [a, o], so are the functions
95 _ Di_

s K 1(0, $)¢' (s)w(s,a)’ "L, and s — KL, (b, )¢/ (s)w(s,a) 1, i = 1,2. Then it follows
from the Lebesgue dominated convergence theorem that

|w (o, a)' =7 (Ai(urn(0), uzn(0)) — Ai (u1(0), u2(0)) ) ||

<°W/a¢'(s)/ci”(a )| (s w0 (5). (Pt _50)(5)) — s 5), (Hsg_0)(s)) [ s
> krk(’ﬁz) ; o,w , i\S, WinlS), —i,n i\S, WilS), —i
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Vi .
[ 0
o KkLe(:) [1Li(b, )|

i (8,10 (5), (Hug—in)(s)) — gi(s, wi(s), (Huz—;)(s)) H ds
—0,
as n — oo for all o € L. Therefore,

1A (u1,n ()5 u2n () = Ai(wa () w2 ()l _y, —— 0, i=1,2.

n—oo

Accordingly, we achieve the continuity of the operator A(-,-) as desired.

Step 2. The set Bg is mapped into itself by the operator A.
Suppose that for each R € N* there is (uy,u2) € Bg and o € £ such that

[ Ai(ug,u9)|l, > R, i=1,2.

Now, for all ¢ € £, (uj,u3) € Bg. Using the fact that e=2%(®%) < 1, for ¢ € £, and

e~ ew(0:5) — omew(0:a) pew(sia) < pew(ba) £ o [a, o], (3.7)
we have
w(a,a)lf% Ai(ul(a),ug(a))H

o ) |7
/ # ()(0,5) 7 lgi(s, wi(s), (Husg-)(5)) | ds +

(s, ui(s), (Hus—;)(s)) || ds, i=1,2.

ka(ﬁ )

|l/‘€9w (b,a) /
+
ka ’71 |

By the hypothesis (H3), we get

w(o, )t Ai(ul(a),uZ(J))H

eQw(b a) (O' a)l_’Yi

s [ eto s)ﬁflMi (L )l + 1 (- s+
|I/ |€gw (b,a)

’Y'L . .:
bl [ M (1 + ()] + | (s )]) ds, 1= 1,2,

By (3.5), we have

w(o,a)t ™

Ai(u1(0),u2(0))||
e 0:9) (g, a) 9
SMZ krk(i(%; ) / ¢'(s)w(o, s)T_l (1 —&—Rw(s,a)%—l + Myw(s,a)

a

MR
V3—i

_l’_

w(s,a)’ | ds 7|"71|
(5 )d * (b (9)

M; ow(b,a)
[vile I / T (1 + Ruw(s,a)" ' 4+ Mpw(s,a)

* krk ‘H b %

MR
V3—i

_l’_

w(s,a)73i> ds, 1=1,2.
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By a change of variables w(s,a) = tw(c,a) and using the definition of the k-beta function, we

obtain, after simple calculations:

’ o, MR
/ (P/(S)w(a'a 5)7_1 <1 + RUJ(S, a)%_l + MLw(s,a) + 7L w(s’ a)73—i> ds
a 3—i
)

—/ o' (s)w(o, s)%_1 ds +R/ o' (s)w(o, S)Ti_lw(s,a)%_l ds
a a

19T_lw(s, a)ds + LE / ¢ (s)w(o, s)%_lw(s, a)’~tds (3.9)
V3—i Ja

k 9y Vitkvi _q 94k

:KW(G’ a)® +kRw(o,a)” & " Br(%;, kvi) + kMpw(o,a) % Bg(¥;,2k)

+k

Iy / " (5)wla,5)

MpR Vithkyg—i
L w(a, a) 733 Bk(ﬂz, kvy3—; + k), 1=1,2.
Y3—i

Repeating this procedure again, we get

’ Yi_q 1 MR
/ @' (s)w(b,s)F ~ (1 + Rw(s,a)" ! + Mrw(s,a) + - w(87a)73—i> ds
“ 3—i

