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STOCHASTIC PARTITIONED AVERAGED
VECTOR FIELD METHODS FOR

STOCHASTIC DIFFERENTIAL EQUATIONS
WITH A CONSERVED QUANTITY
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Abstract In this paper, stochastic differential equations in the Stratonovich
sense with a conserved quantity are considered. A stochastic partitioned aver-
aged vector field method is proposed and analyzed. We prove this numerical
method is able to preserve the conserved quantity of the original system. Then
the convergence analysis is carried out in detail and we derive the method is
convergent with order 1 in the mean-square sense. Finally some numerical ex-
amples are reported to verify the effectiveness and flexibility of the proposed
method.
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1. Introduction

Stochastic differential equations (SDEs) are widely used to model phenomena in
many fields like dynamics, economics, biology, and so on [19]. Since most SDEs
cannot be solved analytically, along with the rapid development of computers, the
study of numerical methods for the approximation of SDEs has played a more and
more important role in recent years (see [2, 3, 8, 13, 14, 21, 25–27] and references
therein).

Numerical integrators that can preserve the intrinsic properties such as geo-
metrical or physical properties of the underlying flow are usually called geometric
numerical integration methods, which have drawn a lot of attention recently for
their good performance especially in a long-term numerical simulation. Since con-
served quantity is intrinsic for some systems, it is natural to construct numerical
methods which can preserve the conserved quantity of the original system. Many
numerical methods that can preserve a single conserved quantity or multiple con-
served quantities for ordinary differential equations (ODEs) have been proposed in
the last three decades (see [1, 6, 10, 15, 20, 23, 24] and references therein), and some
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of them have been extended to stochastic cases. [22] proposes a difference scheme
for one-dimensional stochastic canonical Hamiltonian system which can preserve
the conserved quantity. [12] constructs discrete gradient methods which preserve a
conserved quantity based on an equivalent skew-gradient (SG) form of the original S-
DEs. [11] gives conditions for stochastic Runge-Kutta methods to preserve quadratic
invariants. Based on generalized averaged vector field methods, [7] proposes energy-
preserving schemes for stochastic Poisson systems, [17] and [5] construct conserva-
tive schemes for SDEs with a conserved quantity. [28] designs projection methods
preserving single or multiple conserved quantities for SDEs which can achieve high
strong convergence order. [16] constructs a class of discrete gradient methods and
linear projection methods for SDEs with a conserved quantity and studies their
relationship.

In applications, many systems are represented by partitioned differential equa-
tions, for example, the Hamiltonian system ṗ = −∂H(p,q)

∂q ,

q̇ = ∂H(p,q)
∂p .

(1.1)

When a system can be represented in a partitioned form, it is worth trying a parti-
tioned method. Partitioned methods are usually used to approximate the solution
trajectory by using different formulas for different parts of a partitioned differential
equation, and the importance of partitioned methods is mentioned in [10, 18]. [4]
studies partitioned averaged vector field methods for preserving Hamiltonian func-
tion of the deterministic Hamiltonian system (1.1), which inspires us to extend the
idea to stochastic cases. Considering that the stochastic Hamiltonian system with
an invariant Hamiltonian function is very special, in this work we are concerned
with the more general case, that is, stochastic partitioned differential equations
with a conserved quantity.

The rest of the paper is organized as follows. In Section 2, the stochastic par-
titioned averaged vector field (SPAVF) method is proposed and proved to preserve
the conserved quantity. In Section 3, we analyze the convergence order of the pro-
posed SPAVF method and derive the method is convergent with mean-square order
1. In Section 4, numerical experiments are displayed to show the effectiveness of the
proposed method in preserving the conserved quantity and show the convergence
order results.

2. SPAVF method

Consider a system that can be represented by the following stochastic partitioned
differential equation in the Stratonovich sensedx

dy

 = S(x, y)

 Ix(x, y)

Iy(x, y)

 dt+ T (x, y)

 Ix(x, y)

Iy(x, y)

 ◦ dW (t), t ∈ [0, T ], (2.1)

where x = (x1, . . . , xd1)T ∈ Rd1 , y = (y1, . . . , yd2)T ∈ Rd2 , the notations Ix(x, y) =
∂I(x, y)/∂x, Iy(x, y) = ∂I(x, y)/∂y, and W (t) is a one-dimensional Wiener pro-
cess. We assume that S(x, y) and T (x, y) are two (d1 + d2) × (d1 + d2) smooth
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skew-symmetric matrix-valued functions and I(x, y) is a sufficiently smooth scalar
function such that the exact solution of (2.1) uniquely exists for all time. Notice
the structure matrices S(x, y) and T (x, y) in (2.1) are not necessary to be con-
stant matrices, so (2.1) is more general than the case that S and T are constant
skew-symmetric matrices. It’s easy to verify that I is a conserved quantity of (2.1)
as

dI = ITx (x, y)dx+ ITy (x, y)dy

= (ITx (x, y), ITy (x, y))S(x, y)

 Ix(x, y)

Iy(x, y)

 dt

+ (ITx (x, y), ITy (x, y))T (x, y)

 Ix(x, y)

Iy(x, y)

 ◦ dW (t)

= 0.

For an equidistant discretization 0 = t0 < t1 < . . . < tN = T with a fixed step
size h > 0, on the premise of no confusion, we always denote the numerical solution
at tn = nh by (xn, yn) ≈ (x(tn), y(tn)) hereinafter. Now we define two stochastic
partitioned numerical methods for solving (2.1) asxn+1

yn+1

 =

xn

yn

+ hS(xn, yn)

 f1n

f2n

+ ∆W (h)T (xn+xn+1

2 , yn+yn+1

2 )

 f1n

f2n

 ,

(2.2)
andxn+1

yn+1

 =

xn

yn

+ hS(xn, yn)

 g1n

g2n

+ ∆W (h)T (xn+xn+1

2 , yn+yn+1

2 )

 g1n

g2n

 ,

(2.3)
with  f1n

f2n

 =

 ∫ 1

0
Ix(ξxn+1 + (1− ξ)xn, yn)dξ∫ 1

0
Iy(xn+1, ξyn+1 + (1− ξ)yn)dξ

 ,

 g1n

g2n

 =

∫ 1

0
Ix(ξxn+1 + (1− ξ)xn, yn+1)dξ∫ 1

0
Iy(xn, ξyn+1 + (1− ξ)yn)dξ

 ,

where ∆W (h) = W (tn+1)−W (tn) (n = 0, 1, . . . , N − 1) are independent Gaussian
random variables with N(0, h) distribution. Next we will prove the method (2.2)
and method (2.3) both preserve the conserved quantity I of (2.1).

Theorem 2.1. If S(x, y) and T (x, y) are skew-symmetric for all (x, y), I(x, y) ∈
C1(Rd1 × Rd2 ,R), then the method (2.2) and method (2.3) both preserve the con-
served quantity I of (2.1), i.e., I(xn+1, yn+1) = I(xn, yn) for all n ≥ 0.
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Proof. From (2.2) we getxn+1 − xn

yn+1 − yn

 = hS(xn, yn)

 f1n

f2n

+ ∆W (h)T (
xn + xn+1

2
,
yn + yn+1

2
)

 f1n

f2n

 .

