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VARIABLE EXPONENT
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Abstract In this paper we study the Dirichlet problem for nonlinear elliptic
equations with variable exponents in Sobolev spaces with variable exponent.
We show that for every continuous function g on the boundary there exists a
unique continuous extension of g.
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1. Introduction

The aim of this work is to consider the problem

—Apyu+ B(z,u) =0 in Q,
u =g on 0],

where Q C R? is a bounded regular domain, ¢ is a continuous function on the
boundary of 2 and B: 2 x R — R is a given Carathéodory functions. Recall that
the operator A, is defined by

Ayyu = div (|Vu|p(')_2 Vu)

where p: Q — [1,00) is a measurable function in (2 called the variable exponent.

Hence our goal is to show the existence of a function u € WP() (Q), the corre-
sponding Sobolev space, such that u — g € Wé’p(') (2) and —Apyu+ B(w,u) =0
in Q.

It is clear that A, can be seen as a natural extension of the classical p—Laplacian
operator in p is a constant, however equations with variable exponent are also used
to study electrorheological fluids as described in [25].

In the same way and when dealing with study of variational integrals with non-
standard growth, the next perturbed equation appears in a natural way,

— Apyu+ B(x,u) = 0. (1.1)
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We refer to [1,20,21,29] for more details in this case. Notice that under suitable
hypotheses on B, the authors in [15] were able to show the existence of a weak
solution.

Taking into consideration the variational structure of the equation, the p(.)-
Dirichlet energy minimizing problem was studied by Fan and Zhang in [16]. More
precisely, setting

J(u)—/ﬂ e /QF( ) da. (1.2)

then the authors in [16] where able to show that the regularity of minimizer of .J
(under suitable hypotheses on F') and then they extend the classical result by Brezis
and Nirenberg in [9] to the variable exponent case, that is, any local minimizers in
the C' topology to J is also a local minimizers of J in the W'P() topology. For
nonvariational case, see [2]. Also, the nonlinear elliptic equations associated with
variable exponent has recently attracted attention. For a survey of recent results
in the field we refer to [3,4,17,18,22,24, 26, 28]. See also [23,27] for anisotropic
equations.

It is clear that one of the main difficulty when dealing with the A,y operator
in the fact that when u satisfies —A,yu = 0, then Au, for A € R*, does not satisfy
the same equation.

For simplicity of typing we set

Lu:=—A,yu+B(x,u), (1.3)

then the main result of this paper is to show that, under suitable hypotheses on B,
we get the existence of a solution to the problem Lu = 0 in  with a continuous
boundary data.

The main result of this paper is the following theorem.

Theorem 1.1. Let Q be a bounded regular domain and g € C (052). Suppose that
the next assumptions hold

(Hy) |B(z,0)] < a(x)+ CICP®™ ae. z in Q and for all ¢ € RY, where
a:Q — Rt is a measurable function lying in LP ) (Q) and C > 0.

(H2) ¢ — B(x,() is increasing function for every x € 2.

Then there exists a unique continuous extension wg() of g in Q.

A typical example when the assumptions (H;) and (Hs) hold is B(z,u) =
|u|p($)_2 0.

To prove the main result we will follows by approximation as in [5]. It is clear
that our approach is different than the one used in [15].

In fact, using uniform approximations, it is possible to define solutions in the
Sobolev space including for continuous boundary values, and these turn out to
coincide with the corresponding Brelot-Perron-Wiener solutions.

This paper is organized as follows. In Section 2 we introduce some prelimi-
nary results, including the variable Lebesgue and Sobolev spaces and some of their
properties.

The p (.)-Poisson problem is discussed in Section 3. Duality arguments are used
in order to show the existence and the uniqueness of the weak solution. In Sub-
section 3.1 we give the definition of weak sub and super-solutions, the comparison
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principle and some properties of the solution to the p (.)-Poisson problem as the
Holder continuity of the solution.

