Journal of Applied Analysis and Computation Website:http://jaac-online.com/
Volume 9, Number 1, February 2019, 345-362 DOI:10.11948/2019.345

ON THE CAGINALP PHASE-FIELD SYSTEM
BASED ON TYPE IIT WITH TWO
TEMPERATURES AND NONLINEAR
COUPLING

Armel Andami Ovono®', Brice Doumbe Bangola?
and Mohamed Ali Ipopa?

Abstract This paper is devoted to the study of a generalization of the Cagi-
nalp phase-field system based on the theory of type III thermomechanics with
two temperatures for the heat conduction with a nonlinear coupling term. We
start our analysis by establishing existence of the solutions. Then, we discuss
dissipativity and uniqueness of the solutions. We finish our analysis by study-
ing the spatial behavior of the solutions in a semi-infinite cylinder, assuming
the existence of such solutions.
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1. Introduction

In recent years a new attention has been devoted to the Caginalp phase-field model

[6]
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00 ou

Such a model describes the behavior of certain materials in their stages of melting
and solidification. It has been instensively studied in several forms (see [1-5], [11-
13,15] for more details). In fact in this case # and u can represent respectively the
temperature and the order parameter.
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Using Fourier’s law to the aforementioned model, one can observe a disparity
between the observed results and the expected outcome. One of them is known as
"paradox of heat conduction” and has been firstly underlined by Nernst (see [14]).
In order to overcome this disparity several alternative laws have been proposed, the
Maxwell-Cattaneo law (see [35]) or the Gurtin-Pipkin law (see [29] and [30]). The
study of models derived from these new laws has been the subject of a number of
papers regarding to the qualitative study of solutions (see [16,21-25,33,39,41-44]).

Furthermore, in [26-28] Green and Naghdi proposed an alternative theory based
on a thermomechanical theory of deformable media to obtain very rational models.
They considered three theories of thermoelasticity labeled as type I, II and III
respectively (see [31,32,46] for more details).

We will focus on this latter type throughout this paper and in particular when
the conductive temperature 6 and the thermodynamic temperature T are differents.
This case is shown to be more relevant for non-simple materials as described in
[7-10,37,38,45] and can be written

T=0- A6 (1.3)

We recall that for simple materials these temperatures are shown to coincide.
The purpose of our study is the following initial and boundary value problem

% — Au+ f(u) = g(u) (?;Z — Ag?), (1.4)
(92—&— @—Aa—a—Aa:—g(u)% (1.5)
ot? ot2 ot ot’
uloo = aloq =0, (1.6)
Ja
u\t:o = Uop, 04|t:0 = Qp, ot — = Qi, (1.7)

where 2 is a bounded and regular domain of R™ with n = 2 or 3.

This paper is divided as follows. The next section will be devoted to give a
rigorous derivation of our model using type III and a nonlinear coupling. In Section 3
we will address the question of existence and regularity. Then we prove dissipativity
and uniqueness of the solutions. We finish, in Section 5, by the study of the spatial
behavior of the solutions in a semi-infinite cylinder, assuming that such solutions
exist.

Throughout this paper, the same letters ¢, ¢’ and ¢”” denote constants which
may change from line to line and also ||.||, will denote the usual L” norm and (., .)
the usual L? scalar product; more generally, we will denote by |.||x the norm in
the Banach space X. When there is no possible confusion ||.|| will be noted instead
of |||l

2. Derivation of the model

Our equations (1.4)-(1.7) modeling phase transition are derived as follows.
Let ¥ be the total energy of the system defined as

U(u,T) = /Q (;Vu|2+F(u) — G(u)T — ;Tz)d%
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with G’ = g and F’ = f. The evolution equation for the order parameter is given
by:

ou
o 2.1
o, (2.1)
which yields owing to (1.3)
ou
i Au+ f(u) = g(u)(0 — AB). (2.2)
Let H be the enthalpy defined as follows
H=-0r%=Gu)+T =G(u)+ 60— Ab. (2.3)
Furthermore,
OH
_— 1 = U. 2.4
o +divq =10 (2.4)
Since OH 00 00 9
u

In particular, considering the type III theory with two temperatures (see [45])
q=-V0-Va, (2.6)

where a(t, z) = fot O(r, x)dT 4+ ap(z) is the conductive thermal displacement. Noting
that 0 = %—Ot‘. We get from (2.4) to (2.6),

0« 0« foJe ou

This leads to the above system (1.4)-(1.7).