95 9, i Y4
——w(b,a) ¥ + kRw(b,0) T (05, ki) + kMiw(b, a) 5 By, 2Kk) (3.10)
M Vitky3—s
P EMEE g o) T B 0 ks 1+ R), = 1,2,
Y3—i
Substituting (3.9) and (3.10) into (3.8), we obtain
w(a,a)lf’” Ai(ul(a),ug(a))H
M; ow(b,a) I=vi | ; itk
<= m“(’g)’ ) lﬂiw(a, )% + kRw(o,a) "7 By (95, ki)
04k MLR 95 tks g |7l
+ kMpw(o,a)"F Bp(9;,2k) + k w(o,a k Bi(Vi, kys—i + k)| + ———
() E B0 2y kel a) ( |
Mivile*®) |k % Oitkvi g
—w(b,a)® + kRw(b,a)” & B.(9;, kv
ATl A (0-e) e )
Yi M Yitky3—i
+ EMuw(b, a) it By(ds, 2k) + k VLRw(b,a) CE By ks + B) |, =12
3—i
This implies that
[ A (u1,u2) [, < Ry, i=1,2,
where
By M N L ) F 4 R, ) ¥ B0k
= | o k ‘ k ir ki
) Fk(ﬁz) 02("}( 70’) + w( 70’) k( 7)
it2k—ky; M Yitktk(y3—i—7i)
b Muw(b, a) S5 B 0:, 2k) + MEE o 0) BT 9, ks k)

V3—i
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|7’h| Mi|Vi’€Qw(b’a) 1 Yy Vitky; 4
+ + —w(b,a)*® + Rw(b,a)” &~ Bi(Vs, kvi
bl D@ ] |9, " T ) (Wi k)
i M 9i+kv3—i
b My, a) 2 Bun, 2k) + R o o) B ks + B) |, i=1,2.
Y3—i
Then, we get R
R<R: i=1,2 (3.11)

Observe that }AL is an affine function of R: All the terms of El which do not carry the factor
R (namely those involving 1/v;, M1 By (¥, 2k) and |n;|/|IL;(b,~i)|) are constants independent of
R, so that ﬁz /R — ¢; as R — 0o, where ¢; is exactly the constant appearing on the right-hand
side of (H5). In other words, under (H5) the operator A4; grows sub-linearly with respect to
R, which is precisely what guarantees the existence of a ball Br that is mapped into itself.
Formally, dividing both sides of (3.11) by R and letting R — oo, we obtain

M, eew(b.a) ; M 0+ h+k(v3_ =)
i (b, a) T By (95, k) + —Ew(b,a) ™ By (0, ks + k)
L'x(;) Y3—i
95k, Yitkyz—s
[vilw(b,a) ! My |vi|w(b, a) .
By, (¥, ki) + By (Ui, ky3—i +k) |,1=1,2,
|TT; (b, vi)| ( ) Y33 |1 (b, )| ( )

which contradicts hypothesis (H5). Thus there is some R € N such that A(Bgr) C Bg, that is,
A BR — BR.

Step 3. The equicontinuity of A(Bg).
Using the fact that 0 < e—owl(ons) < 1, for a < s < o1 and a < 01 < 09 < b, we have

-1 Tl —gw(01,5) | p—ew(02,01) %1 -1

KZ*, o (02,8) = K%, (01,5)] = e &\o08) {em @020y (09, 5) F — — w(0o1, 8) F

(3.12)
9, 95
<w(op,s)® L —e (20 y(gy, 5)F L i =1,2.
Meanwhile, for all (u1,us) € Br, and a < 01 < 09 < b, we obtain

lw(oa, @) =7 Ai (w1 (02), u2(02)) — w(on, @) 77 Ai (i (o), uz (o))

(3.13)

<Toi+ i+ I+ 13; i=1,2,
where,

1=y fo2 L
los = T [ S (02,9l wis), (s ) 5D, = 1,2,
’ k‘l—‘k(ﬂz) o

1

w(og,a)! ™ —w(oy,a)t=) [ 9y .
o= GO E AR [ 6 ) a6, (s 6D 6 = 1,2

(3.14)