In Section 4 we treat the case of the operator £ defined above. We begin by
considering datum in the Sobolev space W'P() (Q) and small domain €. Then
using approximating arguments we get the extension result without any smallness
condition on the domain. The main extension result is proved in Section 5.

2. Preliminaries and functional setting

We begin by defining the variable exponent Lebesgue and Sobolev spaces, we refer
to [11,12,19,24] for more properties of these spaces.

Let p: Q — [1,00) be a measurable function (called the variable exponent on

), we set pt = esssup,cq p(z) and p~ = essinf,ecq p(z).
The variable exponent Lebesque space LP() (Q) is defined by

. _ p(z)
170 () = u: Q — R measurable, p,) (Au) = [, [ dz < oo
for some A > 0.

The function Po() - PO (2) — [0, 00) is called the modular of the space Q) Q).
We define a norm, the so-called Luxembourg norm, in this space by
. U
[[ull,,( ) = inf {/\ >0 pp() <X> < 1} )

As in the classical case, the dual variable exponent function p/ of p is given by

ﬁ + ﬁ =1 and dual space for L) (Q) is 70 (Q).

In a natural way we define the variable exponent Sobolev space W'P() (Q) by
Wi (@) = {u e 170(@), [Vl € L0 ()}
The space W'P() (Q) is endowed with the norm

[l py = leellpoy + Vel -

It is not difficult to show that W'P() (Q) is a Banach space.

The Sobolev exponent p~ of p is p* (z) = dc?);(;?;) if p(z) < d and p* (z) = o0

otherwise.

Now, the space Wé’p ) (©2) (the variable exponent Sobolev space with zero
boundary values) is defined as the closure of C3° (2) with respect to the norm
of WHP() (Q). The dual space of W&’p(') (Q) will be denote by W=1P () (Q).

As in the classical case, we have the next Sobolev inequality.

Theorem 2.1. Assume that u € Wé’p(') (Q), then there exists a positive constant
C' that depends only on the variable exponent p such that

lullp-() < Cllullyyreo -
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To develop a regularity theory for the equation Lu = 0, we will assume that the
variable exponent p satisfies the logarithmic Holder continuity condition introduced
by Zhikov in [30], namely we suppose that

(H) : Ipla) — ply)| < —23

1
<—1  for (z,y) € QxQ with |z —y| <
—log |z — y|

ia
where C > 0 is independent of (z,y). Under this assumption and as it was observed
in [30], the space of smooth functions is dense in the variable exponent Sobolev

space. We refer also to the monograph [12] for the details in this direction.
For technical reasons, we will also assume that 1 < p~ < pt < d.

3. Existence and regularity results for the p(.)-Poisson
problem

The Poisson problem is one of the most classical problems treated in the theory of
partial differential equations. Beside its importance in itself it is also very used as
an auxiliary problem in the treatment of nonlinear problems. In this section, we
are concerned with the existence, uniqueness of the weak solution to p (.)-Poisson
problem.

More precisely for f € Lp*/(') (€2), we will consider the following problems

Apyu = f(x) in Q,
u=0 on 0.

(3.1)

To define weak solution of (3.1), we set

a(u,p) = /Q \Vu|p(m)_2 Vu.Vedz

where ¢ € W&’p(') Q).

Definition 3.1. Let f € AREAO (©). We say that u is a weak solution of (3.1)
ifue Wé’p(') (Q) and a (u, @) = (f, ) for all p € Wé’p(') (©2). Where (.,.) denotes
duality product on Wé’p(‘) ().

Note that the definition of a weak solution makes sense only if f € W1 () ().
By Sobolev inequality, we have Wé #() (Q) —=LP" () (Q) and by duality,
" O@Q)esw e ) ().

On the other hand, since |Q| < oo, then L' (Q) — LP" ) (Q) if r(z) >
p* (z) a.e. in Q.

Hence we consider (3.1) for f € L") (Q) with 7 as above. Let us begin by the
next auxiliary results.