3. Existence of solutions

We start by giving an existence result, the assumptions for the proof being the
following: f is of class C! and

G(s)]* <1 F(s) +ca,  co,c1,60 >0, (3.1)

lg(s)s] < es(|G(s)]* +1), s3>0, (3.2)

ey 8" — 5 < F(s) < f(s)s4+co < ces*2 —cr, cayc6 >0, ¢5,¢0 >0,  (3.3)
l9(s)] < es(Is|+1), |g'(s)| <co 5,00 20, (3.4)

If'(s)] < cro(ls]* + 1), c10 >0, (3.5)

where k is an integer.
We have the

Theorem 3.1. We assume that (3.1)-(3.5) hold true. If in addition (ug, o, 1) €
HY(Q) N LF2(Q) x HY(Q) N H2(Q) x HY(Q) N H2(Q), then (1.4)-(1.7) admits a
solution (u,c) such that w € L>(0,T; H(Q) N L*2(Q)), %% € L?(0,T; L*(Q)),
a € L®(0,T; HE () N H2(Q)) and 22 € L>(0,T; H (Q) N H*(Q)), VT > 0.
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Proof. The proof of existence follows from the priori estimates and a standard
Galerkin scheme (see [19,20,47] for details). We will just focus on the priori esti-
mates.

Multiplying (1.4) by 5 “ and integrating over €2, we have

d Oa Oa\ Ou
2 — — —
‘ oVl + dt/ (u)dx-/gg(u)(at Aat) Sldr. (36)

Similarly, multiplying (1.5) by 4 7, we obtain

ou |
ot

oo

1d|0a
2 dt

ot

1d 9 Ou O
45Vl = = [ oGy Grde. (37

ot

H da |2

Ve

Again, multiplying (1.5) by A%‘z‘, we get

1d ou . O«
11D a2 = /Q o) 2% (3.8)

2 5'a 2
2dt ot ot

at

sl < zale

Summing (3.6), (3.7) and (3.8), we find

1d 9 Oa dal? 9
5% [W I +2/F dm+H +2HVat +HA5‘t + || Vel
2 (3.9)

9 8& Aaa _0

+ ||Aa]] at + ol =

Multiplying (1.4) by wu, we find

1d, 9 / (804 8a>
——|u||* + || Vul]* + (f(u),u) = uw)| — — A— |udzx. 3.10
5l 17l + () = [ o) (G - aF (3.10)

We have, owing to (3.1) and (3.10),

Oa
2 2 <
3l = 19ul + e [ Plujds <c [ G)Pda+ 5 ‘875
(3.11)
+1 Aa—a +c
2| ot '
From (3.9) and (3.11), we obtain
d ou|? Jda Jda
—E; +2 242 dz + 2 2(|V— 2[|A—
S+ 2|Vl + CO/Q Flu)ds + Hat " Hvat + H a
) s l? (3.12)
< 2q a A2 /
c/\G ) x+‘8t +H e
where
By =l + [9ulP + 2 [ Fds+ ] 5+ 2|9 5|
(3.13)

+HA 7+ Ivall” + 2ol
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satisfies (due to (3.3))

2 k+2 2 !
e (A T e Y A L R
(3.14)
k42 2 a2
(e e P - P B
Multiplying (1.5) by «a, we get
d (O« d foJe}
el Bt et —Af - 2 2
<8t ’a> * dt( ot ) * 2dt”va” Tvel
(3.15)
( )@adaz
ot
Since 5 J 5
u (0%
Mode =2 - o 1
/Qg(u) Y adx dt/ﬂG(u)ada: QG(u) Y dz, (3.16)
(3.15) becomes
i[(gﬁ,a) + (—A?,a) +/QG(u)adac+ ;||Va||2} + [|[Va?
) (3.17)
a
|5 o5 + oo
Adding (3.12) and n(3.17) with n > 0, we get
d ou|? da|)? da ||’
—F. 2+2 F(u)dz +2||— | +2[|V=| +2|A 2
i 2+ || Vul|* + CO/Q (u)dz + H(‘)t + Hvat + H 5 +n||Val
2 2 2
< [ 1otPde+ @ )| | +a| V5| +[aSH] +e, (3.18)
Q ot ot
with
B Oa Oa 7 2
Ey=FE —l—n(at,a) —|—77< Aat,a> —l—n/QG(u)adac—&— 2||Voz|| .
Hence
ou 2 O\ 2 2
T - AV P Ny
ot ot
(3.19)
Sc’/ |G (u)Pdx + .
Q
Choosing 71 such that
da|)? Oa 1 9 da || 9
i i - > i
15 +0(Gea) + 5vat = (| ] +var).
e |12 5 . a2 (3.20)
a a a
2 et A - 2 > hnd 2
Hvat +77< 5 ,a) + 2||Va|| >c (VH 5l T [Vl >7
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and using (3.1), we have

