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EXACT SOLUTIONS AND DYNAMICS OF
THE RAMAN SOLITON MODEL IN
NANOSCALE OPTICAL WAVEGUIDES, WITH
METAMATERIALS, HAVING PARABOLIC
LAW NON-LINEARITY*

Yan Zhoub 2t

Abstract This paper investigate the Raman soliton model in nanoscale op-
tical waveguides, with metamaterials, having parabolic law non-linearity by us-
ing the method of dynamical systems. The functions q(z,t) = ¢(§) exp(i(—kz+
wt)) are solutions of the equation (1.1) that governs the propagation of Ra-
man solitons through optical metamaterials, where £ = = — vt and ¢(§) in
the solutions satisfy a singular planar dynamical system (1.5) which has two
singular straight lines. By using the bifurcation theory method of dynamical
systems to the equation of ¢(&), bifurcations of phase portraits for this dy-
namical system are obtained under 28 different parameter conditions. Based
on those phase portraits, 62 exact solutions of system (1.5) including periodic
solutions, heteroclinic and homoclinic solutions, periodic peakons and peakons
as well as compacton solutions are derived.

Keywords Integrable system, exact solution, homoclinic and heteroclinic
orbit, periodic solution, peakon, compacton.
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1. Introduction

Recently, Xu, et al. [11] stated that the dynamics of temporal optical solitons is a
treasuretrove in the area of non-linear optics. The starting point is Maxwell’s equa-
tion from electromagnetic theory. Electromagnetic properties of complex materials,
with simultaneous negative dielectric permittivity and magnetic permeability, also
known as double negative material, have attracted a lot of attention in research in
the last decades. Novel and interesting features of these engineered materials, that
are also known as metamaterials, and their possible applications to support short
duration optical soliton pulses have been investigated.

Tthe corresponding author. Email address:zy4233@hqu.edu.cn(Y. Zhou)

IWu Wen-Tsun Key Laboratory, School of Mathematical Sciences, University
of Science and Technology of China, Hefei, Anhui 230026, China

2School of Mathematical Sciences, Huaqiao University, Quanzhou, Fujian
362021, China

*The authors were supported by National Natural Science Foundation of China
(11571318, 11162020, 11701197, 11771414) and the Project for Young and
Middle-aged Teacher in Education and Science Research of Fujian Province
of China (JAT170028).


http://dx.doi.org/10.11948/2019.159

160 Y. Zhou

The dimensionless form of non-linear Schréinger’s equation (NLSE) that governs
the propagation of Raman solitons through optical metamaterials, is given by (see
[11] and [10])

iqe + agee + (c1]q]? + calg* + ¢31q/%)q W)
=ioge +iN(|q12q)z + iv(191*)2q + 01(101°Daa + 02|01 Goa + 036°Crs

where a # 0 and ¢(z,t) represents the complex-valued wave function with the
independent variables being x and t that represent spatial and temporal variables,
respectively. On the right-hand side of (1.1), « represents the coefficient of inter-
modal dispersion. This arises when the group velocity of light propagating through
a metamaterial is dependent on the propagation mode in addition to chromatic
dispersion. The factors A and v are accounted for self-steepening for preventing
shock-waves, and non-linear dispersion. The terms with 0;, j = 1,2, 3 arise in the
context of optical metamaterials. We notice that c¢;, j = 1,2,3 are coeflicients of
the non-linear terms and together form the polynomial-law nonlinearity.

We have studied the model (1.1) (see [14]) with ¢3 = ¢35 = 0 and ¢; # 0 which
collapses to the kerr-law nonlinearity, and obtained some interesting results. Now,
we make ¢3 =0 and ¢; # 0, ¢2 # 0 in model (1.1), and obtain the equation

i + agzs + (c1]q/? + c2|g|*)q 12)

=iaqy +iM(|q129)s + iv(|q1?)eq + 01(1q12Q) 2z + 02191°@us + 0303,

The equation (1.2) is explained as the parabolic-law nonlinearity. Consider the
solutions of equation (1.2) having the form

q(z,t) = ¢(&) exp(i(—kx + wt)), &=z — vt, (1.3)

where ¢(§) represents the wave profile, k and w represent the soliton frequency and
wave number respectively, v is speed of the wave. Substituting (1.3) into (1.2) and
separating the real and imaginary parts, we have

[a — (301 + 0y + 05)¢%)¢" — a1¢ + a3¢® + cad® — 6010(¢')* = 0, (1.4,)

(v 4 o+ 2ak) + [3X 4+ 2v — 2Kk(36; + 05 — 03)]¢* = 0, (1.4;)

where a; = w+ak+ak? a3 = ¢; — kA + (01 + 62 +03)k?, the notation ¢’ = %. The
imaginary part equation (1.4;), upon setting the coefficients of linearly independent
functions to zero, gives the relations:

v=—(a+2ak), 3N+ 2v =2k(30; + 65 — 03).

Assume that 6, # 0 and 360, +602+63 # 0. Making the parameter transformation:

ay as co

ag = 391+‘;2+03,ﬂ = 391+z;+93,a0 = Go Q2 = —gi,an = — g7, equation (1.4,) is
equivalent to the following planar dynamical system:
a7 dg ap — ¢? ' '

System (1.5) is a five-parameter integrable planar dynamical system depending on
the parameter group (ag, 8, ag, aa, ay).
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We notice that in [11], the author considered the case of §; = 0,j = 1,2,3, in
the equation (1.1) and obtained an implicit solution. Recently, Biswas, et al. [1,2]
considered the case of ¢ = 0 for equation (1.1). By using the so called “the simplest
equation method”; they obtained a few exact solutions of system (1.5) with ay = 0.

More recently, Zhou, et al. [12,13] and Sonmezoglu et al. [9] used the extended
trial equation method to get some exact travelling wave solutions of equation (1.1).
Unfortunately, the dynamical behavior of the traveling wave system (1.5) depending
on the parameters has not been studied completely before. Recently, in paper
[14], we have used the method of dynamical system to investigate the dynamical
behavior of system (1.5) with ay = 0, and find all possible exact explicit parametric
representations for the traveling wave solutions of system (1.5).

System (1.5) has the first integrals as follows: for § # —1, -2,

H(,y) = y*(¢* — ao)” + m[a&ﬁ(ﬂ + 1)¢* + B(Bas + 204a0 + 200) $*

+ (aoB? + 3apB + agaaB + 2apas + 2akay + 200)] (% — ag)? = h,

(1.6)
for g = —1,
2 2
y 9 Gty +apaa + ap a2
H 7 _ ¥y _1 = h, 17
(6,7) p— o + 57— a n a%@i((bQ — o) (1.7)
for g = -2,
9 2
y 200 + dapay  afas + apas + ap 2
H - — 2041 - = h.
(¢, 9) (3 —ag)? +  —ag (6% — ag)? Oy In |¢ ao|

(1.8)
Clearly, for ag > 0, system (1.5) is a singular nonlinear traveling wave system of the
first class defined in [4,5] and [7] with two singular straight lines ¢ = +,/ag. It is very
interesting that singular traveling systems have peakon, pseudo-peakon, periodic
peakon and compacton solution families. Periodic peakon is classical solution with
two time scales of a singular traveling system. Peakon is a limit solution of a family
of periodic peakons or a limit solution of a family of pseudo-peakons under two
classes of limit senses (see [8]). Compacton family is a solution family of system (1.5)
for which all solutions ¢(£) have finite support set, i.e., the defined region of every
(&) with respect to £ is finite and the value region of ¢ is bounded. Corresponding
to different types of phase orbits, in [4,5] and [7], the authors derived a classification
for different wave profiles of ¢(§).

In this paper, we use the method of dynamical systems to investigate the dy-
namical behavior of system (1.5) with ay # 0 and find all possible exact explicit
parametric representations for all bounded solutions ¢(§) of system (1.5). We shall
see that the solutions of system (1.5) have very abounded dynamical behavior.

The main result of this paper is the following Theorem.

Theorem 1.1. Suppose that agBagazay # 0.

(1) For the five-parameter system (1.5), under 28 different parameter conditions,
it has 28 different phase portraits given by Figure.1-Figure.5.

(2) Corresponding to different level curves defined by H(p,y) = h in (1.6) with
B =1,2,-3,—4, system (1.5) has at least 62 different exact explicit solutions ¢(§)
given by (8.3)-(4.11) and (5.3)-(6.7). These solutions give rise to 62 different exact
explicit solutions with the form (1.8) for equation (1.2).
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(3) System (1.5) has 18 exact explicit solitary wave solutions given by (3.5),
(3.11), (5.14), (5.20), (5.84) and (4.1) for B =1; (3.7), (3.13), (5.15), (3.21) and
(3.35) for B =2; (5.5), (5.12) and (6.2) for B = —3; (5.10), (5.13), (6.3) and (6.5)
for B = —4.