(2.4)

By taking product with the row vector
(
(f1n)T , (f2n)T

)
on both sides of (2.4), and

using the skew-symmetry of S and T , we obtain that

0 =
∫ 1

0
ITx (ξxn+1 + (1− ξ)xn, yn)dξ(xn+1 − xn)

+
∫ 1

0
ITy (xn+1, ξyn+1 + (1− ξ)yn)dξ(yn+1 − yn)

=
∫ 1

0
d
dξ I(ξxn+1 + (1− ξ)xn, yn)dξ +

∫ 1

0
d
dξ I(xn+1, ξyn+1 + (1− ξ)yn)dξ

= I(xn+1, yn)− I(xn, yn) + I(xn+1, yn+1)− I(xn+1, yn)

= I(xn+1, yn+1)− I(xn, yn),

which shows that the method (2.2) preserves the conserved quantity I. Similarly,
we can prove the method (2.3) preserves I too.

Based on the methods (2.2) and (2.3), we put forward to the SPAVF method
for solving (2.1) as followingxn+1

yn+1

 =

xn

yn

+
1

2
hS(xn, yn)

 f1n + g1n

f2n + g2n


+

1

2
∆W (h)T (

xn + xn+1

2
,
yn + yn+1

2
)

 f1n + g1n

f2n + g2n

 . (2.5)

Obviously, if we consider all variables as one group, the SPAVF method (2.5) reduces
to a non-partitioned one, i.e., the stochastic averaged vector field method.

Theorem 2.2. If S(x, y) and T (x, y) are skew-symmetric for all (x, y), I(x, y) ∈
C1(Rd1×Rd2 ,R), then the SPAVF method (2.5) can preserve the conserved quantity
I of (2.1), which is

I(xn+1, yn+1) = I(xn, yn).

Proof. The proof is similar to that of Theorem 2.1. From (2.5) we getxn+1 − xn

yn+1 − yn

 =
1

2
hS(xn, yn)

 f1n + g1n

f2n + g2n


+

1

2
∆W (h)T (

xn + xn+1

2
,
yn + yn+1

2
)

 f1n + g1n

f2n + g2n

 . (2.6)

Then take product with the row vector
(
(f1n + g1n)T , (f2n + g2n)T

)
on both sides of

(2.6). Following the way in the proof of Theorem 2.1, we can definitely derive the
conclusion.
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Actually, if T (x, y) vanishes, then the three methods (2.2), (2.3) and (2.5) reduce
to the PAVF method, the PAVF method’s adjoint method and the PAVF-P method
for solving the deterministic Hamiltonian system (1.1) proposed in [4], respectively.
In the next section, we will show the SPAVF method (2.5) is convergent while the
methods (2.2) and (2.3) are not convergent for solving (2.1) generally.

3. Convergence analysis

Convergence analysis is important for numerical methods. A numerical method
that is not convergent is ineffective. In this section, we will analyze the mean-
square convergence order of the proposed SPAVF method (2.5) for solving (2.1) by
comparing the Taylor expansions of the numerical solution and the exact solution
term by term.

Theorem 3.1. Consider the SPAVF method (2.5) for solving (2.1). Assume the
matrix-valued functions S(x, y), T (x, y) ∈ C2(Rd1 × Rd2 ,R(d1+d2)×(d1+d2)) have u-
niformly bounded derivatives up to order 2, the scalar function I(x, y) ∈ C3(Rd1 ×
Rd2 ,R) has uniformly bounded derivatives up to order 3. Then the SPAVF method
(2.5) has mean-square convergence order 1 for solving (2.1).

Proof. For convenience, we denote S = S(x, y), T = T (x, y). Partition the skew-
symmetric matrices S and T as

S =

S1 S2

S3 S4

 , T =

T1 T2

T3 T4

 ,

where S1 = (Si,j1 )d1×d1 , S2 = (Si,j2 )d1×d2 , S3 = (Si,j3 )d2×d1 , S4 = (Si,j4 )d2×d2 ,

T1 = (T i,j1 )d1×d1 , T2 = (T i,j2 )d1×d2 , T3 = (T i,j3 )d2×d1 , T4 = (T i,j4 )d2×d2 . Then

S=



S1,1
1 · · · S1,d1

1 S1,1
2 · · · S1,d2

2

...
...

...
...

Sd1,11 · · · Sd1,d11 Sd1,12 · · · Sd1,d22

S1,1
3 · · · S1,d1

3 S1,1
4 · · · S1,d2

4

...
...

...
...

Sd2,13 · · · Sd2,d13 Sd2,14 · · · Sd2,d24


, T =



T 1,1
1 · · · T 1,d1

1 T 1,1
2 · · · T 1,d2

2

...
...

...
...

T d1,11 · · · T d1,d11 T d1,12 · · · T d1,d22

T 1,1
3 · · · T 1,d1

3 T 1,1
4 · · · T 1,d2

4

...
...

...
...

T d2,13 · · · T d2,d13 T d2,14 · · · T d2,d24


.

Rewrite (2.1) in the following component form as

dxk=(

d1∑
i=1

Sk,i1 Ixi +

d2∑
i=1

Sk,i2 Iyi)dt+(

d1∑
i=1

T k,i1 Ixi +

d2∑
i=1

T k,i2 Iyi) ◦ dW (t), k=1, . . . , d1,

dyk=(

d1∑
i=1

Sk,i3 Ixi +

d2∑
i=1

Sk,i4 Iyi)dt+(

d1∑
i=1

T k,i3 Ixi +

d2∑
i=1

T k,i4 Iyi) ◦ dW (t), k=1, . . . , d2,

(3.1)
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where Sk,i1 , Sk,i2 , Sk,i3 , Sk,i4 , T k,i1 , T k,i2 , T k,i3 , T k,i4 , Ixi , Iyi are short notation-

s for Sk,i1 (x, y), Sk,i2 (x, y), Sk,i3 (x, y), Sk,i4 (x, y), T k,i1 (x, y), T k,i2 (x, y), T k,i3 (x, y),

T k,i4 (x, y), Ixi(x, y), Iyi(x, y), respectively.
For a fixed step size h > 0, we use the one-step approximation to prove the the-

orem, by assuming (xn, yn) = (x(tn), y(tn)) at tn. First we analyze the component
expansion of the numerical solution (xn+1, yn+1) at tn+1 = tn + h. From (2.5) we
have

xkn+1 =xkn +
1

2
h

[ d1∑
i=1

Sk,i1 (xn, yn)

(∫ 1

0

Ixi(ξxn+1 + (1− ξ)xn, yn)dξ

+

∫ 1

0

Ixi(ξxn+1 + (1− ξ)xn, yn+1)dξ

)
+

d2∑
i=1

Sk,i2 (xn, yn)

(∫ 1

0

Iyi(xn+1, ξyn+1 + (1− ξ)yn)dξ

+

∫ 1

0

Iyi(xn, ξyn+1 + (1− ξ)yn)dξ

)]
+

1

2
∆W (h)

[ d1∑
i=1

T k,i1 (
xn+xn+1

2
,
yn+yn+1

2
)