Theorem 3.1. Assume that p*/ () < r(z) < oo a.e. in Q. Then for oall f €

L") (Q), there exists a unique weak solution u € Wé’p(') () to the Poisson problem
(3.1) such that

[l < C I fllygy (3.2)
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where C' > 0 is independent of f.

Proof. The existence and the uniqueness of a weak solution u € W& #() (Q) is a
direct consequence of [7]. Let prove now the estimate (3.2). In what follows, we
denote by C1, Cs, .. any generic constant which may vary from line to line and that
is independent of f. By the definition of u we have

/|Vu|p(w)72Vu~Vudm:/fud:L‘.
) Q

Hence

Py (Vu) = /qudac.
Since u is a weak solution and f € L") (Q), then by Lemma 3.2.20 in [12], it holds
oy (V) S 2([fll oy llull, -
Thus, as in Lemma 3.2.4 in [12], we reach that
ot
IVullpey < 201l llellr gy -

By Sobolev inequality, we get the existence of a positive constant C; such that

p() S OVl -
Taking into consideration that p™ > 1,

+ + + +
g*(.) < (G’ ||VU||§(_) <2(Cy)” ||f||r(.) ||U||r'(.)~

[

Since p*(z) > r (z) a.e. in Q, then
||u||r/(.) <Cy ||U||p*(.) :

Hence

+_1 +
||U||£*(,) <2(Ch)" Oy ||er(.) ) (3:3)
whenever [|[Vul[,, < 1. On the other hand, if [|Vul|,, > 1, then

Combining inequalities (3.3) and (3.4), it holds,

POl

< 205 max {(C&)p (C)P } £l ) -

o _1 2(Ch)" Cy 1Ny - (3.4)

)) < max{

Hence

POl

where C := 2C5 max {(Cl)p+ ) (Cl)pi } =

As a consequence we get the next result.
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Lemma 3.1. Assume that f € L") and define the operator
T: L0 (Q) = LPO (Q)

where T (f) = uy is the solution of the problem (3.1), then T is completely contin-
UOUS.

Proof. It is not difficult to show that 7 is continuous. Now taking into con-

sideration that the inclusion Wol P() (Q) — LPO) (Q) is compact, we get easily the
desired result. O

3.1. L-solutions and L-sub-super-solution

In this subsection we will be discuss the solution and sub-super-solution of nonlinear
partial differential equation

Lu:=—A,yu+ B(x,u) =0in . (3.5)

and we prove some useful properties of the solution to the above equation as locally
Holder continuity uniform boundlessness of the gradient of a such solutions in the
space WhP() (Q).

Let us begin by the next definitions.

Definition 3.2. Assume that r is as in Theorem 3.1. We say that u € W2() (Q)
is a weak L-solution of (3.5), if B (x,u) € L") (Q) and

/ |V P2 Vu.Vgad:v+/ B (z,u) pdr =0
Q Q

for all o € Wy ().
We say that a function u € WHP() (Q) is a weak L-super-solution (resp. L-sub-
solution) of (3.5), if B (x,u) € L") (Q) and

/ |Vu|p(z)_2 Vu.Vodz +/ B (z,u) edx > 0 (resp. < 0)
Q Q

for every nonnegative function ¢ € WOI P() (Q).

Proposition 3.1. Let u and v be two L-sub-solutions of (3.5) in Q, then max (u,v)
is also a L-sub-solution. A similar statement holds for the minimum of two L-super-
solution.

Proof. Let u,v be two L-sub-solutions of (3.5) in Q. Fix ¢ € C5° (), ¢ > 0 and
define = {z € Q,u > v}, Q= {z € Q,u < v}
We have

v , for a.e. x € Q,
¥ (mas (u,v)) u(z), for a.e. x 1
Vo (x), for a.e. x € Qs.