2/9F(u)d1:+Z||Va||2+77/QG(u)adx20(/9F(u)dx+ ||v@||2> e (3.21)

It follows from (3.14), (3.20) and (3.21),

da||?
B < ol + 3+ |5 lolem ) R k>0 G22)
H?(Q)
Similarly
oo ||?

E2 > C<||U|H1 () + HU”Zig ' (@) + ||Oé%{2(9)> - k27 k2 > 0. (323)
2

at

We deduce owing to (3.1) and (3.19)

2

d ou

—F —|| <dFE 48 .24

a e, =T (3.24)
Finally the proof is deduced from (3.22)-(3.24). O

Now, we make the following assumption
f0)=0, f'>—ks, k3>0. (3.25)

We also have the following theorem with more regularity

Theorem 3.2. We assume that the assumptions of Theorem 3.1 are satisfied and
also (3.25) hold true. If in addition (ug,cq,a1) € HE(Q) N LF2(Q) x HH(Q) N
H2(Q) x HY(Q) N H2(Q), then (1.4)-(1.7) admits a solution (u,«) such that u €
L>(0,T; Hy () N LF2(Q)), G € L*(0,T; L*(Q)) N L*(0,T; Hy (),

a € L>(0,T; H} () and 22 € L*>(0,T; H} () N H*(Q)), VT > 0.

Proof. As in a previous theorem we give the priori estimates on the solutions.
Multiplying (1.5) by —Aq, integrating over Q and by parts, we have

d (O d Oa 1 2 9
dt(,Aa) +dt<A,A >+||Aa|| + || Aal|

ot ot (3.26)
da || da || ou '
_Hvat + HA@t +/Q (u )8t Aadz.

Since 5
/ g(u ) Aad:c* —/ Aozda:—/G(u)Aa—?d:c, (3.27)
Q

it follows from (3.26)

Oa Oa 1 9 9
[<8t Aa) (Aat,Aa> —/QG(u)Aadx—k §HA0¢H } + || Aa|

<o( fieeors|5],...)

(3.28)
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We differentiate (1.4) with respect to time to get
0%u ou ,, Ou ,, \Ou (O« Ja 0%u 0%u
oz S Tl W= (u)at<8t - m) ( )(8152 _AE%?) (3:29)
Using (1.5), we obtain

0%u ou ,, Ou ,, Ouf0«a O
G g S0 =g (5 -85

(3.30)
+ g(u) <Agt + Ao —g(u )g)

Multiplying (3.30) by %, we have owing to (3.25) and the boundary condition
%u =0 on 09,

d , Ou ou 2 ou 2 ou 2 Oa
T2 ) 22 zksugn +/ ()| 2] (&—Aat)
Jda 6u ou

/ |3u2

Let us start by giving estimates of the right-hand side of the inequality (3.31). We
have owing to (3.4) and classical Sobolev embeddings

Ou 2 ou 2 O 804
/ "l (&_A )dx cg/’ a o |™
éc(HatHHlm NP G

+agsIP)

We note that
da Ou ou _ da da _ Ou
/Qg( A% iy = / () G - /Q GV M, (3.33)

and also

ou, ., Ou Ju
/Qg(u)Aaadxff/Qg(u)aVaVud:rf/Q (u )Vozvadx (3.34)
In addition
ou
g (u)— V Vuda: <09/‘ ||V ‘Vu‘dx
ot
(3.35)
2 2
<c(Iv5 I+ Hatummwuu),
and also
/ ()vauva—o‘dx <08/ ul +1) \V Hv \d
Q ot~ ot
(3.36)