(∫ 1

0

Ixi(ξxn+1+(1−ξ)xn, yn)dξ

+

∫ 1

0

Ixi(ξxn+1 + (1− ξ)xn, yn+1)dξ

)
+

d2∑
i=1

T k,i2 (
xn + xn+1

2
,
yn + yn+1

2
)

(∫ 1

0

Iyi(xn+1, ξyn+1 + (1− ξ)yn)dξ

+

∫ 1

0

Iyi(xn, ξyn+1 + (1− ξ)yn)dξ

)]
, k = 1, . . . , d1, (3.2)

and

ykn+1 =ykn +
1

2
h

[ d1∑
i=1

Sk,i3 (xn, yn)

(∫ 1

0

Ixi(ξxn+1 + (1− ξ)xn, yn)dξ

+

∫ 1

0

Ixi(ξxn+1 + (1− ξ)xn, yn+1)dξ

)
+

d2∑
i=1

Sk,i4 (xn, yn)

(∫ 1

0

Iyi(xn+1, ξyn+1 + (1− ξ)yn)dξ

+

∫ 1

0

Iyi(xn, ξyn+1 + (1− ξ)yn)dξ

)]
+

1

2
∆W (h)

[ d1∑
i=1

T k,i3 (
xn+xn+1

2
,
yn+yn+1

2
)

(∫ 1

0

Ixi(ξxn+1+(1−ξ)xn, yn)dξ

+

∫ 1

0

Ixi(ξxn+1 + (1− ξ)xn, yn+1)dξ

)
+

d2∑
i=1

T k,i4 (
xn + xn+1

2
,
yn + yn+1

2
)

(∫ 1

0

Iyi(xn+1, ξyn+1 + (1− ξ)yn)dξ
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+

∫ 1

0

Iyi(xn, ξyn+1 + (1− ξ)yn)dξ

)]
, k = 1, . . . , d2. (3.3)

For dealing with the integral terms in (3.2) and (3.3), we expand Ixi(ξxn+1 + (1−
ξ)xn, yn), Ixi(ξxn+1+(1−ξ)xn, yn+1), Iyi(xn+1, ξyn+1+(1−ξ)yn) and Iyi(xn, ξyn+1+
(1− ξ)yn) around ξ = 0 to yield

Ixi(ξxn+1 + (1− ξ)xn, yn)

=Ixi(xn, yn) + ξ

d1∑
j=1

Ixixj (xn, yn)(xjn+1 − xjn)

+
ξ2

2

d1∑
j=1

d1∑
l=1

Ixixjxl(x̂n, yn)(xjn+1 − xjn)(xln+1 − xln), i = 1, . . . , d1, (3.4)

Ixi(ξxn+1 + (1− ξ)xn, yn+1)

=Ixi(xn, yn+1) + ξ

d1∑
j=1

Ixixj (xn, yn+1)(xjn+1 − xjn)

+
ξ2

2

d1∑
j=1

d1∑
l=1

Ixixjxl(x̌n, yn+1)(xjn+1 − xjn)(xln+1 − xln), i = 1, . . . , d1, (3.5)

Iyi(xn+1, ξyn+1 + (1− ξ)yn)

=Iyi(xn+1, yn) + ξ

d2∑
j=1

Iyiyj (xn+1, yn)(yjn+1 − yjn)

+
ξ2

2

d2∑
j=1

d2∑
l=1

Iyiyjyl(xn+1, ŷn)(yjn+1 − yjn)(yln+1 − yln), i = 1, . . . , d2, (3.6)

Iyi(xn, ξyn+1 + (1− ξ)yn)

=Iyi(xn, yn) + ξ

d2∑
j=1

Iyiyj (xn, yn)(yjn+1 − yjn)

+
ξ2

2

d2∑
j=1

d2∑
l=1

Iyiyjyl(xn, y̌n)(yjn+1 − yjn)(yln+1 − yln), i = 1, . . . , d2, (3.7)

where x̂n and x̌n depend on xn and xn+1, ŷn and y̌n depend on yn and yn+1,
the notation Ixixj is the second order partial derivative with respect to xi and xj ,
Ixixjxl is the third order partial derivative with respect to xi, xj and xl. After a
straightforward computation by substituting (3.4)-(3.7) into (3.2) and (3.3), then
expanding the functions

Ixi(xn, yn+1), Iyi(xn+1, yn), Ixixj (xn, yn+1), Iyiyj (xn+1, yn),

T k,i1 (
xn + xn+1

2
,
yn + yn+1

2
), T k,i2 (

xn + xn+1

2
,
yn + yn+1

2
),
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T k,i3 (
xn + xn+1

2
,
yn + yn+1

2
), T k,i4 (

xn + xn+1

2
,
yn + yn+1

2
),

around (xn, yn), with plugging the expressions of xkn+1 − xkn and ykn+1 − ykn, we
obtain

xkn+1 =xkn + h

[ d1∑
i=1

Sk,i1 Ixi +

d2∑
i=1

Sk,i2 Iyi

]
+ ∆W (h)

[ d1∑
i=1

T k,i1 Ixi +

d2∑
i=1

T k,i2 Iyi

]

+
1

2
∆W 2(h)

d1∑
i=1

T k,i1

d1∑
j=1

Ixixj

[ d1∑
l=1

T j,l1 Ixl +

d2∑
l=1

T j,l2 Iyl

]

+
1

2
∆W 2(h)

d1∑
i=1

T k,i1

d2∑
j=1

Ixiyj

[ d1∑
l=1

T j,l3 Ixl +

d2∑
l=1

T j,l4 Iyl

]

+
1

2
∆W 2(h)

d1∑
i=1

d1∑
j=1

T k,i1xjIxi

[ d1∑
l=1

T j,l1 Ixl +

d2∑
l=1

T j,l2 Iyl

]

+
1

2
∆W 2(h)

d1∑
i=1

d2∑
j=1

T k,i1yjIxi

[ d1∑
l=1

T j,l3 Ixl +

d2∑
l=1

T j,l4 Iyl

]

+
1

2
∆W 2(h)

d2∑
i=1

T k,i2

d1∑
j=1

Iyixj

[ d1∑
l=1

T j,l1 Ixl +

d2∑
l=1

T j,l2 Iyl

]

+
1

2
∆W 2(h)

d2∑
i=1

T k,i2

d2∑
j=1

Iyiyj

[ d1∑
l=1

T j,l3 Ixl +

d2∑
l=1

T j,l4 Iyl

]

+
1

2
∆W 2(h)

d2∑
i=1

d1∑
j=1

T k,i2xjIyi

[ d1∑
l=1

T j,l1 Ixl +

d2∑
l=1

T j,l2 Iyl

]

+
1

2
∆W 2(h)

d2∑
i=1

d2∑
j=1

T k,i2yjIyi

[ d1∑
l=1

T j,l3 Ixl +

d2∑
l=1

T j,l4 Iyl

]
+R1, k = 1, . . . , d1,

(3.8)

with

R1 =
1

2
h∆W (h)

d1∑
i=1

Sk,i1

d1∑
j=1

Ixixj

[ d1∑
l=1

T j,l1 Ixl +

d2∑
l=1

T j,l2 Iyl

]