Hence

/ |V max (u, v)[P™) 2 V max (u, v) .Vdz
Q

= / (V"™ Vu.Veds + / |VolP 72 Vo .Vda.
Ql Q2
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It is clear that
I= / |V max (u, v)\p(m)_2 V max (u,v) .Vpdx
Q
= / |Vu|p(gc)_2 Vu.Vodr + / |Vv\p(m)_2 Vou.Vdz
Ql QZ

=1+ L.
Let ¢, € C! (R) be a cutoff function defined by

Lif ¢> 4
0if t<0;

én (t) =

with (b/n >Oon]0 l[.

n

Consider g, (z) = ¢n((u —v)(z)), then g, € W) (Q), and

b, (u—v)V (u—v) if u—v>1

0if u—v<0.

in =

It is clear that ¢, — x0., ||gnllo < 1 ae. in @ and 1 — ¢, = X, |11 — gnll,, <2
a.e. in .
By the dominated convergence theorem, it follows that

L= lim [ g, |Vul"™ 2 Vu.Vede

n—oo 9]
and
I, = lim (1= o) V0[P 2 V. Ve da.
n—oo
2
Hence

/ @ | V[P 72 Vu.Voda

Q

:/ |Vu\p(x)_2 Vu.V (qnp) dz — / ® |Vu|p(gc)_2 Vu.V (g,) dx
Q Q

< - / B (z,u) (qny) dx —/ <p|Vu|p(x)_2 Vu.V (g,) dx
Q ¢

n

where O, = {z € Qu<u<v+i}
Setting

I, = / @ |VuP™ 72 Vu.Vods
Q

and
J, = / (1= qn) V0[P 72 Vo Vpds,
Q

in a similar way
/ (1= qn) V0[P 72 Vo Vpds
Q

<— /Q (1—gn)B(z,v) pdx +/ (\Vv|p($)_2 Vv) 0.V (qn) du.

Qpn
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Hence, we get

h+%§—Amem@m—Au—WBmex

+ / (|Vv|p(x)_2 Vo — [V P2 Vu) 0.V (qn) dz
)

n

<= [ Bl @e)de— [ (=080
+ /Q ob, (u—v) (|V1}|p(w)_2 Vo — [V P2 Vu) (V(u—w))dz.
From Proposition 17.3 in [10], we deduce that
<|Vv|p(gc)72 Vo — [VoP®) 2 Vu) A(V(u—v)) <0.
Using the fact that ¢ > 0 and qb;L > 0, it holds

I, +J, < —/ B (z,u) (gne) dz — / (1 —qn)B(z,v) pdz.
Q Q
Hence
/ IV max (u,v) ") 72 V max (u, v) .Vdz + / B (z, max (u,v)) ¢dz < 0
Q Q

for all ¢ € C§°(€2), ¢ > 0. Since the space of smooth functions is dense in the
Sobolev space, we conclude that

/ |V max (u, v)|p(w)_2 Vmax (u,v) .Vedz + | B(z,max (u,v)) edx <0
Q Q

for all ¢ € Wé’p(‘) (), ¢ > 0, which completes the proof. O

Remark 3.1. From (Hs), we obtain that for all £ > 0, if u is a £-super-solution
(resp. L-sub-solution) to (3.5), then u + k (resp. u — k) is also a L-super-solution
(resp. L-sub-solution) to (3.5). If C' € RY, then C —u and u — C solve (3.5).

One of the main properties of the solutions of the equation (3.5) is the fact that
any non-negative L-solution in an open set {2 satisfies the Harnack’s inequality

esssup,ep, U (7) < O (essinfrep, u (x) + R)

with C' > 0 independent of u and Bg is an open ball such that By C €, see [6] for
more details.

It is clear that the Harnack’s inequality holds for any compact K.

Harnack’s inequality can be iterated to obtain the local Holder continuity of
L—solutions. The proof of Harnack’s inequality is based on two weak Harnack
estimates. One (the infimum estimate) holds for £-super-solutions and the other
(the supremum estimate) for £-sub-solutions.

For a measurable set ECS, we denote osczc pu=esssup,cp u (z)-essinfycp u (z).