(4) System (1.5) has 11 exact explicit kink and anti-kink wave solutions given
by (3.3), (3.10), (4.2), (4.5) and (4.8) for B =1; (3.9), (4.5) and (4.9) for B = 2;
(5.4) for B =-=3; (5.9) and (6.6) for = —4.

(5) System (1.5) has 2 exact explicit solitary cusp wave solutions (peakons) given
by (3.22) for B =1 and (3.23) for = 2.

(6) System (1.5) has 4 exact explicit periodic peakon solutions given by (3.24)
and (4.7) for B =1; (3.25) and (4.7) for 8 = 2.

(7) System (1.5) has 22 exact explicit periodic wave solutions given by (3.12),
(3.16), (3.18), (3.26), (5.81), (5.32), (4-10) and (4.11) for B = 1; (3.17), (3.18),
(3.27), (3.93), (4.10) and (4.11) for B = 2; (5.3), (5.6), (5.7), (5.8), (5.11), (6.1)
and (6.7) for B = —3; (6.4) for B = —A4.

(8) For ag > 0, corresponding to the open orbit families of system (1.5) which
when |y| — oo tend to two singular straight lines ¢ = +\/ag, there exist a lot of
compacton families of system (1.5).

The proof of this theorem is given in Section 2-6.

This paper is organized as follows. In section 2, we discuss bifurcations of phase
portraits of system (1.5). In section 3-6, we consider the exact solutions of system
(1.5) under different parameter conditions.

2. Bifurcations of phase portraits of system (1.5)

In this section, we consider bifurcations of phase portraits of system (1.5) depending
on the parameter group (ao, 3, ag, 2, aq). We study the associated regular system
of system (1.5) as follows:

do
a d<

where d¢ = (ag — ¢?)d(, for ag — ¢* # 0. System (2.1) has the same first integrals
s (1.6) — (1.8). But when ag > 0, the vector fields defined by system (2.1) and
system (1.5) are different (see [6,7]).

We assume that agasay # 0,8 # —1, —2. Clearly, system (2.1) always has the
equilibrium point Eq(0,0). Write that f(p) = ag + aap + agp®.

(i) When A = a2 — 4agay > 0, and agay > 0,aza4 < 0, there exist two
positive equilibrium points Eq(¢1,0) and Ea(¢2,0) of system (2.1), where ¢1 < ¢o
and when as < 0,a4 > 0,07 = é (— ag—\ﬁ) 3 = 2014( as + VA); when
az > 0,04 < 0,05 = go-(—a2 = VA), ¢ = 5i-(—az2 + VA).

(ii) When A > 0, a0a4 < 0, system (2.1) has only one positive equilibrium point
E1(6e,0) where ¢2 = 51-(— a2+\ﬁ) if g > 0 or ¢ = 51— (—a2—VA), if g < 0.

(iii) When A =0 and agay < 0, system (2.1) has a positive double equilibrium
point E4 (1 /— 2‘2‘24 O) .

In addition, when ag > 0, if f(ag) < 0, then, there are four equilibrium points
Egj(F/ao, FYs),j = 1,2,3,4 of system (2.1) in two straight lines ¢ = F,/ag, where
Ys = /= f(ao).

y(ag — ¢%), = Bo(y? + o + a2¢? + ayd?), (2.1)
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Let M(¢;,y;) be the coefficient matrix of the linearized system of system (2.1)
at an equilibrium point E;(¢;,y;) and J(¢;,y;) = detM(¢;,y;). We have

J(Oa O) = —a()()éoﬁ, J(¢]a 0) = _B(a0_¢?)(a0+3a2¢?+5a4¢;1’)7 J(\/%7 1/;) = _4/60/0}22’

(traceM (v/ag, Ys))? — 4J(\/ag, Ys) = 4agY2(1 + B)2.

By the theory of planar dynamical systems (see [7]), for an equilibrium point of
a planar integrable system, if J < 0, then the equilibrium point is a saddle point;
If J > 0 and (TriceM)? — 4J < 0(> 0), then it is a center point (a node point); if
J = 0 and the Poincaré index of the equilibrium point is 0, then this equilibrium
point is a cusp.

Write that hg = H(0,0), h; = H(¢;,0) and hy = H(\/ao,Ys) =0, for >0
and hg = oo for § < 0, where H(¢,y) is defined by (1.6).

We consider the case of system (1.5) has two positive equilibrium points. Espe-
cially, for = 1,2 and § = —3, —4, we can get exact explicit parametric represen-
tations for the solitary wave solutions, kink and anti-kink wave solutions and some
periodic solutions.

When = 1,2 and 8 = —3,—4, the Hamiltonian (1.6) becomes respectively as
follows:

Hi(g,y)=y*(¢*— ao)‘% (¢*—a0)[2a4¢ HBazt2a0as) o™+ 6 +3agast2agas)] (2.2)

Hs(¢,y)=y(¢* —ao)*+ ! (¢°—a0)?[6asd*+4(200+agay) ¢*+(1200+4agas+2agay)]

12

(2.3)
§ 6a” +(3a2—6 ®+2ag0 — 2
Hos(0.)= g gy + O P S 2 (o
and
2 6 4 4 _ 2 3 2 _
Hos(pu) = gty + e e g oo Tonu— o) (55

By using the above information to do qualitative analysis, we have the following
bifurcations of the phase portraits of system (1.5) shown in Figure.1-Figure.5.

1. The case 5 =1,2,A > 0,apaq > 0,9 > 0,9 < 0. In this case, the origin
Ey(0,0) is a saddle point.

We first assume that /ag > ¢2. Then, when hy < hg < h;, we have phase
portrait Figure.1 (a;). When hy =hg < hi, we have phase portrait Figure.2 (as).
When hg <hs < hi, we have phase portrait Figure.2 (a3). For three fixed three-
parameter groups (ag, s, ay) satisfying the conditions of case 1, we decrease the
parameter ag, then the first fixed three-parameter group gives the bifurcations of
the phase portraits of system (1.5) shown in Figure.1l (a1)-(g).
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Figure.1l The bifurcations of phase portraits of system (1.5) for 8 = 1,2

(al) \/G,T) > ¢o,ho < hg < hi. (b1) \/ai() = ¢9,Ys = 0,heg = 0 < hg < h;. (C)
d1 < Vag < ¢2,he < 0 < hg < hi. (d) ¢1 < \Jag < ¢a,ha < 0 = hg < hy. (e)
¢1<\/%<¢2,h2<h0<0<h1. (f)\/a7:¢1,h2<h0<0:h1,}/520. (g)
Vag < ¢1,hg < hg < hy. The values of hg, hy, hy are obtained with 8 = 1.

The second fixed three-parameter group gives the bifurcations of the phase por-
traits of system (1.5) shown in Figure.2 (az), (b2) and Figure.l (e)-(g). The third
fixed three-parameter group gives the bifurcations of the phase portraits of system
(1.5) shown in Figure.2 (a3), (b3) and Figure.1 (e)-(g).

WAl I
j \u

(a2) (b2) (a3) (bs)

Figure.2 The bifurcations of phase portraits of system (1.5) for 8 =1,2

(a2) Jag > ¢2,hy = hg < hy (b2) \/ag = ¢p2,ha = hg = 0 < hy. (a3) /ag > ¢2,ho <
ha < hy (b3) Vao = ¢2,ho < ha = 0 < hy. The values of hg, hi, he are obtained
with g = 1.

2. The case § =1,2,A > 0,904 > 0,9 < 0,22 > 0. In this case, the origin
Ey(0,0) is a center point.

For a fixed three-parameter group (ag, s, ay) satisfying the conditions in case
2, we vary the parameter ag from /ag > ¢2 to \/ag < ¢1. Then, we have the
bifurcations of phase portraits of system (1.5) shown in Figure.3 (a)-(f).
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Figure. 3 The bifurcations of phase portraits of system (1.5) for 8 =1, 2

(a) ¢2<¢M<\/(To,o<h1<ho<h2. (b) ¢2<\/%,h120<h0<h2. (C) ¢2<
\/%,}Ll < hg <0 < hs. (d) \/%: ¢2,h1 < hy <0 = hs. (e) ¢1 < \/%< ¢2>h1 <
ho < 0 < hs. (f) \/(T():(]51,h120<h0<h2. (g)0<m<¢17h1<0<h0<h2.
¢ is the ¢p—coordinate of the right homoclinic orbit passing through the positive
¢—axis. The values of hg, hy, ho are obtained with 5 = 1.