Yi_ 9

-1

w ,a 1= g1 Y4 )
I, = 2lowa [ e )~ K 19| ), (s 5D, 1 = 1,2

kT (9;)
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and
e—ow(oz,a) _ e—Qw(ffl,a)‘
S TROER]
i V” . ) (3.15)
h= g L O (B (). () () = 1.2
Now, combining (H3) and the fact 0 < e=2(71:5) < 1, for 0 < s < o1, and (3.6), we get
w(og,a)l™i o2 9 _
Ipi < (2)/ ¢ (s)w(o2,8)F T M (1+ [[ui(s) ]| + | (Huz—) (s)]]) ds
ELp(%:)  Joy
w(ag,a)k”i /U2 / 9 _q 1
Wo2,4) M, [1 La)v 3.16
kUk(9i)  Jo, @ (shlon )F + Ruls,a) 10
W(S, a)’yS—i .
+Mjp, <w(s,a) + Ri)}ds, 1=1,2,
Y3—i
which after simple calculations gives:
Lo (02,00) %
/ i w\02,01) k .
ds = =1,2 1
iy Pl s = LTI =12 (317)
1 72 ’ 95 _q W(b, a) /02 / 95 _q
—_ ds < d
iy Pl e a)ds < R [T s, )% s
b (3.18)
w(b,a 9
_— F,0=1,2
_Fk(ﬁi+k)W(0—27o—1>k7Z ) 4y
o2 9;
/ @'(s)w(ag,s)fflw(s,a)%*lds =0y, - (01,09,02),1=1,2, (3.19)
o1 kom0
and
g2 .
/ go’(s)w(az,3)%71w(s,a)73*i*1ds =0y, | s (01,092,02),1=1,2, (3.20)
o1 k> -
where
02 .
O, 1y, (01,02,02) = / (p/(s)w(ag,s)%_lw(s,a)_(l_%')ds, i,7=1,2.
ot o1
From (3.16)-(3.20) and using [16, Remark 2.2], we obtain
I()J‘ —0 as o9 — o1, =12 (3.21)
Now, in view of (H3), (3.12) and (3.6), we get
1=y po1 . .
By < SR [ (o) ¥ ety ) 1) )0
(3.22)

X

Y3—i
1+ Rw(s,a)” ' + My (w(s, a) + Rw(sf;a)>] ds, i=1,2.
3—i
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By the same techniques, we get

9

1 o1 i 7
/ (w(al, s)%_l — e_gw(”"”)w(o*g, 5)7_1) o' (s)ds

kT (19;)
1 (3.23)
9, 9 94
= T 1 F) (W(Ul,a)T + e o720y (w(02701)7 —w(027a)7)) ;=12
1 It i i
/ (w(al, s)%fl — 67 ®(72:91) gy, S)%71> ' (s)w(s,a)ds
kT (%) Ja
(3.24)
= F:Z’l(;z,j—)k') (W(O'l, a)% + 6—9&)(0’2,0’1) (W(O’Q,O’l)% - w(02a a)%)) 9 L= 1a 2a
o %iq —ow(02,01) %iq / vi—1
w(o,s)® " —e w(og,s) O (s)w(s,a)’  ds
¢ (3.25)
= @%’1_% (a,01,01) — 6_@“’(”2’”1)@%’1_% (a,01,02),1=1,2,
and
o1 Yi Y4
[ (wlor ) = el oy ) 1) o suls, 0 s
¢ (3.26)
= @%,1773% (a,01,01) — 679&1(02’01)@%,1773% (a,01,02),1=1,2.
Inequalities (3.22) and (3.26), together with [16, Remark 2.2], give
1—2,75 —> 0 as o9 — 01, i:1,2. (3.27)

From (3.13), (3.14), (3.15), (3.21) and (3.27), we obtain
||w(o'2,a)l_%.Ai(ul(ag),ug(crg)) —w(crl,a)l_%.Ai(ul(al),ug(al))H — 0 as o090 — o1, 1= 1,2.

Therefore, the equicontinuity of A(Bp) is established.

Step 4. The Monch condition (2.5) is satisfied.
Let J' x J? be a countable subset of Bg and J' x J? C conv (A;(J' x J?) U{(0,0)}),i=1,2.
For every bounded subset D' x D? C C,, ~,(£,K), we define the MNC as

T’Yl,’yz(Dl X DQ) = T’h (Dl) + T"/z(DQ)a (3'28)

where )
(D, (o))
eNa ’

T.,(DY) = sup
ocel

N>0, i=1,2. (3.29)
The exponential weight e ™ in (3.29) means that Y., -, is a Bielecki-type measure of noncom-
pactness, i.e. the MNC counterpart of the classical Bielecki norm. Its role is purely technical:
The free parameter ® > 0 can be chosen large enough to make the constants A;(R), A;(R) below
arbitrarily small, which replaces a Gronwall-type iteration argument by a single contraction-like
estimate and thus considerably simplifies the verification of the Ménch condition.