+
1

2
h∆W (h)

d2∑
i=1

Sk,i2

d2∑
j=1

Iyiyj

[ d1∑
l=1

T j,l3 Ixl +

d2∑
l=1

T j,l4 Iyl

]
+ · · · , (3.9)

where the remainder R1 consists of some terms of mean-square order greater than
1, say, terms with h∆W (h), ∆W 3(h), h2, etc. In view of the the smoothness and
boundedness hypotheses on the functions S, T, I and their derivatives, as well as the
properties of Wiener process that |E(h∆W (h))| = 0, (E(h∆W (h))2)1/2 = O(h3/2),
|E(∆W 3(h))| = 0, (E(∆W 3(h))2)1/2 = O(h3/2), using the fundamental inequality
yields

|ER1| = O(h2), (ER2
1)1/2 = O(h3/2).
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Notice we omit the variables (xn, yn) of all the functions in (3.8) for the sake of

simplicity, for example, Sk,i1 = Sk,i1 (xn, yn), Ixi = Ixi(xn, yn), etc. Similarly, we can
deduce that

ykn+1 =ykn + h

[ d1∑
i=1

Sk,i3 Ixi +

d2∑
i=1

Sk,i4 Iyi

]
+ ∆W (h)

[ d1∑
i=1

T k,i3 Ixi +

d2∑
i=1

T k,i4 Iyi

]

+
1

2
∆W 2(h)

d1∑
i=1

T k,i3

d1∑
j=1

Ixixj

[ d1∑
l=1

T j,l1 Ixl +

d2∑
l=1

T j,l2 Iyl

]

+
1

2
∆W 2(h)

d1∑
i=1

T k,i3

d2∑
j=1

Ixiyj

[ d1∑
l=1

T j,l3 Ixl +

d2∑
l=1

T j,l4 Iyl

]

+
1

2
∆W 2(h)

d1∑
i=1

d1∑
j=1

T k,i3xjIxi

[ d1∑
l=1

T j,l1 Ixl +

d2∑
l=1

T j,l2 Iyl

]

+
1

2
∆W 2(h)

d1∑
i=1

d2∑
j=1

T k,i3yjIxi

[ d1∑
l=1

T j,l3 Ixl +

d2∑
l=1

T j,l4 Iyl

]

+
1

2
∆W 2(h)

d2∑
i=1

T k,i4

d1∑
j=1

Iyixj

[ d1∑
l=1

T j,l1 Ixl +

d2∑
l=1

T j,l2 Iyl

]

+
1

2
∆W 2(h)

d2∑
i=1

T k,i4

d2∑
j=1

Iyiyj

[ d1∑
l=1

T j,l3 Ixl +

d2∑
l=1

T j,l4 Iyl

]

+
1

2
∆W 2(h)

d2∑
i=1

d1∑
j=1

T k,i4xjIyi

[ d1∑
l=1

T j,l1 Ixl +

d2∑
l=1

T j,l2 Iyl

]

+
1

2
∆W 2(h)

d2∑
i=1

d2∑
j=1

T k,i4yjIyi

[ d1∑
l=1

T j,l3 Ixl +

d2∑
l=1

T j,l4 Iyl

]
+R2, k = 1, . . . , d2,

(3.10)

with

R2 =
1

2
h∆W (h)

d1∑
i=1

Sk,i3

d1∑
j=1

Ixixj

[ d1∑
l=1

T j,l1 Ixl +

d2∑
l=1

T j,l2 Iyl

]

+
1

2
h∆W (h)

d2∑
i=1

Sk,i4

d2∑
j=1

Iyiyj

[ d1∑
l=1

T j,l3 Ixl +

d2∑
l=1

T j,l4 Iyl

]
+ · · · ,

where |ER2| = O(h2), (ER2
2)1/2 = O(h3/2). Also the variables (xn, yn) of all the

functions in (3.10) are omitted.
Next we will show the component expression of the exact solution (x(tn +

h), y(tn + h)) at tn+1 = tn + h. Integrating on both sides of the first equation
in (3.1), we get the component of the exact solution x(tn + h) is

xk(tn + h) =xkn +

∫ tn+h

tn

d1∑
i=1

Sk,i1 Ixidt+

∫ tn+h

tn

d2∑
i=1

Sk,i2 Iyidt
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+

∫ tn+h

tn

d1∑
i=1

T k,i1 Ixi ◦ dW (t)+

∫ tn+h

tn

d2∑
i=1

T k,i2 Iyi ◦ dW (t), k=1, . . . , d1.

By using the Stratonovich-Taylor expansion, we get

xk(tn + h)

=xkn + h

d1∑
i=1

Sk,i1 (xn, yn)Ixi(xn, yn)

+

∫ tn+h

tn

∫ tn+t

tn

d1∑
i=1

d1∑
j=1

(Sk,i1xjIxi + Sk,i1 Ixixj )(

d1∑
l=1

Sj,l1 Ixl +

d2∑
l=1

Sj,l2 Iyl)dsdt

+

∫ tn+h

tn

∫ tn+t

tn

d1∑
i=1

d1∑
j=1

(Sk,i1xjIxi + Sk,i1 Ixixj )(

d1∑
l=1

T j,l1 Ixl +

d2∑
l=1

T j,l2 Iyl) ◦ dW (s)dt

+

∫ tn+h

tn

∫ tn+t

tn

d1∑
i=1

d2∑
j=1

(Sk,i1yjIxi + Sk,i1 Ixiyj )(

d1∑
l=1

Sj,l3 Ixl +

d2∑
l=1

Sj,l4 Iyl)dsdt

+

∫ tn+h

tn

∫ tn+t

tn

d1∑
i=1

d2∑
j=1

(Sk,i1yjIxi + Sk,i1 Ixiyj )(

d1∑
l=1

T j,l3 Ixl +

d2∑
l=1

T j,l4 Iyl) ◦ dW (s)dt

+ h

d2∑
i=1

Sk,i2 (xn, yn)Iyi(xn, yn)

+

∫ tn+h

tn

∫ tn+t

tn

d2∑
i=1

d1∑
j=1

(Sk,i2xjIyi + Sk,i2 Iyixj )(

d1∑
l=1

Sj,l1 Ixl +

d2∑
l=1

Sj,l2 Iyl)dsdt

+

∫ tn+h

tn

∫ tn+t

tn

d2∑
i=1

d1∑
j=1

(Sk,i2xjIyi + Sk,i2 Iyixj )(

d1∑
l=1

T j,l1 Ixl +

d2∑
l=1

T j,l2 Iyl) ◦ dW (s)dt

+

∫ tn+h

tn

∫ tn+t

tn

d2∑
i=1

d2∑
j=1

(Sk,i2yjIyi + Sk,i2 Iyiyj )(

d1∑
l=1

Sj,l3 Ixl +

d2∑
l=1

Sj,l4 Iyl)dsdt

+

∫ tn+h

tn

∫ tn+t

tn

d2∑
i=1

d2∑
j=1

(Sk,i2yjIyi + Sk,i2 Iyiyj )(

d1∑
l=1

T j,l3 Ixl +

d2∑
l=1

T j,l4 Iyl) ◦ dW (s)dt

+ ∆W (h)

d1∑
i=1

T k,i1 (xn, yn)Ixi(xn, yn)