3. The case = —3,—4,A > 0,apaq4 > 0,9 > 0,2 < 0. In this case, the
origin Ey(0,0) is a center point.
For a fixed three-parameter group (ag, s, ay) satisfying the conditions in case

3, we vary the parameter ag from /ag > ¢ to /ag < ¢1. Then, we have the
bifurcations of phase portraits of system (1.5) shown in Figure.4 (a)-(e).
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(d) (e)

Figure. 4 The bifurcations of phase portraits of system (1.5) for 8 = —3, —4

(a)\/%>Q527h1<h0<h2<0.(b)\/%:¢2,h1<h0<0<h2 OO(C)
$1 < Vag < ¢a,hy < hg < 0 < hy. (d) \/ag = ¢1,ho < 0 < ha. (e) 0 < /ag <
¢1,ho < h1 < 0 < ho. The values of hg, hi, ho are obtained with g = —3.

4. The case § = —3,—4,A > 0,apaq4 > 0,9 < 0,2 > 0. In this case, the
origin Ey(0,0) is a saddle point.

For a fixed three-parameter group (ayg, as, o) satisfying the conditions in case
4, we vary the parameter ao from /ag > ¢2 to \/ag < ¢1. Then, we have the
bifurcations of phase portraits of system (1.5) shown in Figure. 5 (a)-(e).

15 R B\ W\ J 1 15
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(d) (e)
Figure. 5 The bifurcations of phase portraits of system (1.5) for 8 = —3, —4
(a) \/ag > ¢2,h2 < h() < hl. (b) N ag = ¢2,h0 < hl. (C) ¢1 < /ag < ¢2,h2 <0<

ho < hi. (d) yag = ¢1,he <0 < hg. (e) 0 < /ag < ¢1,ha < 0 < hy < hg. The
values of hg, hi, hs are obtained with g = —3.
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3. Exact parametric representations of solutions of
system (1.5) when g = 1,2 in Figure.l and Fig-
ure.2

In this section, we discuss possible parametric representations of the level curves
defined by H;(¢,y) = h,j = 1,2 in (2.2) and (2.3) for the case 1 in section 2. In
this case, the parameter conditions A > 0, agas > 0,9 > 0, s < 0 hold.

Notice that for j = 1,2, H;(¢,y) = h can be written as

Ag — ap¢? — Jad® — 30u¢® _ Fy(¢) 1 1
2 _ 2 3 _ _ 2 3
Yy = ¢2 —ao = ¢2 _ aoy AO =h + agag + 50{20,0 + §a4a0,
(3.1)
and
B 2 2 — 4.4 2 _ 6 __ 1 3
Bt 200006 + (@00 — a0’ + ot — )~ Jaus® _ Fi(o)
(@ —ao? = @ ol
(3.2)

where By = h — a3ag — %agag - %oqa%.

By using the first equation of system (1.5), we know that £ = fqi d}j;g;’ do

and £ = fO % Obviously, if and only if polynomial Fs(¢) and Fg(¢) can
be decomposed into a product of quadratic factors, then the two integrals can be
solved.

3.1. The case of Figure.l (a;).

(i) For 8 = 1, corresponding to the two heteroclinic orbits defined by H(,y) =

2 232 2
a4(¢23*(;b0)_q§;b) +L) Where 7’1 = Ozzéroir/i
(ao w)du

(ag w)u(u+r?)

rise to the following parametric representations of kink and anti-kink wave solutions
of system (1.5):

ha, we have y? = By using the first equation

, where u = ¢2. It gives

of system (1.5), we obtain y/424¢ = [ i

krisn(x,k _ ; _
$00 = 5T XE(*“1<xﬁiw*>ﬁ“1<hfé@*>)’<3a
E(x) = \2/_; [\/ao +rix+ 71(\“/‘ﬂﬂ(arcs1n(sn(x, k)),a2, k)}

2
where &2 = k2 (1+ %) k2 = 2.
Corresponding to the unstable manifold of the saddle point Es(¢2,0) given by
Hy(¢,y) = ha in the upper phase plane tending to the straight line ¢ = ,/ag
4 — (o (ag—u)d ] ;
when y — oo, we have /54§ = fuo (u7¢g)\/a€a0iu;u(u+r%)' Thus, we obtain the
parametric representation of a bounded solution of system (1.5) as follows:

60 = vazen(x.k), x € (~en! (Z.k).0),

f(X) = m(r% + ¢%) [_X + H(arcsin(sn(x, k))a d%v k)] )

(3.4)

~2 _ 2 _
where a5 = o ¢2,k = ao‘fﬁ’r%.
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The level curves defined by Hi(¢,y) = ho are two homoclinic orbits and two
open curves which passing through ¢—axis at the points (+r1,0) and tending to
the straight lines ¢ = +,/ag when |y| — oo, respectively, where ho = —gao(6cg +
@1® (7 =¢°) (d3, — %)

3apae+2a3ay). Corresponding to the two homoclinic orbits, we have y? = T ,

2 3|042|+\/90£§7480400¢4 2 _ 3\a2|7\/90¢§748a0a4 40(4 _
where r{ = Io Q% = i . Hence, we get |/ =5%§ =
2
—u)d o . . .
f nr (a0—wdu . It give rise to the following solitary wave solutions of

U uyflao—w)(rf—u)(62, —u)
system (1.5):

1
¢(X) ==+ (T% - er2?i%)>2 ) X S (_Cn_l (\/ 1- qii?gak) 701'1_1 (\/ 1- %7k)) )

€00 = =22 (a0 — rf)x + 20 M arcsin(sn(x. £), 63, &

ao—¢y,
(3.5)
2 2
where a3 = ;T;, k* = aaooiq%_
Corresponding to the open curves passing through the points (£, 0), we have
dag = [0 (a0 —u)du Therefore, we obtain the following two com-

v uy/(ao—u)(u—r?)(u—¢3,)
pacton solutions:

N|=

=+ (ao a() - 7'1 sn (X; k)) , X € (_K(k)ﬂ K(k))a

(3.6)
&(x) = \/72 [ X+H(arcsm(sn(%k)),di,k)],

ao—y,
where k2 = 20=7 a3 = o=r]
ao—¢3,’ ao
(ii) For ﬂ = 2, the level curves defined by Hs(¢,y) = hg are two homo-
clinic orbits and four open curves which passing through ¢—axis at the points
(£71,0), (£r2,0),72 < \/ag < r; and tending to the straight lines ¢ = +,/ag when

ly| = oo, respectively, where hg = —ad(6ap + 2agaz + aday).
. s . _ ¢2 (ap—u)du
Corresponding to two homoclinic orbits, we have /24§ = fu M o

un/(ri=u) (r3—u) (63,~u)
We have the following solitary wave solutions of system (1.5):

o == (- )" xe (ot (TR (v ).

§00) = 72— | (a0 — r3)x + A I (aresin(sn(y, k )} :

r3y/aa(ri—¢%,

(3.7)

where a2 = ¢2 ,k;2 ?:(Z% .
Correspondmg to the open curves passing through the points (471, 0), we have
V20t = f e _(5(50);2“(” = Therefore, we obtain the following two com-

pacton solutions:

600 =% (13 — (3 = B0 k) 2 e (—sn ! (/= k) oo\ )

£(y) = % [(r?x — aoll(arcsin(sn(x, k)), &3, k)],

i/ aa(ri—83,)

(3.8)
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2 2
1-"2 Similarly, corresponding to the open curves passing

where k% =

through the points (£rs, O),lwe can obtain two compacton solutions.

The level curves defined by Ha(¢,y) = he are two heteroclinic orbits connect-
ing the equilibrium points (£¢2,0) and two open curves which passing through
¢—axis at the points (£r1,0),ap < r} and tending to the straight lines ¢ =
+,/ay when |y| — oo, respectively. For two heteroclinic orbits, we have /20§ =

u (ap—u)du
O (#3—u)y/(rf—uyu(utr}
kink and anti-kink wave solutions of system (1.5):

_ 4 krasn(x,k) Can—1 P2 -1 ¢
¢(X)_i dn(xk) ) Xe( sn ( /74’(15 ,k),Sl’l (k /7r§+¢§ak>>7
60 = Caramem [ Voo T i+ B aresin(sn(, k). 2, )

. It gives rise to the following parametric representations of

2 _ 1.2 T3 2 _ _ri

where &% = k (lJrfg) ke = =
3.2. The case of Figure.2 (a2).