<15 +||at||m<m<uwr|2+1>].
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Similarly
ou _ da ou 2 2 2
[ 0595 vue] < c(HVatH + ol iy 90 ) (3.37)
and also
ou _ O« ou 2 2 2
/Qg(u)vatvatdx‘ﬁcwatu + el 2y (V] +1)} (3.38)
Furthermore

ou |2 ou |2
[ty 5 e < e [ ul+ 175 P

(3.39)
Ju
< ¢ (Il + 1l + 1)1 51
It follows from (3.32)-(3.39) and (3.31) that
d, 0uz ou 2 Oa |2 2
o 12 (18 90l 1)
(3.40)

ou 2 ou 2
+ 57 e Ul @ + Ml + 1)).

Summing (3.18), 11 x(3.28) and nyx(3.40), where n1,m2 > 0 are small enough, we
deduce owing to (3.22) and (3.23)

d 2 ou 2 oo (2 2
st C(H“HHl(Q) +/QF(u)dz + ||7||H1(Q) + ||§||H2(Q) + HO‘||H2(Q))

< / |G (u)|?dx + ¢,
Q

(3.41)
where
Es =Es+m (?;;, —Aa) +m (Aaacz, Aa) —m /Q G(uw)Aadx
(3.42)
n ou 2
+ 5 18al® + |5 |
satisfies (owing to (3.22) and (3.23))
2 k+2 2 Oar (2
R (P e R A B
(3.43)
2 k+2 2 oo (2
B < ¢ ([l + Il 32+ ol + 15 ey ) =
This leads us to )
i % / /!
thg +c 8t Hl(Q) S C E3 + c 5 (344)
The proof follows from Gronwall’s lemma. O

Remark 3.1. Assumption (3.25) is reasonable and should be a physically realistic
choice especially when F' can be taken as a double well potential of degree 4. We

can take for example F(u) = I (u? — 1)2 for which k3 = 1.
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4. Dissipativity and uniqueness of the system

Let us consider a more restrictive assumption on G as follows:
Ve>0, |G(s)]><eF(s)+c, scER. (4.1)
We also have the
Theorem 4.1. We assume that (3.2)-(3.4) hold true and
(ug, g, 1) € HE(Q) N LF2(Q) x HY(Q) N HA(Q) x H} (Q) N H*(Q).

If in addition (4.1) is satisfied, then u € L= (R*; H}(Q)) N L= (R*T; L¥+2(Q)), a €
Lo°(R*; HY(Q)) N L®(R; H2(Q)) and 22 € Lo (RY; HY(Q)) N L= (RY; H2(Q)).

Proof. We get after computation

Ju 0o X
o~ Aut ) = f(u2) :9(“1){6t_A3J (4.2)
9 9 .
+ (g(u1) — g(uz)) [aof B Aaatg}’
and
Pa 0o da ou 5
Gt~ MG —AGr —Aa = —gu) G — (o(w) —gw) GE (43

where ©u = u; — us and a = o7 — «.
We multiply (4.2) by 3 “ and (4.2) by ( Aao‘> After integrating over (,

we then obtain

ou ou
|51 + 5 Il + [ () = ) G

(4.4)
B da Oa'l ou Oag Oas | Ou
—/Qg“‘l) [815 - %J o /Q( (1) = g(2)) {615 - Af)t} o
and also
1d,0a
thHatH tH Sl + thH 3tH ZdtHV af’ +2dtHA af’
Jdac 2
+HV5H + Azl (4.5)
B Oa Oa Bu Ous | Oa Oa
Adding (4.4) and (4.5), we get
1, 0a
GBIl + SN GI + IV 517 + SIaGe 1P + 519al? + aal]
+HV8 ’ +||A H
(4.6)

0 0
S/QU:(Ul)* Uz || |dm+/{9 ur) — g(us)| %* a2|| |d

(91,62
+ [ ot - gt |21 55— A% o
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We have, using (3.4),(3.5) and noting that n = 3 when k = 2,

[t = sl |5

de < Clo/(|u2|k+1 |u|’ }daz

b

Oa Oa Oa Oa
[ Jotun) = gtun)| G2 — AT2N Gk <o [ ull G2 - AT G o

@%2 APl ) (8)

15]
Hu2||H1(Q) + 1)Hqu2 + H@?