As a consequence we get the next result.
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Proposition 3.2. Let u be a weak L-solution of (3.5). Assume that B (x, R) C §2
and fir r < R, then

k
0SCB(g,r) U < ok (%) 0SCB(z,r) U + K (1)
where k € [0,1].
Proof. We set
m (r) := essinfp(,) u and M (r) := esssupp(, u.

By applying the Harnack inequality respectively to the nonnegative functions u —
m (r) and M (r) — u, we obtain

M(5) -mmy=o(n(3) —mer+3).

and

Adding this inequalities, we get

M(r)—m(r)gC(m(g)—m(r)+g+M(r)—M(g)+g).

Thus

OSCp (g, 5) U < 08CB (g, U+ CT.

To complete the proof, we iterate this inequality.
Let m € N* be such that 271 < % < 2™ then in a continuous way, we get

-1 -1
0SCR(z,2m—27) U < ¢ 0SCR(z,2m—1p) U + 2m—1lor < ¢ 0scp(z,r) U+ CR.
Hence
C— m—1 m—2 ) )
0SCB(z,r) U < <C> 0SCRB(z,R) U + T ; <2J (C— 1)J_1) +(3C —1)R.
in(52)
We set k = o < 1 where C > 1, then
4 o (20—2)7"71 . 3
E;n:—; (2j (C - 1).7'—1) _ o3 (C— 1+ 2C—3)(C—1) ifC# 3,

2m — 6 ifC =

(][9]

Therefore, if C' # %, it holds

-1 m—1
0SCB(z,r) U < (C) 0SCB(¢,R) U + T <_

+BC-1)R

k
TS —

+(3C—-1)R.

(C—1)+ (202" )

20 -3 (2C=3)(C-1)

(2C —2)™ !
(©-1+ (20-3)(0-1))
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IfC= %, we have

~1 m—1
OSCR(z,r) U < (CC> 0SCB(z,R) U+ T 2m—-6)+(3C—-1)R

k
<2k (%) 0SCB(z,r) U+ 1 (2m — 6) + (3C' — 1) R.

Let K (r) be a constant such that

r(2m—6)+ (3C -1)R if C =32,

K (T) = _ogym—1
r(~ 305 (€= D) + o) + BC - DRI C # 3.

Hence

k
0SCR (z,r) U < ok (%) 0SCp(z,r) U+ K ().

O

Lemma 3.2. Let u be a L-solution of (3.5). Then u is locally uniformly bounded
in WHP() (Q).

Proof. Let n € C (), 0<n<landn=1onw Cw C . Using p = nu €
W&’p(') (Q) as a test function in (3.5), it follows that

0:/ |Vu|p(x)72Vu(an+77Vu)dx+/B(x,u)nudm

Q Q
=/ |Vu|p(‘”)72Vu(an)d:v+/n\Vu|p(z) d:Jc—I—/B(a:,u)nudm.

Q Q Q

Hence
Jnvar do < [ 19O ol (9uldo+ [ 18wl ol ol
Q Q Q

and therefore

/|Vu|p(x) de < | |B (@, [ul da

IN

a(zx)+c \u|p<x)_1> |u| dx

IN

a(x) |u|dx + c/ |u|p(w) dx

IN

——

o (@) |u] dz + c/ (jul” -+ Jul” )

w

By Proposition 3.2, we have |u| < M on w, where M is a positive real. From
Holder’s inequality, we get

[ 9 s <. (ar ol )

and this complete the proof. O
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Remark 3.2. When |w| is small enough, we can choose the constant C independent
of w.

We close this subsection by recalling the following fundamental comparison prin-
ciple. Hence we can solve the Dirichlet problem in our case once proving the exis-
tence of sub and super-solutions.

Theorem 3.2 ( [8]). Let u be a L—super-solution and v is a L—sub-solution of
(3.5), on Q, such that

limsup v (z) < liminf u (x)
r—y Ty

for all y € 092 and both sides of the inequality are not simultaneously +oo or —oo,
then v < wu in Q.