(i) For § = 1, corresponding to the four heteroclinic orbits defined by Hy (¢, y) =

ha = ho connecting the equilibrium points (£¢2,0) and (0,0), we have (/%€ =

¢ Vao—¢2de _ rd deo g2\ (e de ;
PR f¢1 T + (ap — ¢3) f¢1 PRy e thus, we obtain the

following parametric representation of the right heteoclinic orbit of system (1.5):

_ 4ag P
¢(X) - P126\/Wx+04at)e—m>(7

fan— a2 v ao—¢2 W+ao —¢30%(x)
€00 = /o |x+ 2355% ( ( - =) )=+ (3.10)
¢ \/au(ao $%(x))+ao
72\/ =2 1n T 00 BO):| )
where

Pl _ 2\/&0(&07(}5%4’2&0
(,/ao $2\/a0—gi+ao) — 9393 _2\/1_ 2 1, Vaolao=dD)+ag
ap :

¢2 ¢2 d’l

By =In

(ii) For 8 = 2, corresponding to the four heteroclinic orbits defined by Ha (¢, y) =
ha = hg connecting the equilibrium points (£¢2,0) and (0, 0) we have y? =

aa(r?—¢%) (95— ¢%)¢” g _ (¢ __ (e0=¢")do _
(a0 (;2)2 . Thus, from /€ = f¢1 H(G—?) /=7 f¢1 ¢\/ +(a0

we obtain the similar parametric representation of the right

) f% B($3— ¢>)\/27¢>2’
heteoclinic orbit of system (1.5) as (3.10), where ag be changed to T%,q/% be

changed to 4/ a—4

3.3. The case of Figure.2 (a3).
(i) For 8 = 1, corresponding to the two homoclinic orbits defined by Hi(¢,y) =
as(63—¢")*(¢°— ¢,

Hag—07) ). Hence, from

ha to the equilibrium points (£¢s, 0), we have y* =
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2
VFE= ffm (¢2_¢2)$‘(’;§;§i¢2_¢%), we obtain the following parametric represen-
tations of the two homoclinic orbits of system (1.5):

o) = gy, x € (—dnt (%) an (k)
Ex) = \/E [7% + ¢2 o éi%l‘[(arcsin(sn(x,k)),dg,k)},

(3.11)

2 2,2
2 _ a—=¢, 2 _ k¢
where k% = === a5 = P

(ii) For 8 = 2, corresponding to the two homoclinic orbits defined by Hy (o, y) =

2 2 2 242 2 2
ho to the equilibrium points (¢9,0), we have y? = u(r;—¢ 2)((33:(?2))2 (@ —¢w)
_(® (a0—9*)do ;
< ¢ < \/ag < ry. Hence, from /S2¢& = we obtain
fm < 2 o 2= Lo G

the similar parametric representations of the two homoclinic orbits of system (1.5)
as (3.11).

3.4. The case of Figure.l (b;).
(i) For 8 = 1, the level curve defined by H;(¢,y) = he = 0 is a closed orbit
which contacts to two straight lines ¢ = +,/ag at the points (4/ag,0). We have

Thus, we obtain the

v = Jaulao — 9@ + D), /FE = J§ e

following parametric representation of periodic solution of system (1.5):

krysn(wi&, k)

¢('£) = dn(w1§7k_)

2 _ _ag _ as(ao+r?)
where k 7%“%,&11*\/73 .

Corresponding to the two homoclinic orbits defined by H(¢,y) = ho we have
the similar parametric representations of solitary wave solutions of system (1.5) as
(3.5).

(ii) For 8 = 2, the level curve defined by Ha(¢,y) = he = 0 is a closed orbit
which contacts to two straight lines ¢ = +,/ag at the points (44/ag,0). We have
y? = au(ag—9?) (9> +r?), /BE = f0¢ #M Thus, we obtain the similar
parametric representation of periodic solution of system (1.5) as (3.12).

Corresponding to the two homoclinic orbits defined by Hs(¢,y) = hg, we have

2 2 2 2 2 2
2 = 2" By ¢ )¢ ~b) +ay] Hence, we obtain the following parametric represen-

(3.12)

y - 2(0,07(1)2)2
tations of two solitary wave solutions of system (1.5):
1
2 —AD+F (2 +A)en(x k) 2 A A
o(x) ==+ ((d’M 1)1+(i11\&7k)1)c (x )) X 6(— (A1+2M k) (Ai+zéw’k))
I W I Vi SO s Vi . &g 1
f(X) T V204 A, |: ¢?WJ\1A1 X 2¢?v11(\4%1+A1)H (arccos(cn(X,k)), &gil’k)> + 245?” f1:| )

(3.13)
where A; = (b — ¢3,)% + ar, k? = ML Gy = Pt e function f; can be
M
seen in [3](361.54).

3.5. The case of Figure.2 (b3).
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For 8 = 1,2, the level curves defined by Hi(¢,y) = he = 0 and Hz(¢,y) =
he = 0 are two homoclinic orbits contacting two straight lines ¢ = 4,/ag at the
points (+/ag,0), ¢2 = y/ag. In these cases, we have y* = %¢?(ag — ¢?) and y* =
%(;52 (agp—@?). Thus, we have the following parametric representations of two solitary
wave solutions of system (1.5):

6(€) = i\/@sech( “030‘4 ) , (3.14)

and

¢(§) = i\/%sech( a02a4 ) : (3.15)

3.6. The case of Figure.2 (b3).

For 8 = 1,2, the level curves defined by Hy(¢,y) = ho =0 and Ha(¢,y) =
ho = 0 are two periodic orbits contacting two straight lines ¢ = &,/a¢ at the points
(£1/a0,0),¢2 = /ag. In these cases, we have y* = % (ag — ¢?)(¢? — r2,) and
y* = % (ao — ¢*)(¢? —r2,). Thus, we have the following parametric representations
of two periodic wave solutions of system (1.5):

$E) = t—Fr (3.16)

dn (/%558 k)

and ,
P(§) = t——m——— (3.17)

I (/R R)

2
where k2 =1 — %{’;

3.7. The case of Figure.1 (c).

(i) For 8 = 1,2, the level curves defined by Hi(¢,y) = 0 and Hs(¢,y) = 0
are two global closed orbits enclosing five equilibrium points (£¢1,0), (£¢2,0) and
(0,0), which pass through two straight lines ¢ = 4,/ag and intersects the ¢—axis at
two points (+ray,0), respectively. We have y? = fay(rd; — ¢2)(¢* 4+ r?) and y? =
s0a4(r3; — ¢%)(¢? + rf). Thus, we obtain the following parametric representations
of two periodic solutions of system (1.5):

¢(§) = T]\/[Cn(ij,k‘), ] = 1,2, 5 S (—O0,00), (318)

2 2 2 2 2
2 _ _"m _ aa(ri +r?) _ aa(ri +r?)
where k = rf’Ql_\/ L , Qo =1/ . .

Notice that the two straight lines ¢ = £,/ag separate the inner region of the
above closed curve to three areas for which there exist three period annuluses sur-
rounding the centers (+¢2,0) and other three equilibrium points (+¢1,0) and the
origin (0,0), defined by H;(¢,y) = h,j = 1,2,h € (he,0) and h € (0, hy), respec-
tively. When h — 0, these three families of periodic orbits give rise to three families
of periodic peakon solutions of system (1.5). As their limit orbits, two arches define
two periodic peakons with the parametric representations (see Figure.6 (b), (c)):

#(&) = £ryen(QE, k), €€ (—S;cn_l (ﬁk> ,éjcn_l (*/‘Tok» . (3.19,)

J M ™M
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The curve quadrangle enclosing three equilibrium points also gives rise to a
periodic peakon with the parametric representations (see Figure.6 (a)):

¢(§) = ﬂ:TMCH(Q]f, k)7 .] = 1727

o (f00), B 2 ().

(2) (b) (c) (d)

Figure. 6 Periodic peakon and peakon solutions of system (1.5) for 8 =1,2

Corresponding to the two homoclinic orbits defined by Hy(¢,y) = ho we have
the same parametric representations of solitary wave solutions of system (1.5) as
(3.5).

The level curves defined by Ha(¢,y) = ho contain two homoclinic orbits to the
origin and two periodic solutions enclosing the equilibrium points (£¢s,0). For the
two homoclinic orbits, we have the same parametric representations of solitary wave
solutions of system (1.5) as (3.7). For the two periodic orbits, we have the same
parametric representations of periodic wave solutions of system (1.5) as (3.8) with
X € (—00,00).