By using Lemma 2.3 and [1, Example 1.5], T, ,, satisfies all properties of the Hausdorff
MNC.
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On one hand, let

A(R) = sup/ ¢ (s)w(o, s)%_lw(s,a)%_le_N(U_s)ds, i=1,2, (3.30)
ocelJa
Asz_;(N) := sup/ ¢ (8)w(o,8)F Lw(s,a)B-te N8 ds i =1,2, (3.31)
celL Ja
b ),
A;(R) = sup/ @ (s)w(b, s)F tw(s,a) e MO ds i = 1,2, (3.32)
ol Ja
and
b ),
As_;(N) = sup/ @' (8)w(b, s)F “tw(s,a)B-iTle ™M ds i =1, 2. (3.33)
celL Ja

From [16, Lemma 2.1], we get

3.

w(o,-)f—lw(-,aw—lgp’(-) € L®(L,R), i,j=1,2.

Accordingly, one can select N to satisfy

Q‘I’*lKl:g%(b, a) < i A (R) 1
b d A(R) 4 2 > <=, i=1,2, 3.34
KT (0;) )+ me01) <3 (3:34
and ’
A7 05 K, 05(b,a) < yyimw(m) 1
7 ’ LNy 4 =) 2 =12, 3.35
KT (0) O ) ) <3 (3.35)

Meanwhile, let {Z7, Z2}5 C A(J* x J?) be the countable set and
Yy, ({Z0329) =T, (AT x %), i=1,2. (3.36)

Then, there exists {(ul™, u%m)} 7% c J! x J2, such that

ZMo) = Ai(u" (o), u"(0))

(2
K3 (0,a)

= L TV0%% gi(s, 0" (o), (Hu? ") (o) + 0,6, 77) (3.37)

viklio (o, a) - , » .
TG (FZL2 gi(s,ul (o), (Hal ") (0)) ) (B), i = 1,2.
For n > 1, 0 € £ and {(ub",u>™)}° | C C, 1,(£,K). Using the fact that 0 < e=2(:8) <1, for
a < s < o and using the properties of the MNC, one has

T, ({Zr5) < Y., ({szi’g;wgi(yui’”(-), (Hue;i,n)(,))}ntoo)

n=1

+|Hi‘(Z|%)|T% <{(£Iji’gwgi(',ui’n('), (Hug_’”)())) (b)}+jo> ,i=1,2.

We now proceed to estimate the quantity

v ({Emeacainon mueinm ) ), i= 1

n=1
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and

n=1

t ({(Fmeatato, oame) 0} ) i= 12

Firstly, using condition (H4) and Lemma 2.4, for each o € £ and s < o, one has

/(s %_1 o.S : i )
T ({‘P( )k:l%;?ﬁz)( ’ )gz‘(s,ul’"(S), (Hu3””)(3))} )
n=1

() (0.9)
kT (%)
i,l(
)

[ () (0 ()1321) + Wanls) T ({(H ) ()13 |

9
@' () K
B kl“k(ﬁz

g,5)

i1 (s)Y ({u""(s)}o1)

+ Wig(s)Y </a L(s, 7 {w’ ™" (1)}521) ¢/ (7) dT)]

Hence

+ 20, 5(s)o3-i(5)YT ({ug_i’”(s) o) /8 o' (1) dT]
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T, 1(s)w(s,a)” ™ sup e 5T ({u "(s))

- krk(ﬁl) 0<s<o
+20; 9(s)o3—i(s)w(s,a)”?~ 1031;11206 —Rsy ({ b (g)}o 1)]
/S]C;%;_l g,s €NS znoo

S(p( ! /d‘k(ﬁ(z) | Qi,l(S)W(S’G)Wl ({u )
+2W; 9(8)o3—i(s)w(s, )T, ({u?’_i’" o) ] , i=1,2.

Consequently, Lemma 2.4 implies that

ﬁ_l >
7 ¢'(8)Kow (0,3) in 3—i,n
ACIRL ; ’ d
T /a KT (0) g (s ut"(s), (Hu )(5)) s
n=1
%,m 00 2\1’;‘( 7 %1 i — s
T (W) s [ O (et s
AWiqo3i [7 %1

3—imyoo \ Tz ot
+ T, ({u }nzl) KLk ()

a

Using (3.7), we get

T ({w(o_’ a)l*'YiTIﬁi,Qng (O' ui,n(o_)’ (Hu?;fi,n)(o.)) }:O:1>
, v K T(b,a , 9
<Y, ({uz’n}%o:l) k:l“k(gz? ; ) / @' (s)w(o, s)F

a

Yu(s,a)iteRs ds

. AV ok K (b )
+ ., ({udimyee 275-iK—gu(,0) 4,0’ s)w(o, s Tly s,a)’e™ ds
V3—i n=1 krk('[g )

in QQ*IK__Z:(Z) a) 9 1 we
<Y, ({u""}2) ka(gq?) / ¢ (s)w(o, s)F tw(s,a) "N ds

. AV* ok K2 (b, a)
3—i,n 00 2731 oW\ /

a

Dy _ . .
Flw(s,a) i e ds, i =1,2.