4. L-variational Dirichlet problem

In this section we look for the existence and uniqueness of variational Dirichlet
problem

Lu = —Apyu+ B(x,u) =0 in Q,

(4.1)
u—gew," (@),

under the Assumption (H;), (Hs) and (Hs).
From Theorem 3.1, we know that for arbitrary all f € L™() (Q), there exists a

unique weak solution uy € Wg P0) () of the Poisson problem (3.1) which satisfies
the estimate

x)—1
s 2507 < Cllf Ny s

where the constant C' is independent of f.
Setting & = u—g and B (z,u) = B (z,u + g), then u is a solution of the problem
(4.1) if and only if @ is a solution of

EuEAp(w) (W +g)+B(z,u) =0in Q,

(4.2)
e WY ().

Using (H;), we get
‘g(a:,u)) <b(z)+C |uf®

+_ , _ ~
where b(z) = a(z) + (1 +1)” HglP® and ¢ = C(1+ e)p+ "> 1. Hence B
is a carathéodory function which satisfies

B T, o ‘ <b(z)+C o|P®) 1
B(@,0)| <b(@)+C o] W)
a.e. in € and for all o € R.

We define the superposition (Nemytskii) operator associated to g, acting on the

measurable function ¢ : ) — R by

N (u) (2) := B (z,u )
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for all z € Q. Then we call u € WP (Q) is a weak L-solution of (3.5), if

Ng (u) € L"O) ()
a’(u’@) = <NB~(U')790>

for all p € W&’p(') (). The above problem make sense if N (u) € L") (Q).
To show that we need the next condition on r. Assuming that

p*/ (z) <r(z) <p () aein Q. (4.4)
Let now prove that Nz (u) € L") (Q).

Lemma 4.1. Suppose that (Hy) and (4.4) hold. Then Nz (u) € L™V (Q) for all
u € WHPL) (Q). Moreover there exist a positive constant k such that

pt—1

4
bl ) +e22 QLT u

pT—1

p*(.)

HNE(“)HT(.) <2k

p_—1

+ 20 QT ullf.
Proof. By the Riesz representation Theorem,
Vg (u) ()= Sup /Ng(u)vdx
ol <1 1Vw
= sup }(Ng(u),v>|.
HUHP(,)Sl

Given v € W&”’(') (), we have

|[(Ng (), 0)] < [((Ng ()] [v])]
< (ol o) + ¢ (a7 ol

Using Holder’s inequality, we get

[N (), 0)] < 2Dl ol 26 [l el -
Thus
i (Vg (u) )|
<2ty ww el +2e s [l
<2y sup_ Mol +2¢ sup_ [l @7 ol

loll,, <1 loll, <1

<2 bl +2¢ |l )

By Lemma 2.1 in [13], we deduce that

|P(I)*1

+_ - _
I <l

p'(
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Hence

[N (u)

’ +_1 -
Ly < 2100y +2¢ (ks + ) -
Since 7 (x) < p (z) a.e. in €, then there exist a constant k > 0 such that
/ -1 -1
g ()], < 28 Bl + 2k (IlullZs " + el )

! -1 ’ -1
< 2k (bl ) + ¢ lullf "+ lullb ).

Hence N (u) € L™0) (), as claimed. Since p*tw) +1= ﬁ, we get from Hélder’s
inequality

t-1 L pfo1 -1 -1 - 1 -1
st < 27 =0T a2l and full?t < 20 QT (2
Hence N
’ p—1 +
b ’ + C 2p+_1 Q d u p* -1
Wl <2 (o R B
+c 20 HQ T ju g*(i)
and this complete the proof. O

Lemma 4.2. Suppose that (Hy1) and (4.4) hold, then the operator
N+ LPO (Q) — L™O) (Q)
s continuous and bounded.