Hl(ﬂ)
and also
0 0
[ latun) = gt |21 57 ~ A% <o [ ull G215 - A% lda
Q
Oa
<e(15 - a5 P15 i) 9
2
+{|ull 71 0y

Taking estimates (4.7)-(4.9) into account, we can see that from (4.6) we deduce the
following differential inequality

<o (15 - a5+ 15 i ) (410
where
= Il 1P+ [T 4 S T2 ) 4 Vo + llaa]?
and
7= 1 (1552 IV 2 A2,
Therefore, using the Gronwall’s lemma, we obtain the uniqueness of the solution.
This ends the proof. O

Remark 4.1. It follows from Theorem 3.2 and Theorem 4.1 that we can define by
setting ® = L*+2(Q) N HE(Q) x HL(Q) N H2(Q) x HE(Q) N H%(Q) a semigroup

Sit): -

(4.11)

ug — u(t), t>0

such that S(t) is dissipative in ®. This means that it possesses a bounded absorbing

set Byg C @ (i.e, VB C ® bounded , 3ty = to(B) such that ¢y > to implies S(¢)B C
By). We refer the reader to [13,18,34,40,48] for more details about this subject.
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5. Spatial behavior of the solutions

5.1. Assumptions

To study the spatial behavior of the solutions in a semi-infinite cylinder we need to
add some assumptions. We first assume that such solutions exist. We then consider
the boundary conditions

u=a=0 on (0,4+00)x dD x (0,T), (5.1)
u(0, z2,x3,t) = hy(v2,23,1), (5.2)
(0,2, 23,t) = ha(z2,23,t) on {0} xD x (0,T) (5.3)

and the initial conditions

Oa

— =0 on R. (5.4)
€L P

Ult=o = Q=0 =

Here D denotes a two dimensional bounded domain and R a semi-infinite cylinder
(0,+00) x D. We consider the function

¢
F,(z,t) = / / e~ (ws) [usu + as(ar + ais + @ 1ss) + assais|dads,  (5.5)
0 JD(z)

t
Gw(z,t):// e_“’s(uu71+a(a71+a,15+9,1)+ass(a,1+a715+a7133))dads (5.6)
0JD(z)

and H, = F, + 7G,, where D(z) = {x € R, z1 = z}, u1 = u gy = %,

8901 ?
0(t) = fot a(s)ds, w is a positive constant and 7 is choosing large enough.

We will sometimes use some assumptions on the functions F' and G; these will
be specified later on.

5.2. Estimates on F,, G, and H,

By differentiating the term F,,, we get using the divergence theorem

F,(z+ h,t) — F,(z,t)

—wt t
¢ // <Vu|2+2F(u)+Va2+Aa|2+|as|2+2|Vo¢52+Aas|2>da
2 JoJRrezz4n)

t
+// e_‘“<|us|2+|Vas|2+|Aozs|2)dads
0 J R(z,z+h)
w

¢
+—// ews(Vu|2+2F(u)+Va|2+|Aoz|2+|as|2—|—2|Vozs|2+|Aozs|2>dads

2J0JR(z,2+h)
(5.7)
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where R(z,z+ h) ={x € R,z < z1 < z+ h}. Hence
OF,(z,t) e

t
// <|Vu|2+2F(u)+|Vo¢|2+|Aa|2+|as2+2|Vas|2+|Aas|2)da
D(z)

0z
t
—|—/ / e v’ <|us|2 + [Vag|? + |Aa52>dads
0 JD(z)
t
f/ / e“’s<|Vu|2 +2F() + |Val? + |Aaf? + asf? + 2| Vas|?
D(=)
+ A%F)da ds. (5.8)
Similarly

G (z+ht — Gz

:6 <|u|2 +laf + (1 +w)|Val* + |Vas|? + |V)* + 2v@v@s>da:
R(z z+h)

+/ / e “* <|Vu|2 + \Va|2 + |0¢55|2 + |V0455|2 - Vas|2>dz ds
0 JR(z,z+h)

t
f/ / e—ws<|u|2 Hlal? + (1+w)|Val + [Vau|? + |V9|2)dxds
R(z,z+h)