+

∫ tn+h

tn

∫ tn+t

tn

d1∑
i=1

d1∑
j=1

(T k,i1xjIxi + T k,i1 Ixixj )(

d1∑
l=1

Sj,l1 Ixl +

d2∑
l=1

Sj,l2 Iyl)ds ◦ dW (t)

+

∫ tn+h

tn

∫ tn+t

tn

d1∑
i=1

d1∑
j=1

(T k,i1xjIxi +T k,i1 Ixixj )(

d1∑
l=1

T j,l1 Ixl +

d2∑
l=1

T j,l2 Iyl)◦dW (s)◦dW (t)

+

∫ tn+h

tn

∫ tn+t

tn

d1∑
i=1

d2∑
j=1

(T k,i1yjIxi + T k,i1 Ixiyj )(

d1∑
l=1

Sj,l3 Ixl +

d2∑
l=1

Sj,l4 Iyl)ds ◦ dW (t)



Stochastic partitioned averaged vector field methods 1673

+

∫ tn+h

tn

∫ tn+t

tn

d1∑
i=1

d2∑
j=1

(T k,i1yjIxi +T k,i1 Ixiyj )(

d1∑
l=1

T j,l3 Ixl +

d2∑
l=1

T j,l4 Iyl)◦dW (s)◦dW (t)

+ ∆W (h)

d2∑
i=1

T k,i2 (xn, yn)Iyi(xn, yn)

+

∫ tn+h

tn

∫ tn+t

tn

d2∑
i=1

d1∑
j=1

(T k,i2xjIyi + T k,i2 Iyixj )(

d1∑
l=1

Sj,l1 Ixl +

d2∑
l=1

Sj,l2 Iyl)ds ◦ dW (t)

+

∫ tn+h

tn

∫ tn+t

tn

d2∑
i=1

d1∑
j=1

(T k,i2xjIyi +T k,i2 Iyixj )(

d1∑
l=1

T j,l1 Ixl +

d2∑
l=1

T j,l2 Iyl)◦dW (s)◦dW (t)

+

∫ tn+h

tn

∫ tn+t

tn

d2∑
i=1

d2∑
j=1

(T k,i2yjIyi +T k,i2 Iyiyj )(

d1∑
l=1

Sj,l3 Ixl +

d2∑
l=1

Sj,l4 Iyl)ds◦dW (t)

+

∫ tn+h

tn

∫ tn+t

tn

d2∑
i=1

d2∑
j=1

(T k,i2yjIyi +T k,i2 Iyiyj )(

d1∑
l=1

T j,l3 Ixl +

d2∑
l=1

T j,l4 Iyl)◦dW (s)◦dW (t).

We repeat the Stratonovich-Taylor expanding procedure and take the terms of high-

er order (such as terms containing
∫ tn+h
tn

∫ tn+t
tn

· ds◦dW (t),
∫ tn+h
tn

∫ tn+t
tn

· ◦dW (s)dt,∫ tn+h
tn

∫ tn+t
tn

· dsdt) as remainder terms, then we have

xk(tn + h)

=xkn + h

[ d1∑
i=1

Sk,i1 (xn, yn)Ixi(xn, yn) +

d2∑
i=1

Sk,i2 (xn, yn)Iyi(xn, yn)

]

+ ∆W (h)

[ d1∑
i=1

T k,i1 (xn, yn)Ixi(xn, yn) +

d2∑
i=1

T k,i2 (xn, yn)Iyi(xn, yn)

]

+
1

2
∆W 2(h)

d1∑
i=1

d1∑
j=1

T k,i1xj (xn, yn)Ixi(xn, yn)

[ d1∑
l=1

T j,l1 (xn, yn)Ixl(xn, yn)

+

d2∑
l=1

T j,l2 (xn, yn)Iyl(xn, yn)

]

+
1

2
∆W 2(h)

d1∑
i=1

d1∑
j=1

T k,i1 (xn, yn)Ixixj (xn, yn)

[ d1∑
l=1

T j,l1 (xn, yn)Ixl(xn, yn)

+

d2∑
l=1

T j,l2 (xn, yn)Iyl(xn, yn)

]

+
1

2
∆W 2(h)

d1∑
i=1

d2∑
j=1

T k,i1yj (xn, yn)Ixi(xn, yn)

[ d1∑
l=1

T j,l3 (xn, yn)Ixl(xn, yn)

+

d2∑
l=1

T j,l4 (xn, yn)Iyl(xn, yn)

]
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+
1

2
∆W 2(h)

d1∑
i=1

d2∑
j=1

T k,i1 (xn, yn)Ixiyj (xn, yn)

[ d1∑
l=1

T j,l3 (xn, yn)Ixl(xn, yn)

+

d2∑
l=1

T j,l4 (xn, yn)Iyl(xn, yn)

]

+
1

2
∆W 2(h)

d2∑
i=1

d1∑
j=1

T k,i2xj (xn, yn)Iyi(xn, yn)

[ d1∑
l=1

T j,l1 (xn, yn)Ixl(xn, yn)

+

d2∑
l=1

T j,l2 (xn, yn)Iyl(xn, yn)

]

+
1

2
∆W 2(h)

d2∑
i=1

d1∑
j=1

T k,i2 (xn, yn)Iyixj (xn, yn)

[ d1∑
l=1

T j,l1 (xn, yn)Ixl(xn, yn)

+

d2∑
l=1

T j,l2 (xn, yn)Iyl(xn, yn)

]

+
1

2
∆W 2(h)

d2∑
i=1

d2∑
j=1

T k,i2yj (xn, yn)Iyi(xn, yn)

[ d1∑
l=1

T j,l3 (xn, yn)Ixl(xn, yn)

+

d2∑
l=1

T j,l4 (xn, yn)Iyl(xn, yn)

]

+
1

2
∆W 2(h)

d2∑
i=1

d2∑
j=1

T k,i2 (xn, yn)Iyiyj (xn, yn)

[ d1∑
l=1

T j,l3 (xn, yn)Ixl(xn, yn)

+

d2∑
l=1

T j,l4 (xn, yn)Iyl(xn, yn)

]
+ R̃1, k = 1, . . . , d1, (3.11)

with

R̃1 =

∫ tn+h

tn

∫ tn+t

tn

d1∑
i=1

d1∑
j=1

(Sk,i1xjIxi + Sk,i1 Ixixj )(

d1∑
l=1

T j,l1 Ixl +

d2∑
l=1

T j,l2 Iyl) ◦ dW (s)dt

+

∫ tn+h

tn

∫ tn+t

tn

d1∑
i=1

d2∑
j=1

(Sk,i1yjIxi +Sk,i1 Ixiyj )(

d1∑
l=1

T j,l3 Ixl +

d2∑
l=1

T j,l4 Iyl)◦dW (s)dt

+

∫ tn+h

tn

∫ tn+t

tn

d2∑
i=1

d1∑
j=1

(Sk,i2xjIyi +Sk,i2 Iyixj )(

d1∑
l=1

T j,l1 Ixl +

d2∑
l=1

T j,l2 Iyl)◦dW (s)dt

+ · · · ,

where the remainder R̃1 consists of some terms of mean-square order greater than 1