Proof. We first note that

r(x) L@ (@) 1) —r(z)
p(z)(p(z) —1) p(z)(p(z) —1)

Hence by Young’s inequality, we have

p(z)(p(x)—1)

e e [roEal GO

r ()
@ e@ -1
p(2)(p(x)—1)

r 7\ p(@)(p(x)—1)—r(z)
Sy C——
( p*(p+—1)>

p(x)
5 4 b ()

|u

rt ()
+b(z) + u| @
(=) p~(p~ 1)| |
p+(p+*1
r "\ p—(p— —1)=rTF
<(1- e
B ( p*(p+—1)> (C>
rt p(z)
+b(z) + u| @
(=) p~(p~ 1)| |
p+(p+*1
r "\ p—(p— —1)=rTF
<(1- DO
_( p*(p+—1)> (C> talo)
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Hence
p+(p+*1)
(1 p+(p+_1)> (C> Thi)
r(.)
T—'+(P+*1
r- AV EICRE s
< .~
< (1 T 1)) (C) 12l
VAR T

Now recall that a € LP () (Q) and r (z) < p (z) a.e. in Q. Hence a € L") (Q) and
there exist a constant C' > 0 such that

i1, <t

’

p (-)

-1 p+71
< Cmax{”ﬂ”ﬁm 7||9Hz(;<.> )} < 00.

Since [[1],.) < 2max{|Q|%+ ; |Q|r%} < 00, then

pT(pt-1
Bla,u@)| < (1= ggge) (€)@ 77 (15)
b () + o Jul
with St
(1_+T;_>(ojp“’l>”+b@) e L0 (Q).
pt(pt—1)

Now combining (4.5) and Theorem 1.16 in [14], it holds that the operator N is
continuous and bounded from LP() (Q) to L™() (Q). O
In the case of small domains, we have

Theorem 4.1. Suppose that the assumptions (Hy), (Hz) hold with C > 1. Assume
that r verifies (4.4). If |Q| is small enough, then for every g € WHP() (Q), there

exists a unique L—solution u € WHPL) (Q) of (4.1) such that u — g € Wé’p(') ().
Proof. Let M > 0. We set
KM = {f € 170 (@311l < M}

Consider the operator F defined by
Ff:=NzoT)(f),

with f e KM,
By Lemma 4.1,
’ pt—1 ~ -1
_ by + €27 1 QT [,
H]:er() = ||Ng (uf)Hr() S 2k r p_—1 p_flp v

2T |l

p*(.) -~
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Using Theorem 3.1, we get

+_1 -
Z*(i) < CHer(.) and [|uf

where C' > 0 is independent of f € L") (). Hence

s

+_1
opT—1 P
||-7:f|| 0 < 9ok ||b||pf(')—|-c2p |Q‘ a CHf”r(,)
r(.) = . b1
deop 1 |Q‘ a C”f”T(,)
1Bl
< 2k o P ()

+C¢ max {2p+1 | T ,2p 1 \Q|p7‘;1 } [

' +_1 pt—1 -1 p—1
< 2k ||b||p/(.)—|—MC'c max < 2P |Q 2P |2 ¢ .

Since |€?| is small enough, we can choose

2% [1Bll,¢

pt

o

MQ =

1 — ke, Cd max {2P+1 1]

Consequently

F(KM) c KM,VM > M.
Notice that KM is a no empty closed convex subset of L"() (©2), by Lemmas 4.2
and 3.1, we have F: L7() (Q) — L") (Q) is completely continuous, hence by the
Shauder fixed point theorem, F admits a fixed point in M. Hence there exists
a L—solution u € WP() (Q) such that u — g € Wé’p(') (©). By the comparison

principle, we have the uniqueness of the solution. O
Finally, we give a result with no restriction on the measure of ).

Theorem 4.2. Suppose that B verify the assumptions (Hy) and (Hz) with C > 1.
Assume that the condition (4.4) holds. Then for all g € WYL (Q), there exists a
unique L—solution u € WPL) (Q) of (4.1) such that u — g € W&’p(') Q).
Proof. By Theorem 4.1, there exists a unique £L—solution denotes by u?G wtrl)(Q)
of (4.1) such that u? —gc€ Wé’p(') (©2) when |Q] is small enough.