3.8. The case of Figure.1 (d).

For 8 = 1,2, the level curves defined by Hy(¢,y) = hg = 0 and Ha(¢,y) = hog =0
are two homoclinic orbits passing through two straight lines ¢ = 4,/a¢ at the points
(+y/ag, £Y5). In these cases, we have y? = %¢2( 2, — ¢?) and y? = %QS?( 2 -
#?). Thus, we have the following parametric representations of two solitary wave
solutions of system (1.5):

$(§) = £gnsech <<Z5M O;;&) ; (3.20)

and

¢(§) = £Pusech <¢>M O;f) - (3.21)

Notice that as a limit solution of a family of periodic orbits defined by H1(¢,y) =
h,h € (0,h1) and Ha(¢,y) = h,h € (h1,0), enclosing the equilibrium point (¢4, 0),
there exists a curve triangle which gives rise to a peakon solution and an anti-peakon
solution of system (1.5) with the parametric representations (see Figure.6 (d)):

6(6) = owsect (211 She) . €€ (o0 (Gue), (322
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and

6(6) = ousect (a1 She) . €€ (-o0-6a) (Gaie) (329

where £ = ﬁ\/%sech_l (‘d{:?) Ep2 = q%w\/gsech_l (ﬁ)

As a limit solution of a family of periodic orbits defined by Hi(¢,y) = h and
Hy(¢,y) = h,h € (ha,0), enclosing the equilibrium point (¢2,0), there exists a
curve arch which gives rise to a periodic peakon solution of system (1.5) with the
parametric representations:

#(&) = £orsech (¢M\/?€) ;o E€(=p1,6p1), (3.24)

and

06) = £ousech (o111 5 ) €€ (~6.6). (3.25)

3.9. The case of Figure.l (e).

(i) For 8 = 1,2, the level curves defined by Hy(¢,y) = 0 and Hs(¢,y) = 0
are two closed orbits passing through two straight lines ¢ = £,/ag at the points
(£y/ag, £Y5). In these cases, we have y* = % (rf — ¢?)(¢* — r3) and y* = G (rf —
®)(¢* —73). Thus, we have the following parametric representations of two periodic
wave solutions of system (1.5):

T2

#(§) = im7 (3.26)

and r
#(&§) = R R YAl (VEER) (3.27)

2

where k? =1 — :—%
1

Notice that straight line ¢ = /ag separates the above right closed orbit as two

arches which are two limit solutions of two families of periodic orbits enclosing the

equilibrium points (¢1,0) and (¢2,0), respectively. The two arches give rise to two

periodic peakon solutions of system (1.5) with the parametric representations:

o Kk KW\ [ KR 2E® ,
d)(g)_dn CWET k),€€ e rarwr N NN , respectively,
35 1 o 1 o 1 s 1 o

(3.28)
and
ro K(k) Kk K(k) 2K(k) ,
o)==~ €|~ ) ) ) , respectively.
WOV E E) Y
(3.29)

(ii) For g = 1, the level curves defined by Hi(¢,y) = ho are two closed orbits
enclosing the equilibrium points (£¢2, 0), respectively, and the stable and unstable
manifolds of the saddle point (0,0). For the unstable manifold of the origin in the
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fao (ap—u)du
uy/(r} —u)(rj—u)(ao—u) '
following bounded wave solutions of system (1.5):

r26n2 3
p(x) = (i) e <—sn1 (, /“S,k> ,0) ,
( * ) - (3.30)

3

E() = == [(a0 — r3)x + (r} — ao)(arcsin(sn(x, k), afo, k)] .

upper phase plane, we have 2,/%{ = . It gives rise to the

r2\/ri—ao
2 2 .2
where a2, = 2 k? = 1=,
ao rl—ao
d
For the two periodic orbits, we have 2,/%¢ = (u—ao)du . Thus,

T2 u\/(r —u)(u—72)(u—ag)
we obtain the following parametric representations of two periodic wave solutions

of system (1.5):

1
::l:<a0+d1:2 Xk)))2

m( ) (arcsin(sn(x, k)), a2, k),

r2—p2 L
where k2 = =" §2, = Eao,
ri—ao’ 7‘2

(3.31)

3.10. The case of Figure.l (f).

(i) For g = 1,2, the level curves defined by Hy(¢,y) = h1 = 0 and Ha(d,y) =
h1 = 0,/ag = ¢1 are two closed orbits contacting to two straight lines ¢ = &,/ag
at the points (4/ag,0). In these cases, we have y*> = % (rf — ¢?)(¢? — ag) and
y? = % (rf — ¢?)(¢* — ap). Thus, we have the following parametric representations
of two perlodlc wave solutions of system (1.5):

$(§) = £ridn (7"1 \/75 k) (3.32)
¢(§) = £ridn (n \/?5, k> : (3.33)
where k2 = T%r_#

For § = 1, the level curves defined by Hi(¢,y) = ho are two closed orbits
enclosing the equilibrium points (£¢9,0), respectively, and the stable and unstable
manifolds of the saddle point (0,0). We have the same parametric representations
as (3.30) and (3.31).

and

3.11. The case of Figure.1l (g).
(i) For 8 = 1, the level curves defined by Hi(¢,y) = hi contain two homoclinic
orbits to the equilibrium points (+¢1,0), enclosing the equilibrium points (£¢2,0),
2
respectively. We have 2,/%¢ = ffM oy \(/?qs a”_)‘i“(u — Hence, we have the
following parametric representations of two solitary wave solutions of system (1.5):

600 = £ wran(uo). e (st (/A k) ot (B8 1)),
a0 a0 (3.34)
€00 = 7/ [+ Ate M(arcsin(sn(x, k), 2, k)|
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2 _ ag =2 _ ¢ —ao
where k* =1 — % &
oy 12T ey —et

(ii) For g = 2, the level curves defined by Hs2(¢,y) = hy contain two homo-
clinic orbits to the equilibrium points (+¢1,0), enclosing the equilibrium points
(£¢2,0), respectively, and two open curves passing through the ¢p—axis at the points
(£72,0) with 0 < ry < \/ag < ¢1 < P2 < ¢pr. For two homoclinic orbits, we have

V2au€ = |, o (u—ao)du . Therefore, we have the following parametric
v (w=e)y/(@F—w(u—rd)u

representations of two solitary wave solutions of system (1.5):

600 = % pardn(x, k), x € (—sn‘l (\/ Zi%f‘f;f,k) sn? (‘Z;‘¢k)>
M 2 M 2 (3.35)

§00 = m/i X+ F =t M (aresin(sn(x, k), 6%, k)]

2 2 2
where k2 = (;; ,oz%s ¢ ;22

4. Exact parametric representations of solutions of
system (1.5) when § = 1,2 in Figure.3

In this section, we study possible parametric representations of the level curves
defined by H;(¢,y) = h,j = 1,2, in (2.2) and (2.3) for the case 2 in section 2. In
this case, the parameter conditions A > 0, agay > 0,9 < 0,5 > 0 hold.

4.1. The case of Figure.3 (a).

(i) For g = 1, the level curves defined by Hi(¢,y) = hy contain two homiclinic
orbits to the points (+¢1,0), enclosing the centers (£¢2,0), and two heteroclinic
orbits connecting two equilibrium points (+¢1,0). Corresponding to two homoclinic

2
orbits, we have 2 %5 _ ff}% (u—&)\(/?;oi)j?ﬁru)u' Thus, we have the following
parametric representations of two solitary wave solutions of system (1.5):

olx) = + 24200 e (—ed™ (k) ed ! (28)),

: (4.1)
600 = /i (5558 ) Maresin(sn(x. k)), 42, k),

¢i

2 2
where k2 = 2 42 = A (2001 (a0—¢;)

2 _¢2 .
M 1

Correspondmg to two heteroclinic orbits, we have 2,/ %5 = fou(d)%ﬁ)\}‘zzzz‘ia%%)u.
Thus, we the following parametric representations of kink and anti-kink wave solu-
tions of system (1.5):

600 = Foasn(x.k), x € (—snt (£5,k) st (k).
600 = /ot [+ (1 - %) Marcsin(sn(x, k), 43, %))

2 2
where k2 = 21 42 — Q;—A{

(4.2)

ag ’

For g = 2, corresponding to the level curves defined by Ha(¢,y) = hi, the

laal ¢ ¢M (ap— u)du laal ¢
above two integrals becomes 24/ 5§ = fu PRI e and 24/ 5HE =
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“ (ao—w)du Therefore, we have similar parametric representations as
LR B s T ’ P P

(4.1) and (4.2).

(ii) For § = 1,2, the level curves defined by Hi(¢,y) = 0 and Ha(¢,y) = 0 con-
tain two straight lines ¢ = £,/ap and two open curves passing through the points
(+/@o, £Y;). Now, we have y? = 15l (92— p?) (¢~ 5%) and y? = 15! (¢~ %) (> %),
respectively. For the segments of the above open curve between the points (—/ag, Ys)
and (y/ao,Ys), we have the parametric representations:

. (pp(1—cn(wi&, k)\ 2 1 —1(pP—ao 1 -1 (PP—a
(b(f)_i( (I4+en(wi, k) ) ’EE( w1 (pﬁ+ao’k>’wlc <pﬁ+ao’]z);

4.3
and
5(1— KD\ 2 1 5 — 1 5—
() =+ (pp( on(wat, ”) e (—cm—1 (”’? a‘%k) ,—en™! (Z’f 0 k ) ,
(I+en(waé, k) we PP+ ag wa P+ ag D
4.4
where k% = —%,wl =24/ %|044|Pf), wo = 24/ Llaulpp.