/ /R(Z ) (f( Ju—+ g(u)usass + G(u)a — g(u)u(as — A%))dm ds.
(5.9)
This leads us to

—wt
Mze—/ [u* + |+ (1+w)|Val* +|Vas|* +| V| +2VaVas | da
82 2 D(z)

t
+// e‘”<|Vu|2+|Vo¢|2+|a382+Vozss|2—|Vozs|2)dads
0JD(z)

t
+g// eM(“|2+|a|2+(1+w)IVoz|2+|Vasl2+|V0Q)dads
0 JD(z)

- / /D(z) ‘(f (“)“+9(“)“80‘ss+G(U)a—9(u)“(as—Aas)> da ds.
(5.10)

We now make the following assumptions on the nonlinear terms f, F, g, and G :
2F(u) + rluf® = Ca(juf + [ul*),  fu+ Sl = Coul?  (5.11)
and
[us|? + [Aas* + *Iaslz +75 (IU|2 +laf?)
+ T(g(u)usass +Gu)a — g(u)u(as — Aa5)> (5.12)

>C3([uf® + [af? + fus|* + |os|* + [Aas]? + |ass[),
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where C1, Cy and Cj are positive constants.
It follows from (5.11), (5.12) and choosing w and 7 large enough

|Vul? + 2F (u) + |Val? + |Aal* + o + 2| Vag)? + [ A, ?

+7(Jul* + |a]® + (1 + w)|Val]* + [Vas? + |VO]* + 2VaVay) (5.13)

261 (Jul2 [Vl + a4 [V + A+l P+ [V + o P96
and
lus|? + |Vag)? + |Aag|* + T(Vuz +|Val? + |ass|® + [Vass|? — Vas|2>
+ ;(|Vu|2 +2F (u) 4+ [Va* + |Aa)® + |as|? + 2| Vas]?
+ | Aa, > + 7(|Jul?* + |a]* + (1 + w)|[Val* + [Va, > + |V9|2)>
+ T(f(u)u + g(w)usass + G(u)a — g(u)u(as — Aas)>
> K, <|u|2 +|Vaul|? + |a)® + [Val? + |Aa)® + |us|* + |as)® + [V |?

+ A + |os|? + [Vas|? + |v0|2> (5.14)

- : dH, _ OF, 9G.,
where K and K3 are positive constants. Remembering that <5« = Z« + 795,

we deduce from (5.8), (5.10), (5.13) and (5.14)

OH,(z,t t
SN ko [ [ (P4 902 4 0 + VP + AP + fuf?
0z 0 JD(z)

(5.15)
+ o |? + 2\Vo¢s|2 +|Aag)® + |ozss\2 + \Vozss\Q + V9|2) dads

with K3 > 0.
Now, we estimate |H,| in terms of atfiw.
Applying Cauchy-Schwarz’s inequality, one has

t 1/2 t 1/
|Fw|§(/ / e_(“’s)uidads> (/ / e_(ws)u21dads)
0 JD(z) 0 JD(z) ’
t 1/2 t 1/
+ (/ / e(ws)afdads) (/ / e(ws)a21dads>
0 JD(2) 0 JD(2) '
t 1/2 t 1/2
(/ / e(“’s)afdads) (/ / e(“’s)a21sdads>
0 JD(z) 0 JD(z) 7
t 1/2 t 1/2
(/ / e_(“s)aidads) (/ / e_(“’s)aQISsdads)
0 JD(2) 0 JD(z) '
t 1/2 t 1/2
+ (/ / 6(“’5)a§sdads> (/ / e(“’s)Olesdads)
0 JD(z) 0 JD(z) 7

2

2

_|_

+



358 A. Andami Ovono, B. Doumbe Bangola & M. A. Ipopa

t
§K4// e“”(|Vu|2+|us|2+|Va|2—|—|as|2+|Vozs2+ass|2+|Vozss|2)dads.
0JD(z)
(5.16)

Similarly,

t 1/2 t 1/2
|Gl <(/ / e“squadé,’) (/ / e“su21dads>
0 JD(2) 0 JD(2) '
t 1/2 t
+ (/ / e‘”sazdads> (/ / e_“’sa21dads>
0 JD(2) 0 JD(2) '
t 1/2 t
(/ / e_wsa2dads) (/ / e_‘”oﬂlsdads>
0 JD(z) 0 JD(z) ’
t 1/2 t 1/
</ / e‘“oﬁdads) </ / e"”ﬁ%dads)
0 JD(z) 0 JD(2) '