—No

Multiplying both sides by e and taking sup,¢,, one obtains

(£ a0, 06 o))

n=1
<sup e Y ({w(o,a)' LTI gilo, ' (o), (Hu* ) (o))} )
o€l n=1
207 KL% (b, a)

—o,w

<T, ({ui,n n=1) kL1 (0;) Ai(R)
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—im 00 4‘1’f2‘7§—z”C2— E(b a) )
+71, ({u3 . }n=1) ; ksz(ﬁQ) Az (), i=1,2, (3.39)

where A;(X) and As_;(X), i = 1,2 are defined in (3.30) and (3.31) respectively.
Using the same techniques, we get

b (et o, om0 o)) )
2\y1-|\1:*1 Kt %(b a)

<Y, ({ubnyee “ ‘9“ A;(R 3.40
4‘1/2‘\1/1 203 ZIC2—_QZZ)(b7 CL)

+Y s, ({3000 A (N), i=1,2,
e (O ) g g 20
where A;(R) and As_;(R), i = 1,2 are defined in (3.32) and (3.33) respectively.

Combining (3.38), (3.39) and (3.40) yields (for i = 1,2)

205 K17 (b,a) i Ay (R)
Zn <T b ol 7 oW <AiN +H>
D22 < T (020 =y MO T G o)
sy AVE203 K21 (b, a) Vil Ag—i(R)
P () SR G (a0 + S
From the inequalities (3.34) and (3.35), we have
1, 00 1 —i.m) 00 .
'Yz({Zn ) < T% ({u’ }n=1) + gﬁr’ysfi ({u3 ’ }nzl) y L= 172 (341)
And by properties of MNC, we have
% {uzn +oo> T (Jl % J?)
<Y, (conv (A; (T x J*) U {(0,0)})) (3.42)

=71, {Z'}), i=12

Inequalities (3.41) and (3.42), together with (3.28), give

Yoo ({20, Z5)125) = 1o ({2012 + T ({25 1129)
< 20, (™)) + 0 ((27)32)
< ST (0, ZDHS).

which implies that Y., -, (J! x J?) = (0,0) and entails the relative compactness of J! x J? in Bp.
Accordingly, the implication (2.5) holds.
Hence, by Theorem 2.1, there is a fixed point (u1,us) of operator A, which is a solution of
the problem (1.1) in Cy, ~,(£,K). O

Remark 3.2. Theorem 3.1 contains several known results as particular cases, which makes the
claimed generalization concrete.
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(i) For k =1, o = 0 and ¢(0) = o, the operator ngi’m’Q“P reduces to the classical Hilfer
derivative Dgi’”i, i reduces to ¥; + k;(1 —¥;), and (1.1) becomes a coupled version of the
boundary value problem studied in [24]; in the scalar (decoupled) case g1 = go2, U1 = ug,
one recovers [24, Theorem 3.1] verbatim.

(ii) For k=1, o =0, ¢(0) = 0 and k; = 1, one obtains the Caputo integro-differential setting
of [25].

(iii) For k =1 and ¢ = 0 with a general ¢, Theorem 3.1 reduces to the y-Hilfer result of [29],
while for x; = 0 it covers the p-tempered Riemann-Liouville systems of [32].

(iv) When dimK < oo, hypothesis (H4) is automatically satisfied with ¥; ; = 0 and 0; = 0,
since every bounded set is relatively compact; the Monch condition then holds trivially
and Theorem 3.1 reduces to a classical Schauder-type existence result.