Notice that the level curves defined by Hy (¢, y) = h and Ha(¢,y) = h,h € (0, hy)
contain a global family of closed orbits enclosing five equilibrium points. When
h — 0, this family of periodic orbits attend to the curve quadrangle defined by
H;i(¢,y) =0,j =1,2. When 0 < h < 0 These periodic orbits give rise to a family
of periodic peakons. As a limit solution, (4.3) and (4.4) are also give rise two
periodic peakon solutions of system (1.5).

4.2. The case of Figure.3 (b).

For 8 = 1,2, the level curves defined by Hi(¢,y) = 0 and Ha(¢,y) = 0 contain
two heteroclinic orbits, connecting two equilibrium points (+¢1,0) and enclosing
the origin, and two curve triangles enclosing the equilibrium points (+¢2,0). Now,
we have 2 = %(qﬁ% —¢?)? for f=1and y? = %“‘(qﬁ% — ¢?)?, for 8 = 2. Hence,
the two heteroclinic orbits has the parametric representations (kink and anti-kink
wave solutions):

¢(§) = £¢n tanh (w;€), j = 3,4, (4.5)

where w3 = %|a4|¢1,w4 = %|a4|¢51. The two segments of the left curve triangle
have the parametric representations:

(7(,251)(6“)7'5 + moe*‘ﬂji)
e‘*’jf — moe*‘ﬂjﬁ

¢(£) =+ ;o J =34, (46)

where mg = \/‘/%J_rii .

As a limit solution of a family of periodic orbits defined by H;(¢,y) = h,h €
(0, ha) when h — 0, the parametric representations (4.6) of two curve triangles give
rise to a peakon and an anti-peakon solutions of system (1.5).

4.3. The case of Figure.3 (c).

(i) For 8 = 1,2, the level curves defined by H;(¢,y) =0, j = 1,2, are two straight
lines ¢ = \/ap and two arches enclosing the centers (£¢s,0), respectively. In these
cases, we have y? = t|ay|(¢ —72,)(r} + ¢*) and y* = F|au|(¢ —r2)(r] + ¢?). Thus,
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we obtain the following parametric representations of periodic peakon solutions of
system (1.5):

__Erm Lo Lo Tm .
o0 = iyt (cgen (k) g (S)) . i =

(4.7)
2
where k2 = 7“’{’-1717%’“5 = \/%|a4|(r% +72),we = %|a4|(r% +72).

(ii) For 8 = 1, the level curves defined by Hy(¢,y) = hy contain two heteroclinic
orbits connecting the equlibrium points (+¢1,0) and enclosing the center (0,0),
and two open curves passing through the ¢—axis at (£ry,0) with ¢o < \/ag < 71.

.. . Qy u ap—u)du
For the heteroclinic orbits, we have 24/ %g = fo (¢%—u)\(/(r§—)u)(a0—u)u' Thus, we
obtain the following parametric representations of kink and anti-kink wave solutions
of system (1.5):

o(x) = £v/aosn(x, k), x € (—sn”( e, ) ! (\j}ok))
§00 = \/mi [x+ (1 - %) Marcsin(sn(x, k), 43, 4)] |

where k2 = 2 ,a% gg.
1
For 8 = 2 the level curves defined by Hs(¢,y) = hi contain two heteroclinic or-

bits enclosing the center (0,0) and connecting the equilibrium points (+¢1,0). Now,
2 _ glaal(61-¢%)°(6°—p*)(¢>—p")

we have y o= , where p is a complex number. By using
; loal¢ _ pu (ap—u)du 2 1.2 =2\2 _
the integral 24/'55¢ = [ e where af = —3(p? — p*)%, by

%(p2 + p?), we obtain the following parametric representations of kink and anti-
kink wave solutions of system (1.5):

A (1—cn(x.k 3 A A —¢?
(ZS(X)::E(W) , X € (7 (Al_,'_iéak) 1(1414_2%; ))a
a, . d2
€00 = i | (3550« S0 (i), ) (49
(a0—¢7
+(¢2+0A1)(1+a)f1]

where A? = b2 + a3, k? = "‘QlTj"ll’l,d = ¢1+A1,f1 can be seen in [Byrd & Frid-
man,1971](361.54).

4.4. The case of Figure.3 (d) and (e).

For f = 1,2, the level curves defined by H;(¢,y) = hi,j = 1,2 contain two
heteroclinic orbits, which have the same parametric representations as (4.8) and
(4.9).

4.5. The case of Figure.3 (f).

For f = 1,2, the level curves defined by H;(¢,y) = 0,5 = 1,2, are two
straight lines ¢ = 4,/ag and a global closed orbit enclosing (0,0) and (£¢1,0),
which contacts to two straight lines at (£./ag,0). In these cases, we have y? =
slau|(rf — ¢?)(ao — ¢?) and y? = Flau|(r? — ¢)(ap — ¢?). Thus, we obtain the
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following parametric representations of smooth periodic wave solution of system
(1.5):
(&) = Vaosn(w;&, k), j=1,8, (4.10)

where k2 = Z—?,cw = \/W#@ = \/%WTT%

4.6. The case of Figure.3 (g).

For g = 1,2, the level curves defined by H;(¢,y) = 0,7 = 1,2 are two straight
lines ¢ = £,/ag and a global closed orbit enclosing three centers (0,0), (£¢1,0),
which passes through two straight lines. In these cases, we have y* = |ay|(r? —
¢%)(r3 — ¢*) and y* = $|au|(r} — ¢)(r3 — ¢*). Thus, we obtain the following para-
metric representations of smooth periodic wave solutions of system (1.5):

¢(§) = TQSD((Ujg, k)a .] = 97 107 (411)
2
where k? = %7009 =4/ %\%V%awlo =4/ %|0¢4|7"%~

5. Exact parametric representations of solutions of
system (1.5) when § = —3, —4 in Figure.4

In this section, we discuss possible parametric representations of the level curves
defined by H;(¢,y) = h,j = —3,—4, in (2.4) and (2.5) for the case 3 in section 2.
Notice that H;(¢,y) = h,j = —3,—4, give rise to

1 .
y? = h¢® — 3(hag + a)p? + 3 <ha(2) + auag — 2&2) #? — Cy=Fs(o),  (5.1)
where Cy = hal + ag — %agao + aya?. and

1 1 -
y? = he¢® — 4hagg® + 2(3hal — ay)¢* — 4 (hag — —agag + a2> ¢* + Dy = F5(¢),

3 3
(5.2)
where Do = haj — g + 3azag — sasad.
In this case, we have ag > 0,0 < 0,4 > 0. So that, for § = —3, we have
ho = _2a0—a0a2+2a3a4
0 20.8 )

203[(303 + 4apasay + 4a3ai — 8apay) + (3ag + 6agay)VA]

hy = — ,
! (VA + (a2 + 2a004))3
b 2a3[(3a3 + dapazay + 4a3al — Sapay) — (3ag + 6agay)VA]
2 = .
(\/E — (O[Q + 20,0&4))3
For B = —4, we have hy = W,
0
e 1603[(a3a? + (apas — 3ap)ay + a3) + (az + 2apc)VA]
1= )
3(042 + 2aga4 + \/Z)4
b — 16a3[(aZa? + (apaz — 3ag)ay + ad) — (ag + 2apas)VA]
2 = .