such as terms with
∫ tn+h
tn

∫ tn+t
tn

· ◦dW (s)dt,
∫ tn+h
tn

∫ tn+t
tn

∫ tn+τ
tn

· ◦dW (s)◦dW (τ)◦
dW (t),

∫ tn+h
tn

∫ tn+t
tn

· dsdt, etc. In view of the smoothness and boundedness hy-
potheses on the functions S, T, I and their derivatives, as well as the properties of
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multiple Stratonovich stochastic integrals that

|E(

∫ tn+h

tn

∫ tn+t

tn

· ◦ dW (s)dt)| = 0,

(E(

∫ tn+h

tn

∫ tn+t

tn

· ◦ dW (s)dt)2)1/2 = O(h3/2),

|E(

∫ tn+h

tn

∫ tn+t

tn

∫ tn+τ

tn

· ◦ dW (s) ◦ dW (τ) ◦ dW (t))| = 0,

(E(

∫ tn+h

tn

∫ tn+t

tn

∫ tn+τ

tn

· ◦ dW (s) ◦ dW (τ) ◦ dW (t))2)1/2 = O(h3/2),

application of the fundamental inequality yields

|ER̃1| = O(h2), (ER̃2
1)1/2 = O(h3/2).

Similarly, we obtain

yk(tn + h)

=ykn + h

[ d1∑
i=1

Sk,i3 (xn, yn)Ixi(xn, yn) +

d2∑
i=1

Sk,i4 (xn, yn)Iyi(xn, yn)

]

+ ∆W (h)

[ d1∑
i=1

T k,i3 (xn, yn)Ixi(xn, yn) +

d2∑
i=1

T k,i4 (xn, yn)Iyi(xn, yn)

]

+
1

2
∆W 2(h)

d1∑
i=1

d1∑
j=1

T k,i3xj (xn, yn)Ixi(xn, yn)

[ d1∑
l=1

T j,l1 (xn, yn)Ixl(xn, yn)

+

d2∑
l=1

T j,l2 (xn, yn)Iyl(xn, yn)

]

+
1

2
∆W 2(h)

d1∑
i=1

d1∑
j=1

T k,i3 (xn, yn)Ixixj (xn, yn)

[ d1∑
l=1

T j,l1 (xn, yn)Ixl(xn, yn)

+

d2∑
l=1

T j,l2 (xn, yn)Iyl(xn, yn)

]

+
1

2
∆W 2(h)

d1∑
i=1

d2∑
j=1

T k,i3yj (xn, yn)Ixi(xn, yn)

[ d1∑
l=1

T j,l3 (xn, yn)Ixl(xn, yn)

+

d2∑
l=1

T j,l4 (xn, yn)Iyl(xn, yn)

]

+
1

2
∆W 2(h)

d1∑
i=1

d2∑
j=1

T k,i3 (xn, yn)Ixiyj (xn, yn)

[ d1∑
l=1

T j,l3 (xn, yn)Ixl(xn, yn)

+

d2∑
l=1

T j,l4 (xn, yn)Iyl(xn, yn)

]
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+
1

2
∆W 2(h)

d2∑
i=1

d1∑
j=1

T k,i4xj (xn, yn)Iyi(xn, yn)

[ d1∑
l=1

T j,l1 (xn, yn)Ixl(xn, yn)

+

d2∑
l=1

T j,l2 (xn, yn)Iyl(xn, yn)

]

+
1

2
∆W 2(h)

d2∑
i=1

d1∑
j=1

T k,i4 (xn, yn)Iyixj (xn, yn)

[ d1∑
l=1

T j,l1 (xn, yn)Ixl(xn, yn)

+

d2∑
l=1

T j,l2 (xn, yn)Iyl(xn, yn)

]

+
1

2
∆W 2(h)

d2∑
i=1

d2∑
j=1

T k,i4yj (xn, yn)Iyi(xn, yn)

[ d1∑
l=1

T j,l3 (xn, yn)Ixl(xn, yn)

+

d2∑
l=1

T j,l4 (xn, yn)Iyl(xn, yn)

]

+
1

2
∆W 2(h)

d2∑
i=1

d2∑
j=1

T k,i4 (xn, yn)Iyiyj (xn, yn)

[ d1∑
l=1

T j,l3 (xn, yn)Ixl(xn, yn)

+

d2∑
l=1

T j,l4 (xn, yn)Iyl(xn, yn)

]
+ R̃2, k = 1, . . . , d2, (3.12)

with

R̃2=

∫ tn+h

tn

∫ tn+t

tn

d1∑
i=1

d1∑
j=1

(Sk,i3xjIxi + Sk,i3 Ixixj )(

d1∑
l=1

T j,l1 Ixl +

d2∑
l=1

T j,l2 Iyl) ◦ dW (s)dt

+

∫ tn+h

tn

∫ tn+t

tn

d1∑
i=1

d2∑
j=1

(Sk,i3yjIxi + Sk,i3 Ixiyj )(

d1∑
l=1

T j,l3 Ixl +

d2∑
l=1

T j,l4 Iyl) ◦ dW (s)dt

+

∫ tn+h

tn

∫ tn+t

tn

d2∑
i=1

d1∑
j=1

(Sk,i4xjIyi + Sk,i4 Iyixj )(

d1∑
l=1

T j,l1 Ixl +

d2∑
l=1

T j,l2 Iyl) ◦ dW (s)dt

+ · · · ,

where |ER̃2| = O(h2), (ER̃2
2)1/2 = O(h3/2).

Comparing (3.8) with (3.11), (3.10) with (3.12), respectively, we derive that

|E(xk(tn + h)− xkn+1)| = O(h2), k = 1, . . . , d1,

(E(xk(tn + h)− xkn+1)2)
1
2 = O(h

3
2 ), k = 1, . . . , d1,

|E(yk(tn + h)− ykn+1)| = O(h2), k = 1, . . . , d2,

(E(yk(tn + h)− ykn+1)2)
1
2 = O(h

3
2 ), k = 1, . . . , d2.

Therefore, the SPAVF method (2.5) has mean-square convergence order 1 according
to [21].

Remark 3.1. If we replace S(xn, yn) by S(xn+1, yn+1) or S
(
(xn + xn+1)/2, (yn +
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yn+1)/2
)

in the method (2.5), the method is still convergent with mean-square order
1.

Remark 3.2. Although the method (2.2) can preserve the conserved quantity I,
following the way in proving Theorem 3.1, we get that

xk(tn+h)−xkn+1 =
1

2
∆W 2(h)

d1∑
i=1

d2∑
j=1

T k,i1 Ixiyj

[ d1∑
l=1

T j,l3 Ixl +

d2∑
l=1

T j,l4 Iyl

]

− 1

2
∆W 2(h)

d2∑
i=1

d1∑
j=1

T k,i2 Iyixj

[ d1∑
l=1

T j,l1 Ixl +

d2∑
l=1

T j,l2 Iyl

]
+ · · · ,

yk(tn+h)−ykn+1 =
1

2
∆W 2(h)

d1∑
i=1

d2∑
j=1

T k,i3 Ixiyj

[ d1∑
l=1

T j,l3 Ixl +

d2∑
l=1

T j,l4 Iyl

]

− 1

2
∆W 2(h)

d2∑
i=1

d1∑
j=1

T k,i4 Iyixj

[ d1∑
l=1

T j,l1 Ixl +

d2∑
l=1

T j,l2 Iyl

]
+ · · · ,

so the method (2.2) is not convergent for solving (2.1) generally. Similarly, the
method (2.3) is not convergent generally either.