Let (g;); be a sequence of functions belong to WP() (Q) and (w;); be increasing

sequence of open subset such that Q = Uwi and Q\w; is a bounded regular domain

for all ¢ € N*. We choose iy € N* such that Q\w;, is a bounded regular domain
with |Q\w;,| is small enough.
We define the sequence of functions (f.,); by f, = ug in Q and

Wit .
Ug, 1IN wiq1,

fi+1 =
fi in Q\wiy,

for all ¢« € N. Since any function in the space Wol’p(') (wit1) can be extended by 0
in Q\wjy1, we get that f,,, € W0 (Q).
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By proposition 3.2, (f,,,), is locally uniformly bounded in WhPl) (Q), then we
can extract a subsequence f, ., converges weakly in wtp() (©2) to a function w.
To complete the proof we show that wg is a L—solution. By Lemmas 3.2 and 3.3
in [7], we have

B (2, fuo,) = B (w,w])
and

p(z)—2

|vf%<n> Vioowm = |Vw§ |p(r)_2 Vw;)

a.e. in 2. In addition the sequence (’Vfw

Vitali’s theorem we deduce that

p(x)—2 Vfwm)) is bounded, hence by

p(n)

0= lim /Q |vf%o<n> |P(m)—2 vfw¢<n> pdr + /Q B (a:, f%(n)) pdx

n—oo

_ Vs p(z)—2
[ [vug]

Vw?@da: + /Q B (J:, w?) pdx

for all ¢ € Wé’p(') (©2). So w? it is a L—solution in © and this complete the proof.
O

5. L-harmonic functions

We have proved that if  is bounded regular domain and g € WP() (Q), then there
exist a unique function v € WHP() (Q) solution of (4.1) such that u—g € Wé’p(') ().
We deal now with the case g € C (09Q).

The main question in this direction is the following: for g € C (92), is there

a unique continuous extension of g in (2, that is u, which is a continuous weak
solution of (3.5)7
Before answering the above question, we need some tools.

Definition 5.1. A function A :Q — R is said to be L£-harmonic in Q if it is a

continuous weak solution to (3.5). We set
He (Q) ={h:his L —harmonic in Q }.

Definition 5.2. Let g be a continuous function on 0€2. We say that wy solves the
Dirichlet problem with boundary value g if wy € H, (Q) and

lim wy, (z) = g (y),

T—Y

for all y € 09Q2.

We denote by w? the solution of (4.1), by Theorem 4.2 and proposition 3.2, the
unique solution w$% € H, (). Moreover if w$ solves the Dirichlet problem with
boundary value g € C (992), then w is a continuous extension of g in Q.

Notice that the comparison principle given in Theorem 3.2 can be extended to

functions in C (092) in the following way.
Lemma 5.1. If g1, 92 € C(9Q) and g1 < g2 on 99, then w} < w¥ in Q.

Hence we have
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Theorem 5.1. Let g € C(0N2). Then there exists a unique continuous L-harmonic
extension w. of g in Q.

Proof. It is clear that if g is the trace on 02 of a function g € C*° (ﬁ), then the
result holds trivially. To prove the general case g € C(9R), we follow by approxi-
mation.

Let g; € C* (ﬁ) be such that

1
bgg)lg 9l < =12,

Then the comparison principle, it holds that

. . 1 1

Hence, the sequence (wy’), converges uniformly on € to a continuous function w?%.

By Lemmas 3.2, 3.3 in (7], we deduce that the limit w% it is a solution of (3.5),
hence it is a £-harmonic function in (2. [

Notice that by the uniqueness of the solution, we deduce that the £-harmonic
function HZ and the solution given by Brelot-Perron-Wiener Method coincide. In
this case the space of continuous functions on 0f2 is resolutive.
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