3(ae + 2apay — \/E)4
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By using the first equation of system (1.5), we know that £ = ff and £ =

Fo(¢)
. Thus, we can calculate the parametric representations for all bounded

f% F8(¢'
orbits given by Figure.4 and Figure.5 for § = —3, —4.
5.1. The case of Figure.4 (a).
(i) For § = —3, we consider the case ho < 0. The level curves defined by
—3(¢,y) = h,h € (—o0,h;) are a global family of periodic orbits of system
(1.5) enclosing three equilibrium points. Now, we have from (5.1) that /|h[¢ =
¢

dé . It gives rise to the following parametric representation
U TR TR &P P
of the periodic solutions of system (1.5):

1
r?B(1 —en(S0€, k 2
00 = (e s ) (53)
(Al + Bl) + (A1 — Bl)cn(Qlf, ]{3)
where A1 = (r{ — b1)® + a7, B} = af + b7 = p*p%,af = —4(p* = p*)%, b1 = 3(p° +
oy 12 _ ri—(A1=B1)? QO = A, B
P)Jf - 1A, B, ) 1—2 |h‘ 1P1-
The level curves defined by H_5(¢,y) = hy contain two homoclinic orbits to the
equilibrium points (4¢1, 0), respectively, and two heteroclinic orbits connecting two
points (:i:gbl, 0). Corresponding to the above heteroclinic orbit, we have 4/|h1|€ =

Thus, the two heteroclinic orbits have the following parametric
B aym gp

representations:

s 202(63, — 02) :
¢(5)i<¢1 7 cosh(wi6) — 267 ¢?\4)> ’ (54)

where wi = 24/|h1]¢1(d3, — ¢7). Corresponding to the right homoclinic orbit, we

have +/|h1]€ = ¢M ¢7¢§)f?w. Thus, the two homoclinic orbits have the fol-

lowing parametrlc representations:

- 263(83, — 03) 2
¢(£) == ((b% * fﬁw COSh(wlf)M+ (2<;% - %w)) - (5:5)

The level curves defined by H_3(¢,y) = h,h € (h1,hp) contain three fam-
ilies of periodic orbits of system (1.5) enclosing the equilibrium points (Z¢2,0)
and (0,0), respectively. For the right family of periodic orbits, we have \/|h|§ =

¢ do
"2 /(17— %) (62 ~13)(¢2—r3)
tions of two families of periodic orbits of system (1.5):

. Hence, we obtain the following parametric representa-

IO L B
¢(§) ==+ (TS + 1— OAélSI’IQ(QQf, k‘)) ’ (56)

~9 7'%—7“% 2 (Szfrg
where & = =3 k% = %32, Qy = ry4/|h|(r] —r3). For the mid family of peri-
1

odic orbits, we have w/|h§ fo T d¢ =
3

parametric representations of the family of periodic orbits of system (1.5):

We obtain the following

1

2 2
o(€) = (r% - 17d§s$(925, k)> , (5.7)
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T% k.2 — _(’2(7'1_7"2)
T’2 7‘2’ -

The level curves defined by ‘H_ 3(¢,y) = h,h € (ho, h2) contain two families of
periodic orbits of system (1.5) enclosing the equilibrium points (+¢s,0), respec-

tively. In this case, we have /|h|§ = ¢ Thus, we obtain
Y 1 TZVQQ @)
the following parametric representations of two families of periodic orbits of system

(1.5):

where 43 =

b(€) = + <1 ot k)> , (5.8)

2 2 A2 2
where 4% = 717,{2,/{2 = Tgff?ﬂzs = r1V/|h|(r3 +73).

(ii) For 5 = —4, the level curves defined by H_4(¢,y) = hy contain two homo-
clinic orbits to the equilibrium points (f¢1,0), respectively, and two heteroclinic

orbits connecting two points (£¢1,0). Corresponding to the above heteroclinic or-

: _ o d¢ . .

bit, we have \/h1€ = . Thus, the two heteroclinic orbits
’ €= o (63—02)y/(r7—9%) (63, — ) ’

have the following parametric representations:

d(x) = £ousn(x, k), x € (fsn’1 (%,k) ,snt (q‘f—;,k)) ,

(5.9)

f(X) = WH(aTCSiD(SH()Q k))? &?La k)7
where &4 = %,k = %4 Corresponding to the right homoclinic orbit, we have
VvVhi€ = f¢ M (¢7¢%)\/(T£¢¢2)(¢%47¢2). Thus, the two homoclinic orbits have the fol-

lowing parametric representations:

dmen(x;k) ri (3, —97) -1 (93, —93)
600 = 24208 e (ot (S ) oo ([ ) ),

§0) = gt [X+ ST aresin(sn(x k), a2, k)| |

(5.10)

2 2
where 42 = 7]6(;;1 ;;1) k= ¢T

5.2. The case of Figure.4 (b).

(i) For g = —3, the level curves defined by H_3(¢,y) = h,h € (—oo,hy) are
a global family of closed orbits which contacts to two singular straight lines at
(£+/ag,0). It has similar parametric representation as (5.3), where we use ag instead
of r.

The level curves defined by H_3(¢,y) = hy contain two homoclinic orbits to the
equilibrium points (+¢1, 0), respectively, and two heteroclinic orbits connecting two
points (+¢1,0). They have similar parametric representations as (5.4) and (5.5),
where we use ag instead of ¢3,.

The level curves defined by H_3(¢,y) = h,h € (hy,ho) contain three families
of closed orbits of system (1.5) enclosing the equilibrium point (0,0) and contact
to the equilibrium points (£,/ag,0), respectively. They have similar parametric
representations as (5.6) and (5.7), where we use ag instead of r3.

The level curves defined by H_3(¢,y) = h,h € (hg,0) contain two families of
closed orbits of system (1.5) contacting to the points (+,/ag, 0), respectively. They
have similar parametric representations as (5.8), where we use ag instead of 3.
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The level curves defined by H_3(¢,y) = h,h € (0,00) contain two families of
closed orbits of system (1.5) contacting to the points (++/ag,0), respectively, and
two open curves passing through ¢—axis at the points (+r1,0). In this case, we

have \/Eg = j; \/(r%7¢2)(a‘i¢i¢2)(¢2*7‘§). Therefore, we have the parametric repre-
sentations: .
r2 3

=+ 3 5.11

00 =+ (1= smkaes) (.11)

where k2 = 10-rll 62 = 90 0, =\ /hao(r] — 13).

(ii) For g = —4, the level curves defined by H_4(¢,y) = h; contain two ho-
moclinic orbits to the equilibrium points (+¢1,0) and contacting to two singular
straight lines ¢ = +,/ag, respectively, and two heteroclinic orbits connecting two
points (£¢1,0). They have similar parametric representations as (5.9) and (5.10),
where we use ag instead of ¢3,.

5.3. The case of Figure.4 (c).

We see from Figure.4 (c) that in the straight lines ¢ = +,/ag, there exist two
nodes of system (2.1). For singular system (1.5), when a phase point passes through
the above two straight lines the vector field defined by system (1.5) changes to the
inverse direction defined by system (2.1). The following Figure.7 (a)-(f) give the
changes of the level curves defined by system (1.5).

\/\
i
8706 04 02 02 04 08 oj

N\

(a) h € (=00, h1) (b) b= hy (c) h € (h1, ho) (d) h € (ho,0)

(d) h € (0, h2) (e) h=hs () h € (ha,0)

Figure. 7 The changes of the level curves defined by H_3(¢,y) = h for in Figure.4 (c)

(i) For 8 = —3, corresponding the level curves defined by H_3(¢,y) = h,h €
(—o0, ha), the parametric representations of orbits of system (1.5) are the same as
(5.3)-(5.8).

Along the two homoclinic orbits to the equilibrium points (£¢2,0) of system

(1.5) defined by H_3(¢,y) = ho, We have Vh¢ = ffM m Therefore,
2
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we obtain the following parametric representations:

o) = (43 -
> ¢ cosh(waf) + (203 — dar)

where wy = 221/ h($3 — dar”).
(ii) For § = —4, The level curves defined by H_4(¢,y) = ho are two homoclinic

orbits to the equilibrium points (£¢s,0). we have vhé = fd?M (¢2%>2)\/(¢gj)¢ 2)(p24r3)
2 M 1

Hence, we obtain the following parametric representations:

600) = Fghy, x € (—en™t (%K) et (92,1)),

| (5.13)
2
€00 = o [x + e larecostent 0),6%.)]
2
where k? = m,é@ = #

5.4. The case of Figure.4 (d).

(i) For 8 = —3, the level curves defined by H_3(¢,y) = h,h € (—00, hg) contain
three families of closed orbits of system (1.5) enclosing the equilibrium point (0, 0)
and contact to the equilibrium points (4/ag, 0), respectively. They have similar
parametric representations as (5.6) and (5.7), where we use ag instead of 73.

The level curves defined by H_3(¢,y) = h,h € (ho,0) contain two families of
closed orbits of system (1.5) contacting to the points (+,/ag, 0), respectively. They
have similar parametric representations as (5.8), where we use ag instead of r%.

The level curves defined by H_3(¢,y) = h,h € (0,hy) contain two families of
closed orbits of system (1.5) contacting to the points (+,/ag,0), respectively and
two open curves passing through ¢—axis at the points (+r1,0). Two families of
closed orbits of system (1.5) have the similar parametric representations as (5.11),
where we use ag instead of 3 and use 73 instead of ag in (5.11).

The level curves defined by H_3(¢,y) = ho are two homoclinic orbits to the
equilibrium points (£¢,,0) and contact to two straight lines ¢ = 4,/ag. They have
the similar parametric representations as (5.12), where we use ag instead of ¢2,.

(ii) For 8 = —4, the level curves defined by H_4(¢,y) = he are two homoclinic
orbits to the equilibrium points (+¢2,0) and contact to two straight lines ¢ = +,/aq.
They have the similar parametric representations as (5.13), where we use ag instead

of ¢3,.