For a more general case of stochastic partitioned system which contains s par-
titions as following

dx1

dx2

...

dxs


=S(x1, x2, . . . , xs)



Ix1(x1, x2, . . . , xs)

Ix2(x1, x2, . . . , xs)

...

Ixs(x1, x2, . . . , xs)


dt

+ T (x1, x2, . . . , xs)



Ix1(x1, x2, . . . , xs)

Ix2(x1, x2, . . . , xs)

...

Ixs(x1, x2, . . . , xs)


◦ dW (t), (3.13)

where I is a conserved quantity, S and T are skew-symmetry matrices, xi ∈ Rdi , i =
1, . . . , s. Similar with (2.2) and (2.3), we can define two numerical methods as

x1n+1

x2n+1

...

xsn+1


=



x1n

x2n
...

xsn


+ hSn



∫ 1

0
Ix1(ξx1n+1 + (1− ξ)x1n, x2n, . . . , xsn)dξ∫ 1

0
Ix2(x1n+1, ξx

2
n+1 + (1− ξ)x2n, . . . , xsn)dξ

...∫ 1

0
Ixs(x1n+1, x

2
n+1, . . . , ξx

s
n+1 + (1− ξ)xsn)dξ
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+ ∆W (h)Tn+(n+1)
2



∫ 1

0
Ix1(ξx1n+1 + (1− ξ)x1n, x2n, . . . , xsn)dξ∫ 1

0
Ix2(x1n+1, ξx

2
n+1 + (1− ξ)x2n, . . . , xsn)dξ

...∫ 1

0
Ixs(x1n+1, x

2
n+1, . . . , ξx

s
n+1 + (1− ξ)xsn)dξ


,

(3.14)

and

x1n+1

x2n+1

...

xsn+1


=



x1n

x2n
...

xsn


+ hSn



∫ 1

0
Ix1(ξx1n+1 + (1− ξ)x1n, x2n+1, . . . , x

s
n+1)dξ∫ 1

0
Ix2(x1n, ξx

2
n+1 + (1− ξ)x2n, . . . , xsn+1)dξ

...∫ 1

0
Ixs(x1n, x

2
n, . . . , ξx

s
n+1 + (1− ξ)xsn)dξ



+ ∆W (h)Tn+(n+1)
2



∫ 1

0
Ix1(ξx1n+1 + (1− ξ)x1n, x2n+1, . . . , x

s
n+1)dξ∫ 1

0
Ix2(x1n, ξx

2
n+1 + (1− ξ)x2n, . . . , xsn+1)dξ

...∫ 1

0
Ixs(x1n, x

2
n, . . . , ξx

s
n+1 + (1− ξ)xsn)dξ


,

(3.15)

where Sn and Tn+(n+1)
2

are S(x1n, . . . , x
s
n) and T

(
(x1n +x1n+1)/2, . . . , (xsn +xsn+1)/2

)
for short, respectively. Then we define the corresponding SPAVF method by

x1n+1

x2n+1

...

xsn+1


=



x1n

x2n
...

xsn


+ 1

2hSn



f1n + g1n

f2n + g2n
...

fsn + gsn


+ 1

2∆W (h)Tn+(n+1)
2



f1n + g1n

f2n + g2n
...

fsn + gsn


,

(3.16)
with 

f1n

f2n
...

fsn


=



∫ 1

0
Ix1(ξx1n+1 + (1− ξ)x1n, x2n, . . . , xsn)dξ∫ 1

0
Ix2(x1n+1, ξx

2
n+1 + (1− ξ)x2n, . . . , xsn)dξ

...∫ 1

0
Ixs(x1n+1, x

2
n+1, . . . , ξx

s
n+1 + (1− ξ)xsn)dξ


,



g1n

g2n
...

gsn


=



∫ 1

0
Ix1(ξx1n+1 + (1− ξ)x1n, x2n+1, . . . , x

s
n+1)dξ∫ 1

0
Ix2(x1n, ξx

2
n+1 + (1− ξ)x2n, . . . , xsn+1)dξ

...∫ 1

0
Ixs(x1n, x

2
n, . . . , ξx

s
n+1 + (1− ξ)xsn)dξ


.
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It is easy to prove the method (3.16) preserves the conserved quantity I of (3.13)
along the way proving Theorem 2.2. Furthermore, similar with Theorem 3.1, we
can derive that the SPAVF method (3.16) is of order 1 in the mean-square sense
for solving (3.13) under certain conditions.

4. Numerical examples

In this section, we will employ the proposed SPAVF methods to solve several com-
mon stochastic systems with a conserved quantity. Three examples are given below
to demonstrate the effectiveness of the SPAVF methods in preserving the conserved
quantity and the convergence order.

Example 4.1.

Consider the Kubo stochastic oscillatordp(t) = −aq(t)dt− bq(t) ◦ dW (t), t ∈ [0, T ],

dq(t) = ap(t)dt+ bp(t) ◦ dW (t), t ∈ [0, T ],
(4.1)

which can be rewritten in the form of (2.1) asdp(t)

dq(t)

 =

 0 −a

a 0

p(t)

q(t)

 dt+

 0 −b

b 0

p(t)

q(t)

 ◦ dW (t), t ∈ [0, T ], (4.2)

where I(p, q) = (p2 + q2)/2 is the conserved quantity. We use this example to
demonstrate the convergence order of the proposed SPAVF method because com-
pared to those equations whose exact solutions cannot be expressed explicitly, (4.1)
has the following explicit exact solution

p(t) = p0 cos(at+ bW (t))− q0 sin(at+ bW (t)),

q(t) = p0 sin(at+ bW (t)) + q0 cos(at+ bW (t)),

where p0 = p(0), q0 = q(0) are initial values, so that the convergence order results
we derive are more convincing.

We employ the SPAVF method (2.5) to solve (4.2). Choose the initial values
p0 = 0.5, q0 = 0 and the coefficients a = 1, b = 0.5. Figure 1 demonstrates
the convergence rate of the SPAVF method (2.5) for solving (4.2), where we use
1000 independent sample paths, and for each path, the SPAVF method (2.5) is
implemented with five different step sizes: h = 2−4, 2−5, 2−6, 2−7, 2−8. We calculate
the mean-square errors at the terminal T = 1 by√√√√1000∑

i=1

(|p(1, ωi)− pN (ωi)|2 + |q(1, ωi)− qN (ωi)|2)/1000,

and show the results in a log-log plot in Figure 1. By comparing with the reference
line with slope 1, we see the proposed SPAVF method (2.5) is of mean-square
order 1. To demonstrate the long-term behavior of the proposed method, we set
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Figure 1. The convergence rate of the SPAVF method (2.5) for solving (4.2).
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Figure 2. Phase space plot of the numerical
solution computed by the SPAVF method (2.5)
solving (4.2) with h = 0.1 on [0, 500].
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Figure 3. Errors |I(pn, qn) − I(p0, q0)| com-
puted by the SPAVF method (2.5) solving (4.2)
with h = 0.1 on [0, 500].

a long computational interval [0, 500]. Figure 2 reports the numerical solutions of
a sample phase trajectory of (4.2) simulated by the SPAVF method (2.5) on the
interval [0, 500] with step size h = 0.1, from which we find the numerical solutions
lie on the circle determined by the conserved quantity. Figure 3 exhibits the errors
|I(pn, qn) − I(p0, q0)| of the proposed SPAVF method (2.5) on the interval [0, 500]
with step size h = 0.1, which shows the SPAVF method (2.5) can preserve the
conserved quantity I(p, q) exactly.