1/2

1/2
+

2

+

+

t 1/2 ¢ 1/2
/ / e_“’saisdads> (/ / e_“’soz21dads> (5.17)
0 JD() 0 JD(2) ’
t 1/2 t 1/2
/ / ewsaisdads> (/ / e“’sazlsdads)
0 JD(2) 0 JD(2) '
t 1/2 t 1/2
+ (/ / e“”oziﬂads) (/ / e_“5a21ssdads>
0 JD(z) 0 JD(z) 7

¢
§K5/ / e ¥’ <|u|2 +|Vul? + |a)® + |Val* + |Vag|?
0 JD(z)

+

+ |Oéss|2 + |VOZSS|2 + |V92)dads,K5 > 0.

We finally deduce from (5.15), (5.16) and (5.17) the existence of K > 0 such

that
0H,,

0z’

|H,| < K (5.18)

where K = %
3

Remark 5.1. The inequality (5.18) is well known in the framework of spatial
behavior as the Phragmén-Lindelof alternative (see [18], [42] and references therein).

We give in what follows the main result of this section

5.3. Main result
We set

1
Eulz,t) =5 / <|Vu|2 +2F (u) + |Va> + |Aal?® + |as|* + 2| Vag)? + |Aag)?
R(2)

+7([ul? + |a)® + (1 + w)|Val]® + [Vag|* + |VO]* + QVaVas))dx

t
+/ / <u82 + [V |* + |Aas|?
0 JR(z)
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+7(|Vul* + |Val]® + |oss]® + [Vos|* — Vas|2)>d:z: ds
t

25 [ (VP4 2P +TaP + 80P + o+ 270,
0 JR(z)

+|Aa, > + 7([ul? + |a]* + (1 + w)|Val]* + [Vas > + |V9|2))d:r ds

T / /R(Z) (ﬂu)u + g(u)usass + Glua — g(w)ula, — Aas>)dx ds
(5.19)

and
—wt
E,(z,1) :GT/ <Vu2 +2F (u) + |Va? + |Aal]? + |as|? + 2| Vag)? + |Aag|?
R(z)

+7(Jul? + |a)* + (1 + w)|Val]® + [Vag|* + |VO]* + 2VaVas)>dx

t
) e“(|us|2+|ws|2+ms|2
0 JR(z)

+7(|Vul? + |Val]® + |ass)® + [Vars|* — Vas|2)>dx ds
¢
+ % / / e <VU|2 +2F (u) + [Val® + |Aal? + |a;|* + 2|Va,[?
0 JR(z)
+Aa, >+ 7([ul? + |a]? + (1 + w)|Val]® + [Vas|* + V9|2))dx ds
t
+ 7'/ / e‘*’5(f(u)qug(u)usozserG(u)ag(u)u(asAas)>dz ds
0 JR(z)
(5.20)
with R(z) ={z € R:2z1 > z}. We get
Theorem 5.1. Let (u, o, 22) be a solution to problem (1.4)-(1.7) with the boundary

Ot
conditions (5.1)-(5.4). Then, either this solution satisfies the asymptotic condition

Hy(2,t) > X G200 [ (20,1), 2> 2 (5.21)

or it satisfies
Eulz,t) < By(0,8)e@=5K7"2 2 >0 (5.22)

Proof. Using the estimate (5.18) and due to Phragmén-Lindelof alternative we
get, either there exists zp > 0 such that H,(zo,t) > 0 for all z > z; such that

H,(z,t) > eKil(Z*Z")Hw(zO,t),z > 2o (5.23)
or Hy(z0,t) <0 for all z that means

— Hy(z,t) < —e 5 "2H,(0,t),2 > 0. (5.24)
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The estimate (5.23) gives information in terms of the measure defined in the cylin-
der, this leads H, tends exponentially fast to infinity. Otherwise, the inequality
(5.24) shows that H,(z,t) tends to zero, this implies

Eo(z,t) < E,(0,t)e 5 2,2 > 0. (5.25)

This achieves the proof. O

Remark 5.2. Estimates (5.21) and (5.22) are known respectively as growth and
decay estimates.
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