5.5. The case of Figure.4 (e).

(i) For 8 = —3, the level curves defined by H_3(¢,y) = h,h € (—00, hg) are a
family of periodic orbits of system (1.5) enclosing the origin (0,0), which has the
same parametric representation as (5.3).

The level curves defined by H_3(¢,y) = h, h € (h1,0) are two families of periodic
orbits of system (1.5) enclosing two equilibrium points (+¢1, 0), which have the same
parametric representations as (5.8).

The level curves defined by H_3(¢,y) = h, h € (0, he) are two families of periodic
orbits of system (1.5) enclosing two equilibrium points (£¢1,0) and two open curves
passing through ¢—axis at the points (+r1,0). Two families of periodic orbits have
the similar parametric representations as (5.11), where we use r3 instead of ao.
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The level curves defined by H_5(¢,y) = ho are two homoclinic orbits to the
equilibrium points (£¢2,0), which have the same parametric representations as
(5.12).

(ii) For 8 = —4, the level curves defined by H_4(¢,y) = hg are two homo-
clinic orbits to the equilibrium points (£¢s,0), which have the same parametric
representations as (5.13).

6. Exact parametric representations of solutions of
system (1.5) when § = —3,4 in Figure.5

In this section, we discuss possible parametric representations of the level curves
defined by H(¢,y) = h in (2.4) and (2.5) for the case 4 in section 2.

6.1. The case of Figure.5 (a).

(i) For B = —3, we assume that hy < 0. In the two straight lines ¢ = +,/ag
there exist four node points of system (2.1). The level curves defined by H_3(¢,y) =
h,h € (—00, hy) contain a global family of closed orbits of system (1.5) enclosing
three equilibrium points and pass though two straight lines ¢ = +,/aq, respectively
(see Figure.7 (a)). It has the same parametric representation as (5.3).

The level curves defined by H_3(¢,y) = ha contain two homoclinic orbits to
the equilibrium points (£¢2, 0), respectively, and two heteroclinic orbits connecting
two points (¢, 0), which have the similar parametric representations as (5.4) and
(5.5), where we use ¢3 instead of ¢3.

The level curves defined by H_s3(¢,y) = h,h € (hz2,0) contain three families of
periodic orbits of system (1.5) enclosing the equilibrium points (+¢1,0) and (0, 0),
which have the same parametric representations as (5.6) and (5.7).

The level curves defined by H_3(¢,y) = h, h € (0, hg) contain a family of closed
orbits of system (1.5) enclosing three equilibrium points and two open curves passing

through the ¢—axis at the points (£r1,0) and connecting two node points, respec-

d¢
(r3-¢2)(92+13)
Thus, we have the parametric representation of the periodic solution family as fol-
lows:

tively. In this case, for the periodic family, we have vVhE = f0¢ T
T’l -

ng%SHQ(Qlé-?k) )é (6 1)
)) .

(8 = (1 — a?sn2 (&, k

2 <202 2 ~
where @2 = 7”227T2r§7k2 = %,Ql =ri\/h(ri+r3).
The level curves defined by H_3(¢,y) = ho contain two homoclinic orbits of

system (1.5) to the origin and two open curves passing through the ¢—axis at the
points (£r1,0) and connecting two node points, respectively. In this case, for the

right homoclinic orbit, we have \/hoé = [ d¢ . Therefore, we have
& ot =" T ’
the parametric representations of two homoclinic orbits of system (1.5) as follows:

$(6) = £ ( 2riohy )é (6.2)
(r} — ¢3;) cosh(@&) + (r}+¢%,) ) '

where w1 = 2r1¢pv ho-
The level curves defined by H_3(¢,y) = h,h € (ho, h1) contain two families of
closed orbits of system (1.5) enclosing the equilibrium points (£¢1,0) and two
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open curves passing through the ¢—axis at the points (£r1,0) and connecting
two node points, respectively. In this case, for the right periodic family, we have

do . . _
Vh he = v = D) Thus, the parametric representations of two pe

riodic solution famlhes are similar to (5.11), where we use r2 instead of ao.

(ii) For 8 = —4, we consider the case hy < hy < ha < 0. The level curves defined
by H_4(¢,y) = ho < 0, contain two homoclinic orbits to the origin and two closed
orbits passing through two straight lines ¢ = +,/aqg, respectively. For the right

homoclinic orbit, we have v/|holé = [ i . Thus, we obtain
’ folé = J o\/(rT—07) (1] —6%) (93, —*) ’
the parametric representations of two homoclinic solutions as follows:

¢(X) ==+ (T% - ;?27(;1;3{{))5 ’ X S (_Cn71 (\/ 1- %ak> ,cnfl (\/ 1- %7k)> )

€00 = — |+ B aresin(sn(x, k). 63, k)|

1
[hol(rs—
(6.3)

2 2 2

Ty —T. ~ T
where k? = 51—2 ,a% 2.
ri— ¢ M

. L . ¢ do
For the right periodic orbit, we have \/|h = .
g p ) | 0| ro ¢\/(rff¢2)(¢27r§)(¢27 ?\4)
Hence, we have the following parametric representations of two periodic solutions
of system (1.5):

o(x) = + (8 + )"
§0x) =

(6.4)

1 3 —¢% . <9 ]
PR T [y {x 2 II(arcsin(sn(x, k)), @3, k)| ,

2 2
r2—r2 . k
where k2 = 21 .03 = ¢M.
¢ 7’2

The level curves defined by H_4(¢,y) = hg, contain two homoclinic orbits to two
equilibrium points (£¢2,0) passing through two straight lines ¢ = +,/ag, respec-
tively and two heteroclinic orbits enclosing three equilibrium points (+¢1,0) and

(0,0). For the right homoclinic orbit, we have \/[ha|¢ = [J™ . ¢2)\/(¢d¢ o

Thus, we obtain the parametric representations of two homoclinic solutions as fol-
lows:

é(x) = £¢,,en(x, k), x € <fcn’1 (%,k) ,en~t (d‘f%,k)) ,

(6.5)
— 1 11 : x2
é-(x) (¢%4_¢§)\/‘h2|(r%+¢%/j) (a‘rC81n(Sn(X7 k))’ Qs k)7
where k% = zifgz 0 = 7%‘?{1 7
For the above heteroclinic orbit, we have /|ha|¢ = f0¢ (¢§7¢2)\/(¢§j’7¢2)(¢2ﬂ%).

Hence, we obtain the parametric representations of two heteroclinic solutions as
follows:

Bx) = £ TR0, xe(—sn‘l(mv) (m k)

) = [X + 50 H(arcsm(sn ]

1
(r2+63)/1h2|(r3+63,)
(6.6)

2 _ ¢y &2 2 Tf
where k = ier @ =k )
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6.2. The case of Figure.5 (b).

(i) For 8 = —3, we consider the case 0 < hg < hi. The level curves defined by
H_5(¢,y) = h < 0 contain three families of periodic orbits for which one family
enclose three equilibrium points (0,0) and (+¢1,0), other two families contact to
two straight lines ¢ = £,/ag at the points (£¢2,0), respectively, ¢ = (/ag. These
families of orbits have the similar parametric representations as (5.6) and (5.7),
where we use ag instead of 3.

The level curves defined by H_5(¢,y) = h,h € (0, hg) contain a family of pe-
riodic orbits enclosing three equilibrium points (0,0) and (£¢1,0), and two open
curve families contacting to two straight lines ¢ = +,/ag at the points (£¢2,0),
respectively. This family of orbits has the similar parametric representations as
(6.1), where we use ag instead of ri.

The level curves defined by H_3(¢,y) = ho contain two homoclinic orbits of
system (1.5) to the origin and two open curves contact to two straight lines ¢ =
+./ag at the points (d¢2,0),respectively. Two homoclinic orbits have the similar
parametric representations as (6.2), where we use ag instead of r%.

The level curves defined by H_3(¢,y) = h,h € (ho,h1) contain two families
of closed orbits of system (1.5) enclosing the equilibrium points (+¢1,0) and two
open curves contact to two straight lines ¢ = +,/ag at the points (£¢2,0). In this

_ e d¢o .
case, we have Vhé = . Therefore, we have the parametric
v 2 \/(a0—9?)(r3—¢2) (2 —r3) P
representations of two periodic families of system (1.5):

where k? = G=riles 62 =m0, = \/hrf(ag — 13).

(ii) For 8 = —4, the level curves defined by H_4(¢,y) = ho < 0, contain two
homoclinic orbits to the origin and two closed orbits contacting to two straight lines
¢ = %\/ag, respectively. They have the similar parametric representations as (6.3)
and (6.4), where we use ag instead of 2.

For the cases of Figure.5 (c) and Figure.5 (d), the orbits of system (1.5) have
not given new forms of the parametric representations. So that, we do not make
new discussion.
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