Example 4.2.

This model [9,12] describes the dynamical behavior of the fluid system by using
the dimensionless equations in the Stratonovich sense

dr = vdt, t ≥ 0,

dv = (F (r)− v)dt+ (2αε)
1
2 ◦ dW (t), t ≥ 0,

dε = v2dt− v(2αε)
1
2 ◦ dW (t), t ≥ 0,

(4.3)
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where r denotes the position, v denotes the velocity, ε denotes the energy of the
fluid system, F (r) = −∂V (r)/∂r denotes the conservative force, and α denotes the
dimensionless heat capacity of the fluid. The system (4.3) has a conserved quantity
E(r, v, ε) = V (r) + v2/2 + ε. Rewrite (4.3) in the form of (3.13) as

dr

dv

dε

 = S(r, v, ε)


−F (r)

v

1

 dt+ T (r, v, ε)


−F (r)

v

1

 ◦ dW (t), t ≥ 0, (4.4)

where

S(r, v, ε) =


0 v2 v − v3

−v2 0 F (r)− v − v2F (r)

v3 − v v2F (r)− F (r) + v 0

 ,

T (r, v, ε) = (2αε)
1
2


0 −v v2

v 0 1 + vF (r)

−v2 −1− vF (r) 0

 .

Notice (4.3) is nonlinear, the conserved quantity E is not quadratic, and the skew-
symmetric matrices S and T are not constant, so that this example is very different
from Example 4.1. Based on the three-partition form (4.4), we apply the SPAVF
method (3.16) to solving (4.4). The experiments are performed using the bistable
potential V (r) = β(r4−2r2) with the coefficients α = 1/4, β = 1. The initial values
are chosen as r(0) = r0 = 0, v(0) = v0 = 0, ε(0) = ε0 = 1. Figure 4 reports the
phase portrait by using the SPAVF method (3.16) to simulate a sample path on the
long interval [0, 500] with step size h = 0.1, which shows the numerical solutions lie
on the manifold. Figure 5 reports the errors |E(rn, vn, εn)−E(r0, v0, ε0)| computed
by the SPAVF method (3.16) on the interval [0, 500] with step size h = 0.1, which
indicates the SPAVF method (3.16) can preserve the conserved quantity E exactly.
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Figure 4. Phase space plot of the numeri-
cal solution computed by the SPAVF method
(3.16) solving (4.4) with h = 0.1 on [0, 500].
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computed by the SPAVF method (3.16) solving
(4.4) with h = 0.1 on [0, 500].
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Example 4.3.

Consider the Hénon-Heiles system with perturbation as

dx = J∇H(x)dt+ σJ∇H(x) ◦ dW (t), t ≥ 0, (4.5)

where

x = (q1, q2, p1, p2)T , J =

 0 I2

−I2 0

 ,

I2 is a 2 × 2 identity matrix, H(x) = (q21 + q22 + p21 + p22)/2 + q21q2 − q32/3 is the
conserved quantity. This model describes stellar motion with perturbation inside
the gravitational potential of a galaxy. Notice the equation (4.5) is also nonlinear
and the conserved quantity H is not quadratic. We rewrite (4.5) in the following
form with four partitions
dq1

dq2

dp1

dp2

=


0 0 1 0

0 0 0 1

−1 0 0 0

0 −1 0 0




∇Hq1

∇Hq2

∇Hp1

∇Hp2

 dt+


0 0 σ 0

0 0 0 σ

−σ 0 0 0

0 −σ 0 0




∇Hq1

∇Hq2

∇Hp1

∇Hp2

 ◦ dW (t), t≥0.

(4.6)

Employ the SPAVF method (3.16) to solve (4.6). Mention that here we rewrite
(4.5) in a four-partition form but not a two-partition form (i.e., take (q1, q2) as a
partition and (p1, p2) as a partition) because our choice leads to a easier iterative
scheme, which shows the flexibility of the proposed SPAVF method through dividing
variables into different groups. Choose the coefficient σ = 0.5, the initial values
q1(0) = q1,0 = 0.1, q2(0) = q2,0 = 0.5, p2(0) = p2,0 = 0, while p1(0) = p1,0
is determined by H0 = (q21,0 + q22,0 + p21,0 + p22,0)/2 + q21,0q2,0 − q32,0/3 and H0 =
1/6. Figure 6 reports the phase portrait by using the SPAVF method (3.16) to
simulate a sample path on the interval [0, 500] with step size h = 0.1, which shows
the numerical solutions lie on the triangle manifold. Figure 7 reports the errors
|H(q1,n, q2,n, p1,n, p2,n) − H(q1,0, q2,0, p1,0, p2,0)| computed by the SPAVF method
(3.16) on the interval [0, 500] with step size h = 0.1, where we can see the proposed
SPAVF method (3.16) has good performance in preserving the conserved quantity.

We mention that it seems the examples above don’t satisfy the hypotheses on
the boundedness in Theorem 3.1. In fact, the hypotheses on the boundedness can
be relaxed on the invariant manifold, see [7] for more details. Local boundedness is
sufficient to get the mean-square order 1 thanks to the conservative property of the
proposed SPAVF method.

Remark 4.1. Since the SPAVF methods (2.5) and (3.16) exactly preserve the
conserved quantity, one can find, for problems as presented in this section, for any
given initial value (x0, y0), a convex subset of the phase space containing almost
surely the numerical trajectories starting from (x0, y0) on which the functions S,
T and their derivatives up to order 2 as well as the function I and its derivatives
up to order 3 are bounded. Hence, the conclusion of Theorem 3.1 extends to these
cases straightforwardly.
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Figure 6. Phase space plot of the numeri-
cal solution computed by the SPAVF method
(3.16) solving (4.6) with h = 0.1 on [0, 500].
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PAVF method (3.16) solving (4.6) with h = 0.1
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5. Conclusions

This work is an extension of the deterministic partitioned averaged vector field meth-
ods [4] into the stochastic counterpart. An SPAVF method for more general SDEs
with a conserved quantity is proposed in this paper. We prove the SPAVF method
can preserve the conserved quantity, then elaborately analyze the convergence order
and derive the SPAVF method is convergent with mean-square order 1. In addition,
as a partitioned method, the SPAVF method is flexible in the choices of variables
grouping strategy, which could lead to more efficient schemes. Three examples of
linear/nonlinear equations with a quadratic/non-quadratic conserved quantity are
presented. Numerical experiments show the ability of the SPAVF method in pre-
serving the conserved quantity, and verify the convergence order result as well as
the flexibility of the proposed method.

Acknowledgments. The authors would like to thank the associate editor and
reviewers for helpful comments and suggestions.
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