4. Example

In this section, one example is provided to show the applicability of the analytical achievements
of the paper. Let
( oo 1 jutm| tan_l(]’Huz’”\)}
T 7917”17@76
D w(o) = + + , o€ (a,bl],
koot 1(9) {251(1))60 231(b)e” 231(0)e” [, (a,4]

T yd2,k2,0;€”
kDot

ug(a)

1+0 . 9 B ‘ .,
- 3(1+ b)32(b) {1 + log, (|Hub"| + 1) + ;tan L(o) sin(u? )} , o€ (a,b], (4.1)

H1 (nggﬂl)’g;eaul) (@) +un (ffé“f*”)"“egul) (b) =,

1 (gzﬂl_W)’g;er) (a+) + 1 (%’Iécil—'yz),g;e”w) (b) = n2,

where, for i = 1,2, 3;(b) denotes the finite positive constant, depending only on the endpoints
a,b and on the fractional parameters 9¥;,;, k, o, v;, defined by

g(eb_ea) 9, b 9 +k+k(v3_3—7;)
e b al k e b a k
310 = Sy (=) Butoinn + - () B0+
9ithY g Ditkys g
(& — )" Pl (¢ — )"

And, let the Banach space

K=co={u= v’ - u"-) : u" =0 as n— oo}

equipped with
[[ulley = sup |u™].
n>1

By comparing with system (1.1), we notice that ¢(c) = €7, and for i = 1,2
gi(o, "™ (o), (HW* ") (0)) = (gi(0,u ! (0), (Hu?""1)(0)), .- ., gi(o, u""(0), (Hu®""")(0))),
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where
b ) gy L cot(o) . tanl ()
g1(o,u”" (o), (Hu*")(0)) = 23, (0)e +23 O —[u" + ENOG eN,
02(0.2" (), (M) () = s (1 g, ([H) 1)
-1—% tan"!(0) Sin(uQ’”)> ,neN,
and " " -
(Hui)(a):/ L(J,s,ui(s))w'(s)ds:/ e 2 eds, i=1,2.

Clearly, g;, (i = 1,2) satisfy hypothesis (H1) and L satisfy (H2). Observe that, for any u,v € R
and o € (a, b];

o1 (0,010 € s (Ll + ) € g (Ll [P0l (42
loa(o 0. 30)| € g (ol [Pl < 5o (L ol + [l (43

and
Loy, < 1+ ) (4.4

Therefore, condition (H3) is satisfied with

1 1
My =, My=¢".

Hypothesis (H4) is satisfied. Indeed, the Hausdorff MNC Y in (co, || - ||¢,) is given by:

My =

T(Y) = lim sup [[(T—Pn)ul,

n—oo ucY

where Y € P(c¢p), and P,, represents the projection onto the linear span of the first n vectors in
the standard basis (see [2]). Using (4.2)-(4.4) (see also the examples in [28,29]), we get

2
T (gi(o, Y, ¥?) <Y Wi (0)Y(Y), i=12, foralloeL,
j=1
where
1 1+0
Vi Uyj(0) = 7~y J=12 foralloel
1,i(0) = 23, (b )ega 2,j(0) 301 0)32(0) J , orall o €L,
and ‘ ‘
T (L(o,s,Y") < 0i(0)Y(Y"), i=1,2, foralloeL,
where

oi(c)=¢€%, i=1,2, foralloe L.

Finally, we check (H5). By simple computations, we get

1 1
M131( ) g <1 and MQBQ( ) 3 < 1.
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Finally, we check that the nonlinearities indeed take their values in ¢g. Let u = (u™),>1 € co,
so that u® — 0 as n — oo. Since u — (Hu) acts componentwise and e ¥"()/2 — 1| — 0
uniformly in s € £, we get (Hu)"(o) — f; e’ds — 0; hence, after subtracting the corresponding
constant sequence, the coupling term is again a null sequence. Moreover tan~!(|z]) < |z|,
log. (1 + |z|) < |z| and |sinz| < |z|, so that

1 1
231(())60 n—00 231([))60’

1
nav'a' <7(u17n + Hu2’n )+
9707 < g ggrar (1 10027
and similarly for go. Consequently, after the (constant) inhomogeneous terms have been in-
corporated in 7);, the sequences g; and g have components converging to zero as n — oo and
therefore genuinely belong to ¢y, as required by the abstract setting.

Therefore, Theorem 3.1 implies that system (4.1) has at least one solution (uj,us).

5. Conclusion

Bearing in mind the emergence of fractional differential systems in widespread applications in
many scientific fields, this study derives a new existence result concerning a family of nonlinear
coupled fractional integrodifferential systems involving the tempered (k,p)-Hilfer derivative.
Ménch’s fixed—point principle is applied as a main tool. Additionally, an example is provided to
illustrate the theoretical conditions in a Banach space of infinite dimension.
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